
CHAPTER II
PRELIMINARIES

In  th is  c h a p te r ,  w e p re se n t som e b a c k g ro u n d  in  p ro b a b il i ty  th e o ry  a n d  H ilb e r t 
spaces, w h ich  w ill b e  u sed  in  th is  w ork.

2.1 Fundamental Results in Probability
In  th is  se c tio n , we rev iew  som e d efin itio n s  a n d  th eo rem s in  p ro b a b il i ty  theory .

D e fin it io n  2 .1 . L et โ! b e  an y  se t. A  su b se t 7  of th e  pow er se t of โ! is ca lled  a  
a —a lg e b ra  if

(i) 0  e  7 ,
(ii) if E 6  7 ,  th e n  Ec e  7 ,

(iii) if El, ร 2 , ■ . . 6  7 ,  th e n  Ei €  7 .
1=1

D e fin it io n  2 .2 .  L et โ! b e  a  n o n e m p ty  se t a n d  7  b e  a  a —a lg eb ra . A probability 
measure p  on  (โ!, 7 )  is a  fu n c tio n  p  : 7  —>■ [0,1] sa tis fy in g

(i) p  ( 0 )  =  0,

(ii) if Al, A 2 , • • • a re  d is jo in t m em b ers  of 7 ,  so th a t  Ai ก  Aj =  0  for all p a irs  i , j  
sa tis fy in g  i 7  ̂ j ,  th e n

p (ง*)= f>o.).
The triple (โ!, 7 ,  p ) ,  comprising a set โ!, a <7—algebra 7  of subsets of โ! and a
probability measure p  on (โ!, 7 ) ,  is called a probability space. The set โ! is the
sample space and elements of 7  are called events.
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D e fin it io n  2 .3 .  L e t ( f l ,x , p)  b e  a  p ro b a b ility  space . A (real-valued) random 
variable is a  fu n c tio n  A  : ท  —> R  w ith  th e  p ro p e r ty  th a t  for ev e ry  B o re l se t B in
R ,

X - 1 (B) =  {cj|a  (พ) e B }  e F .

N o te  th a t  th e  p  ( { พ IX  (น}) e A } ) is a lw ays d e n o te d  by  P  (X e A).

T h e o r e m  2 .4 .  If X  is a random variable and f  is a Borel measurable function, 
then f  (X) is a random variable.
D e fin it io n  2 .5 .  L et X  b e  a  ra n d o m  v a riab le  on (f'ไ, X ,P )  a n d  Fx : R  —» [0,1] 
be  d efin ed  by  Fx (x ) =  p  (X < x) for X e R . T h e n  Fx is ca lled  th e  distribution 
function of X .
D e fin it io n  2 .6 .  T h e  co llec tio n  of ra n d o m  v ariab les  {Xi,  1 <  i <  ท} is ca lled  in
dependent if fo r all X i  e R , i — 1, 2 . , . . . ,  ท

A n in fin ite  se q u e n c e  {Xn, ท > 1} is ca lled  independent if for each  p o s itiv e  in teg e r 
ท, th e  co lle c tio n  o f ra n d o m  v a riab le s  [X i  11 <  i <  ท} is in d e p e n d e n t.

D e fin it io n  2 .7 .  L e t A  b e  a  ra n d o m  v a riab le  a n d  g : R  —> R  b e  a  m e a su ra b le  
fu n c tio n . T h e  expectation of th e  ra n d o m  v ariab le  g (X) is d e fin ed  as

E (9 (X)) =  j  g (X)dP.

D e fin it io n  2 .8 .  L e t A: b e  a  p o s itiv e  in teg e r a n d  c b e  a  c o n s ta n t.  If E (X  — c)k 
ex ists , we ca ll i t  th e  moment of order k about the point c. If w e ta k e  c — E (A ) , 
we call E (A  — E (X ))k th e  central moment of order k.
T h e o r e m  2 .9 .  Let X  and Y be random variables and a,b e R . Then the following 
are true.

(i) If E (A )  and E ( y )  are finite, then E (aX  +  bY) =  aE  (A )  +  bE ( Y ) .
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(ท) If X  < Y, then E {X) < E (Y ).
(iii) \E ( X ) \< E ( \X \) .

(iv) If X  and Y are independent random variables, then E ( x y )  =  E ( X )  E (Y ) .

T h e o r e m  2 . 1 0 .  For any random variable X , if E ( x m) exists, so does E (X " )  for 
ท < m.
D e fin it io n  2 . 1 1 .  If E ( X 2) ex ists , we call E (X  — E ( X ) ) 2 th e  variance of X , an d  
d e n o te d  b y  Var ( X ) . T h e  q u a n ti ty  \JVar (X )  is ca lled  th e  standard deviation of 
X .

D e f in it io n  2 .1 2 .  L e t X  a n d  Y  be  ra n d o m  v ariab les . T h e n  we define  th e  covari
ance o f X  a n d  Y , d e n o te d  as Cov (X , y ) ,  by

Cov (X , Y) = E [(X  — E (X ) )  (■ Y - E  ( y ) ) ] .

T h e o r e m  2 . 1 3 .  Let X , y  and z be random variables. Then 

(i) V ar{X ) < E ( X 2) .

(ท) Cov (X , y ) =  E ( x y )  — E (X )  E ( y ) .

(iii) Cov (X , y  ) =  Cov ( y ,  X ) .

(iv) Cov ( a X  +  bY, Z) ะ= aCov (X , Z) +  bCov ( y ,  z) for all a , b G R.

(v) Cov (X , X )  =  Var ( X ) .

(vi) If X  and Y  are independent random variables, then C o v (X ,Y ) =  0.

D e fin it io n  2 . 1 4 .  L et { X n , ท >  1} be  a  seq u en ce  of ra n d o m  v a riab le s  defined  on 
a  p ro b a b il i ty  s p a c e  (โ!, IF, P).

(i) W e say  t h a t  X n converges in probability to  a  ra n d o m  v a ria b le  X  if for every

lim  P ( | X n - X |  >  e) =  0.ท—>'๐๐

e > 0,
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(ii) W e sa y  t h a t  X n converges almost surely (a.s.) to  a  ra n d o m  v a ria b le  X  if

p ( l im  xn = X) = 1.\ n —>■ ๐๐ /

(iii) W e sa y  t h a t  X n converges in distribution to  a  ra n d o m  v a riab le  X  if

lim  P (X n < x) = P {X  <  x).
ท — >๐0

D e f i n i t i o n  2 .1 5 .  ([9]) L et {an, ท >  1} a n d  {bn, ท > 1} b e  an y  seq u en ces of real 
n u m b ers . A seq u en ce  of ra n d o m  v ariab les  {X r1, ท >  1} is sa id  to  converge com

D e f i n i t i o n  2 .1 6 .  ([4]) L e t {X n, ท >  1} b e  a  seq u en ce  of ra n d o m  v ariab les  a n d  
a n >  0, bn > 0 a n d  q > 0. If

T h e  ab o v e  r e s u l t  is ca lled  th e  complete moment convergence, w h ere  xg+ = (x+)q 
a n d  x+ =  m a x { x ,0 } .

L e m m a  2 .1 7 .  (Borel-Cantelli Lemma) Let (โ!, F, p) be a probability space and 
{An, ท > 1 }  be a sequence of events in T .

pletely to  a  c o n s ta n t  9 if ^  anP (\Xn -  9\ > ebn) <  oo for all e >  0

(ii) บ E  P (An) — oo and {An, ท >  1} is independent, then
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T h e o r e m  2 .1 8 . Let {X n, ท >  1} be a sequence of random variables such that 
{X ท, ท >  1} converge completely to 6. Then {X n, ท >  1} converges almost surely 
to 9.

Proof. F or e >  0, le t An =  { \Xn — 9I >  e} . T h e n

Y / P (A n) = Y / P (\X n - 6 \ > e ) < o o .

B y B o re l-C a n te lli L em m a, p  (  P'1 ( An J
\/c=l \ n = k  /

a lm o s t su re ly  to  6. □

T h e o r e m  2 .1 9 .  (Markov’s Inequality). Let X  be a random variable. Then, for 
any a > 0 and non-negative increasing function f  such that f (a ) ^  0,

T h e o r e m  2 .2 0 .  (Holder’s Inequality). Let X  and Y be random variables such 
that E (\x\p) < วo  and E (|y |9) <  ๐๐ for any pair p, q such that 0 <  p, q < 0 ๐ and 
— I—  =  1. Then

E ( \X Y \)< ( E \X \py>(E\Y\*)<.

= 0 and so {X n, ท >1} converges

2 .2  Fundamental Results in Hilbert Spaces
In  th is  se c tio n , we rev iew  som e know ledge in  H ilb e r t spaces.

D e f i n i t i o n  2 .2 1 .  A metric (or distance) on a nonempty set M  is a map d : M  X M —> R  
satisfying

(i) d (.X, y ) >  0 for all X ,  y 6  M 1

(ii) d (x, y) =  d (y, X) for all X, y £ M ,

(iii) d (x, y) =  0  if a n d  o n ly  if X = y for all X ,  y €  M ,
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(iv) d (x, y) <  d (x, z) +  d (z, y ) for all x ,y ,z  G M.

T h e  p a ir  (M, d) is ca lled  a  metric space.

D e fin it io n  2 .2 2 .  A m e tr ic  sp ace  (M,d) is sa id  to  b e  complete if ev ery  C au ch y  
seq u en ce  in  M  converges.

D e fin it io n  2 .2 3 .  L e t ( M .d ) b e  a  m e tr ic  space . A su b se t D c  M is ca lled  dense 
if for all X G M , {'(/ G M  I d (x, y) < e} ก  D ^  0  for all e >  0.

D e fin it io n  2 .2 4 .  A m e tr ic  sp ace  (M , d) is ca lled  separable if i t  c o n ta in s  a  c o u n ta b le  
dense  su b se t.

D e fin it io n  2 .2 5 .  L e t M b e  a  v ec to r sp ace  over R. A fu n c tio n  ll'll : M  —> [0 ,oo ) 
is sa id  to  b e  a  norm on M  if

(i) แ£แ = 0 if a n d  o n ly  if X = 0,

(ii) ||c.x|| =  |c | Il.-rII for an y  X 6  M  a n d  c G R ,

(iii) II a; +  y II <  Il.T II +  ||y || for an y  X, y G M.

A v ec to r sp a c e  e q u ip p e d  w ith  a  n o rm  is ca lled  a  normed linear space.

D e fin it io n  2 .2 6 .  L e t M b e  a  v ec to r sp ace  over M. A n  inner product on  M  is a  
m a p  (•1- ) :  M  X M  —> R sa tis fy in g

(i) (x,x) > 0 fo r an y  X G M ,

(ii) (x,y) =  (y,x) fo r each  1 , 1 / 6  M ,

(iii) (ax, y) =  a(x, y) fo r each  X, y G M  a n d  a  G R ,

(iv) (x +  y, z) =  (X1 z) +  (y, z) for each  x ,y ,z  G M,

(v) if (x,x) =  0, th e n  X =  0.

A rea l v e c to r  sp a c e  eq u ip p e d  w ith  an  in n e r p ro d u c t  is ca lled  a  (real) inner product
space.
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D e fin it io n  2 .2 7 .  A  Hilbert space is a  co m p le te  in n e r p ro d u c t space .

D e fin it io n  2.28. L e t s b e  a  su b se t of a  v ec to r sp ace  M. T h e n  th e  sm a lle s t 
su b sp ace  c o n ta in in g  ร  is ca lled  th e  subspace of M generated by ร  o r th e  subspace 
of M spanned by ร, d e n o te d  by  (ร). If (ร) =  M, we say  th a t  M  is sp a n n e d  by  ร 
or ร  sp a n s  M .
D e fin it io n  2 .2 9 .  L e t M  b e  a  v e c to r sp ace  over R  a n d  ร  a  su b se t  o f M. W e say  
th a t  ร  is linearly dependent if th e re  ex ist d is t in c t  e lem en ts  ฃ!, V2, . . .  ,vn G ร  a n d  
sca la rs  k\, k2 , . . .  1 kn G R , n o t all zero , such  th a t  ki'Ui +  k2v2  +  • • • +  knvn =  0.

W e say  t h a t  ร  is linearly independent if ร  is n o t lin e a r ly  d e p e n d e n t. In  
o th e r  w ords, ร  is l in e a r ly  in d e p e n d e n t if a n d  on ly  if for a n y  d is t in c t  e lem en ts  
บ1 ,V2,... 1 vn G ร  a n d  a n y  k\,k2, . . .  ,kn G R , if k\Vi +  k2v2 +  • • • +  knvn =  0, th e n  
ki =  0 for a ll i =  1 , 2 , . . .  1 ท.

D e fin it io n  2 .3 0 .  A su b se t ร  of a  v ec to r space  M  is ca lled  a  basis fo r M  if

(i) ร  sp a n s  M , a n d

(ii) ร  is l in e a r ly  in d e p e n d e n t.

D e fin it io n  2 .3 1 .  L e t M  b e  an  in n e r p ro d u c t space. W e say  t h a t  น, V G M  are  
orthogonal if (น, V) =  0.

D e fin it io n  2 .3 2 .  A n o n e m p ty  co llec tion  0  =  { eQ I a  G A} of e le m e n ts  in  a n  in n e r 
p ro d u c t sp a c e  is sa id  to  b e  a n  orthogonal set if ( e a , e p )  =  0 for a ll a (3 in  A. 
If, in  a d d it io n , e Q h a s  n o rm  one for all a G A, th e n  we say  t h a t  th e  se t o  is an  
orthonormal set.
T h e o r e m  2 .3 3 .  A Hilbert space is separable if and only if it has a countable 
orthonormal basis.
T h e o re m  2 .34 . Let B = {ej}°l 1 be an orthonormal set in a real Hilbert space H .
Then the following statements are equivalent:

(i) B is an orthonormal basis for H,
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(ท) X = (x, G j ) e j  for each X  G H,
3=1

๐๐
(wi) (x,y) =  ^ 2 {x ,e j)  - {y ,e j ) for each x ,y  £ / / ,

i=i
๐๐

พ  II* II2 =  X  | ( x , e j ) |2 for every X  e  H.
3 =1

2.3 Probability in Hilbert Spaces
In  th is  s e c tio n , le t (ท , p ,  P )  b e  a  p ro b a b ility  space , le t / /  b e  a  rea l H ilb e rt 

sp ace  w ith  th e  n o rm  ll'll g e n e ra te d  by  in n e r p ro d u c t  (•1-) a n d  le t { e j , j  >  1} be  
an  o r th o n o rm a l b a s is  in  H. L e t B b e  th e  a —a lg e b ra  g e n e ra te d  by  th e  c lass o f all 
o p en  su b se ts  o f  H.

D é fin it io n  2 .3 5 .  ([16]) A m a p p in g  X  : ท —> H is ca lled  a n  H —valued random 
vector if X  is B—m e a su ra b le , t h a t  is, for every  E €  B

X - 1 {E) = {น |X (w )  e E} e E .

P r o p o s it io n  2 .3 6 .  ([16]) Let H be a separable Hilbert space and let X  be an 
II — valued random, vector. Then IIXII is a (real-valued) random, vector.

D e fin it io n  2 .3 7 .  ([19]) L et X  b e  an  / / —v a lu ed  ra n d o m  v ec to r. W e say  t h a t  X  
h as  mean m  e  H  if E ( (X , h)) =  (m, h) for all h e  H.

R e m a r k  2 .3 8 .  L e t X  be  an  / / —valued  ra n d o m  v ec to r. T h e n  X  h as  m e a n  zero if 
a n d  o n ly  if E (vY b/) =  0 w h ere  y b )  d e n o te  th e  in n e r p ro d u c t  ( X ,e j ) .

D e fin it io n  2 .3 9 .  L e t { X n , ท >  1} b e  a  seq u en ce  of / / —v a lu ed  ra n d o m  vec to rs .

(i) T h e  se q u e n c e  | x „ ,  ท > 1} is sa id  to  converges in probability to  an  / / —v alu ed  
ra n d o m  v e c to r  X  if, for every  e > 0,

J im  p  ( | |X n — x || >  e) =  0.
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(ii) T h e  seq u en ce  { x „ ,  ท >  1} is sa id  to  converges almost surely (a.s.) to  an  
/ / —v a lu e d  ra n d o m  v ec to r X  if

2.4 Dependence structure
In  th is  se c tio n , we d iscuss th e  re la tio n sh ip  of som e d e p e n d e n c e  s tru c tu re s  of 

ra n d o m  v a riab le s .
T h e  in d e p e n d e n c e  a ssu m p tio n  u sed  in  m an y  re su lts  on  p ro b a b il i ty  lim it th e 

o rem s is to o  re s t r ic te d  in  som e ap p lic a tio n s . T h e re fo re , som e resea rch e rs  have 
in tro d u c e d  n ew  c o n c e p ts  re lex in g  th e  in d e p e n d e n c e  s tru c tu re .  For ex am p le , A lam  
an d  S ex en a  [1] in tro d u c e d  th e  d e fin itio n  of n eg a tiv e ly  a s so c ia te d  ra n d o m  v ariab les  
as th e  fo llow ing.

D e f i n i t i o n  2 .4 0 .  ([1]) A fin ite  seq u en ce  of ra n d o m  v a riab le s  {Xi,  1 <  i <  ท} 
is sa id  to  b e  negatively associated (NA). if for every  d is jo in t su b se ts  A a n d  B of 
{ 1 ,2 , . .  . , ท}, w e have

w h en ev er /  on  a n d  g on  a re  c o o rd in a tew ise  n o n d e c re a s in g  fu n c tio n s  an d  
co v arian ce  e x is ts . A n  in fin ite  sequence  of ra n d o m  v ariab les  is N A  if every  fin ite  
su b fa m ily  is N A .

T h e  fo llow ing  is a n  ex am p le  of a  sequence  of N A  ra n d o m  v ariab les .

E x a m p l e  2 .4 1 .  L et {A ,, 1 <  i < ท} b e  a  seq u en ce  of ra n d o m  v a riab les  ta k in g
values in  {0, 1} su ch  th a t  ^ ^ X i  =  1. T h e n  a  seq u en ce  of ra n d o m  v ariab les

In  1981, E b ra h im i a n d  G h o sh  [7] in tro d u c e d  o th e r  ty p e s  of n e g a tiv e  d ep en d en ce . 
T h e  d e fin itio n  is g iven  as follows.

C o v (f(X i,i  G A) , g ( Xj , j  G B))  <  0,

i=l
{ X j ,  1 <  i <  ท} is N A . M ore  d e ta ils  o f th e  p ro o f can  b e  seen  in  [5].
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D efinition  2 . 4 2 .  ([7]) A  finite sequence of random variables {ATi, 1 <  i < ท} is said 
to be negatively upper orthant dependent (NUOD) if for all X i  G R, i = 1, 2 ,. . .  1 ท,

If it is both NUOD and NLOD, it is called negatively orthant dependent (NOD). 
A sequence of random variables { X n , ท > 1} is said to be NUOD, NLOD or NOD 
if for each positive integer ท, the sequence of random variables { X i , 1 < i < ท} is 
NUOD, NLOD or NOD, respectively.

Joag-Dev and Proschan [12] also pointed out that NA random variables must 
be NOD but NOD random variables are not necessarily NA.

In 2009, Liu [17] extended the concept of NOD to a more general dependence 
structure, which is called extended negatively dependence. The definition is given 
as follows.
D efinition  2.43. ([17]) A finite sequence of random variables { X i ,  1 < i < ท} is 
called lower extended negatively dependent (LEND) if there is some M  > 0 such 
that, for all X i  e  R, i = 1, 2 , . . . ,  ท,

It is called upper extended negatively dependent (UEND) if there is some M  > 0 
such that, for all X i  6 R, i = 1, 2 , . . . ,  ท,

It is called negatively lower orthant dependent (NLOD) if for all X i  G R, 
i = 1 , 2 1 . . . , ท,

If it is both LEND and UEND, it is called extended negatively dependent (END).
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An infinite sequence of random variables { X n , ท >  1 } is call L E N D ,  บ E N D  or 
E N D  if for each positive integer ท, the sequence random variables { X i ,  1 < i <  ท} 
is LEND, UEND or END, respectively.

When M  = 1, a sequence of END random variables is induced to NOD.
In 2013, Wang et al. [20] introduced a more general dependence structure called 

widely orthant dependence. The definition is given as follows.

Definition 2.44. ([20]) For a sequence of random variables { X ,  1, ท > 1}:
('i) if there exists a sequence of real numbers {ฐน(ท),ท > 1 } such that for each 

ท > 1 and for all X i  € R and 1 < i < ท,

then we say that the sequence {X n, ท > 1} is widely upper orthant dependent 
(พ บ OD) with dominating coefficients gu(ท),ท > 1;

(ท) if there exists a sequence of real numbers {gi(ท), ท > 1 } such that for each 
ท > 1 and for all X i  G K. and 1 < i < ท,

then we say that the sequence {X n, ท > 1} is widely lower orthant dependent 
(WLOD) with dominating coefficients ฐ,((ท), ท > 1;

(iii) if {X n, ท > 1} is both WUOD and WLOD, then we say that the sequence 
{X n, ท > 1} is widely orthant dependent (WOD) with dominating coefficients gu(ท) 
and gi(n), ท > 1 .

When gน(ท) =  ฐ((ท) = M  for some M  > 0, a sequence of WOD random 
variables induced to END random variables.

From all above, we can see that WOD is more general than END, NOD, NA 
and independence.
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The following properties of WOD random variables will be used in this work. 
Denote g(ท) =  max {gu(ท), gi(ท)} and logx = In (max {.X, e}).

Lem m a 2.45. ([6]) Let p > 1 and {Yn, ท > 1} be a sequence of WOD random 
variables with E (Yn) =  0 and E \Y n\p < 0๐ for each ท > 1. Then there exist 
positive constants C\(p) and Ci{p) depending only on p such that

E max
1 </c<ท [Clip) + C2 {p)g{n))\ogp ท ] E \Y 1\p

for 1  < p < 2 , and

E maxl< k< ท < C'i(p) logpท ^2 e \Y \p + Cz(p)g(ท) logpท
R2

for p > 2 .

P ro p o sitio n  2.46. ([21]) Let { Yn, ท > 1} be a sequence of WOD random variables. 
I f  fn(-) are all nondecreasing (or all nonincreasing) fo rn  > l, then {fn(Yn) ,ท > 1 } 
is still WOD.
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