
CHAPTER I
INTRODUCTION

L aw s of la rg e  n u m b e rs  hav e  b een  an  im p o r ta n t  to p ic  in  p ro b a b il i ty  th e o ry  h av 
ing  a p p lic a tio n s  in  m a n y  fields since  it  w as in tro d u c e d  in  th e  s ix te e n th  cen tu ry . 
T h e re fo re , s tu d ie s  of law s of la rg e  n u m b e rs  have b ro u g h t in te re s ts  from  p ro b a b ilis ts  
w o rld w id e  b o th  in  te rm s  of re la x in g  in d e p e n d e n c e  a ssu m p tio n  to  d iffe ren t ty p e s  of 
d ep e n d e n c e  s t r u c tu r e s  a n d  p ro p o s in g  v a r ia tio n s  of convergence  co n cep ts .

In  th e  a s p e c t of re lax in g  in d e p e n d e n c e  a s su m p tio n , severa l re la x a tio n s  have 
b een  p ro p o se d . F or ex am p les , W an g  K. e t al. [20] in tro d u c e d  a  n ew  d e p e n 
d en ce  s t ru c tu re ,  w id e ly  o r th a n t  d ep en d en ce , b rin g in g  in te re s ts  fro m  p ro b a b ilis ts  
a n d  s ta t is t ic ia n s .

In  th e  d ire c tio n  of convergence  v a r ia tio n s , severa l ex te n s io n s  of convergence 
co n cep ts  h av e  a lso  b e e n  p ro p o se d  in  th e  la s t c en tu rie s . For ex am p le , H su  an d  
R o b b in s  [9] p ro v e d  t h a t  a  seq u en ce  of a r i th m e tic  m ean s of in d e p e n d e n t a n d  id en 
tic a lly  d is t r ib u te d  ( i.i.d .)  ra n d o m  v ariab les  converges co m p le te ly  to  zero , p ro v id ed  
th e  v a rian ce  o f s u m m a n d s  is fin ite . L a te r  in  1965, B u am  a n d  K a tz  [2] in tro d u c e d  an  
a lte rn a t iv e  fo rm  of c o m p le te  convergence  for a  sequence  of i.i.d . ra n d o m  v ariab les  
w ith  a  w eaker m o m e n t co n d itio n . T h e  th e o re m  is s ta te d  as follow s.

Theorem  1.1. ( [ 2 ] )  Let r and a be real numbers such that r > l ,a  > I and 
ar > 1. Let {X ท, ท > 1} be a sequence of i.i.d. random variables with E X n = 0 
for all ท > 1. Then the following three statements are equivalent:

1. E |A i | r <  oo,
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The result is then generalized to obtain complete convergence theorems for a 
sequence of random variables with weaker dependence structure such as negatively 
associated (NA) and widely orthant dependent (WOD) studied in Kuczmaszewska 
A. [15] and Ding Y. et al. [6], respectively.

The concept of the strong law of large numbers for random variables was ex
tended to a sequence of random vectors taking values in and in a real separable 
Hilbert space by several researchers. For example, in 1986, Burton et al. [3] in
troduced the concept and proved an invariance principle for NA random vectors 
taking values in and in a real separable Hilbert space with the norm generated 
by an inner product. Later, Ko et al. [14] obtained the strong law of large numbers 
for NA random variables taking values in a real separable Hilbert space.

In 2014, Huan et al. [11] presented another concept of NA random vectors 
with values in a real separable Hilbert space, coordinatewise negatively associated 
(CNA), and pointed out that a sequence of NA random vectors implies CNA and 
gave a counterexample for the converse. Futhermore, they gave the complete con
vergence for a sequence of CNA random vectors which are weakly upper bounded 
by a random vector with finite moments.

In this study, we generalize the studies of Huan N.v. et al. [11] and Ding et al. 
[6] to construct a complete convergence for the sequence of random vectors taking 
values in a real separable Hilbert space with a weaker dependence structure called 
coordinatewise widely orthant dependence, defined in the following definitions.

D e f in i t io n  1 .2 .  Let {Xt1, ท > 1} be a sequence of //-valued random vectors and 
Xn  ̂ be the inner product ( X n , e j )  where { e j , j  > 1} is an orthonormal basis of 
the Hilbert space H. Then the sequence { X 7l, ท > 1} is said to be coordinatewise 
widely orthant dependent (CWOD) with dominating coefficient g (ท) if the sequence 
I X n \ ท > l j  of random variables is WOD with dominating coefficient g (ท), for 
each j  > 1.

Our result is stated as follows and the detailed proof is given in Chapter III.
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Theorem  A. Let {Xn, ท > 1} be a sequence of //-valued CWOD random vectors
with mean zero and dominating coefficients g (ท) with g (ท) = O ^ท'“(1_2) log-2 ท̂
where Q and r are positive real numbers such that ar > 1 and 0 < r < 2 . Assume
that {Xn, ท > 1} is coordinatewise weakly upper bounded by a random vector X
with ^ )  E  |X ü)|2log2 (1 + | x w |) < oo. Then for all e > 0, 

j=1

X
71 =  1

ทor  —2 P I max V x t 
\  i= 1

> en <  ๐ 0 .

Moreover, we are also interested in a stronger concept of convergence which is 
complete moment convergence, introduced in Chow [4]. It has been proved that the 
complete moment convergence implies complete convergence, see in Ding et al. [6], 
Ko [13] and Liu et al. [18], for discussion. Therefore, many autors are interested 
in obtaining complete moment convergence instead of complete convergence. For 
example, Chow [4] obtain complete moment convergence theorems for a sequence 
of i.i.d. random variables. In 2016, Ko [13] studied the complete moment conver
gence concept and generalized the result of Kuczmaszewska [15] for the complete 
moment convergence for a sequence of NA random variables. In 2017, Ding et al. 
[6] discussed the complete moment convergence for a sequence of WOD random 
variables with dominating coefficient g(ท) such that g(ท) =  o  {ทat log-2 ท) where 
a > -  and t > 0 and Liu et al. [18] obtained the complete moment convergence 
for a sequence of WOD random variables with any dominating coefficient ฐ(ท).

In Chapter IV, we extend Theorem A to obtain two versions of the complete 
moment convergence for a sequence of / / —valued CWOD random vectors which 
are generalizations of Ding et al. [6] and Liu et al. [18], stated in Theorem B and 
Theorem c, respectively.

Theorem  B. Let {Xn, ท > 1} be a sequence of / / —valued CWOD random vectors 
with mean zero and dominating coefficients g(ท) with <7(ท) = o  {ท'“d-O  log-2 ท) 
where ar > 1 and 0 < r < 2. Assume that {Xn, ท > 1} is coordinatewise weakly

OO

upper bounded by a random vector X with E\ xW\  log3 (1 +  |X Ü)|) < ๐0.
j=1
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Then, for 0 < q < r and any e > 0,
๐๐ ■ k "

nar-aq-2E max1 <k<ท É* — ena
ท--=1 1=1 .

where xq+ = (x+)9 and x+ = max{x,0}.

T h e o r e m  c . Let {Xn, ท > 1} be a sequence of / / —valued CWOD random vectors
with mean zero and dominating coefficients g(ท). Assume that {Xn, ท > 1} is
coordinatewise weakly upper bounded by a random vector X with
f > | x “ r i o g 2 ( i+ p :< q )  < CO where r > 1 and 1 < p < A Then, any e > 0, 
j =1

r - 2 - i p  
n  p E

i =  l
-  e ( l  + g(ท)) n? <  CO,

J +

where X+ = max{x,0}.

The flowcharts 1.1 and 1.2 shown below explain a literature review of the com
plete convergence and complete moment convergence concepts, respectively.
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Developement of Complete Convergence 
for Different Dependence Structures
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F lo w ch a rt 1.1: C o m p le te  C onvergence
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Developement of Complete Moment Convergence 
for Different Dependence Structures
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