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CHAPTER VI
PRISM(Sn)
this chapter, we show that the prism of star is an edge-odd graceful
graph for every > 3.
Definition 6.1 Let >3 and be a star. Let be a copy of . Define

Prism(Sn), called the prism of , byjoining of to the corresponding vertex
of and each ; of to the corresponding vertex - of for all i E

{1,2,3,..., }.Thus,

£'(Prism(Sn)) =E( ) E(C DY {;I1li£ (1,2,3,..., }y { '}

Example 6.1 From Definition 6.1, we have Prism (S4), shown in Figure 6.1.

Figure 6.1 Prism(S4).

Algorithm 6.1

Let > 3 be an even integer. Let G denote Prism(5n). Then, g =3 -F1

Define /: E(G) {1,3,5,..., 6 + 1} by
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Lo/ ) = 2I—1,fortG{1,2,3,..., %

12 /() = 2 F4f—-3,for£G{1,23,..., Zk
13 /( ;) = 2 +4f—-1for£G{1,2,3,..., }
14 /() = 6 +1

Example 6.2 From Algorithm 6.1, we can label each edge of Prism(S6) as shown in

Figure 6.2.
Figure 6.2 Edge-labeling for Prism (S6).

Algorithm 6.2
Let > 3 be an integer of the form = 6k —1 for some k EN. Let G denote
Prism(5n). Then, g = + 1. Define /: E(G) - {1,3,5,...,6 + 1} by

21 f(i " = 2 +2i—1,for£G{1,2,3,..., }

2.2 /( ) = 1;

23 f( ;) = 2i+F1fort£{1,2,3,..., —1}

24 /( ;) 4 F2t—1, for £G {1,2,3,....££};



42

25 /() = 6 +1

Example 6.3 From Algorithm 6.2, since 5 = 6(1) — 1, we can label each edge

of Prism (S5) as shown in Figure 6.3.

Figure 6.3 Edge-labeling for Prism (S5).

Algorithm 6.3

Let > 3 be an integer of the form = 6k + 1 for some k E N. Let G denote

Prism~n). Then, g = 3n + 1 Define /: £(G) > {1,3,5,...,6n + 1} by

31 17 = 4 +2i+1foriG{123,..., }%
3.2 /(WjW) = 2t+ 1 fortG{1,2,3,...1 }

33 /( ;Y = 1;

34 J 40 = 2 F2iFiforiG{234,., ¥

35 / (uu) 2 +3
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Example 6.4 From Algorithm 6.3, since 7 = 6(1) + 1, we can label each edge of

Prism(S;) as shown in Figure 6.4.

Figure 6.4 Edee-labeling for Prism(S;).

Algorithm 6.4

Let n > 3 be an integer of the form n = 6k + 3 for some k € N. Let G denote
Prism(S,). Then, g = 3n + 1. Define f: E(G) = {1,3,5,...,6n+ 1} by

41 f(wyu) =_4n+2i+1,fori€ft,23,..,n}
42  f(uu) = 2i+1 forie {1,273 ..
43 fuu') =, 2n+2i+ 1, fori€f{1,2,3,.n};
4.4  f(uu) = §
Example 6.5 From Algorithm 6.4, since 9 = 6(1) + 3, we can label each edge

of Prism(Sg) as shown in Figure 6.5.



Figure 6.5 Edge-labeling for Prism(S9).

Next, we show that if > 3 and is even, then Prism(5,,) is an edge-odd graceful

graph.

Lemma 6.1 Let > 3 be even. Prism(Sn) is an edge-odd graceful graph.

Proof Let > 3 be an even integer. We first prove that the function / defined in

Algorithm 6.1 is a bijection from £(G) to {1,3 ,5 ,6 - 1}.
From Algorithm 6.1(1.!), we have
A =[f(C; Dlie{,23,...1 }}=4{35.....2n - 1.
From Algorithm 6.1(1.2), we have
B ={/jV) i G {1,2,3..... B
=@ -F1L,2 +5,2 F9,....6 —3}
From Algorithm 6.1(1.3), we have
c ={/( 1 )lie{1,2,3,...., }}
={2 £32 F72 F11,.6 —1}
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From Algorithm 6.1(1.4), we have
D =[f(uu)} =1 + 1}
We can see clearly that A, B, C and D are disjoint and
/ (E(Prism (,D)) =idufiucufl ={1,3,5.....6 + 1}.

Next, we will show that the induced vertex-labels from the edge-labels using

Algorithm 6.1 are in {0,1, 2,..., 6n + 1} and all distinct. From Algorithm 6.1, we have

p = (O 1Y+ [)) (mode +2)

= ((2/ =1) ¢ (2 *4i—=3)) (mode +2)

— (2 Fet—4) (moden F2),fori €(L,2,3,..1}
o = (0 3+ ) (mode +2)

= ((21=1)+ (2 +4l—=1) (mods +2)

= (2 +tet=2)(mods t+2),frtc{l23,.., }
) = (zr=if ¢1)+f (¢ D(modse -F2)

= (DJFi(2n + 41 —=3) F6 F1)(mode +2)

= (2 2F(2 2+2)—=3 )+6 +t1)(mode + 2

=4 2F +1(mods +2).
DI ([)*f( »(mode +2)

(Xf=i(2« F41 —1) Fen F1) (mod s F2)
(2 2+ (2 242 )— )+e6 F1)(mods + 2
(4 2+ 7n-F1)(mod e + 2.
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Next, we will show that T +HU), f 4 )), f4 ) and f+H ') are distinct by using the
contradiction argument. Let (¥ e {1,2,3, } and i”™j, we first suppose that

f+ui) = f+ j) (Mode +2)and fHU)=f+ j) (Mods - 2).
since f+U) —f + ]) (mode + 2),

2N+ 6i- 4=2n+6j—4(moden+ 2).
This implies that 6(i - j) = 0 (mod 6n + 2), which is a contradiction.
sincef4 ) — () (mode + 2),

2 te6(—2=2 +6 —2(moden+ 2)

This implies that 6(( —j) —0 (mod 61 + 2), which is a contradiction.

Second, let (£ {1,23,..., } and suppose that T-HU) —/ +(u'l) (mod sn + 2).
Then,

2n +6(—4 =2n +6i —2(mod 6 + 2).

This implies that 2 = 0 (mod 6n + 2), which is a contradiction.

Next, let 1,/£ {1,2, 3. } and ( £7 suppose that f +(ui) = f +(uj) (mod 6 +
2). Then, 2 +6(—4=2 +6/—2(mod6 + 2). This implies that

3(( —j) = 1(mod 3n + 1),

since 3(2 + 1) =1(mod3n+1) and for i,j £{1,2,3,..., }, (i —j) (mod3n +
2) £ {1, 2, 3,..., —12 +2,2 4 3, 2 t4,. ,3 }, we get a contradiction.

Finally, suppose that TH ) = T+ ") (mod s + 2). Then,
4 2 + +1=4 2+7 +1(mods + 2).

This implies that 2 = 0 (mod 6 - 2), which is a contradiction.



Thus, / +( [),/+( "),/+( ) and f +( ") are all distinct and all are subsets of
{0,1, 2,... 16 + 1}. Therefore, the function / defined in Algorithm 6.1 is an edge-

odd graceful labeling.

Lemma 6.2 Prism (S3) is an edge odd graceful labeling.

Proof, we can label edge by Figure 6.1.

Figure 6.6 Edge-labeling for Prism (S3).
The vertices of PrismOS”) induced by edge labeling shown in Figure 6.7

(18)

Figure 6.7 The vertex-labeling for Pnsm(S3) induced by Figure 6 .6.

Thus, Prism (S3) is an edge-odd graceful graph.



48

Lemma 6.3 Let >3 If n =6k —1for some k E N, then 4]a and 4]|b,
wherea= 2—1(mod6 + 2) and fc = 2—1(mod 6 + 2).
Proof Let > 3 and there is ce such that = 6k — 1. Then,

a= 2- 1= (/- 1)2- 1=36k2- 12k
= —8/c (mod 36/c —4)

:28/c —4 (mod 36/c —4)

4(7/c — 1) (mod 36k —4)
and

b=5n2- 1=5(6k-1)2- 1= 180k2- 60/c + 4

= —40/c + 4 (mod 36/c —4)

32k —4 (mod 36/c —4)

— 4(8k + 1) (mod 36/c —4).

That is, 4]a and 4|b, where a = 2—1 (mod 6n +2) and b = 5n2—I(mod 6 +

2). [ ]

Lemma 6.4 Let >3. Ifn =6k —1/0r some k E N, then Prism(Sn) /s an

ed8e-odd graceful graph.

Proof Let > 3 and there is fc6 such that = 6/ — 1. We first prove that the

function / defined in Algorithm 6.2 is a bijection from E(G) to {1, 3, 5,...,6 + 1}
From Algorithm 6.2(2.1), we have
A ={/(ENI1iG{1,2,3,..., }}
={2n+ 1,2n + 3,2n + 5, ...,4n — 1}.
From Algorithm 6.2(2.2 and 2.3), we have

B ={/( -)lie{1,2,3,.... - 1} {/(. )}
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={3,5,7....2 —1} {1}
From Algorithm 6.2(2.4), we have
c ={/Ci"Ylie{1,2,3,...., }}
={4 +1,4 F3,4n+5,..,6 —1}
From Algorithm 6.2(2.5), we have
D =[f( M={ +1
We can see clearly that A, B, C and D are disjoint and
/ (E(Prism(.,D))) =A B ¢ D={1,3,5,..,6n+ 1}

Next, we will show that the induced vertex-labels from the edge-labels using

Algorithm 6.2 are in {0,1, 2,..., 6 + 1} and all distinct. From Algorithm 6.2, we have

[+ = (D) /() (mod s+ 2)

((2n -F2i —1) -F (2i + 1)) (mod 6n + 2)

2n -F 4t, fori e {1,2,3,..., —1%

F+C ) = () +IC0) (mode+2)

(2 +2 —1) +1) (mods -F2)

/+C1y = ¢C; d+/C 1)) (mods +2)

(2 +2—1)+ @4 F2i—1) (mods +2)

(6 -F4Il —2) (mod s + 2)

41 —4, forte {1,2,3,..., }



/+C)

(~ 1 ( +7( %)) (mod6 +2)

(n;Ei2i- 1)+ + 1)) (modse + 2

( 2+ (6N + 1)) (mod 621+ 2)

(2—1) (mod s + 2)

P+ = (X 105 )+I0 ) (mod 6 +2)

(Xr=i(4tt + 2i —1) + (6n + 1)) (mod 6 + 2)

((dn2+ 2+ )— )+ (6 +1)) (mod6 +2)

( 2+6 +1)(mod6 + 2)

( 2—1) (mod6 + 2).

Next, we will show that / +( ;), f +( -), / +( ) and f +( ') are distinct. Since

{/+(C )lie{1,2,3,..., - 1) {/+( I}
={2 +4,2 +872 4-12,...6 —4 {4}

and

{/+(;) 6{1,23... 3 ={0,4,8....4 -4),

50

{/+(i;)|i e {1,2,3,..., } and {/+( )'ise {1,2,3,..., }} are disjoint. By Lemma

6.3, we have 4|/+( ) and 4|/+( *). Then, if we need f4 ;), fH 1), f+ ) and

/ +( ") to be distinct, we must show that the values of f () and f 4 ) under the

integers modulo 6 + 2 are greater than 4 (mods + 2). Since = 6k —1,

6 + 2 =236k —4, 2—1=36k2—12k and 2 —1=180k2—60k + 4. Then,

f+()

( 2—1) (mod 6 + 2)

(36k2 — 12k) (mod 36k —4)
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= —8k (mod 36k —4)

(28k —4) (mod 36k —4)

> (24k —4) (mod 36k —4)
=4 (mode +2),

and

f+(,) —( 2—1)(modse +2)

= (180/c2 —60k + 4) (mod 36k —4)
= (—40k +4) (mod 36k —4)
= —4k (mod 36k —4)
= (32k —4) (mod 36k —4)
> (24k —4) (mod 36k —4)

= 4 (modes +2).

Hence, /7 +Ui), TH "D, T+ ) and FH ) are distinct and they are subsets of
{0,1, 2,..., 6 + 1}. Therefore, the function / defined in Algorithm 6.2 is an edge-

odd graceful labeling for each = 6k —1 with k e z. |

Lemma 6.5 Let >3 If =6k + 1/orsome L £ then Prism (Sn) is an

edc¢e-odd graceful graph.

Proof. Let > 3. Assume that there is k £ such that —6k + 1. We first prove

that the function / defined in Algorithm 6.3 is a bijection from E(G) to
{1,3,5, ....6n + 1}

From Algorithm 6.3(3.1), we have
A =[fiui) It£ {1,2,3,...1 })

={4 +3,4n+5,4 +7,..16 + 1}
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From Algorithm 6.3(3.2), we have

B =[f(£)1iG{1,2,3..... D =1357...2n + 1}
From Algorithm 6.3(3.3 and 3.4), we have

c =ifCiy {([)iGR34..10

={1} {2 -F52 -F7,2 +09,..,4 + 1}

From Algorithm 6.3(3.5), we have

D ={f( =[2 -F3
We can see clearly that A, B, C and D are disjoint and

/ (E(Prism(Sn))) =A B C D=4{1,3,5....6n+ 1}

Next, we will show that the induced vertex-labels from the edge-labels using

Algorithm 6.3 are in {0,1, 2,..., 6 ~+ 1} and all distinct. From Algorithm 6.3, we have

/1 +(3) (C ;) +/C 5 ) (mode +2)

((4 +2i+1)-F(2i-F1)) (mode -F2)

(4 -F4i-F2) (mode F2),fortG{1,23,..., }

/+() (8?=1/C ; ) +/(C 7)) (mods +2)
— Er=i(2i+1)+2 +3)(modes + 2)

=2+ + )+2 +3)(mods + 2)

(2+4 +3) (mods + 2);

/+( Y (¢ v H+/(C 1 D)) (moden + 2)

(4 +3)+1) (mods F2)
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f+( ) = (fCi )+f(C[)) (mods +2)
= (4 +2i+1)4(2 +2i+1) (mode + 2)
= (6n +4t + 2) (mod 6n + 2)
= 4i, fori G(2,3,4,..., ¥

fo+( ) = (x?=2/'( " )Y +f(1)+f(-") (modse +2)

= (X"'=Ctt+2i+1)+1+ (2 +3)) (mods + 2)
= ((2n2+(2+2n)- 2 —3)+1+2 +3)(mode + 2)

= (83n2+ 2 + 1) (mod 6n + 2).

Next, we will show that f +(Ui), f +( "), f +( ) and f +( ") are distinct.

Since f +(u) = 4n +4i +2 (mod en +2) for i G{1,2,3,..., } and = 6k + 1,

{/+UD] i e {1, 2,3,..., }}can be divided into two sets as follows.

NWiGra S n+5
lE{ ,...n}

{f+ (u;)

n—1 |
i G 1,2,3,... —}}u{f"(ui)

2 DTy 2

={4 +6,4 +10,4 +14,..,6 } {2,6,10,...,2 }
= {24k + 10, 24k + 14, 24k + 18,..., 36k +6} {2,6,10 12k + 2}

and we have

[r()IliG{1,2,3.... B} =4{,12,16...... 4 4 + 4}
= {8,12,16,...124k + 4,24k + 8 }.

Since —6k+1 6 +2=36k+s8. 2+4 + 3 =36k2+36k+s8 and 3 2+
2 + 1=108k2+ 48k + 6.Then,

f+()= (2+4 +3) (modse +2)
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= (36k2+ 36k + 8) (mod 36k + 8)
= 28k +38.
and

f+(,) = (3 2+2 + 1) (moden +2)

(180k2 + 48k + 6) (mod 36k + 8)

2Ak + 6.

Hence, / +( ), f +( 3, / +(u) and / +( ') are distinct and they are subsets of
{0,1,2,6n + 1}. Therefore, the function f defined in Algorithm 6.3 is an edge-

odd graceful labeling for all = 6k + 1 for all k el.. [

Lemma 6.6 Let =>3. Ifn =6k + 3for some k e N, then Prism(Sn) is on

edge-odd graceful graph.

Proof Let > 3. Assume that there is k e N such that = 6k + 3. We first prove

that the function f defined in Algorithm 6.4 is a bijection from E(G) to
{1,3,5.....6n + 1}.

From Algorithm 6.4(4.1), we have
A ={/(Uju-) 1i £ {1,2,3,..., }}
={4n +3,4n +5 An +7,....,6 + 1}
From Algorithm 6.4(4.2), we have
B = {/(udu) 1i G {1, 2, 3..... B ={3,57... 2n + 1}
From Algorithm 6 .4(4.3), we have
c ={/( ; ) I1fe {1,2,3..... B
={2 +3,2 +5,2 +7,..,4 + 1}

From Algorithm 6 .4(4.4), we have



D ={/
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N} = {1}

We can see clearly that A, B, ¢ and D are disjoint and

/ NE'(Prism(Sn))) =/luBu CuD={1,3,5,6n + 1}.

Next, we will show that the induced vertex-labels from the edge-labels using

Algorithm 6.4 are in {0,1,2,..., 6n + 1} and disjoint. From Algorithm 6.4, we have

r ()

/+()

/+(3)

/+( )

(/C ;3 H+/C ;) (mod  +2)
((4 +2i+1)+ (2i+1)) (mods +2)

(4n +4i+2) (mods +2),forie{l,2,3,..., }

(E"=/( ;) +/C 7)) (mods +2)
(Ef=1(2i F1) + 1) (mode + 2)
(( 2+ + )+1) (mode +2)

(2+2 +1)(mods +2);

(/C 1)+ /(5 7)) (mods +2)
(4 +2(6+1)+ (2 +2i+1) (mods +2)
( +4£+2) (mod + 2)

4i, for 6 {1,2,3,..., }

(EJLi/(C ; )Y +/C ")) (mod +2)
E?=i(2n +2/+ 1) + 1) (mod +2)
((z 2+ (2+ )+ )+1) (mod +2)

( 2+2 1) (mod + 2).
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Next, we will show that / +( ;), f +( ;), f +( ) and / +( ") are distinct.

Since/+( ;) = 4n+4i+2 (moden+2) fori G{1,2,3 , }and =s6/k+ 3
{7 ) 1i G{1,2,3,..., P can be divided into two sets as follows.

UH ) iGIL23..~A 3 ujre.) ieg i nTs ...,n}}

={4n +6,4n + 10,4 + 14,...,6n} {2,6,10,...12n}

= {24k + 18,24k + 22,24k + 26.....36k + 18} {2,6,10......12k + 6}

and
{/+( Hlie {1,2,3..... H=4{4,8,12...... 4 }y={4,8,12...... 24k + 12}.
Since =6k +3,6 +2=236k+20, 2+2n+ 1—36k2+ 48k + 16 and 2+
2 +1=108k2+ 120k + 34. Then, we have
fH+) = (242 +1)(mods +2)
= (36k2+ 48k + 16) (mod 36k + 20)
= 28k + 16
and
f+( ") = (3 2+2 +1)(mods + 2)

(108k2 + 120k + 34) (mod 36k + 20)

24k + 14.

Hence, f +( ;), f+( ;), f+( ) and f +( ') are distinct and they are subsets of

{0,1,2,..., 6 + 1}. Therefore, the function / defined in Algorithm 6.4 is an edge-

odd graceful labeling each =6k +3with k GTL |

From Lemmas 6.1, 6.2, 6.4, 6.5 and 6.6, we conclude our result as in the following

theorem.



Theorem 6.1

Let

> 3. Prism (Sn) is an edge-odd graceful graph.
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Example 6.6 From the edge-labeling in Example 6.2, the induced vertex-labeling of

Prism (S6) is shown in Figure 6.8.

Figure 6.8 The vertex-labeling is induced from the edge-labeling in Figure 6.2.

Example 6.7 From the edge-labeling in Example 6.3, the induced vertex-labeling of

Prism (S5) is shown in Figure 6.9.

(16) (12)

Figure 6.9 The vertex-labeling is induced from the edge-labeling in Figure 6.3.

Example 6.8 From the edge-labeling in Example 6.4, the induced vertex-labeling of

Prism(S7) is shown in Figure 6.10.
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Figure 6.10 The vertex-labeling is induced from the edge-labeling in Figure 6.4.

Example 6.9 From the edge-labeling in Example 6.5, the induced vertex-labeling of

Prism (S9) is shown in Figure 6.11.

42) (18)

Figure 6.11 The vertex-labeling is induced from the edge-labeling in Figure 6.5.
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