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Nowadays, economic and population growth around the world increase the 

speed of urbanization, making skyscrapers become popular. Together with the 

development of high-rise buildings, the requirements of capacity and settlement of 

foundations become complex and demanding. In particular, the accurate estimation of 

pile settlements becomes essential in pile design. The load transfer method (Seed and 

Reese, 1957) is practical for routine design because of its less computational effort. In 

the early days, the load transfer methods were based on relationships between the 

resistance and relative displacement at pile-soil boundaries which are usually referred 

to as t-z curves. Since these techniques did not consider the deformation of soil around 

piles, they cannot be applied to the settlement analysis of pile groups. 

In this study, a new nonlinear approach for axially loaded piles and pile groups 

is proposed and validated with field tests and model tests. The proposed method divides 

the settlement of soil into elastic and inelastic (slippage) components. The inelastic 

deformation is assumed to occur in a narrow zone around piles while the deformation 

in the outer zone is determined by an elastic solution proposed by Randolph and Wroth 

(1978 & 1979). The extension from single pile analysis to pile group analysis is carried 

out based on the interaction factor concept (Poulos, 1968) together with the 

reconsideration of the pile-soil-pile interaction by taking the stiffening effect of nearby 

piles into account. Predictions by the proposed method are well agreed with the 

validation data, under both of rigid and flexible cap conditions. In addition to the 

general procedure, a simplify solution is also provided for typical conditions which 

usually encountered in routine designs. 
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s,i  is the Poisson’s ratio of soil layer i 

sb  is the Poisson’s ratio of soil below pile base 

NSPT,i is the uncorrected SPT value of soil layer i 
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N'SPT,i is the corrected SPT value of soil layer i 

,

b

iP  is the resistance at the base of segment i  

,
b
j iP  is the resistance at the base of segment i of pile j 

bfP  is the maximum resistance at the base of a pile 

,

s

iP  
is the resistance at the shaft of segment i 

  ,

s

j iP  is the resistance at the shaft of segment i of pile j 

,

t

iP  is the resistance at the top of segment i 

,

t

j iP   is the resistance at the top of segment i of pile j 

Q is the load at the head of a pile 

Qg is the load at the head of a pile group 

Qj is the load at the head of pile j 

Qult  is the ultimate capacity of single pile 

Qult,j is the ultimate capacity of pile j 

R is the reduction factor for the ultimate unit shear stress at pile shaft, R  

[0.80-0.95] 

Rb is the reduction factor for ultimate resistance at pile base, Rb [0.80-

0.95] 

rm  is the radial distance from the pile center to a point at which the shear 

stress induced by the pile can be ignored. 

rms is the rm corrected for the stiffening effect 

ro  is the radius of pile 

rkj Is the distance between pile k and j 

Su,i is the undrained shear strength of soil layer i 
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v is the total overburden stress of soils 

'v is the effective overburden stress of soils 

vb is the total overburden stress of soil at the base of a pile 

'vb is the effective overburden stress of soil at the base of a pile 

v,i is the total overburden stress of soil at the middle of soil layer i 

'v,i is the effective overburden stress of soil at the middle of soil layer i 

 is the mobilized shear stress 

,  f

i  
is the maximum unit shear stress at the shaft of segment i 

t,i is the thickness of soil layer i 

u,i is the water pressure at the middle of soil layer i 

U(r)       is the settlement field at the radial distance r  

Ub(r)       is the settlement field at the pile base level and radial distance r  

U(r,z)       is the settlement field at the radial distance r and the depth z 

Ukj,i is the settlement field at the middle of soil layer i of pile k which induced 

pile settlement of pile j 

,  sh

iw  is the settlement at the shaft of segment i 

,  sh

j iw  is the settlement at the shaft of segment i of pile j 

  sh

jkw  is the induced settlement at the shaft of pile j due to settlement at the 

shaft of pile k 

  sh

jjw  is the settlement at the shaft of pile j in pile group induced by its own 

load  

,  b

iw  is the settlement at the base of segment i 

,  b

j iw  is the settlement at the base of segment i of pile j 
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  b

jkw  is the induced settlement at the base of pile j due to settlement at the base 

of pile k 

  b

jjw  is the settlement at the base of pile j in pile group induced by its own 

load  

,  t

iw  is the settlement at the top of segment i 

,  t

j iw  is the settlement at the top of segment i of pile j 

,  zw  is the settlement at depth z of a pile 

,  j zw  is the settlement at depth z of pile j 

,  iw  is the settlement at the middle of segment i 

,  j iw  is the settlement at the middle of segment i of pile j 

,  e

iw  is the elastic ground deformation at the middle of segment i  

,  e

j iw  is the elastic ground deformation at the middle of segment i of pile j 

,

e

j zw  is the elastic ground deformation at depth z of pile j 

,  s

iw  is the slippage or the relative settlement at the middle of segment i  

,  s

j iw  is the slippage or the relative settlement at the middle of segment i of 

pile j 

,

s

j zw  is the slippage or the relative settlement at depth z of pile j 

j is the stiffening factor of pile j 

Su,i is the undrained shear strength of soil layer i 

S is the settlement at the head of a pile 

Sj is the settlement at the head of pile j considering effects from all piles in 

group 
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1

ultS  is S1 at Qult 

s  is the settlement under unit load 

s’j is the settlement at the head of pile j considering stiffening effect from 

all piles in group 

s’ju is the settlement under unit load at the head of pile j considering 

stiffening effect from all piles in group 

skj is the settlement at the head of pile k induced by the settlement of pile j 

wb is the step of the settlement at pile base for load-settlement algorithm  

 

 



CHAPTER 1: INTRODUCTION 

1.1 Background 

 Nowadays, the growth of economic and population around the world increase the 

speed of urbanization and make the skyscraper building become popular. Together with 

development of skyscraper building, the requirements about capacity and settlement for 

pile foundation of these building, become complex. Example, the allowable settlement 

is 10 mm followed by Eurocodes 7 standards or long-term serviced settlement is 15 mm 

followed the Canadian code. Thus, predicting load-settlement of pile foundation is very 

necessary. Until now, there have many approaches to predict load-settlement of pile 

foundation from simply to complex. In that, FEM and BEM are the best tool but they 

are complex and take computational effort. Analytical methods have been developed to 

reduce the disadvantage of FEM and BEM.  

 Although not as powerful as the finite element method or the boundary element 

method, the load transfer method firstly introduced by Seed and Reese (1957) requires 

less operation and is more practical for routine design. The early works were based on 

relationships between resistances at pile-soil boundaries which usually referred to as t-

z curves determined from field static load test. Since these techniques did not consider 

the deformation of soil around piles, they cannot be applied to the settlement analysis 

of pile groups. 

  In the currently load-transfer approach, based on the closed-from solution of 

Randolph and Wroth (1978 & 1979), the t-z curves parameters and the soil profile can 

be determined more easily by elastic parameters of soil. By using soil profile, the 

concept of pile-soil-pile interaction (or in other words is interaction factor concept) 

firstly proposed Poulos (1968) was adopted in extension from the single analysis to pile 

group analysis. However, in current stage, there have two kind of assumption in load-

transfer model.  

 Firstly, it is proposed that the response of pile was divided into elastic and inelastic 

(slippage) parts. The inelastic deformation was assumed to occur in a narrow zone 

around a pile, and the elastic part (or soil deformation in the outer zone) can also be 
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determined by closed-form solution of Randolph and Wroth (1978 & 1979). In 

extension form single pile analysis to pile group analysis, the induced settlement due to 

pile-soil-pile interaction was applied on elastic part. (Lee & Xiao, 2001; Wang et al, 

2012).  

 Secondly, it is proposed that no slip occurred at pile soil interface and stiffening 

effect need to consider in using the pile-soil-pile interaction concept (Mylonakis & 

Gazetas, 1998; Zhang et al, 2015; Zhang et al, 2014)  

 It is seen that considering the slippage at pile soil interface is more realistic than no 

considering. Besides, considering stiffening effect is also necessary for making the 

calculation approach suitable with real behavior. It is vital to propose the developed 

load-transfer approach which can be accounted the slippage phenomenon and stiffening 

effect in pile-soil-pile interaction.  

In addition, in the review process, it is seen that (1) The proposed approach of Wang 

et al. (2014) used the tangent stiffness for predicting nonlinear settlement of pile group 

(or in other word, explicit prediction). However, this kind of explicit prediction can be 

depended on the step-size calculation.  (2) The meaning of stiffening effect mentioned 

in works of Mylonakis and Gazetas (1998) and Zhang et al. (2014) is difference. 

Mylonakis and Gazetas (1998) focused on response of passive pile to modify the 

interaction factor of Randolph and Wroth (1978) whereas Zhang et al. (2014) 

considered influence of other pile on the response of a pile. Thus, this two issue were 

also figured out in this thesis. 

 

1.2 Objective  

Based on the issues of the currently load-transfer method, this thesis has some 

objectives, as follows; 

1. Propose a new nonlinear analytical method for single pile analysis by extension 

based on the works of Wang et al. (2012) 

2. Investigate the stiffening effect in pile-soil-pile interaction by experiments 
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3. Propose a new linear analytical method for pile group considering stiffening 

effect by combining the works of Mylonakis and Gazetas (1998) and Zhang et 

al. (2014).  

4. Proposed a new nonlinear analytical method for pile group by extensions based 

on the proposed linear analytical method for pile group  

 

1.3 The scope of this research  

In the limited time and money, this study is implemented in scopes, as follows; 

1. Slippage can occur at pile-soil interface 

2. Settlement of the pile can be computed by slippage deformation plus elastic 

3. The pile-soil-pile interaction is only effected by far field settlement of the 

ground 

4. Do not considering the installing effect.  

5. Settlement prediction have not considered for long-term condition 

 

1.4 Thesis outline 

Following the proposed objectives, this thesis is divided including 6 chapters, as 

follows; 

Chapter 1: Introduction 

Chapter 2: Literate review 

Chapter 3: Nonlinear analytical method for single pile 

Chapter 4: Linear analytical method for pile group considering stiffening effect  

Chapter 5: Nonlinear analytical method for pile group considering stiffening 

effect 

Chapter 6: Conclusion and recommendations 
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 In that, chapter 2 is implemented to obtain the back ground about the current load-

transfer method. Besides, the chapter 3 is the solution for objective 1, chapter 4 is the 

solution for objective 2 and 3 and chapter 5 is the solution for the final objective. 

 

1.5 Research benefit 

In the progress of studying, the following papers have been published or are in press: 

1. Lai-Van Qui and Tirawat Boonyatee (2015), Pile settlement prediction by load-

transfer method: A case study in Bangkok, The Twenty-Eighth KKHTCNN 

Symposium on Civil Engineering, November 16-18, 2015, Bangkok, Thailand  

2. Lai-Van Qui and Tirawat Boonyatee (2015), A revisit to the interaction factor 

of group piles considering stiffening effect, The Twenty-Ninth KKHTCNN 

Symposium on Civil Engineering, December 3-5, 2016, Hong Kong, China 
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CHAPTER 2: LITERATURE REVIEW 

2.1 Introduction 

 Since a new proposed analytical method is the extension from currently load-

transfer method by considering the combination of slippage at pile-soil interface and 

stiffening effect on pile-soil-pile interaction. Whereas, the currently load-transfer 

method was proposed by adopting the works from interaction factor method (Poulos, 

1968), closed-form solution of Randolph and Wroth (1978 & 1979). Thus, for obtaining 

the current knowledge of load-transfer method, this chapter is sequentially reviewed 

the previous works, as follows; 

1. Original load-transfer method (Seed & Reese, 1957) 

2. Original interaction factor method (Poulos, 1968) 

3. Original closed-form solution (Lee, 1993; Randolph & Wroth, 1979; Randolph 

& Wroth, 1978) 

4. Modification of closed-form solution considering stiffening effect (Mylonakis 

and Gazetas, 1998) 

5. Original modification of closed-form solution in term 1D FEM (Chow, 1986) 

6. Modification of load-transfer methods considering slippage (Lee & Xiao, 2001; 

Wang et al, 2012) 

7. Modification of load-transfer method considering stiffening effect (Zhang et al, 

2014) 

 

2.2 Review 

2.2.1 Original load-transfer method 

 The load-transfer method was firstly proposed by Seed and Reese (1957). In this 

method, a pile was divided into segments which interact with surrounding soil layers 

by simplified load-displacement relationships (usually known as t-z curves) (Figure 

2.1). In the early works, the parameter of t-z curves were determined from the field 



 

 

 

6 

static load test. (Armaleh & Desai, 1987; Coyle & Reese, 1966; HIRAYAMA, 1990; 

Kezdi, 1975; Reese et al, 1900; Vijayvergiya, 1977) 

 

Figure 2.1 The concept of load-transfer approach (After Poulos, 1980) 

 To predict the settlement of pile, the standard iterative calculation procedure, in 

Figure 2.2, was used. At the beginning, a pile is divided into several segments. The 

settlement at pile base was assumed to be , 0.001b b

nw w D    for determining the 

mobilized resistance at pile base, ,

b

nP , based on the t-z curve at pile base.      

 Starting from the bottommost segment i=n, and assuming the settlement at the 

middle of bottommost segment , ,

b

i nw w . Based on the t-z curve at pile shaft, the 

mobilized resistance at pile shaft, ,
s
iP , was determined. After that, the settlement at the 

middle of bottommost segment was recalculated, ,

re

iw ,by the summation of base 

settlement and compression of a lower half segment, as shown in Equation (2.1)  
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 , , , , , , ,

, , , ,

/ 2 3 4
 

2 2 8 8

t b b t b s b
i i i i i i ire b b bi

i i i i i i

p p p p p p

P P P P P P Pl
w w w l w l

E A E A E A
  




  
    (2.1)  

 Compared to its assumed value, if the assumed and recalculated value of ,iw did not 

equal, the routine calculation would be implemented by reassume ,iw ,  , , ,  / 2re

i i iw w w   

 After getting the satisfaction between assumed and recalculated value of ,iw , the 

mobilized resistance at pile shaft, ,
s
iP , was corrected. The load and settlement at the top 

of bottom segment was calculate by  

, , ,

, ,

, ,
2

t s b

i i i

t b

i it b

i i i

p p

P P P

P P
w w l

E A

 


 

        (2.2) 

 Next, the load and settlement at the bottommost segment were transferred to the 

next segment followed continue of force and settlement between two segments. 

, , 1 ,1 ,;b

i

t

i i

b t

iP Pw w            (2.3) 

 The same procedure was repeated from segment i=n-1 to segment i=1 until obtain 

the load-settlement at pile head. 

 After storing the recently predicted load-settlement at pile head, the value of ,

b

nw , 

, ,

b b b

n nw w w  was increased. The whole procedure was repeated until the value of ,

b

nw

larger than 10% of pile diameter.  

 Finally, plot the load-settlement curve from storing data 
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Figure 2.2 The standard algorithm of load-transfer method 
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2.2.2 Original interaction factor method 

 Poulos (1968) was firstly proposed interaction factor method. This approach is the 

simplifier practical approach based on the boundary element method (BEM). The 

interaction factor was simply described by the two-piles model in Figure 2.3. In this 

model with the same applied load Q on two piles, the settlement of pile #1 will be larger 

than its value in single pile having the same condition. The induced settlement was 

occurred by the pile-soil-pile interaction between piles. Based on the induced settlement 

and the settlement under own load of a pile #1, the interaction factor can be determined 

by Equation (2.4).  

21
21

1

s
s

           (2.4) 

 This factor depended on the stiffness ratio of pile and soil, the length of pile, the 

distance between two piles. For the practical purpose, the interaction factor was 

parametrically studied by BEM and prepared in graph as shown in Figure 2.4  (Poulos 

& Davis, 1980) 

 

 

Figure 2.3 Model for determining 

interaction factor method (Poulos, 1968) 

Figure 2.4 Interaction factor  in case L/d=10 

(After Poulos and David (1980)) 

 In the elastic stage, by using the superposition rule, the settlement of each pile in 

group was calculated by summation of the settlements induced by its own load and the 

induced settlement due to settlement of other piles in group, as shown in Equation (2.5)

. The adding settlement induced by another pile in group is presented by interaction 

factor  
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1,

pn

j j k jk

k k j

S s P P
 

 
   

 
        (2.5) 

 The settlement under unit load, s , was determined from single pile analysis. In the 

works of Poulos (1968), the settlement of single pile can be calculated by Equation 

(2.6)  

p

s

QI
S

E D
                 (2.6)  

 Ip was the settlement influence parameter. The settlement influence parameter was 

depended on some parameter length of pile and diameter of pile, Lp/d, Poisson ratio and 

condition below pile tip. Ip can be determined by  

p o k h vI I R R R ,         (2.7) 

where I0 is settlement influence parameter for the incompressible pile in semi-finite 

mass with Poisson’s ratio 0.5; Rk is correction factor for pile compressible; Rh is 

correction factor for the finite layer depth below pile tip; Rv is correction factor for the 

Poisson’s ratio of soil. Determination of I0, Rk, Rh, Rv is explained in detailed in the works 

of Poulos (19680). 

The response of pile group was determined by multi-equation combining the 

equations for settlement prediction of piles (Equation (2.5)) and constrain equation 

presenting for the condition of pile cap. In particular, the load-settlement of pile group 

can be determined by multi-equation (2.8) for the flexible cap pile group and multi-

equation (2.9) for rigid cap condition, respectively 
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       (2.9) 

 

2.2.3 Original closed-form solution  

 Randolph and Wroth (1978) proposed the close-form solution for predicting the 

settlement of a pile. This method considered surrounding soils of pile were the 

concentric cylinders having the shear stress reduced inversely with the surface of the 

cylinders (Figure 2.5). The settlement of the soils along the radius of pile which was 

described in Equation (2.10), decreased in logarithmic shape.  

 

Figure 2.5 Concentric cylinders ground model (Randolph & Wroth, 1978)  
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        (2.10) 

 rm is the radial distance from the pile center to a point at which the shear stress 

induced by the pile can be ignored. The value of rm can be approximated by

2.5 (1 )m sr L            (2.11)  

 The settlement of axially loaded pile was assumed by the couple of settlements at 

the pile shaft and base. Assuming no slip at pile-soil interface, the settlement of pile 
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shaft was compatible with the settlement of soil at pile-soil interface and was calculated 

by  

0

ln ( )sh o o m
o

s

r r
w U r r

G r

  
   

 
,        (2.12) 

and the settlement at the pile base was calculated following the punching failure and 

showed in Equation (2.13) 

 1

4

b

bb

o sb

P
w

r G




 
 ,        (2.13) 

 The settlement at the pile head can be determined by Equation (2.14)  

   
 
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

 



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




     (2.14) 

 

 Randolph and Wroth (1979) extended settlement prediction method for of single 

pile to pile group. In their approach, they assumed the neighbor unloaded pile can be 

settle as the same rate with the settlement of ground induced by settlement of loaded 

pile. The settlement of the ground can be determined by Eq.(2.15), (2.16).  

( ) lno o m

s

r r
U r

G r

  
  

 
         (2.15) 

 1 2
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b o
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P r
U r

r G r






        (2.16) 

 Therefore, the interaction factor at pile shaft which shown by Eq. (2.17), can be 

determined from Equations (2.4), (2.12) and (2.15). In the same manner, the interaction 

factors at the pile base and pile head can be derived as shown in Equation (2.18) and 

(2.19). 
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 Based on the interaction factor concept, the settlements at the shaft and the base of 

each pile in group can be determined accounting the effect on other piles in group by 

Equation (2.20) and (2.21), respectively.  

1, 1,

ln 1
p pn n

sh sh sh o o m
j jj jk sjk

k k j k k js o

r r
w w w

G r




   

  
     

   
       (2.20) 

 

1, 1,

1
1

4

p pn nb

bb b b

j jj jk bjk

k j k k j ko sb

P
w w w

r G




   

 
    

 
       (2.21) 

 
 

 Lee (1993) modified the works of Randolph and Wroth (1979) by proposing the 

new formula for settlement at the pile shaft considering the compressible behavior of 

pile, as shown in Equation (2.22) 

 

1, 1,

tanh
ln 1

p pn n

sh sh sh o o m
j j jk sjk

k k j k k js o

Lr r
w w w

G L r




   

  
     

   
    (2.22)

 

      

In addition, the former equation for determining interaction factor was also revised 

by Equation (2.23) 
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 

 
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1

1

1

4
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1
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
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








sgb

o

L

L

r

L

L

L

r

L
















                         (2.23)                 

 ln m g
g

o

r

r


 
  

 
; ln m

o

r
r

    
 

; 
2 o

b

r

s



 ; ln m

s

r
s

    
 

;  15.1  

 The method (Lee, 1993) was verified with the BEM (Butterfield & Banerjee, 1971) 

and got the satisfaction up to 16 pile groups.  

 

2.2.4 Modification of closed-form solution considering the stiffening effect 

 Mylonakis and Gazetas (1998) modified the interaction factor of Randolph and 

Wroth (1979) using the model shown in Figure 2.6.  

 

Figure 2.6 The proposed model for determination of interaction factor 

considering the response of passive pile (Mylonakis & Gazetas, 1998) 

 As the loaded pile (active pile) settles (step 1), the surrounding ground will also 

settle (step 2) and induce the settlement on the unloaded pile (or in another words, the 
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
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passive pile). However, the settlement of passive pile should be less than the 

surrounding ground because of the incompatibility of their stiffness (step 3). Therefore, 

the interaction factor will be smaller than the one determined by Equation (4.8). They 

defined this phenomenon as the stiffening effect (Fleming et al, 2008). 

 Besides that, it was claimed that the interaction factor between 2 piles was mainly 

controlled the pile shafts interaction and proposed the new equation for determination 

of interaction factor considering the response of passive pile. That equation was shown 

in Eq.(2.24) 

 2121
21

1

ln /

ln( / )

m

m o

r rs

s r r
           (2.24) 

where   is the diffraction factor which smaller than 1. The determination of   is 

explained in detailed in thesis of Mylonakis (1998).  

 

2.2.5 Modification of the closed-form solution in term of 1D FEM  

 Chow (1986) proposed semi-analytical approach called the “hybrid approach” or 

1D FEM approach based on the closed-form solution of Randolph and Wroth (1979). 

In this approach, piles in group divided in to many segments presented by nodes (Figure 

2.7). The response of nodes was described by the flexibility factors determined from 

the work of Randolph and Wroth (1978). In particular, the flexibilities were determined 

by Eq.(2.25) for nodes at the shaft and (2.26) for nodes at the base, respectively.  

 

Figure 2.7 The model of pile group (Chow, 1986) 

1 2 3

4 5 6

n-2 n-1 n

Layer 1

Layer i

Layer n



 

 

 

16 

  , , ,ln / / (2 )k i m o i s if r r l G         (2.25) 

    1 / 4k sb of G r                (2.26)  

where 
,k if is the flexibility for the node k at the shaft at soil layer i  

 The pile-soil-pile interaction in group pile was described by the interaction between 

nodes. By assuming the pile shaft resistance of each segment and pile base resistance 

were presented by the point load applying on nodes, the interaction between 2 nodes 

can be described by flexibility factor determined by Equation (2.27) (Mindlin, 1936). 
 

Surface

 
1/2

22

1R r z c   
 

 
1/2

22

2R r z c   
 

1/2
2 2r x y   

P

c

z

 
 

Figure 2.8 Solution for a vertical point load in a homogeneous, 

isotropic elastic half-space (Mindlin, 1936) 
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   (2.27) 

 
1/2

22

1R r z c   
 

;   
1/2

22

2R r z c   
 

;  
1/2

2 2r x y      (2.28) 
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Following Figure 2.7, z is the depth of node k; c the depth which the unit load is 

applied; x is the distance in x direction of node k as measured from node h; y is the 

distance in y direction of node k as measured from node h. The hybrid approach can be 

briefly described as follows, 

Firstly, the piles in group were divided in to many segments respected with the sub-

layer of ground and presented by nodes (Figure 2.7) 

Secondly, governing equation of nodes system, described for response of pile 

group, would be determined by Eq.(2.29) 

 [ ] [ ] [ ]
p s i i

K K s P     ,       (2.29) 

  [Kp] is n x n stiffness matrix of pile 

1

2
[ ]

0 . 0

0 . .

. . . .

0 . .

p

p

p

pn

K

k

k

k



 
 
 
 
 
  

       (2.30) 

  

 [Ks]=[Fs]-1 is n x n stiffness matrix of soil, [Fs] is n x n flexibility matrix of soil 

1 12 1

21 2

1

[ ]

.

. .

. . . .

. .

s

n

n n

F

f f f

f f

f f



 
 
 
 
 
 

       (2.31) 

 [si] is n x 1 matrix representing for settlement along depth of piles. 

 [Pi] is n x 1 matrix representing loads on each node. 

For the sub-element of [Kp] 

  ,

,

p p

pk i

i

E A
k

l
  - for the node k at soil layer i     

For the sub-element of [Fs] 
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  , , ,ln / / (2 )k i m o i s if r r l G  - for the node k at the shaft at soil layer i 

   

   1 / 4k sb of G r        - for the base node k   

   

   

2 2

3

1 2 1

2 2

3 5

2 2

8 1 (3 4 )3 4

16 (1 )

(3 4 ) 2 6 }

{kh

kh kh

v r cP
f

G R R R

z c cz zc z c

R R



 



   
  



   
 

- for the 

interaction between 2 nodes.  

 The sub-elements of [si] and [Pi] were variables and would be partly determined by 

constrains condition about load and settlement at the pile head.  

 In the final, the governing equation (2.29) was prepared by number of unknown 

variables respected with the number of equation. After solving the governing equation, 

the unknown variables of [si] and [Pi] presenting for the response of pile group, were 

determined. 

 

2.2.6 Modification of load-transfer method considering slippage 

 Lee and Xiao (2001) modified the original load-transfer approach by considering 

the response of pile segment i decomposed into inelastic (slippage), ,

s

iw , and elastic part 

(elastic ground deformation), ,

e

iw , as shown in Equation (2.32). 

, , ,

s e

i i iw w w           (2.32) 

  The relationship between the slippage and mobilized shear stress at pile-soil 

interface can be described by hyperbolic Equation (2.33) and t-z curve in Figure 2.10.a 

,

,

, , ,

s

i

i h h s

i i i

w

a b w
 


          (2.33) 

 In another way, the Equation (2.33) can be rewritten by Equation (2.34) 
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, ,

,

, ,1

h

i is

i h s

i i

a
w

b w





         (2.34) 

 
Figure 2.9 The response of pile segment i by applied axial loading 

 The physical meaning of , ,,h h

i ia b  are shown in Figure 2.10. In that, ,1/ h

ia is the initial 

stiffness and ,1/ h

ib is the ultimate stress 

 

Figure 2.10 Hyperbolic t-z curves (Lee & Xiao, 2001) 

 The elastic ground deformation is determined following Randolph and Wroth 

(1978) 
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 By substitute Equation (2.34) and (2.35) into (2.32), the response of pile segment i 

can be rewritten by Equation (2.36) 

, ,

, , ,

, ,1

h

i i

i i ih s

i i

a
w C

b w


 


        (2.36) 

Or  

 
2

, , , , , , , , , ,

,

, ,

4

2

h h s h h s h s

i i i i i i i i i i

i h

i i

a C b w a C b w b w

b C


     
     (2.37) 

 The settlement at pile tip, wb, related to the mobilized tip resistance, Pb, was 

described by hyperbolic Equation (2.38)  and t-z curve in Figure 2.10.b 

,

,

,

 

b

nb

n h h b

b b n

w
P

a b w



        (2.38) 

 For extend to pile group, the effects of all piles in group on pile j can be considered 

by modification of the elastic ground deformation, as shown in Equation (2.39) 

, , , , ,

1, 1,, ,

ln ln
p pn n

e e e o m o m
j i jj i jk i i i

k k j k k js i o s jki

r r r r
w w w

G r G r
 

   

  
         

   
    (2.39) 

 Thus, Equation (2.37)  was changed to Equation (2.40) for pile group analysis 

 , ,

2

, , , , , , , ,

,

,

,

4

2

j i j i

h h s h h s h s

i i j i i i j i i j i

j i h

ji i

a b w a b w b w

b

C C

C


     
    (2.40) 

,

1,, ,

ln ln
pn

o m o m
j i

k k js i o s i kj

r r r r
C

G r G r 

  
      

   
      (2.41) 

 As the same manner, the response at the base of pile j considering the effects from 

all piles in group can be expressed by 

 
2

,

, , ,

,

4

2

jb jb

h h b h h b h b

b b j n b b j n b j n
b

j n h

b jb i

a b w a b w
P

C C b

C

w

b

     
    (2.42) 
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1,

1

2

pn

sb
jb

k k j jk sb

C
r G



 


          (2.43) 

 For predicting the load-settlement curve of each pile in group, determination of 

parameters, , ,h h

jb jb jba b C , for pile base and (
, , ,, ,h h

j i j i j ia Cb ) for all pile segment i were 

implemented. After that, the load-settlement curve of each pile in group would be 

determined by iterative calculation. The detail of the determination of the parameters 

and the iterative calculation were found in Lee and Xiao (2001) 

 After obtain the load-settlement curve of each pile in group, the performance of pile 

group is determined by the condition at pile cap, as shown in Figure 2.11 

 

Figure 2.11  Flow chart to determine the response of pile group under rigid cap 

and flexible cap condition 
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resistance of pile group until
1  ult

gS S , the load-settlement curve of pile group is 

obtained.  

 For flexible cap which all piles were loaded under same load, by assuming the same 

design applied load on each pile, Qj=Qdesign,  the corresponding settlement of each pile 

with the design applied load, is also interpolated from its load-settlement curve. After 

that, the settlement distribution in pile group is determined.  

 

 Wang et al. (2012) also proposed the new load-transfer method by adopting the 

work of Lee and Xiao (2001). In this work, the response of pile segment i was adopted 

from the work of Lee and Xiao (2001) and decomposed into inelastic (slippage), ,

s

iw , 

and elastic part (elastic ground deformation), ,

e

iw , as shown in (2.32) where 

, , ,

s e

i i iw w w   

 However, t-z curve at pile shaft segment and pile base was described by exponential 

Equation (2.44) and (2.45), respectively.  

 , ,

, , 1
s

i ib w

i ia e


            (2.44)  

, 
,  (1 )

b
nbb wb

n b
P a e


          (2.45) 

 The meaning of , ,, , ,i i b ba b a b can be described in Figure 2.12. The determination of 

, ,, , ,i i b ba b a b  parameters were detailed in work of Wang et al. (2012).  

 

Figure 2.12 t-z curves (Wang et al, 2012) 
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 In addition, nonlinear behavior of concrete material of pile, described in Figure 

2.13, was also considered following Equation (2.46)  

2

2 ;

1 0.15 ;

c c
c c o

o o

c

c o
c o c cu

cu o

f

f

 
 

 


 
  

 

   
    
     
  

    
 

,     (2.46) 

 Where c and c  are the stress and the strain of concrete, respectively;  fc and 0 are 

the peak stress and the corresponding strain, respectively; and cu is the ultimate strain 

of concrete. 

 

Figure 2.13 The Hognestad model of concrete 

material (Hognestad, 1951) 

 In single pile analysis, a pile model was proposed as shown in Figure 2.14 

 

Figure 2.14 The pile model (Wang et al, 2012) 

 Wang et al. (2012) proposed that the total settlement at depth z can be determined 

by Equation (2.47) as well as Equation (2.48) 
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,

0

z

bz
z

p p

P
w dz w

E A
          (2.47) 

, , ,

s e

z z zw w w          

 (2.48) 

 Besides, they firstly proposed new second-order differential equation described for 

response of a pile, as shown in Equation (2.49) 

  ''1 b s
s s

p p

K
C K y K w y

E A
           (2.49) 

where
0

z

zy P dz  ; '
zy P ; '' '

zy P  and Ks is the tangent stiffness of pile shaft response 

sbw

sK a b e            (2.50) 

 The solution to Equation (2.49) can be obtain in the following form: 

1 2

hz hz b

p py C e C e E A w          (2.51) 

 By substituting the boundary condition 
0 0y  and '

0
b

by K w in to Equation (2.51)

, the value of C1 and C2 can be obtain by: 

1 1

2 2

/

2

/

2

(1 )

p p b b b

p p b b b

s

p p s

E A K h
C w c w

E A K h
C w c w

K
h

E A CK


 


 




      

 (2.52) 

 Kb is the tangent stiffness of pile base response which can be determined by 

Equation (2.53) 

bbw

b b bK a b e           (2.53) 

 By substituting Equation (2.52) and (2.51) into Equation (2.47), the pile base 

settlement can be obtained by: 
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1 2( )

t
b

hL hL

P
w

h c e c e



 ,       (2.54) 

and the pile head settlement can be determined by 

1 2

1 2

( )

( )

hz hzt
t

hL hL

p p

c e c eP
w

E A h c e c e






 


       (2.55) 

 The slippage along pile shaft and elastic ground deformation at depth z can be 

determined by 

1 2
,

1 2

( )

( )

hz hzt
s

z hL hL

s

c e c eP h
w

K c e c e






 
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       (2.56)  

1 2
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w C P h

c e c e
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


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
      

 (2.57)  

 In addition, the axial force Pz at the depth can be determined by 

1 2
,

1 2

( )

( )

hz hz
t

z hL hL

c e c e
P P

c e c e






 


       (2.58) 

 The determination of settlement of single pile can be following the flowchart 

showed in Figure 2.15. 

 Pile is divided into many segments i, (i=1-n). Assume the iterative calculation time 

for load-settlement curve prediction is k and set the initial value of , , ,

, , ,; ;s k t k t k

i i iw w P (k=1) 

for all segments are zeros and Young modulus ,

k

p i pE E . 

 By assume the increasing settlement at pile base is the very small value,

0.001bw D  , at the first calculation time k=1, the settlement at pile tip was calculated 

by ,
,
b k b
nw k w  and tangent stiffness at pile base, the mobilized resistance at pile base 

are calculated by Equation (2.53) and Equation (2.45) 

 Starting the calculation from the bottommost segment i=n, the initial tangent 

stiffness at pile shaft was calculated by Equation (2.50), and parameter of h,i ; c1,i ; c2,i  
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are determined by Equation (2.52). After that, the accumulated load and settlement at 

top segment are calculated by  

 , , , ,

, , , ,

, , , ,

, 1 , ,

, , , , 1, 2,

, 1

, 1, 2,, 1 ,

, ,

, 1, 2,

i i i i

i i i i

i i i i

h l h lt k t k b k

i i i i i i

h l h lt k

i i it k t k

i i h l h lk

p i p i i

P P w h c e c e

P c e c e
w w

E A c e c e









  


 



.     (2.59) 

 The modified parameter for determination of the tangent stiffness at pile shaft and 

tangent Young modulus of pile in the next calculation time were determined by  

, , , ,

, , , ,

, 1

, 1, 2,, 1 ,

, ,

, 1, 2,

, 1

, ,1

. ,

,

2

2

i i i i

i i i i

h l h lt k

i i is k s k

i i h l h lk

s i i i

t k b

i ik c
p i o c i k

o p i p

P c e c e
w w

K c e c e

P Pf
E

E A
 














 



 
    

 

 .     (2.60) 

 Next, the load and settlement at the bottommost segment were transferred to the 

next segment followed continue of force and settlement between two segments, as 

shown in Equation (2.61). The same procedure was repeated from segment i=n-1 to 

segment i=1 until obtain the load-settlement at pile head. 

, 1, 1 , 1

,

1

,1 , 1,

,; b k t kb k t k

i i ii Pw w P 



 



         (2.61)  

 After storing the recently predicted load-settlement at pile head, the value of ,
,
b k
nw

was increased following the increase of calculation time, k=k+1 and ,
,
b k b
nw k w  . 

The whole procedure was repeated until the value of ,
,
b k
nw  larger than 10% of pile 

diameter.  

 Finally, plot the load-settlement curve from storing data. 

 To extend their single pile analysis to pile group analysis, they adopted the idea of 

interaction factor at by shaft and pile tip of Randolph and Wroth (1978). In particular, 

the settlement of one pile in a group could be written as the sum of the settlement due 

to its own loading plus the settlement due to additional displacement from adjacent 

piles. 



 

 

 

27 

   
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s jk b j

n

s e b

j i j i j i j z

k k j
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m o jk

w w w w

r r r

r r r
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 
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

 





    





 ,   (2.62) 

the values of , , , 0; ;s e b

j i j i j zw w w  were determined in single pile analysis. 

 After determination of load-settlement curve of each pile in group considering 

effects of all pile in group, the performance of pile group was predicted as same as Lee 

and Xiao (2001), as shown Figure 2.11  
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Figure 2.15 Determination for settlement of single pile (Wang et al, 2012)) 
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2.2.7 Modification of load-transfer method considering stiffening effect 

 Zhang et al. (2014) proposed the new load-transfer method considering the 

stiffening effect in group pile. In their method pile was divided into n segments, as 

shown in Figure 2.16. 

 

Figure 2.16 Pile model  (Zhang et al, 2014) 

 In single pile analysis, by assuming the settlement of pile and soil at pile-soil 

interface is compatible, the response of pile segment was described by Equation (2.63) 

and hyperbolic t-z cure in Figure 2.17. 

,

,

, , ,

i

i h h

i i i

w

a b w
 


        (2.63) 

 

Figure 2.17 t-z curves (Zhang et al, 2014) 
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 By adopting the determination of the settlement at pile shaft in elastic stage, 

Equation (2.64)  (Randolph and Wroth, 1978), the parameter, ,

h

ia , presented for initial 

flexibility of Equation (2.63), can be determined by Equation (2.65) 

, , , ,

,

lnsh o m
i i i i

s i o

r r
w C

G r
 

 
    

 
      (2.64) 

, ,

, ,

1
lnh o m

i i

i s i o

r r
a C

k G r

 
   

 
       (2.65) 

 The parameter, ,

h

ib , can be determined from the maximum shear stress at pile soil 

interface, as follows;  

,

,

,

1
f

iu

ih

ib R


           (2.66) 

 The settlement at pile base, ,  b

nw , related to the mobilized tip resistance, ,  b

nP , was 

described by hyperbolic Equation (2.67) and t-z curve in Figure 2.17 

,

,

,

 

b

nb

n h h b

b b n

w
P

a b w



        (2.67) 

 The parameter, h

ba , presented for initial stiffness of Equation (2.67), can be 

determined by Equation  (2.68) (Randolph and Wroth, 1978), 

 1
 

4

o sbh

b

sb

r
a

G

 
         (2.68) 

 The parameter,   h

bb , can be determined from the maximum pile base resistance.  

1 bf

bu

h

b

P

R
P

b
           (2.69) 

 For extension form single pile analysis to pile group analysis, they adopted the 

works of Randolph and Wroth (1978). In elastic stage, the settlement of soil around the 



 

 

 

31 

j was increased by adding settlement induced shear stress from all pile k in group which 

shown in Equation (2.70) 

, , ,

1,, ,

, ,

1,

ln ln
p

p

n

o m o m
j i i k i

k k js i o s i

n

jj i j

jk

k i
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r r r r
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w w
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 
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       

   

 





    (2.70) 

 However, Zhang et al.(2014) proposed that the shaft shear stress of pile k, ,kj i , 

induced by the spread of the shaft shear stress of pile j, ,j i , expressed by Equation (2.71)

,  

,

,

j i o

kj i

kj

r

r


  ,         (2.71) 

was taken as the negative shear stress and added negative term, '

,jk iw ,  in the settlement 

of soil around pile j 

2
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    (2.72) 

 Thus, in elastic stage, the settlement of soil around the j was determined by  
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 
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(2.73) 

 By assuming the shear stress at pile-soil interface of all pile in group were the same, 

the Equation changed to Equation (2.74) 

0
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j i j i

k k j
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      

    
   (2.74) 

 Thus, in the pile group analysis, the determination of parameter, ,

h

ia , presented in 

Equation (2.65) was modified by Equation (2.75) 
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 As the same manner, the determination of parameter h

ba  of pile j considering effects 

of all piles in group, can be determined by Equation (2.76)  followed Randolph and 

Wroth (1979), 

   

1,

1 1 2
 

4 4

pn

sb sbh o
bj

k k jo sb o sb jk

r
a

r G r G r

 

 

 
         (2.76) 

 After the preparation of parameters at pile shaft and pile base, the settlement 

prediction of each pile in group was determined following the standard iterative 

calculation of load-transfer method (Figure 2.2) 

 Finally, the same procedure as Lee and Xiao (2001), shown Figure 2.11, was used 

determine performance of pile group. 

 

2.3 Summary 

As mentioning in the introduction (Chapter 1), based on the literate review, it can 

be seen that; 

(1) The currently load-transfer method do not consider the combination of slippage 

at pile-soil interface and stiffening effect in pile-soil-pile interaction. In 

particular, Lee & Xiao (2001) and Wang et al. (2012) considered slippage at 

pile soil interface but no considering the stiffening effect in pile group analysis. 

Whereas, Mylonakis and Gazetas (1998) and Zhang et al. (2013) considered 

stiffening effect (Mylonakis & Gazetas, 1998; Zhang et al, 2013) but no 

considering the slippage at pile-soil interface 

(2) The meaning of stiffening effect mentioned in works of Mylonakis and Gazetas 

(1998) and Zhang et al. (2013) is difference. Mylonakis and Gazetas (1998) 

focused on response of passive pile to modify the interaction factor of Randolph 
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and Wroth (1978) whereas Zhang et al. (2013) considered influence of other 

pile on the response of a pile. 

(3) The proposed approach of Wang et al. (2014) used the tangent stiffness for 

predicting nonlinear settlement of pile group (or in other word, explicit 

prediction). However, this kind of explicit prediction can be depended on the 

step-size calculation.   

The current issues of load-transfer method is solved as follows  

(1) Propose a new nonlinear analytical method for single pile analysis based on the 

works of Wang et al. (2014), as shown in Chapter 3 

(2) Propose a new linear analytical method for pile group considering stiffening 

effect by the combination the works of Mylonakis and Gazetas (1998) and 

Zhang et al. (2013), as shown in Chapter 4.  

(3) Proposed a new nonlinear analytical method for pile group considering 

stiffening effect by modification of chapter 3 considering the slippage at pile-

soil interface, as shown in Chapter 5.  
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CHAPTER 3: NONLINEAR ANALYTICAL METHOD FOR 

SINGLE PILE 

3.1 Introduction  

 In this chapter, the new load-transfer method is proposed by modification and 

extension from the work of Wang et al. (2014) as follows; (1) the secant modulus is 

used instead of the tangent stiffness to avoid the calculation step-size dependency, (2) 

a standard procedure is suggested for determining necessary parameters from site 

investigation reports. The innovation of proposed approach was validated by compare 

with previous works. In addition, the proposed approach is also verified by comparing 

with twenty five static load tests of bored piles in Bangkok.  

3.2 Nonlinear analytical method for single piles 

3.2.1 Assumptions and mathematical models  

 Pile is divided into a number of segments as shown in Figure 3.1. The response of 

a pile segment i can be decomposed into inelastic (slippage), ,

s

iw , and elastic part (elastic 

ground deformation), ,

e

iw , as shown in Equation (3.1) 

, , ,

s e

i i iw w w           (3.1) 

 

Figure 3.1 The concept of load-transfer approach 
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Figure 3.2 The response of pile segment i by applied axial loading 

 

3.2.1.1 Pile shaft model  

 Following Wang et al. (2012), the relationship between the slippage and mobilized 

shear stress at pile-soil interface can be described by Equation (3.2) and t-z curve in 

Figure 3.3.a 
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Figure 3.3 t-z curve 
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,

, ,

f

iu

i ia
R


  ,          (3.3) 

where 

R is the range [0.80-0.95] (Clough & Duncan, 1973) and 
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 Except the value of '

,v i  is determined from unit weight, the parameters

, , ,, ,i i iSu    in Equation (3.4) can be determined by SPT value (Boonyatee et al, 

2015). In particular, for clay 
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and for sand  
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  '

10 ,, ,

' 0.77 log 200 / v iSPT SPT iiN N    (Meyerhof, 1976)  (3.7) 

 

 
Figure 3.4 The reduction factor for pile shaft in clay and sand 
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 The parameter b,i in Equation (3.2) can be determined by Equation (3.8)  where the 

rm is assumed to be 2.5 (1 )
sm Lr     (Randolph & Wroth, 1978) 

,
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1 1
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 (3.8) 

 The elastic ground deformation is determined following Randolph and Wroth 

(1978) 
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       (3.9) 

 The shear modulus of the ground, Gs,i, is determined by Equation (3.10) (Imai & 

Tonouchi, 1982)  

 
0.68

,  1412s i SPTG N  (t/m2)       (3.10) 

 

3.2.1.2 Pile base model       

 The settlement at pile tip, wb, related to the mobilized tip resistance, Pb, is described 

by Equation (3.11) and t-z curve in Figure 3.3b.  
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 The parameter ab in Equation (3.11) can be determined by   
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 The parameter bb in Equation (3.11) can be determined from the initial stiffness 

proposed by Randolph and Wroth (1978) 

 
04

1

sb
b

b b

G r
b

a 



        (3.14) 

3.2.2 Algorithm 

 The flow chart of the proposed algorithm is shown in Figure 3.6. At the beginning, 

the loading is divided into ten steps from zeros to the ultimate capacity of the pile which 

determined by Equation (3.15) 

,

1

2
n

f bf

o i i

i

ult r lQ P 


         (3.15) 

 For each load step, the settlement, jS , of a pile j is determined by the Subroutine 

SA. By storing the settlements and corresponding loads Qj=Q from ten steps load-

settlement curve of a pile in the group can be constructed 

 

Figure 3.5 The flow chart to determine load - settlement curve of single pile 

 In the Subroutine SA, a pile j is divided into several segments. Then the settlement 

at pile base is assumed to be ,
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j nw  for determining the mobilized base resistance from 
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, , , ,  b s e c
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 Substitute Eq.(3.2), Eq.(3.9) and Eq.(3.17) into Eq.(3.16), the relationship between 

,
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j nw  and ,
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(3.18) 

 Here the value of ,

s

j nw  is implicitly determined from Eq.(3.18) by the Newton-

Raphson algorithm instead of an explicit algorithm used in Wang et al. (2012) to avoid 

the dependency on calculation step-size. 

 After the value of ,

s

j nw   has been calculated, and substituted into Eq.(3.9) for 

determining the elastic ground deformation, ( ,

e

j nw ) by 
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 As the same manner, the mobilized pile resistance can be obtained from Eq.(3.2), 

the applying load ( ,

t

j nP ) and the settlement ( ,

s

j nw ) at the top of the segment can be 

determined by 
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 Since the values at the top of the pile tip segment are similar to those at the bottom 

of the segment above,
, ,, , 11 ; b t

j i

b t

j i j i j iPw w P   , the same procedure can be repeated on the 
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adjacent segment in sequence until the settlement and the applying load at the pile head 

are obtained.. 

 The whole process is repeated by increasing the value of ,

b

nw in a step of ,

b

nw  if

,1

t

jQP . 

 

Figure 3.6 The flow chart for Subroutine SA 

Divide pile j into n segments, i =1,2,3…,n

      Set the initial settlement at pile base to a very small 

value, says, 0.001 of pile diameter,

       Calculate the resistance at the base of pile,  

Transfer force and settlement to the next segment

, ,, , 11 ; b t

j i

b t

j i j i j iPw w P  

M
o

v
e 

to
 t

h
e 

n
ex

t 
se

g
m

en
t,

 i
 =

 i
-1

          Solve for the slippage        from the implicit equation 

 Calculate the load and settlement at the top of the segment i

, , ,

, ,

, ,
2

t b s

j i j i j i

t b

j i j it b

j i j i i

p p

P P P

P P
w w l

E A

 


 

Start calculation from the bottommost segment, i = n

 i = 1
No

Calculate the resistance at the shaft of segment i

Yes
No

Yes

,1

t

jP Q

 Set Qj=Q   

, 

,   (1 )
b

b j nb wb

j n bP a e


 

,  0.001b b

j nw w D  

,

s

j iw

,   b

j nP

  Calculate the elastic ground deformation ,   e

j iw

,
,

 
b

b
b

j
n

j
n

w
w

w





   , , , ,'

, , , , , , 01 4 1 2
8

s s
i i i ib w b wb s b i

i i i i i i i

p p

l
w C a e w P a e r l

E A


           
      

 , ,

, , ,2 1
s

j i j ib ws

j i o i j iP r l a e


 

 , ,

, , ,  1
s

j i j ib we

j i j i j iw C a e


 

Subroutine SA 

     Determine the settlement of pile j  under specific load              

,, ; [1, ]e

j j iS w i n

Return



 

 

 

41 

3.3 Comparison with prior work 

3.3.1 Calculation step-size dependency 

 To demonstrate capabilities of the proposed algorithm, a simulation of a field test 

(He, 2002) is carried out and compared with the prediction by Wang et al. (2012). The 

field test was performed on a concrete pile with the diameter of 0.8 m and the length of 

47.6 m. The Young’s modulus of the concrete as reported was 30 GPa. Relevant soil 

properties which were used by Wang et al. (2012) are summarized in Table 3.1 

Table 3.1 Soil profile and parameters used in the analysis by Wang et al. (2012) 

Strata Depth (m) f (kPa) a (kPa) b (1/m)  

1. Silty clay 0 - 9.15  39 197.2  

2. Silty clay 9.15 - 12.45  59 208.8  

3. Silt 12.45 - 17.25  50 166.9  

4. Fine sand 17.25 - 27.46  64 353.8  

5. Silt 27.46 - 35.50  64 347.1  

6. Silt 35.5 - 47.60  69 608.7  

      150.0**  

Remarks: * is ab for pile tip, ** is bb for pile tip 

 

 Firstly, the dependency of the algorithm proposed by Wang et al. (2012) on the 

calculation step-size is investigated. As shown in Figure 3.7 the predictions obtained 

from their algorithm varied with the values of ,

b

nw . A good agreement with the 

measurement is obtained by assuming ,

b

nw to be 1 mm. When the similar parametric 

study is carried out with the proposed algorithm, it can be seen from Figure 3.8 that the 

predictions from all cases overlap with others and are not affected by the value of ,

b

nw

. 
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Figure 3.8 Load-settlement curves obtained from the 

proposed algorithm 

 

3.3.2. Settlement profile of the outer zone 

 Mylonakis and Gazetas (1998), Zhang et al. (2014) proposed load transfer methods 

which consider the response of ground in far field and the interaction among piles in a 

group. However, the influence of the shaft friction extended over large because the 

slippage was not considered in their works. As the results, the settlement profile was 

overestimated in these methods.  

 By allowing the slippage at the pile-soil interface, the influence of shaft friction will 

be limited in a narrow zone once the plastic deformation had been occurred. The 
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Figure 3.7 Load-settlement curves obtained from the 

algorithm of Wang et al. (2012) 
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deformation of ground in the outer area will be controlled mainly by its elastic behavior 

and will be smaller than those predicted by the non-slip models.  

 As an example, simulations of a field test by O’Neil at al. (1982) using slip and non-

slip models are shown in Figure 3.9. The ground settlement profiles are determined 

when the pile head displacement is 1.0 mm, which is in the zone that all models 

successfully simulated the measured load-settlement curve. It can be seen from the 

figure that the ground settlement profile of the slip model is much smaller than those 

obtained from the non-slip models. 

 

Figure 3.9 Simulations of a field test by slip and non-slip models. 

 

3.4 Verification 

3.4.1 Field tests in Bangkok 

 In this study, the performances of twenty five bored piles in Bangkok are estimated 

by the proposed method and compared with static pile load test results (ASTM 1143). 

The Bangkok ground formation can be divided into two parts. The upper part consists 

of 12~18 m of soft clay layers with the undrained shear strength of 5~25 kPa. It is 

underlain by layers of stiff to hard clay and dense sand as shown in Table 3.2. The 

diameters and lengths of piles are 1~2 m and 47~66 m, respectively. Most of pile tip 

are embedded in dense sand layers. Almost piles are built with polymer slurry during 

their constructions. Young modulus of concrete as estimated from the strength of 

concrete is 28 GPa. 
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Table 3.2. Subsoils relevant to pile foundations in Bangkok (Boonyatee et al, 2015; 

Likitlersuang et al, 2013) 

Strata Depth (m) Description SPT Su (t/m2) 

Crust 0 – 2 Weathered crust or backfills     

Upper layers 1 – 16 
Very soft to medium stiff 

clays 
  0.5 - 2.5 

The 1st clay 10 – 25 Stiff to very stiff clays 8 - 40 4.0 - 14.0 

The 1st sand 14 – 38 Medium to very dense sand 18 – 50++   

The 2nd clay 24 – 43 Very stiff to hard clays   50++ > 15 

The 2nd sand 30 – 58 Very dense sand      50++    

  

 The test piles were equipped with 4~10 strain gauges along their length. The elastic 

shortenings were also monitored by rod extensometers installed at pile tips. The 

maximum test loads ranged between 10.0~45.5 MN, corresponding to 2.0~2.5 times of 

the design loads of the piles. The ratio between the end bearing resistance and the pile 

head load at the maximum loading condition can be determined, as shown Figure 3.10, 

basing the embedded strain gauges. It can be seen that, around 0.4~30% of the applying 

loads were sustained by the end bearing resistance while the remaining was sustained 

by the shaft resistance.  

 

Figure 3.10 The ratio between base resistance and applied 

load at pile head at maximum loading condition 
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3.4.2 Compare with measured results. 

For the interest of discussion, the load-settlement curve of pile #1, representing 

successfully predicted cases, is shown in Figure 3.11. To justify the accuracy of the 

proposed method, the mean ( x ) and standard error (SE) of the mismatch between 

predicted and measured settlements at the same load are determined by  

 

Figure 3.11 Load – settlement curve of pile #1 
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where xi is the difference between predicted and measured settlements at the same load, 

SD is the standard deviation, n is the number of comparison points. In this study, the 

range between zero and working load level is divided into 10 intervals. Therefore, the 

comparison are made at eleven points (n=11). For the range between zero and 2 times 

of working load, the comparison point is 21.  

The standard error is adopted in this study instead of the coefficient of determination 

(R2) because the latter is only suitable for linear regression analyses (Cameron & 

Windmeijer, 1997; Rangaswamy, 1995). Statistically speaking, the average of the 
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difference between predicted and measured values will lay inside the range of 

1.96SE at 95% degree of confidence. The smaller standard error, the better is the 

agreement between the predicted and measured values. In the case of pile #1 (Figure 

3.11) the x  and SE values calculate over the range from zero to working load level are 

1.06 mm and 0.16 mm, respectively. In other words, predicted values tend to be larger 

than measured values by 1.06 mm on average, with the error band of  0.32 mm at 95% 

degree of confidence. Compare to the typical allowance of 10 mm (Eurocodes 7), it can 

be concluded that the prediction will be on the conservative side with an acceptable 

degree of error for practical use. A similar interpretation is also made over the range 

from zero to two of working loads in order to evaluate the performance of the proposed 

approach under high degree of pile utilization. The x  and SE values over this range are 

1.13 mm and 0.24 mm, respectively. The larger values imply that the accuracy of 

prediction is inferior to the former case.  

 

Figure 3.12 Load – settlement curve of pile #22 
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 The values of x  and SE of all cases are calculated and summarized in Figure 3.13. 

With the applied load in working load level, the x  and SE range between 0.6 ~ 2.7 mm 

and 0.1~0.4 mm, respectively. The predictions are always larger than the 

measurements. When the interpretation is made over the range of two of working loads, 

the values of x and SE become larger as shown in Figure 3.14. In particular, there are 

five cases that x and SE are larger than 25 mm due to the reason mentioned earlier. 

When the five outlier cases are excluded, the x  and SE values are in the range of 0.2~ 

3.4 mm and 0.15-0.4 mm, respectively. 

 

Figure 3.13 Summary of x and SE of load-settlement curves 

 (0 ~ working load level) 

 

Figure 3.14 Summary of x and SE of load-settlement curves 

(0 ~ 2 times of working load level) 

0

1

2

3

4

5

6

7

8

9

10

0 1 2 3 4 5 6 7 8 9
1
0

1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
8

1
9

2
0

2
1

2
2

2
3

2
4

2
5

M
e

an
 a

n
d

 S
D

 (
%

)

Piles

+SE

x

# Piles

-SE

(m
m

)
,

x
S

E

Typical allowance of settlement 

(10 mm - Eurocodes 7)

0

1

2

3

4

5

6

7

8

9

10

0 1 2 3 4 5 6 7 8 9
1
0

1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
8

1
9

2
0

2
1

2
2

2
3

2
4

2
5

M
ea

n
 a

n
d

 S
D

 (
%

)

Piles# Piles

25x mm

(m
m

)
,

x
S
E

+SE

x
-SE

Typical allowance of settlement 

(10 mm - Eurocodes 7)



 

 

 

48 

 The axial load distribution along depth of pile #1 is shown in Figure 3.15. The 

values of x and SE are also calculated for the mismatch (xi) defined by the difference 

between predicted and measured loads at the same depth normalized by the working 

load of the pile. As shown in the same figure, the x  and SE of the axial load distribution 

at the working load are 0.56% and 0.95%, respectively. In other words, the calculated 

axial load tend to be larger than the measured value by 0.56% on average with the error 

band of  1.86% at 95% degree of confidence. 

 

Figure 3.15 Axial load distribution of pile #1 

 For a comparison purpose, the axial load distribution along depth of pile #22 is 

shown in Figure 3.16. As expected, the prediction performance is inferior to the case of 

pile #1. The x  and SE for the axial load distribution at working load are 9.15% and 

1.03%, respectively.   

 

Figure 3.16 Axial load distribution of pile #22 
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 Since it is exhaustive to show x and SE of all loading steps, only the values at 

working load level of the studied cases are presented in Figure 3.17. The x  and SE are 

found to be in the range of -5% ~ 15% and 0.4~2.1%, respectively.  

 

Figure 3.17 Summary of x and SE of axial load distribution (at 

working load level) 

 

3.5 Conclusion 

 A load-transfer procedure for determining the settlement of single piles under 

vertical loading was presented. The proposed method is driven by an implicit algorithm 

which is not affected by the calculation step-size. Its performance was validated by 

twenty five static load test results of instrumented bored piles in Bangkok. Using 

parameters interpreted from site investigation reports, the proposed method 

overestimated measured settlements under working load levels by 0.6-2.7 mm on 

average. The differences between predicted and measured axial load distributions were 

in the range of -5% ~ 15% of the working load of the piles. Based on these statistics, 

the accuracy of the proposed method is found to be sufficient for practical purposes 

when a safety margin of two is applied.  
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CHAPTER 4: LINEAR ANALYTICAL METHOD FOR PILE 

GROUP CONSIDERING STIFFENING EFFECT 

4.1 Introduction  

 Poulos (1968) firstly used linear boundary element method (BEM) to propose the 

interaction factor and simple equation for predicting the settlement of group piles. As 

the same level, Randolph & Wroth (1979) also proposed the linear elastic close-from 

solution by using the interaction factor concept. However, these approaches do not 

consider the stiffening effect due to other piles in the nearby areas (Chen et al, 2011) 

 Many later studies tried to modify the interaction factor method by considering the 

stiffening effect. It can be seen that, the modifications based on complex approaches 

including BEM (Sharnouby & Novak, 1985; 1990), Finite layer methods (Chow, 1986; 

Southcott & Small, 1996), Fictitious pile theory (Cao et al, 2007; Chen et al, 2011), 

hybrid approaches (Basile, 1999; Chow, 1986) are the best tool for considering the 

stiffening effect. However, they was required a lot of calculation effort.  

 The modifications based on closed-form solution of Randolph & Wroth (1979)  

(Mylonakis & Gazetas, 1998; Zhang et al, 2014) are deemed more suitable for 

engineering calculation. However, there have the differences on the applications of the 

stiffening effect between the former (Mylonakis and Gazetas, 1998) and the later 

authors (Zhang et al, 2014). In particular, the former authors modified the interaction 

factor of Randolph and Wroth (1978) by considering the response of passive pile on the 

modification of its settlement. Whereas, the later authors considered the presence of 

passive pile to modify the settlement active pile.  

 Thus, in this chapter, a new approach is proposed by an extension from the works 

of Mylonakis & Gazetas (1998) and Zhang et al (2014). The proposed approach is 

compared with the previous works, Finite element analysis (FEA) and experiment in 

elastic homogenous ground.  

 In shortly, this chapters is divided by into four parts: (1) Review and discussion the 

Interaction factor and stiffening effect; (2) Development of a linear analytical method 
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for settlement prediction of pile group considering the stiffening effect; (3) Verification 

of proposed approach (4) Conclusion.  

 

4.2 Revisit to the interaction factor and stiffening effect 

 Poulos (1968) was firstly determined the interaction factor by using two-piles 

models in Figure 4.1. In this models, with the same applied load Q on two piles, the 

settlement of pile #1 would be larger than its value in single pile having the same 

condition because of the induced settlement due to the settlement of neighbor pile. 

Based on the induced settlement and settlement under own load of pile #1, the 

interaction factor can be determined by Equation (4.1). This factor depends on the 

stiffness ratio of piles and soil, the length of piles, the distance between two piles 

21
21

1

s
s

                       (4.1) 

 
Figure 4.1 Determination of the interaction factor (Poulos, 1968). 

  By using the interaction factor, settlement of a pile in group can be easily 

determined by Equation (4.2) (Poulos, 1968). The settlement of a pile consists of its 

own settlement and the ones induced by other piles in the group.   
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 It is pointed out by Basile (1999), Cao et al (2007) and Chen et al. (2011) that 
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settlement of a pile becomes smaller when other piles exist in the vicinity, (2) the 

interaction factor is affected by the number of piles in group.  

 To modify the interaction factor method of Poulos based on the linear elastic closed-

form solution, the basic works of Randolph and Wroth (1979), Mylonakis and Gazetas 

(1998) and Zhang et al. (2014) were revisited in next paragraphs. 

 Randolph and Wroth (1979) proposed a close-from solution for settlement 

prediction of group piles based on interaction factor concept. In their work, the 

settlement at the shaft and base pile can be calculated by Equation (4.3) and (4.4), 

respectively. In addition, the settlement at pile head in can be determined by Equation 

(4.5). 
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 The settlement of neighbor piles was assumed to be same as the ground 

deformation, which can be determined from Equations (4.6) and (4.7). Therefore, the 

interaction at pile shaft can be determined from Equations (4.1), (4.3) and (4.6), as 

followed Equation (4.8). In the same manner, the interaction factors at the pile base and 

pile head can be derived as shown in Equation (4.9) and (4.10). 
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 In addition, based on the Equation (4.2), (4.8) and (4.9) and assumed the same shear 

stress at pile shaft, the settlement of the shaft and base of each pile in group can be 

accounted the effects on another pile group by using Eq.(4.11) and (4.12), respectively.  
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 However, Mylonakis and Gazetas (1998) protested that neighbor piles was settle at 

the same rate with the ground deformation. They proposed the model including three 

steps to modify the interaction factor of Randolph and Wroth (1979), as shown in Figure 

4.2.  

 As the loaded pile (active pile) settles (step 1), the surrounding ground will also 

settle (step 2) and induce the settlement on the unloaded pile (or in another words, the 

passive pile). However, the settlement of passive pile should be less than the 

surrounding ground because of the incompatibility of their stiffness (step 3). Therefore, 

the interaction factor will be smaller than the one determined by Equation (4.8). They 

defined this phenomenon as the stiffening effect. Based on an assumption that the 

interaction between pile shafts is stronger than those between pile bases, they proposed 

a new formula for determining the interaction factor as follows; 
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 ln /
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  ,        (4.13) 

where  is the diffraction factor which is smaller than 1. 

 

Figure 4.2 Determination of interaction factor (Mylonakis and Gazetas, 1998) 

 Zhang et al. (2014) also mentioned the stiffening effect, but the meaning was 

different from Mylonakis and Gazetas (1998). In their model, Figure 4.3, the passive 

pile settled at the same rate with the surrounding ground.  

 

Figure 4.3 Interaction between 2 piles (Zhang et al. 2013) 
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 However, Zhang et al. (2014) proposed that the shaft shear stress of pile k, kj , 

induced by the spread of the shaft shear stress of pile j, j , expressed by  

j o

kj

kj

r

r


  ,         (4.14)  

was taken as the negative shear stress and added negative term, '

,jk iw , in the settlement 

of soil around pile j 
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 In the final, the Equation (4.11) proposed by Randolph and Wroth (1979), can be 

modified for considering stiffening effect of neighbor piles by  
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  By change the Equation (4.16) to the form of stiffness, the stiffness at the shaft of 

the active pile j, kj in Figure 4.3, can be expressed by  

'
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j jj jk jkk k k k
              (4.17) 

where   kj                                     is the combined stiffness at the shaft of pile j 
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4.3 Linear analytical method for pile group considering stiffening effect. 

4.3.1 Assumptions and mathematic models  

 In this part, a new proposed model is extension from the model of Mylonakis and 

Gazetas (1998) by adopted the work of Zhang et al. (2014). In particular, the stiffness 

at the shaft of active pile j in Figure 4.2 is calculated based on Equation (4.17) (Zhang 

et al, 2014) for considering stiffening effect due to other nearby piles in group, as 

follows; 
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 Compare calculated stiffness in Equation (4.18) to the stiffness at pile shaft in 

Figure 4.2, the term of '

jkk  presented for considering the stiffening effect, is added. 

Compare Equation (4.18) to the Equation (4.17), the term of 
jkk  is removed because 

passive pile k has no load at pile head.  

 In case of one active pile and multi-passive pile, which presents for considering 

stiffening effect of all piles in group on an active pile, Equation (4.18) can be changed 

to 
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where ln( / )o m o

s

r r r
C

G


  was already mentioned in Equation (4.3). 

 It is seen that, in Equation (4.19) the stiffening effect of all pile in group can be 

simplified by a new parameter, as follows 
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 However, this parameter can be negative in cases of group piles having the number 

of passive pile k larger than 16. Example, the 5x5-piles pile group case having pile 

length, L = 50 m, ro = 1 m, s= 0.5, s/D=3. Thus, in this study, the proposed stiffening 

parameter in (4.20) is modified by  
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rms is the corrected rm considering the stiffening effect due to other nearby pile.  

 To proposed the determination of rms , there have some studied cases including one 

active pile and multi-passive pile were analyzed by 3D Finite Element Analysis (Plaxis 

3D). The outline of the studied cases are shown in Figure 4.4. The active piles in all 

cases were loaded with a constant magnitude load and the properties of soil, piles and 

load were the same for all cases. 

 

Figure 4.4 The outline of studied cases for proposing the determination of rms 

 The settlements of active pile #1 were predicted and normalized with the settlement 

of single pile, as shown in Figure 4.5. Following the 3D FEA results, it can be seen that, 

the settlements of active pile #1 became less as the number of pile in the group increased 

and slowly decrease when number of piles was larger than 81. For 81-piles group piles, 

the settlement of the loaded pile reduced by 12.42% compared to the single pile case. 

Besides, the predictions from proposed Equation (4.17) of Zhang et al. (2014) 
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underestimate the settlement of active piles #1. Based on the curve fitting with 3D FEA 

results, the proposed rms can be determined following 

0.02 10
ms m o

r r r          (4.22) 

 

Figure 4.5 Settlement of active pile 1 when number of passive pile increase 

 In finally, the new proposed model based on the modification of the model in Figure 

4.2 can be showed Figure 4.6.  

 

Figure 4.6 Determination of interaction factor considering the stiffening effect  

 

4.3.2 Algorithm 
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Figure 4.6, firstly, the determination of settlement along depth of an active pile in 

homogenous ground can be calculated by the root of following Equation (4.23). 

2
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dz
  ,       (4.23) 

where kj,z is determined by Equation (4.19) 

 The general solution of Equation (4.23) can be written by 
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 To solve Equation (4.24), the boundary condition at pile head and pile base are 

considered as follows;  
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 Base on Equation (4.24) and (4.25), the solutions of Equation (4.24) can be obtain 

as follows; 
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Secondly, the ground deformation made by settlement of active pile can be 

determined by Equation; 
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Thirdly, the settlement of passive pile induced by ground deformation can be 

determined following the root of Equation (4.28) (Mylonakis & Gazetas, 1998) 
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 The solution of Equation (4.28) can be written by; 
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 To solve the Equation (4.29), the boundary condition at head and base of passive 

pile are considered as follows; 
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 Base on Equation (4.29) and (4.30), the solution of Equation (4.28) can be obtained 

as follows; 
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 The interaction factor between 2 piles is determined by ratio unit settlement at the 

top of passive pile and active pile, as shown in Eq. (4.31) 
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 By using the new interaction factor, the settlement of each pile in group considering 

stiffening effect, can be determined by  
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 The performance of pile group is determined based on the condition of the pile cap. 

For flexible raft condition which all piles was under same applied load, the settlement 

each pile determined by Equation (4.32). Basing on the settlement of each pile, the 

settlement distribution of pile group is obtain.  

 For rigid cap condition which all piles displace at the same rate, the reaction of each 

pile can be determined by, 

 
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' ' ' '

1 1 1 2 2 12 1
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
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.   (4.33) 

 By the summation of resistance of each pile, the resistance of pile group is 

determined.  

 

4.4 Verification 

4.4.1 Verification with 3D FEA  

 To validate the proposed approach, performances of pile groups under flexible and 

rigid cap conditions were analyzed by the proposed method and compared to 3D FEA 

(Plaxis 3D) and the predictions from other previous approaches (Poulos, 1968; 

Mylonakis & Gazetas, 1998; Zhang et al, 2014).  

 Firstly, for the flexible cap condition which all piles have same applied load and the 

settlement of center pile is the maximum values. Thus, the settlements of center piles 

in 5, 9, 25, 49 and 81-piles group with flexible pile cap (Figure 4.7), were determined 

and showed in Figure 4.8. For the comparison purpose, the obtain values were 

normalized by solutions of 3D FEA. The values from Poulos’s approach are the largest 

whereas those from the proposed method are closest to the 3D FEA results. The well 

agreement between predicted settlements from the proposed approach and 3D FEA are 

obtained because the more number pile of the group is, the more stiffening effect occur.  
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Figure 4.7 5, 9, 25, 49 and 81-piles pile groups with flexible cap 

 

Figure 4.8 Normalized settlements of center piles in group piles with 

flexible cap condition 

 For rigid cap condition which all piles displace at the same rate, the reaction of each 

pile in a group was determined and normalized by the reaction of the center pile in the 

corresponding case. From the results in Figure 4.9 for 9-piles pile group and Figure 

4.10 for 25-piles pile group, it can been seen that the distribution of load obtain from 

the proposed approach method are the closet results to the 3D FEA. The well agreement 
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between predicted load distribution from proposed approach and 3D FEA are obtained 

because the larger the settlement of the center pile is, the larger the reaction at corner 

pile. 

 

Figure 4.9 Load distributions among piles in 9-piles pile group under rigid cap  

 

Figure 4.10 Load distributions among piles in 25-piles pile group under rigid cap 
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4.4.2 Verification with experiment 

 In addition to 3D FEA, experiments on reduced scale models were also carried out 

for verification purpose. 

 

4.4.2.1 Experiment setup 

 A reduced scale model is implemented in 1g to investigate the stiffening effect in 

pile groups. An artificial homogenous elastic ground made of Jelly is prepared in a 

container with the size of 30x40x60 cm3 (width x length x height). 

 The Young modulus of the ground is determined from the unconfined compression 

test (Figure 4.11.a) and confined compression test (Figure 4.11.b). The specimens 

having diameter of 10 cm and the height of 3 to 4 cm.   

 

Figure 4.11 Determination of the Young modulus of the ground 

 The unconfined compression test results are shown in Figure 4.12. It can be seen 

that, the slope, or in other words, the Young modulus varies with the stress level in the 

range of 7~74 kPa. The confined compression test results are shown in Figure 4.13. The 

constraint Young modulus determined from the graph is around 2000 kPa. Using the 

relationship between constraint and unconstraint Young modulus as shown in Equation  

(4.34) and assuming the Poisson’s ratio in the range of 0.495~0.499, the unconstraint 

Young modulus from the latter test was found to be in the range of 12~60 kPa.  
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Figure 4.12 Unconfined compression test 

results 

Figure 4.13  Confined compression 

test results 

 To check the homogeneity of ground, couple samples were taken randomly from 

twelve locations for determined the water content. The homogeneity study of the 

ground that can be expressed by the relationship between F (F-static) and Fcrit. The F 

is a ratio of two variances (MS) of water contents including variance between group 

and variance within group. The Fcrit is a function of the degrees of freedom of the 

numerator (df – between group), the denominator (df – within group) and the 

significance level (α). This kind of evaluations are typically described by using one-

way analysis of variance (ANOVA) Figure 4.14 

 

Figure 4.14 Anova analysis for checking the homogenous of ground 

 The model pile are made of Cypress wood. Following the JIS Z2101 Standard, the 
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at various water content were also determined as shown in Figure 4.15. The Young 

modulus decrease as the water content increases.  

 

 

Figure 4.15 Young modulus of Cypress 

wood with water content 

Figure 4.16 Outline of model piles 

and container. 

 To avoid the boundary effect, the thickness of soil below pile tip should be larger 

than two of pile length (Randolph &Wroth, 1978). In addition, the distance from a pile 

to the container wall should be larger than ten times of pile diameter (Poulos, 1980). 

According to these guidelines, the diameter and the length of piles were set to 8 mm 

and 140 mm, respectively. The outline of model is shown in Figure 4.16.  

 To investigate the stiffening effect, comparisons were made on the settlements of 

piles which have the difference number of piles in the vicinity. The tests were carried 

out in the seven batches on the ground and the pile arrangements as shown in Figure 

4.17. The parameter of the tests were summarized in Table 4.1 
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Figure 4.17 The intended experiment models in container 

 The test preparation including 6 steps is shown in Figure 4.18.  Firstly, the 800C hot 

water was prepared. The gelatin powder in the 6% by weight of water was mixed with 

hot water. After that, the mixing was poured into the container. The wood piles, hanged 

pile fix frame and clip (Figure 4.19), were inserted in container. This system was cured 

for 30 hour in 200C cold environment. Finally, the fix frame would be removed as the 

Jelly was made. Finally, the loading system on the frame load was setup. The photos 

for experiment batches were showed in Figure 4.20. 

 

Figure 4.18 The test preparation 
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Figure 4.19 Step up the pile into the ground 

 

 

Bach 1 

 

Batch 2 

  

Batch 3 

    

Batch 4 

Figure 4.20 Complete experiment sample 

 In each batch, tests were carried out on each pile group in sequence. For each pile 

group, the active pile was loaded by a geared motor while the displacement of itself and 
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a passive pile (pile #2) were measured by laser displacement gauges at the resolution 

0.02 mm. The applying load on the active pile was also measured by a load cell with 

the capacity of 50 N. 

 

4.4.2.2 Experiment results 

 Figure 4.21 shows the load-settlement curves of active piles (pile #1) and passive 

pile (pile #2) from all test. It can be seen that under the same load, the settlement of pile 

and passive piles decrease as the number of piles in group increases. 

 

Figure 4.21 The influence of pile number on the load-settlement curves of active and 

passive piles 

 

4.3.2.3 Comparison with experiment results.  

 Following Figure 4.17, the pile group models from experiment batches are 

summarized in Figure 4.22. In specifically, there have 5 kinds of pile arrangement 

including 1, 2, 5, 9, 25-piles pile groups.  
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Figure 4.22 Outline of experiment models 

 With the same input parameter from the experiment condition showed in Figure 

4.22, the settlements of pile #1, #2 in all groups were predicted by proposed method 

and other methods (3D FEA; Chow, 1986; Zhang et al, 2013). It is noted that, the 

methods of Poulos, (1968) and Mylonakis and Gazetas (1998) cannot simulate for these 

cases.   

 For the comparison purpose, the measured settlements of active pile #1 and passive 

pile #2 of each group piles was normalized with settlements of single pile in the 

corresponding batches. Whereas, the predicted settlements of pile #1 and #2 of each 

group piles were normalized with predicted settlements of single pile in the 

corresponding methods. Besides that, the measured and predicted interaction factors 

between pile #2 and pile #1 in each group piles were also determined.   

 Firstly, the normalized predicted settlements of pile #1 are compared with the 

normalized measured values, as shown in Figure 4.23. From the experiment results, it 

can be seen that, the settlement of active pile #1 was decrease around 20% when number 

of piles becomes 25 piles. The proposed approach got results which experiment and 3D 

FEA whereas, the work of Zhang et al. (2013) is not compatible.  
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Figure 4.23 Settlement of active pile surrounding by  various 

arrangement of passive pile 

 Besides, the normalized predicted settlements of passive pile (pile #2) were also 

compared with normalized measured values, as shown in Figure 4.24. From the 

experiment results, it can be seen that, the settlement of pile #2 reduced around 12% 

when number of piles becomes 25 piles. Besides, the proposed approach also get a good 

agreement which experiment results.  

 

Figure 4.24 Settlement of passive pile induced by settlement of active pile 
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 Finally, the predicted interaction factors determined by the predicted settlements of 

piles #1 and #2 were also compared with those from measurements, as shown in Figure 

4.25. From the experiment result, the interaction factors decrease is around 12% when 

number of piles becomes 25 piles. Although, the results of proposed approach are not 

well fit with experiment results but the results are fit with complex prediction of 3D 

FEA.  
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Figure 4.25 Interaction factor of 2 piles considering the influence of 

another pile in group 

 

4.5 Conclusion 

1. A new method for linear analysis of group piles response was developed. By 

considering the stiffening effect from shrouding piles, the proposed method is 

more accurate and more economic compared to other method in literature. 

Prediction by the proposed method agreed well with the results from FEA 

(Plaxis 3D) and experiment data.  

2. The reduction in settlement of a pile when there are other piles in the vicinity, 

or the stiffening effect, was experimentally investigated. From the experiment 

results in an artificial elastic ground, it was observed that comparing to the 

settlement of a single pile under same loading, the settlement of an active pile 

decreases to 7%, 9%, 15% and 20% when it is surrounding by 1,4,8, 24 passive 

piles, respectively.  
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The induced settlement on a passive pile also decrease when number of piles in 

group increases. Based on the experiments, the settlement of a passive pile 

decrease by 4%, 9% and 15% for 5-piles, 9-piles, 25-piles group piles, when 

compared to 2-piles cases.  

3. Based on the experiments, the ratio between the settlements of passive pile and 

active pile, or interaction factor, becomes smaller when the number of pile in 

group increases. The interaction factors for 2, 5, 9, 25-piles group are 0.52, 0.51, 

0.48, 0.46 , respectively  
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CHAPTER 5: NONLINEAR ANALYSIS FOR GROUP PILE 

RESPONSE CONSIDERING STIFFENING EFFECT 

5.1 Introduction 

 In this chapter, a new method for predicting the nonlinear response of group piles 

is proposed. The settlement of a pile is divided into the elastic and inelastic. The elastic 

component is determined by the method in the previous chapter while the inelastic 

component, or the slippage, is determined based on an exponential response model. The 

analysis result of a pile is used together with the interaction factor that considers the 

stiffening effect for the analysis of pile group. The proposed method is verified by field 

test results under rigid and flexible cap conditions.  

 

5.2 Nonlinear analytical for group piles incorporating the stiffening effect 

5.2.1 Assumptions and mathematic models 

 The proposed model is extended from the linear model in the chapter 4 by 

modifying at three places as shown in Figure 5.1. Firstly, the response of the active pile 

j is analyzed by the nonlinear analysis of single pile which was explained in chapter 3 

instead of the linear method. However, the parameter '

jC is used instead of C for 

considering the stiffening effect. The modification is done by multiplying C, showed in 

Equation (3.3), with a reduction factor 
j , as follows; 
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 By the modification of C parameter, the bj parameter in Equation (3.3) and elastic 

ground deformation, e

j
w ,in (3.9) become 
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 Secondly, the ground settlement around the active pile is only influenced by the 

elastic part instead of the total settlement. Thirdly, the response at pile base is modelled 

by a nonlinear function nonlinear of the linear elastic one. 

 

 

Figure 5.1 Comparison between the linear and nonlinear models 
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5.2.2 Algorithm  

 The model in Figure 5.1.b is used for determining the settlement of a pile 

considering the effects from all piles in the group. The calculation procedure is 

presented by flow chart in Figure 5.2. The step 1 in Figure 5.1.b is implemented in 

Subroutine GA. The step 2 and 3 in Figure 5.1.b are implemented in Subroutine GB.  

 Following Figure 5.2, at the beginning, the loading is divided into ten steps from 

zeros to the ultimate capacity of the pile which determined by Equation (3.15) 

 

Figure 5.2 Determination of the load-settlement curve of each pile in a group 
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 For each load step, the settlement of each active pile is determined by the Subroutine 

GA (Figure 5.3). The calculated value 
'

js , and the elastic settlement , [1, ],e

j i i nw   are 

store together with the applying load level (Q). Subroutine GA is almost the same as 

the subroutine SA (Figure 3.6) expect the parameter C, bj are modified as mention 

earlier.  

 Then the induced settlement of each passive pile skj is determined by the Subroutine 

GB and stored for later calculations. 

 After the settlements of active and passive piles are determined, the total settlement 

of a pile is calculated in Subroutine GC by combining its own settlement with the 

induced settlements from other piles.  

 By storing the total settlements and corresponding loads from ten steps, load-

settlement curve of a pile in the group can be constructed and will be used further in 

determining the response of group piles. 

 

Figure 5.3 Flowchart of Subroutine GA 
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 The subroutine GB, Figure 5.4, is used to calculate the settlement of a passive pile 

due to an active pile. The calculation can be divided into two steps. Firstly, the 

settlement field induced by the active pile (pile j) is calculated. Then, the settlement of 

the passive pile is determined based on the equilibrium of force along of the pile which 

are mobilized by the relative settlement between the pile and the ground. (Equation 

(5.4)) 
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    (5.4) 

 Firstly, a very small value is assumed for settlement at pile base, says, 0.0001 of 

pile diameter. Then the reaction force at pile base is determined by Equation (3.11). 

The load settlement at the top of the base segment are calculated by Equation (5.5) and 

(5.6) 
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 Since the values at the top of the pile base segment are similar to those at the bottom 

of the segment above, 
, , 1 ,1 ,;b

i

t

i i

b t

iP Pw w    , the same procedure can be repeated on the 

adjacent segment in sequence until the settlement and the applying load at the pile head 

are obtained.  

 If the load at pile head is smaller than zeros, the whole process will be repeated by 

increasing
,

b

nw ,
, ,

b b b

n nw w w  .  

 The iterative calculation for predicting the settlement of active pile in Subroutine 

GA and passive pile in Subroutine GB are easy done in excel by the goal seek function. 
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Figure 5.4 Flowchart of Subroutine GB 
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In the Subroutine GC, Figure 5.5, the settlement Sj of the pile j, is determined by 

combining its own settlement with induced settlement from remaining pile as follows; 

'

1,

pn

j j jk

k k j

S s s
 

   .         (5.7)  

 The calculation is repeated for next piles 

 

Figure 5.5 Flow chart for Subroutine GC  

 Based on the pile cap condition, the performance of pile group is determined as 

shown in Figure 5.6.  

 For rigid cap condition which all piles displace at the same rate, the resistance of 

each pile at an arbitrary settlement is interpolated from the load-settlement curve stored 

in the Subroutine GC. The resistance of the group is obtained from the summation of 

all piles resistance. The develop program determines the resistance at ten equal 

displacement steps between zeros and the settlement at ultimate capacity of the corner 

piles, and uses them for generating the load-settlement curve of pile group. 

 For flexible cap condition which all piles are loaded under the same magnitude, the 

settlement distribution in pile group is determined based on the load-settlement curve 

stored in the Subroutine GC.  
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Figure 5.6 Flow chart to determine the responses of group piles under rigid 

cap and flexible cap conditions 

 

5.3 Verification 

 The proposed approach is verified with three field tests of group piles consisting of 

5-piles and 9-piles group under rigid cap condition and a 112-piles group pile under 

flexible cap condition.  

 

5.3.1 Case 1: Five-piles group under rigid cap condition 

 Load tests, sponsored by The United States Federal Highway Administration, were 

implemented until failure on a 5-piles group pile at a site in San Francisco (Briaud et 

al, 1989). The subsoil founds on the bedrock and consists of three parts. First part, from 

the surface to 1.37 m, is the sandy gravel fill. Second part, from 1.37 to 12.2 m, is the 

layer made by a hydraulic fill of clean sand. Final part, From 12.2 to 14.3 m, is the 

interbedded layers of stiff clay and sand. The properties of sand clean sand and the 

layout of pile and subsoils are shown in Figure 5.7 
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 Since the piles were installed through predrilled holes of 300 mm diameter and 1.37 

m depth, the resistance of pile shaft and elastic shorting over the predrilled length are 

not considered in this study.  

 The piles are divided into 19 segments consisted of 1 segment for sand gravel layer, 

7 segments from 1.37 to 1.52 m, 4 segments from 1,52 to 2.44 m and 7 segments from 

2.44 to 9.1 m. By using the back-calculated coefficient of lateral earth pressure, Ks, was 

1.72 (Lee & Xiao, 2001) and R=0.8, the parameter for t-z curves at pile shaft are 

determined by  
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        (5.8) 

 In addition the parameters of ab and bb for t-z curve at pile base can be followed 

Equation (3.12) and (3.14) 

 

 

 

 

 

Figure 5.7 Properties of piles and 

soils (Mandolini & Viggiani, 1997) 

Figure 5.8 Predicted and measured of  

load–settlement curves 

1.16 m
1
.1

6
 m

4.1 m

1
.5

 m

9.1 m

12.2 m

Sand with layers of 

stiff silty clay
Gs5=0.64Gs1

Gs4=0.73Gs1

Gs3=0.55Gs1

Gs2=1.06Gs1

Gs1=38.3 Mpa1.52 m

Sand gravel

14.5 m

Clean Sand 

(Hydraculic fill)

Gs=38.3 Mpa

d=15.7 kPa/m2

w=22.6%



d = 0.274 m

t = 9.3 mm

1
.8

 mRigid

Bedrock

1.37 m

2.44 m

1.52 m

12.2 m

0 m

1.37 m

40

35

30

25

20

15

10

5

0
0 500 1000 1500 2000 2500 3000

Load (kN)

S
e
tt

le
m

e
n

t 
 (

m
m

)

 Measurement 

 Proposed Approach



 

 

 

83 

 The settlement of pile group was calculated by proposed algorithm. The comparison 

between predicted and measured load-settlement curves of the group pile is shown in 

Figure 5.8. It can be seen that the good agreement was obtained. 

 

5.3.2 Case 2: Nine-piles group under rigid cap condition 

 O’Neill (1982) implemented a number of full scales test on single piles and 3x3 

piles group at University of Houston. The properties of the ground are shown in Figure 

5.9. Piles were closed-ended steel-pipe piles with diameter of 273 mm and a wall 

thickness of 9.3 mm. Piles were installed up to depth of 13.1 m into stiff 

overconsolidated clay. The spacing in 3x3 piles group was three times of pile diameter.  

 The piles are also divided into 19 segments from surface to depth of 13.1 m. By 

assuming the back-calculated reduction factor of pile shaft resistance 0.34   and 

R=0.95, the parameter for each segments was determined by  
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 The parameters of ab and bb for t-z curve at pile base can be determined by Equation 

(3.12) and (3.14). It was founded that ab =123 kN by Lee and Xiao (2001) 

 
Figure 5.9 Test layout and soil profile for piles and pile group test 

by O’Neill et al. (1982) (as reported by Chow, 1986)   
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 The predicted load-settlement curves of single piles and 3x3 piles groups were 

compared with the measurements, as shown in Figure 5.10 and Figure 5.11. The good 

agreements between predicted and measured load-settlement curves were obtained. 

Compare to method of Lee and Xiao (2001), the propose approach are almost the same. 

  

Figure 5.10  Load-settlement curves  

of single pile 

Figure 5.11 Load-settlement curves 

 of nine pile group 

 

5.3.3 Case 3: 112-bored piles foundation under flexible cap condition 

 A liquid storage tank was found on a 800 mm thick flexible circular concrete raft 

supported by 112 bored piles throughout. The soil profile and parameters are 

summarized in Figure 5.12 . The elastic modulus, Eu, of the clays are assumed to be 

750 times of their undrained shear strengths, i.e., Eu = 750Su. The pile arrangement is 

assumed according to Lee and Xiao (2001). A static-load test was implemented by 

filling the tank with 160 MN of water in 10 days period. 

 For the analysis procedure, the piles are also divided into 19 segments. By assuming 

the back-calculated reduction factor of pile shaft resistance 0.5   and R=0.9, the 

parameter for t-z curves at shaft segments was determined by Equation (5.9). The 

parameter for base model can be determined by Equation (3.12) and (3.14). 

 The settlements of six piles were determined under uniform load-distribution and 

compared with their filed measurements, as shown in Figure 5.13. It can see that the 

predictions agree well with the measurements and in the same degree of accuracy with 

the method of Lee and Xiao (2001).  
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  When compared to the use of conventional t-z curve method and the interaction 

factor of Poulos (1968) (Reese, 1996; Viiayvergiya, 1997), the proposed method gave 

better estimate due to the consideration of slippage and stiffening effect. Prediction 

error by the proposed method and a conventional method (Viiayvergiya, 1997) are 0.5% 

and 10%, respectively. 

 

 

 

 

 

 

Figure 5.12 Properties of soil and 

pile in liquid storage tank case study 

(Georgiadis et al, 1989) 

Figure 5.13 Predicted and observed 

settlement distributions under Liquid storage 

tank 

 

5.4 Conclusion 

 The linear analysis was extended for analyzing the nonlinear responses of group 

piles. In the newly developed approach, the settlement of a pile is decomposed into 

elastic and inelastic parts (slippage). Firstly, the settlements of active piles considering 

the slippages and stiffening effect are determined. Then the induced settlements of 

passive pile are determined from the elastic settlement of active piles. By comparing 

with field test results, the proposed method gave better estimates than those obtained 

from conventional load-transfer methods and the interaction factor of Poulos (1968). 

Prediction error by the former and the latter are 0.5% and 10%, respectively. 
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CHAPTER 6: CONCLUSION AND RECOMMENDATIONS 

6.1 Finding of research 

 In this study, new methods for the settlement analyses of single piles and group 

piles, are proposed. Key findings can be summarized as follows; 

1. A new nonlinear load-transfer method for the settlement analysis of axially 

loaded piles considering slippage at pile-soil interface was proposed. It was 

verified by comparing with twenty five static load tests of bored piles in 

Bangkok. With input parameters deduced from conventional site investigation 

reports, the proposed method overestimated measured settlements under 

working load levels by 0.6 ~ 2.7 mm on average. The differences between 

predicted and measured axial load distributions were in the range of -5% ~ 15% 

of the working load of the piles. Based on these statistics, the accuracy of the 

proposed method was found to be sufficient for practical use 

 

2. The reduction in settlement of a pile when there are other piles in the vicinity, 

or the stiffening effect, was experimentally investigated. From the experiment 

results in an artificial elastic ground, it was observed that comparing to the 

settlement of a single pile under same loading, the settlement of an active pile 

decreases to 7%, 9%, 15% and 20% when it is surrounding by 1,4,8, 24 passive 

piles, respectively.  

The induced settlement on a passive pile also decrease when number of piles in 

group increases. Based on the experiments, the settlement of a passive pile 

decrease by 4%, 9% and 15% for 5-piles, 9-piles, 25-piles group piles, when 

compared to 2-piles cases.  

 

3. Based on the experiments, the ratio between the settlements of passive pile and 

active pile, or interaction factor, becomes smaller when the number of pile in 
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group increases. The interaction factors for 2, 5, 9, 25-piles group are 0.52, 0.51, 

0.48, 0.46 , respectively  

 

4. A new method for linear analysis of group piles response was developed. By 

considering the stiffening effect from shrouding piles, the proposed method is 

more accurate and more economic compared to other method in literature. 

Prediction by the proposed method agreed well with the results from FEA 

(Plaxis 3D) and experiment data.  

 

5. The linear analysis was extend for analyzing the nonlinear responses of group 

piles. In the newly developed approach, the settlement of a pile is decomposed 

into elastic and inelastic parts (slippage). Firstly, the settlements of active piles 

considering the slippages and stiffening effect are determine. Then the induced 

settlements of passive pile are determined from the elastic settlement of active 

piles. By comparing with field test results, the proposed method gave the better 

estimates than those obtained from conventional load-transfer methods and the 

interaction factor of Poulos (1968). Prediction error by the former and the latter 

are 0.5% and 10%, respectively. 

 

6.2 Recommendation for further researches. 

 Although a number of works have been done in this thesis, there are still have some 

issues which required further investigation and can be listed as follows; 

1. The installation effect is not considered in this study 

2.  The long-term settlement of piles is not considered in this study 

3. The experiment were carried out in an artificial elastic material. It is better if 

these experiments will be conducted under more realistic ground condition
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APPENDIX 

This appendix is included some flowcharts for my proposed method, as follows 

1. The flowchart for parameter determination  

2. The flowchart of performance prediction for axially loaded pies 

3. The flowchart of performance prediction for axially loaded pie groups 

 

Flow chart 1: Parameter determination procedure 

 

 Determine pile parameters

d, ro, Ap, Ep, np 

and pile group arrangement 

Determine parameters of each soil layer

t,i, s,i, s,i, NSPT,i, Su,i, GWL

Calculate stresses at the middle of  soil layer i

 v,i, u,i, ’v,i

Calculate the t-z curve parameters for the shaft of segment i

 a,i, b,i

Calculate the t-z curve parameters for the pile base

 ab , bb

Calculate the ultimate capacity of pile, Qult

1
 

Explanation for parameter estimation procedure 

1. To calculate the total stress, water pressure, effective stress at the middle 

of soil layer i 
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     2. To calculate the t-z curve parameters for the shaft of segment i 

a. Determination of a,i 

,

,

f i

ia
R


  

where  

 R [0.80-0.95] 

, ,

, '

, ,

; for clay

; for sand

i if

i

i v i

Su


 


 


 

For clay 

, ,  0.685i SPT iSu N   (t/m2)   (Boonyatee et al, 2015) 

 , /

,

5.99492
0.41854 0.78067  iS

i

u
e


    (Boonyatee et al, 2015) 

For sand 

'

,
/ 6.457

,   0.018 + 0.000911 i

i e


     (Boonyatee et al, 2015) 

 
2

'

,

'

,
,27.1 0.3 0.00054  SPT i SPT

i
iN N      (Boonyatee et al, 2015) 

t,1

t,i

s,1

GWL

s,2

s,i

s,n-1

s,n

t,2

t,n-1

t,n

dw,i
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 '

10 ,, ,

' 0.77 log 200 / v iSPT SPT iiN N     (Meyerhof, 1976) 

'v,i was calculated in step 3 

b. Determination of b,i 

,

, ,

0
,

, 0

1

ln

i

i i

m
i

s i

b
C a

r r
C

G r
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

 
  

 

    

 
0.68

,  1412s i SPTG N  (t/m2)  (Imai & Tonouchi, 1982)  

,

,

,

500
 

2(1 )

i

s i

s i

Su
G







  (t/m2) for clay without NSPT       (Bowles, 1988) 

2.5 (1 )
m s

Lr        (Randolph and Wroth, 1978) 

 

    3. To calculate the t-z curve parameters for the pile base 

  a. Determination of ab   

bf

b

b

P
a

R
  

where  

  Rb  [0.80-0.95]    (Clough and Duncan, 1967) 

 

' *
; for sand

9 ; for clay

p vb q

p vb

bf
A N

P
A Su




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 





  (Boonyatee et al, 2015) 

* '/ 30.6620.539 0.64 qN e     (Boonyatee et al, 2015) 

'vb, vb were calculated in step 3 

 

b. Determination of bb 
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 
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G r
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    (Randolph and Wroth, 1978) 

 

4. To calculate the ultimate capacity of pile 
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i
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Flowchart 2: Performance prediction for axially loaded piles 

 

 

 

Subroutine SA 

Determine the settlements of the pile j  under specific load            

    Store the load and settlement at pile head   ,1, t

j j jQ S w

Set the magnitude of initial loading Q=Q=0.1Qult
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Stop
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j j is w i n
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Flowchart 3: Performance prediction for axially loaded pie groups 
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