
CHAPTER III
NONLOCAL OPERATOR

In this chapter, we let J(x.y)  satisfy (H1)-(H4) and investigate the linear non
local equation. We prove an estimate involving power weight functions. Then 
we transform the Cauchy problem of the homogeneous equation into an easy one. 
Specifically, we study the problem

{ dtu — [  J(x,y)u(y,t)dy — u(x,t)  Vx£]Rn, i > 0
■ /R» ' (3.1)

น(x.o) = Uo(x) Vx £ Kn

where น0 G L“ 'P(Rๆ.
We begin with the following lemma.Lem m a 3.1. Let x. y G Mn and R > 0. If \x — y\ < R then

W M ! < i  + W t C

Proof. Let x ,y  G Rn be such that \x — y\ < R.
Case 1 Ij/I <  ๆ :

e + ๆ  < พ ๆ ,  < ๆ 1  + - )e +  Id 2 e + I JC 12 4 \  e ) = 1 < 1 + 2R + ท2^
Case 2 \y\ > Y '  
Subcase 2.1 \x\ =  0:

e +  \y\
e +  \x\

2

2
e + |y|2 พ  1 + ๆ  < 1 + 2 R + R2

e < 1 + e.
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Subcase 2.2 \x\ 7  ̂ 0;

= ร - 1) + 1
1 ‘ (M -N )( l i / I  + พ )

< 1 + R{\y\ + N)
e + Id 2

< 1 + R (2 \x\ + R)
e + Id 2

= 1 +

< 1 +

2 jxj R R2 
e +  \x\2 e +  |x|2 
2\x\ R R?_
yje \x\ e

= 1 + 2 R + R 2

g +  |y |Hence, we obtain the result that — ■■ ~2 < 1 +e + \x\
Lem m a 3.2. Let X, y £ IR" and R > 0. If \x —

2R + R2 

y I < i? then
ln(e + ]x|2) 
ln(e + |yj2)

1 (  2R + R 2\
- 1 +  ๒  \

Proof. Let x ,y  £ Mn be such that \x — y I < R. Then

111 [e + IX-12) 
In (e + |y|2)

1 T h h t h Q - d
I  In ( e +  |ÿ|2) J

= 1 +

< 1 +

111 ( e+\x\2
\e + |y|'J

ln (e+  |y| )
‘■ (i + ^ r )

ln(fi)
= 1 + 111 2R + R 2\  

)

□

So we have the conclusion as desired. □
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P r o p o s it io n  3 .3 . Let x ,y  £ R", b £ R and R  > 0. If \x — y\ < R, then

( ■ * ^ ) ) " - » »
Proof. Let X,  y  £ Rn and b £ R. Assume that |x -  y I <  R. By Lemma 3.2, we 
have that

1 ln(e+ |a?|2) /  2 R + R 2\
1 + 1ท ( 1 + ^ ) - ๒ ( ^ ! ฬ ี่3) -  + n v + ^ _ ; '

If b > 0, then

ร  - (£ iS)‘
« ( 1; , . ( 1; ร ุ^ ) - .

If 6 < 0, then

p(x) = / hi(e + \y\2) \  
p(y) \ln (e  +  |z |2) J

ร ( 1; to( 1; - - ) ) - * .
Hence, we have that for any b £ R,

y(x) /  1 /  2/? + /?2\ \ |,j| พ 1, . ,fH 1+1T + cTฯ) =:A(fl>)-
Now, we define a nonlocal operator 3 on L ^ ’p(Rn) by

งฯ (ฯ  = f  J (x. y)ip(y)dy Vip e L ç 'p(R").UR”
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P r o p o s it io n  3 .4 . 3  is a self-map on L ç 'p(Rn).

Proof. Let Ip € Lç',p(Rn). First, we will verify that 3Ç is continuous. Let X € R" 
and (xk) be a sequence converging to X. Since

J(xk,y)ip(y) -> J(x,y)ip(y) 
\J{xk.y)fj(y)\ < นพ00 J{xk.y) 
น \\x  J(xk,y)  -> Halloo J(x,y)
J(xk,y) < g{y)

as ท -» oo, 
for all ท G N, 
as ท -> oo, 
for all k e N,

by the Generalized Dominated Convergence Theorem and the assumptions of J, 
we have

lim d"0(xfc) — limk—>0๐ /c—>0๐ J{xk:y)yj(y)dy

lim J(xk:y)'ip(y)dyk—>0๐
y)ijpy)dy

= Zf>{x).

This conclude 3 G is continuous on Rn.
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Finally, we prove that HU'i/’llp < oo. 
Consider,

sup \p {x )^(x ) \  = sup [  p(x)J{x,y)ip(y)dy 
x e R n :<;gRn J R n

= sup / P[X)J{x,yjyj{y)ayxgR" J R"
< sup f  p(x)J{x,y ) \^ (y) \dyxgRn JRTI

3 [____ p{x)J{x,y)\ tp(y)\dy
n J B(x,R)

i'{y)p{y)
= sup /____ p{x)j[x,y)

x € R n J b (x , R )

= sup [____ p(x)J(x,y)
i e i "  JB(x\R)

< Ill’ll sup [
x g R "  J B ( X - R )  p\y)

< II c II A(R, b) sup [___ y)dy
X g 3 n J B(x,R)

p(y)
J(x.y)dy

dy

< \ m oX(R,b).

ร0 ||3V3llp = sup \p(x )Zfj{x)\ < oo which means d e  G L ç ,p(Rn) and hence J  is a 
map from L ç ’p(M.n) into Z/£,p(Rn). □

In addition, we demonstrate that 15 and the self-compositions of u are bounded 
linear operators on L ç ’p(พ 1).

P ro p o sitio n  3.5. บ is a bounded linear operator on L ç 'p(R”).

Proof. Let น and V be in Lff'p(Rn) and c G R. To show 3(cu + v) = c ju  + On, let 
r  £ R", We have

0 (cu + v) (x) = j  J(x, y) (cu{y) + v(y)) dy

= J J (x -, y)(cu(y)) + y)v{y)dy
= c /  J(x,y)u(y)dy + [  J(x,y)v(-y)dy 

J  K n Ju.n
— c$u(x) + 3v(x)
= cZu + 3v(x).
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Hence 3 (cu + v) =  cfju + ̂ v  which means 3 is linear. The boundedness part follows 
from Theorem 3.4. □

C o n v e n tio n  3.6. pk : = 3 ๐ 3 ๐ • ■ .0  3 = J o  and T° = /•v---—V-------'k copies
T h e o r e m  3.7. For each k £ N, is a bounded linear operator on the weight 
Lebesgue space L ç ’p( พ 1). Moreover. ||3fc|| < (ln(e + et2))^X(R, b, t)k.

To prove Theorem 3.7, we need some estimation of the ratio involving logarith
mic functions.

For t > 0, define pt : R" —> R by

Pt(x) = (ln(e + t2 + | i | 2))6 Vi £ Rn.

P r o p o s it io n  3.8. Let X.XJ £ R n.t > 0 and R be a fixed positive real number. If 
\x -  y\ < R then

where MR.b.t )  := ^1 + In ^1 + y  ■

Proof. The proof is the same as that of Proposition 3.3 by simply replacing e with 
e + t2 . IT

L em m a  3.9. Let t > 0 and b e  R. Then

[  J(x. y)pt(y)dy < \ (R . b. t)p,(x) Vi £ R".Jun
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Proof. Let t > 0 and X £ Rn. Consider

[  J{x ,y)(\n(e + t2 + \y\2))bdy JRn
= JB̂ J(x ,y)( \n(e  +  t2 +  |y|2))6^

< (111 {e + t2 + |a:|))b f  J{x , y) ( ^ -- -  --J b(x,r) \ln (e  + t2 +  I
< (ln(e + t2 + |x |))fc !____ J{x ,y ) ^1 + In ^1 +

< ( ln(e + t2 + พ ) ) 1’ ( l  + In ( l  + )  )

= A(R,b,t)(  ln(e + t2 + |x |))b.

เ2\ \ b
dyf  ln(e + t2 + \x

แๅ ( p; _L -I- \ x \

ln (e + t2 + | i , f t y
ln(e + e  + พ 2) /  y

2 R + R 2 
Ve  +  t2

Id
dy

The proof is completed.

Lem m a 3.10. For all X £ Kn and for all t > 0.

£  p,{x) - ln (e+ ef2 flp (x ) 
Proof. Let X £ Rn and t > 0. If b > 0, then we have

Pt(x) <
p(x) -

<

(  ln (( l  + f2)(fi+ M 2) ) \  
y ln (e + |x |2) J

ln(l + t2) \ b 
ln(e + |x |2) J 
ln(l + t2j y  

ln(e) J
(ln(e + et2))b.

□
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If b < 0, then and we have

ข  -  ( « )
(  ln(e + เ2 + |x |2) \

~~ y ln(e + |x |2) J
< (ln(e + et2)) b.

( ~ b >  0)

Thus, we have Pt(x) < (ln(e + ei2))^  p(x) for all X G R n and all t > 0. 
same argument, it is easy to show the another side of inequality is true.

C o ro lla ry  3 .1 1 . For all X G R n. I J (x ,y )—T~\dy < X(R,b,t ) ———.
■ Jun y pt{y) Pt{x)

Proof. Let X G Rn be arbitrary. We have

J{x.y) pt(y) dy = /J B{x,R) J{x,y) p,(y)p,(x)i y
< JB(x,R) J{x,y) # *
< J B(x,R) J{xaj) M H . U )dy

< A {R.b. t)
Pt(x)

By the
□

The proof is complete. □
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Poof of Theorem 3.7. Let k e N.ip e L ^ ’p(Mn) and X € Rn. By mathematical 
induction, we can show that z k is a linear map. Now, we notice that

z kip(x) = /  J ( x . x ])3k~1ip(xl )dxlJ R"
[  J(x,Xi) f  J(x 1 . X2)Zk 21.\x>)d.r,(l.i 1Jr» /R»

[  J{x,x 1) [  J{x l , x2) . . . f  J{xk-2,xk- 1)Zi>(xk- 1)dxk-  1/R" Jr» Vr»
/  J(x,Xi)/R" /  2i - - - JR» f  J(xk-U xk) i f x h)dxk . . . dx 1./R»

We estimate the composition of X 
If b > 0 then

\p(x)Zki f x ) \  = p(x) J J ( x , x i ) . . . j  J{xk- I , x k)ไ/){xk)dxk . . . dx 1
11 \ Pt(xk)v{xk)

i f x k)

<11011 pp(x) [  J ( x , X i ) . . . [  J{xk- I , x k)
J R "  .J R "

< p(z) f  J ( x , x  i ) . . • f  J { x k - น ^ )
/ R " J R"

< p(x) f  J (x .x  i ) . . - [  J { x h - 1 5/R» J R"

r X - l
(ln(e + et2))|b|

Pt{xk)

dxk ■ ■ ■ dx 1

dxk . . . oh 1

< (ln(e +  ei2))|fc| ||L|| p(x) [  J(x,x 1) . . .  f  J{xk_2-xk- 1) f ’ b' L\ dxk- 1 . . . ohiJ r  */Rn Pt\x k- l j
< (ln(e +  eJ2)) |fc| ||v>|| p(:c) f  J ( x , x i ) . . .  [  J (xk- 3 , x k- 2) ^ ^ [ b,t\ dxk-  2 . ■ ■ ohiJ l "  Jsn Pt\Xk- 2)

< (ln(e + ei2))161 llV'llp/ü(:r) J  J ( x , x ----

< (ln(e +  ef2)) |b| A(iî,6, J)fc_1 IIV'IL [  J (x ,x  1) chi
J R "  A v ^ l j

< (ln(e + ef2)) ^  A(fi, b, t)k~1 \\ip\\p [  J (x ,X i) \(R,b ,t )dxi

< (ln(e + eJ2))161 \ { R :b,t)k พไ/)พp .
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If b < 0 then

\p{x)Zk^{x)\  =  p{x) f  J(x, Xi ) . . .  f  J(xk-i,Xk)i/>(xk)dxk ...cbJRn JRnc r / \
< p(x) /  J(x,Xi ) . . .  /  1/ (xfc-i.Zfc) Ip{xk)Pt.Xk dxk . . .dxiJ Rn JR" Pt\xk)
< p(x) [  J(x,x  i ) . . .  [  J(xk_i ,xk) Ip(xk) p^)k\  dxk . . . dx  1

JR ’1 j R» pt\xk)
< \ \Hpp(x ) [  J(x, xi ) . . .  f  J(xk-I , xk) } dxk . . . dx  1JR" Vr» pi\Xk j
< (ln(e + ef2)) |b| HV'llpp(x) /  J ( x , X i ) . . . [  J(xk-2,xk- i ) ^4J Rn JR” Ptf c — 1

< แ ฟ เ [  J (x ,x  1) X(R,b' Q ๘X17lRn pt\x l)
< A(Æ:M )*-1 M p P (z )  [  J ( x , x i ) —j—rdx 17r" Pt\x \)

< (ln(e +  ef2))'‘'A (iî,M )‘ M , .

. . . rfxi

Hence, ||3fc||is bounded for all k € N.
Moreover we also have แ ^ II < (ln(e + ef2)) |fc| X(R, b, t)k. □
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