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ℵ1 @b�im`�i2/ �M/ (G, ·) Bb � ;`QmT /2}M�#H2 �M/ n@/BK2MbBQM�H- i?2M i?2`2 Bb �
iQTQHQ;v i?�i K�F2b (G, ·) � iQTQHQ;B+�H ;`QmTX
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�+FMQrH2/;K2Mib
X

6B`bi �M/ 7Q`2KQbi- A rQmH/ HBF2 iQ 2tT`2bb Kv ;`�iBim/2 iQ Kv �/pBbQ`- .`X
�i?BT?�i h?�K`QM;i?�Mv�HmF 7Q` i?2 +QMiBMmQmb bmTTQ`i Q7 Kv T`QD2+iX >2 ?�b
i�m;?i K2 i?2 K2i?Q/QHQ;v iQ +�``v Qmi i?2 T`QD2+i- iQ r`Bi2 i?2 T`QD2+i �M/ iQ
T`2b2Mi i?2 T`QD2+i �b +H2�`Hv �b TQbbB#H2X >Bb ;mB/�M+2 ?2HT2/ K2 � HQi BM �HH i?2
iBK2 Q7 `2b2�`+? �M/ r`BiBM; Q7 i?Bb T`QD2+iX Ai r�b � ;`2�i T`BpBH2;2 iQ rQ`F mM/2`
?Bb ;mB/�M+2X A H2�`M2/ bQ Km+? 7`QK Kv �/pBbQ`X

Jv ;`�iBim/2 2ti2M/b iQ Kv T`QD2+i +QKKBii22, �bbQ+B�i2 S`Q72bbQ` .`X S?B+?2i
*?�Q?� �M/ .`X LBi?B _mM;i�M�TB`QKX h?2B` bm;;2biBQMb �M/ +QKK2Mib �`2 Kv
bBM+2`2 �TT`2+B�iBQMX JQ`2Qp2`- A 722H p2`v i?�MF7mH iQ �HH Q7 Kv K�i?2K�iB+b
i2�+?2`b �i *?mH�HQM;FQ`M lMBp2`bBiv r?Q ?�p2 i�m;?i K2 �#mM/�Mi FMQrH2/;2X

A rBb? iQ �+FMQrH2/;2 �HH Q7 Kv 7`B2M/b r?Q F22T K2 K2Mi�HHv b�M2 /m`BM;
/QBM; i?Bb T`QD2+i �M/ ?2HT2/ K2 BM p�`BQmb �bT2+ibX

G�bi #mi MQi H2�bi- Kv bT2+B�H i?�MFb �`2 ;Bp2M iQ Kv 7�KBHv �M/ Kv T2ib 7Q`
�HH i?2B` bmTTQ`i �M/ 2M+Qm`�;2K2MiX



*QMi2Mi
�#bi`�+i BM h?�B Bp

�#bi`�+i BM 1M;HBb? p

�+FQrH2/;2K2Mib pB

*QMi2Mi pBB

R AMi`Q/m+iBQM R
RXR h?2 }2H/ Q7 p@�/B+ MmK#2`b Qp X X X X X X X X X X X X X X X X X X X X R
RXk 6B`bi@Q`/2` GQ;B+ X X X X X X X X X X X X X X X X X X X X X X X X X X X X R
RXj P @KBMBK�HBiv X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j
RX9 PmiHBM2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8
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_272`2M+2b Rj

�TT2M/Bt R9

"BQ;`�T?v Rd



*?�Ti2` R
AMi`Q/m+iBQM

X
h?`Qm;?Qmi- H2i N #2 i?2 b2i Q7 �HH MQMM2;�iBp2 BMi2;2`b- Z #2 i?2 b2i Q7 �HH BMi2;2`b
�M/ Q #2 i?2 b2i Q7 �HH `�iBQM�HbX

RXR h?2 }2H/ Q7 p@�/B+ MmK#2`b Qp

h?2 �#bQHmi2 p�Hm2 | · | Bb � r2HH@FMQrM MQ`K QM i?2 }2H/ Q Q7 `�iBQM�H MmK#2`bX
Ab i?2`2 Qi?2` MQ`Kb QM Q\ h?2 �Mbr2` iQ i?Bb [m2biBQM Bb v2bX G2i p #2 � T`BK2
MmK#2`X h?2 p@�/B+ p�Hm�iBQM v : Z \ {0} → N Bb /2}M2/ #v 7Q` 2�+? MQMx2`Q
BMi2;2` x, v(x) Bb i?2 H�`;2bi n bm+? i?�i pn /BpB/2b x X q2 /2}M2 i?2 p@�/B+ MQ`K
| · |p QM Q �b 7QHHQrb, 7Q` 2�+? x ∈ Q,

|x|p =

⎧
⎨

⎩
0, B7 x = 0

p−v(a)+v(b), B7 x =
a

b
7Q` bQK2 a, b ∈ Z \ {0}

h?2 }2H/ Q7 p@�/B+ MmK#2`b Qp Bb i?2 +QKTH2iBQM Q7 Q rBi? `2bT2+i iQ i?2 p@�/B+
MQ`K | · |p X

RXk 6B`bi@Q`/2` GQ;B+
q2 rBHH BMi`Q/m+2 bQK2 /2}MBiBQMb BM }`bi@Q`/2` HQ;B+X

.2}MBiBQM RXRX � H�M;m�;2 L Bb � /BbDQBMi mMBQM Q7

RX � b2i R Q7 `2H�iBQM bvK#QHbc 2�+? R ∈ R ?�b �bbQ+B�i2/ �`Biv �`Biv(R) ∈ N c

kX � b2i C Q7 +QMbi�Mi bvK#QHbc 2�+? c ∈ C ?�b �bbQ+B�i2/ �`Biv 0 c

jX � b2i F Q7 7mM+iBQM bvK#QHbc 2�+? f ∈ F ?�b �bbQ+B�i2/ �`Biv �`Biv (f) ∈
N \ {0} X

.2}MBiBQM RXkX �M L@bi`m+im`2 Bb � [m�/`mTH2 M = (M,RM, CM,FM) +QMbBbiBM;
Q7,

RX � MQM2KTiv b2i M - +�HH2/ i?2 mM/2`HvBM; b2ic

kX RM = {RM : R ∈ R} r?2`2 2�+? RM ⊆ Marity(R) c

jX CM = {cM : c ∈ C} r?2`2 2�+? cM ∈ M c
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9X FM = {fM : f ∈ F} r?2`2 2�+? fM : Marity(f) → M X

.2}MBiBQM RXjX G2i L #2 � H�M;m�;2 �M/ M #2 �M L@bi`m+im`2X .2}M2 i?2
2tT�MbBQM Q7 L,LM - �M/ i?2 +�MQMB+�H 2tT�MbBQM- MM Q7 M iQ LM #v LM =

L ∪M - �M/ aMM = a 7Q` 2p2`v a ∈ M X

.2}MBiBQM RX9X G2i M #2 �M L@bi`m+im`2X qBi?Qmi HQbb Q7 ;2M2`�HBiv- r2 K�v
�bbmK2 i?�i M = MM X G2i σ #2 �M LM @b2Mi2M+2X q2 `2+m`bBp2Hv /2}M2 σ iQ #2
i`m2 BM M U/2MQi2/ #v M ! σ V #v `2[mB`BM;

RX M ! ⊤ -

kX 7Q` R ∈ R �M/ p�`B�#H2@7`22 LM @i2`Kb t1, ..., t �`Biv (R) - M ! Rt1...t �`Biv (R) B7
�M/ QMHv B7 (tM1 , ..., tM�`Biv (R)) ∈ RM c

jX 7Q` p�`B�#H2@7`22 LM @i2`Kb t1, t2 - M ! t1 = t2 B7 �M/ QMHv B7 tM1 = tM2 c

9X B7 σ = ¬τ 7Q` bQK2 LM @b2Mi2M+2 τ - i?2M M ! σ B7 �M/ QMHv B7 M ̸! τ c

8X B7 σ = τ1 ∧ τ2 7Q` bQK2 LM @b2Mi2M+2b τ1, τ2 - i?2M M ! σ B7 �M/ QMHv B7
M ! τ1 �M/ M ! τ2 c

eX B7 σ = τ1 ∨ τ2 7Q` bQK2 LM @b2Mi2M+2b τ1, τ2 - i?2M M ! σ B7 �M/ QMHv B7
M ! τ1 Q` M ! τ2 c

dX B7 σ = ∀viϕ(vi) 7Q` bQK2 p�`B�#H2 vi �M/ LM @7Q`KmH� ϕ(vi) - i?2M M ! σ B7
�M/ QMHv B7 M ! ϕ(a) 7Q` 2p2`v a ∈ M c

3X B7 σ = ∃viϕ(vi) 7Q` bQK2 p�`B�#H2 vi �M/ LM @7Q`KmH� ϕ(vi) - i?2M M ! σ B7
�M/ QMHv B7 M ! ϕ(a) 7Q` bQK2 a ∈ M X

.2}MBiBQM RX8X G2i M �M/ N #2 L@bi`m+im`2bX q2 b�v i?�i M Bb � bm#bi`m+im`2
Q7 N - /2MQi2/ #v M ⊆ N - B7

RX M ⊆ N c

kX RM = RN ∩M �`BivU_V 7Q` 2p2`v R ∈ R;

jX cM = cN 7Q` 2p2`v c ∈ C c

9X 7Q` 2p2`v f ∈ F , fM Bb i?2 `2bi`B+iBQM Q7 fN iQ M �`BivU_V .

.2}MBiBQM RXeX amTTQb2 M ⊆ N X q2 b�v i?�i M Bb �M 2H2K2Mi�`v bm#bi`m+@
im`2 Q7 N - U/2MQi2/ #v M ≼ NV B7 7Q` �HH n ∈ N - L@7Q`KmH� ϕ(x1, ..., xn), �M/
a1, ..., an ∈ M - M ! ϕ(a1, ..., an) B7 �M/ QMHv B7 N ! ϕ(a1, ..., an) X

LQr- r2 H2i M #2 �M L@bi`m+im`2 �M/ A #2 � bm#b2i Q7 �M mM/2`HvBM; b2i M

Q7 M X



j

.2}MBiBQM RXdX G2i X ⊆ Mn X q2 b�v i?�i X Bb A@/2}M�#H2 BM M B7 i?2`2 2tBbi
�M L@7Q`KmH� ϕ(x1, ..., xn, y1, ..., yk) Ur?2`2 k ∈ NV �M/ a1, ..., ak ∈ A bm+? i?�i
X = {(b1, ..., bn) ∈ Mn : M ! ϕ(b1, ..., bn, a1, ..., ak)} X

G2i f : X → Mm #2 � 7mM+iBQMX q2 b�v i?�i f Bb A@/2}M�#H2 BM M B7 i?2
;`QmT Q7 f - {(x, y) ∈ Mn+m : f(x) = y} Bb A@/2}M�#H2X

.2}MBiBQM RX3X G2i LA #2 i?2 H�M;m�;2 Q#i�BM2/ #v �//BM; 2�+? 2H2K2Mi Q7 A iQ
L �b � +QMbi�Mi bvK#QHX LQi2 i?�i M Bb �M LA @bi`m+im`2 #v i`BpB�H BMi2`T`2i�iBQM
aM = a 7Q` 2�+? a ∈ A X G2i ThA(M) = {σ : σ Bb �M LA @b2Mi2M+2 �M/ M ! σ} X
q2 b�v i?�i p Bb �M n@ivT2 Qp2` A B7 p Bb i?2 b2i Q7 �HH LA @7Q`KmH�b rBi?Qmi 7`22
Q++m``2M+2b Q7 p�`B�#H2b #2bB/2b x1, ..., xn X

.2}MBiBQM RXNX G2i p #2 �M n@ivT2 Qp2` A X q2 b�v i?�i a ∈ Mn `2�HBx2b p B7
M ! φ(a) 7Q` �HH φ ∈ p X

q2 H2i SM
n (A) #2 i?2 b2i Q7 �HH +QKTH2i2 �M/ +QMbBbi2Mi n@ivT2b Qp2` �X

.2}MBiBQM RXRyX q2 b�v i?�i M Bb ǳℵ1 @b�im`�i2/Ǵ B7 7Q` �Mv +QmMi�#H2 Z ⊆ M -
p(x) ∈ SM

n (Z) - i?2M i?2`2 Bb ā ∈ Mn bm+? i?�i ā `2�HBx2/ p(x) X

h?2Q`2K RXRRX G2i N #2 �M L@bi`m+im`2 �M/ S ⊆ N X h?2M i?2`2 Bb �M L@
bi`m+im`2 M bm+? i?�i M ≼ N, S ⊆ M - �M/ |M | ≤ |L|+ |S|+ ℵ0.

.2}MBiBQM RXRkX G2i (G, ·) #2 � ;`QmT BM M X q2 b�v i?�i (G, ·) Bb � ;`QmT
/2}M�#H2 BM M B7 G Bb � /2}M�#H2 bm#b2i Q7 Mn - 7Q` bQK2 n - �M/ · Bb �HbQ /2}M�#H2X

.2}MBiBQM RXRjX � ǳiQTQHQ;B+�H ;`QmTǴ G Bb � ;`QmT 2M/Qr2/ rBi? � iQTQHQ;v
bm+? i?�i i?2 KmHiBTHB+�iBQM �M/ i?2 BMp2`bBQM �`2 +QMiBMmQmbX

�M�M/ SBHH�v bim/B2b T`QT2`iB2b Q7 /2}M�#H2 ;`QmTb BM i?2 }2H/ Q7 p@�/B+ MmK@
#2`b Qp �M/ Q@KBMBK�H bi`m+im`2bX AM (8)- ?2 T`Qp2/ i?�i B7 (G, ·) Bb � ;`QmT
/2}M�#H2 BM i?2 }2H/ Q7 p−�/B+ MmK#2`b- i?2M i?2`2 Bb � iQTQHQ;v τ QM G bm+?
i?�i · : G × G → G Bb τ−+QMiBMmQmb �M/ i?2`2 2tBbib n > 0 bm+? i?�i 7Q` �HH
g ∈ G - i?2`2 Bb �M QT2M b2i U BM G bm+? i?�i g ∈ U �M/ U Bb BbQKQ`T?B+ iQ Qn

p X
� bBKBH�` `2bmHi BM Q@KBMBK�H +QMi2ti r�b b?QrM BM (9)X

RXj P @KBMBK�HBiv
G2i L = {+,−, ·, 0, 1,.Bp, (Pn)n∈N} #2 � H�M;m�;2 r?2`2 0, 1 �`2 +QMbi�Mi bvK#QHb-
+, · �`2 #BM�`v 7mM+iBQM bvK#QHb- − Bb � mM�`v 7mM+iBQM bvK#QH- .Bp Bb � #BM�`v
`2H�iBQM bvK#QH �M/ 2�+? Pn Bb � mM�`v `2H�iBQM bvK#QHX G2i p #2 � T`BK2 MmK#2`X
P#b2`p2 i?�i i?2 2tT�MbBQM Q7 i?2 }2H/ Q7 p@�/B+ MmK#2`b #v .Bp = {(a, b) ∈ Q2

p :

v(a) ≤ v(b)} �M/ Pn = {x ∈ Qp : ∃y, yn = x}Ur?2`2 n ∈ NV Bb �M L@bi`m+im`2X



9

AM (R)- .2B`/`2 >�bF2HH �M/ .m;�H/ J�+T?2`bQM ;2M2`�HBx2 i?2 +QM+2Ti Q7 p@�/B+
}2H/b BMiQ P @KBMBK�H bi`m+im`2bX

h?`Qm;?Qmi i?2 `2bi Q7 i?Bb b2+iBQM- H2i L′ #2 � H�M;m�;2 2ti2M/BM; L �M/ M

#2 �M L′ @bi`m+im`2 bm+? i?�i (M, v) Bb � p�Hm2/@}2H/- .Bp = {(a, b) ∈ M2 : v(a) ≤
v(b)} �M/ PM

n = {x ∈ M : ∃y, yn = x} X

.2}MBiBQM RXR9X q2 b�v i?�i M Bb P @KBMBK�H B7 7Q` 2p2`v M′ 2H2K2Mi�`BHv
2[mBp�H2Mi iQ M - 2p2`v /2}M�#H2 bm#b2i Q7 M′ Bb /2}M2/ #v [m�MiB}2`@7`22 L@
7Q`KmH�X

G2i M #2 � P @KBMBK�H bi`m+im`2X h?2M i?2 mM/2`HvBM; b2i M +�M #2 2[mBTT2/
rBi? i?2 iQTQHQ;v ;2M2`�i2/ #v {Bv(a)(c) : a, b ∈ M} r?2`2 Bv(a)(c) = {x ∈ M :

M ! .Bp(a, x−c)} h?2 7QHHQrBM; H2KK� r�b T`Qp2/ #v .2B/`2 >�bF2HH �M/ .m;�H/
J�+T?2`bQM BM (R)X

G2KK� RXR8X G2i M #2 � P @KBMBK�H bi`m+im`2bX h?2M

RX 1p2`v BM}MBi2 /2}M�#H2 bm#b2i Q7 M ?�b MQM@2KTiv BMi2`BQ` BM M X

kX 1p2`v MQM@2KTiv /2}M�#H2 bm#b2i Q7 i?2 p�Hm2 ;`QmT vM r?B+? Bb #QmM/2/
�#Qp2 ?�b � ;`2�i2bi 2H2K2MiX

.2}MBiBQM RXReX G2i (i1, ..., in) #2 � b2[m2M+2 Q7 x2`Q2b �M/ QM2b Q7 H2M;i? n X G2i
P ∗
k = Pk \{0} X �M (i1, ..., in)@+2HH Bb � /2}M�#H2 bm#b2i Q7 Mn /2}M2/ #v BM/m+iBQM

QM n �b 7QHHQrb,

RX � (0)@+2HH Bb � TQBMi Q7 M �M/ � (1)@+2HH Bb Q7 i?2 7Q`K {x ∈ M : γ1 <

v(x− c) < γ2 ∧ λ(x− c) ∈ P ∗
k } - r?2`2 λ1,λ2 ∈ v(M) ∪ {−∞,∞} - c,λ ∈ M

�M/ k ∈ N X

kX amTTQb2 i?�i (i1, ..., in)@+2HHb �`2 �H`2�/v /2}M2/X h?2M �M (i1, ..., in, 0)@+2HHb
Bb i?2 ;`�T? Q7 � /2}M�#H2 +QMiBMmQmb 7mM+iBQM 7`QK �M (i1, ..., in)@+2HH iQ M -
�M/ �M (i1, ..., in, 1)@+2HH Bb � b2i Q7 i?2 7Q`K {(y, x) ∈ C×M : v(a1(y))"1v(x−
c(y))"2v(a2(y)) ∧ λ(x− c(y)) ∈ P ∗

k } - r?2`2 C Bb �M (i1, ..., in)@+2HH- a1, a2, c
�`2 /2}M�#H2 +QMiBMmQmb 7mM+iBQMb QM C - λ Bb �b BM RX- �M/ "1 �M/ "2 �`2
2Bi?2` ≤, <, Q` MQ +QM/BiBQMX

.2}MBiBQM RXRdX G2i M #2 �M L@bi`m+im`2X q2 b�v i?�i M �/KBib ǳ/2}M�#H2
aFQH2K 7mM+iBQMǴ B7 7Q` 2p2`v L@7Q`KmH� ϕ(x, y) bm+? i?�i 7Q` 2p2`v b ∈ Mk,M !
∃x,ϕ(x, b) - i?2`2 Bb � /2}M�#H2 7mM+iBQM f : Mk → M l bm+? i?�i M ! ϕ(f(b), b) -
7Q` 2p2`v b ∈ Mk X

h?2 7QHHQrBM; i?2Q`2K r�b T`Qp2/ #v J�`B2@>2H2M2 JQm`;m2b BM (j)X
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h?2Q`2K RXR3X G2i M #2 � P @KBMBK�H bi`m+im`2 rBi? /2}M�#H2 aFQH2K 7mM+iBQMX
h?2M 7Q` 2�+? n ∈ N- i?2 7QHHQrBM; ?QH/,

RX A7 A Bb � /2}M�#H2 bm#b2i Q7 Mn - i?2M A +�M #2 T�`iBiBQM2/ BMiQ }MBi2Hv
K�Mv +2HHb Q7 Mn X

kX :Bp2M � /2}M�#H2 7mM+iBQM f : A → M - r?2`2 A Bb � /2}M�#H2 bm#b2i Q7
Mn - i?2`2 2tBbib � }MBi2 T�`iBiBQM Q7 A BMiQ +2HHb bm+? i?�i i?2 `2bi`B+iBQM Q7
f iQ 2�+? +2HH Bb +QMiBMmQmbX

.2}MBiBQM RXRNX q2 b�v i?�i a ∈ �+H(A) B7 �M/ QMHv B7 i?2`2 2tBbib �M L@7Q`KmH�
ϕ(x, y) �M/ ā ∈ An bm+? i?�i M ! ϕ(a, ā) �M/ {c ∈ M : M ! (c, ā)} Bb }MBi2X

.2}MBiBQM RXkyX q2 b�v i?�i M ?�b ǳ1t+?�M;2 S`QT2`ivǴ B7 7Q` A ⊆ M - B7
a ∈ �+H(A ∪ {b}) �M/ a /∈ �+H(A) - i?2M b ∈ �+H(A ∪ {a}) X

RX9 PmiHBM2
AM i?Bb T`QD2+i- r2 bim/v T`QT2`iB2b Q7 /2}M�#H2 ;`QmTb BM P @KBMBK�H bi`m+im`2bX
AM *?�Ti2` k- r2 `2+�HH i?2 MQiBQM Q7 /BK2MbBQMX AM *?�Ti2` j- H2i L #2 � +QmMi�#H2
H�M;m�;2 �M/ M #2 � P @KBMBK�H L@bi`m+im`2X G2i (G, ·) #2 � ;`QmT bm+? i?�i
G ⊆ Mn X 6Q` 2�+? QT2M V ⊆ G - r2 /2}M2 � iQTQHQ;v τV QM G #v Q Bb τV @QT2M
B7 �M/ QMHv B7 (a · Q) ∩ V Bb QT2M 7Q` �Mv a ∈ G X q2 b?Qr i?�i B7 M �/KBib
/2}M�#H2 aFQH2K 7mM+iBQM- ?�b 1t+?�M;2 S`QT2`iv �M/ Bb ℵ1 @b�im`�i2/- �M/ G Bb
�M n@/BK2MbBQM�H 0@/2}M�#H2 bm#b2i Q7 Mn - i?2M i?2`2 Bb � H�`;2 /2}M�#H2 bm#b2i
V Q7 G bm+? i?�i

RX G 2[mBTT2/ rBi? i?2 iQTQHQ;v τV Bb � iQTQHQ;B+�H ;`QmTc �M/

kX V Bb � }MBi2 /BbDQBMi mMBQM Q7 0@/2}M�#H2 τV @QT2M b2ibX



*?�Ti2` k
.BK2MbBQM

X
AM i?Bb +?�Ti2`- r2 BMi`Q/m+2 � +QM+2Ti Q7 /BK2MbBQMX q2 H2i M #2 � P @KBMBK�H
bi`m+im`2 �M/ A #2 � }MBi2 bm#b2i Q7 �M mM/2`HvBM; b2i M Q7 M X

.2}MBiBQM kXRX G2i a ∈ Mn X h?2M /BK(a/A) = i?2 H2�bi +�`/BM�HBiv Q7 � bm#im@
TH2 a′ Q7 a bm+? i?�i a ⊆ �+H(A ∪ a′) X

q2 H2i SM
n (A) #2 i?2 b2i Q7 �HH +QKTH2i2 �M/ +QMbBbi2Mi n@ivT2b Qp2` �X

.2}MBiBQM kXkX G2i p(x̄) ∈ SM
n (A) X h?2M /BK p = /BK(ā/A) 7Q` bQK2 ā ∈ Mn

`2�HBxBM; p X

.2}MBiBQM kXjX G2i X ⊆ Mn #2 A@/2}M�#H2X h?2M /BKX = K�t{/BK(a/A) :

a ∈ X} = K�t{/BK p : p ∈ SM
n (A) Bb `2�HBx2/ BM X} X

.2}MBiBQM kX9X G2i Z #2 � /2}M�#H2 bm#b2i Q7 Mn X h?2 iQTQHQ;B+�H /BK2MbBQM Q7
Z - iQT/BK(Z) Bb i?2 ;`2�i2bi BMi2;2` k 7Q` r?B+? i?2`2 Bb � T`QD2+iBQM π : Mn →
Mk bm+? i?�i π(Z) ?�b MQM@2KTiv BMi2`BQ` BM Mk X

h?2 7QHHQrBM; H2KK� r�b T`Qp2/ #v .2B`/`2 >�bF2HH �M/ .m;�H/ J�+T?2`bQM
BM (R)X

G2KK� kX8X A7 n,m �`2 TQbBiBp2 BMi2;2`b- X Bb � /2}M�#H2 bm#b2i Q7 Mn �M/
f : Mn → Mm Bb � /2}M�#H2 7mM+iBQM- i?2M iQT/BK(X) ≥ iQT/BK(f(X))X

h?2 7QHHQrBM; Bb � +QMb2[m2M+2 Q7 G2KK� RXR8 �M/ G2KK� kX8X

G2KK� kXeX A7 M ?�b 1t+?�M;2 S`QT2`iv- i?2M 7Q` �Mv TQbBiBp2 BMi2;2` n �M/
/2}M�#H2 X ⊆ Mn - iQT/BK(X) = /BK(X)X

G2KK� kXdX G2i X ⊆ Mn #2 A@/2}M�#H2 �M/ k ≤ nX A7 M ?�b 1t+?�M;2
S`QT2`iv- i?2M /BKX ≥ k B7 �M/ QMHv B7 bQK2 T`QD2+iBQM Q7 X QMiQ Mk ?�b
BMi2`BQ` BM Mk X

G2KK� kX3X amTTQb2 i?�i M ?�b 1t+?�M;2 S`QT2`ivX G2i V(x1...xn, ȳ) #2 �
7Q`KmH� �M/ 7Q` �Mv b̄ H2i Xb̄ #2 i?2 bm#b2i Q7 Mn /2}M2/ #v V(x̄, b̄)X h?2M 7Q`
�Mv k ≤ n i?2`2 Bb � 7Q`KmH� ψk(ȳ) rBi?Qmi T�`�K2i2`b bm+? i?�i 7Q` �Mv b̄-
/BKXb̄ = k B7 �M/ QMHv B7 ψk(b̄).

S`QQ7X "v G2KK� kXdX



d

.2}MBiBQM kXNX G2i Y ⊆ X ⊆ Mn #2 /2}M�#H2X q2 b�v i?�i Y Bb H�`;2 BM X B7
/BK(X \ Y ) < /BKX X

.2}MBiBQM kXRyX G2i X #2 A@/2}M�#H2 �M/ a ∈ X X q2 rBHH b�v i?�i a Bb �
;2M2`B+ TQBMi Q7 X Qp2` A B7 /BK(a/A) = /BKX X

G2KK� kXRRX G2i Y ⊆ X #2 /2}M�#H2X h?2M Y Bb H�`;2 BM X B7 �M/ QMHv B7 7Q`
2p2`v A Qp2` r?B+? X �M/ Y �`2 /2}M2/- 2p2`v ;2M2`B+ TQBMi a Q7 X Qp2` A Bb
BM Y X

S`QQ7X "v .2}MBiBQM kXNX

G2KK� kXRkX G2i X ⊆ Mn #2 A@/2}M�#H2X G2i φ(x1, ..., xn, ȳ) #2 �M L@7Q`KmH�
Qp2` ∅X h?2M {b̄ : φ(x̄, b̄)M ∩X Bb H�`;2 BM X} Bb A@/2}M�#H2X

S`QQ7X "v G2KK� kXRR



*?�Ti2` j
.2}M�#H2 ;`QmTb

X
h?`Qm;?Qmi i?Bb +?�Ti2`- H2i M #2 �M ℵ1 @b�im`�i2/ P @KBMBK�H bi`m+im`2 i?�i
�/KBib /2}M�#H2 aFQH2K 7mM+iBQMb �M/ ?�b 1t+?�M;2 S`QT2`ivX G2i (G, ·) #2 �
;`QmT i?�i Bb 0@/2}M�#H2 BM M X P#b2`p2 i?�i i?2 BMp2`bBQM −1 : G → G Bb �HbQ
0@/2}M�#H2 BM M X

G2KK� jXRX G2i b ∈ G �M/ H2i a #2 � ;2M2`B+ Q7 G Qp2` bX h?2M b · a Bb �
;2M2`B+ Q7 G Qp2` bX

S`QQ7X G2i b ∈ G �M/ a #2 � ;2M2`B+ Q7 G Qp2` b X h?2M /BK(a/b) = /BKG X aBM+2
· �M/ −1 �`2 0@/2}M�#H2- /BK(b · a/b) = /BKG X h?mb- b · a Bb � ;2M2`B+ Q7 G Qp2`
b X

G2KK� jXkX 6Q` �Mv b ∈ G- i?2`2 �`2 ;2M2`B+b b1, b2 Q7 G bm+? i?�i b = b1 · b2 X

S`QQ7X G2i b ∈ G X G2i b1 #2 � ;2M2`B+ Q7 G Qp2` b X h?2M /BK(b1/b) = /BKG X
aBM+2 i?2 BMp2`bBQM Bb 0@/2}M�#H2- /BK(b−1

1 /b) = /BKG X G2i b2 = b−1
1 · b X "v

G2KK� jXR- b2 = b−1
1 ·b Bb � ;2M2`B+ Q7 G Qp2` b bm+? i?�i b1 ·b2 = b1 ·b−1

1 ·b = b X

.2}MBiBQM jXjX q2 b�v i?�i a, b �`2 Kmim�HHv ;2M2`B+ Q7 G - B7 a Bb ;2M2`B+ Q7 G

Qp2` b �M/ �HbQ b Bb ;2M2`B+ Q7 G Qp2` a X

G2KK� jX9X G2i X #2 � H�`;2 /2}M�#H2 bm#b2i Q7 GX h?2M }MBi2Hv K�Mv i`�MbH�i2b
Q7 X +Qp2` GX

S`QQ7X G2i X #2 {a1, ..., an}@/2}M�#H2X 6B`bi- r2 rBHH +QMbi`m+i M0 X "v h?2Q@
`2K RXRR- i?2`2 Bb �M L@bi`m+im`2 M0 bm+? i?�i M0 ≼ M - {a1, ..., an} ⊆ M0 �M/
|M0| ≤ ℵ0. L2ti- r2 rBHH b?Qr i?�i 7Q` 2p2`v a ∈ G i?2`2 2tBbib b ∈ GM0 bm+? i?�i
a ∈ b ·X X G2i a ∈ G X amTTQb2 iQ i?2 +QMi`�`v i?�i 7Q` �HH b ∈ GM0 - a /∈ b−1 ·X
BX2X b /∈ X · a−1. h?2M GM0 ⊆ G \ (X · a−1) X q2 ?�p2

/BKGM0 = K�t{/BK p : p ∈ SM0
n (∅) �M/ p Bb `2�HBx2/ BM GM0}

≤ K�t{/BK p : p ∈ SM0
n (∅) �M/ p Bb `2�HBx2/ BM G \ (X · a−1)}

= K�t{/BK p : p ∈ SM0
n (∅) �M/ p Bb `2�HBx2/ BM G \ (X · a−1)}

≤ K�t{/BK p : p ∈ SM0
n ({a}) �M/ p Bb `2�HBx2/ BM G \ (X · a−1)}

= /BK(G \X · a−1).

aBM+2 a−1 Bb #BD2+iBQM- #v G2KK� kX8- /BK(G \X · a−1) = /BK(G \X) X aBM+2 X

Bb H�`;2 BM G - r2 ?�p2 /BK(G \X) < /BKG X h?2M /BKGM0 < /BK(G \X · a−1) =



N

/BK(G \X) < /BKG - r?B+? Bb �#bm`/X h?2`27Q`2- i?2`2 2tBbib b ∈ GM0 bm+? i?�i
a ∈ b · X X amTTQb2 iQ i?2 +QMi`�`v i?�i 7Q` �HH r, b1, ..., br ∈ GM0 - i?2`2 2tBbib
a ∈ G bm+? i?�i a /∈ bi ·X 7Q` �HH i ∈ {1, ..., r} X G2i p(x) = {x /∈ b ·X : b ∈ GM0} X
G2i △ #2 � }MBi2 bm#b2i Q7 p(x) X h?2M △ = {x /∈ b1 ·X, ..., x /∈ br ·X} 7Q` bQK2
b1, ..., br ∈ GM0 X "v ?vTQi?2bBb- i?2`2 2tBbib a ∈ G bm+? i?�i 7Q` �HH r, b1, ..., br ∈
GM0 X h?2M △ Bb +QMbBbi2MiX "v *QKT�+iM2bb h?2Q`2K- p(x) Bb +QMbBbi2MiX h?�i
Bb p(x) ∈ SM

n (A) X aBM+2 GM0 ⊆ Mk
0 7Q` bQK2 k - r2 ?�p2 |GM0 | ≤ |M0| X aBM+2 M0

Bb +QmMi�#H2- GM0 Bb +QmMi�#H2X aBM+2 M Bb ℵ1 @b�im`�i2/- i?2`2 Bb ā ∈ M bm+?
i?�i a `2�HBx2b p(x) X aBM+2 p(x) Bb +QMbBbi2Mi- i?2`2 2tBbib a bm+? i?�i 7Q` 2p2`v
b ∈ GM0 bm+? i?�i a /∈ b ·X - r?B+? Bb �#bm`/X h?2M i?2`2 �`2 b1, ..., br ∈ GM0 bm+?
i?�i 2p2`v a ∈ G Bb BM bi ·X 7Q` bQK2 i = 1, ..., r X >2M+2- }MBi2Hv K�Mv i`�MbH�i2b
Q7 X +Qp2` G X

.2}MBiBQM jX8X G2i V #2 �M QT2M bm#b2i Q7 G X q2 /2}M2 i?2 iQTQHQ;v τV QM G

#v O ⊆ G Bb τV @QT2M B7 �M/ QMHv B7 7Q` �HH g ∈ G - (g · O) ∩ V Bb QT2MX

G2KK� jXeX �bbmK2 /BKG = nX h?2M i?2`2 �`2 � bm#b2i V Q7 G �M/ Y Q7
G×G bm+? i?�i

RX V = U1 ∪ ... ∪ Ur r?2`2 i?2 Ui Ƕb �`2 QT2M 0@/2}M�#H2 bm#b2ib Q7 Mn c

kX V Bb H�`;2 BM Gc

jX Y Bb H�`;2 BM G×Gc

9X i?2 BMp2`bBQM Bb � +QMiBMmQmb K�T 7`QK V QMiQ V c

8X Y Bb QT2M BM V × V �M/ i?2 KmHiBTHB+�iBQM Bb � +QMiBMmQmb K�T 7`QK Y iQ
V c �M/

eX 7Q` 2p2`v a ∈ V - B7 b Bb � ;2M2`B+ Q7 V Qp2` a- i?2M (b, a) ∈ Y �M/
(b−1, b · a) ∈ Y X

S`QQ7X "v h?2Q`2K RXR3- r2 +�M r`Bi2 G �b � }MBi2 /BbDQBMi mMBQM Q7 0@/2}M�#H2
+2HHbX G2i U1, ..., Ur #2 i?2 +2HHb Q7 /BK2MbBQM n X G2i V0 = U1 ∪ ... ∪ Ur X h?2M
V0 Bb H�`;2 BM G X "v h?2Q`2K RXR3- r2 +�M r`Bi2 Ui �b � }MBi2 /BbDQBMi mMBQM
Q7 0@/2}M�#H2 +2HHb QM 2�+? Q7 r?B+? 2Bi?2` i?2 BMp2`bBQM Bb MQi � K�T BMiQ Uj

Q` i?2 BMp2`bBQM Bb � +QMiBMmQmb K�T BMiQ Uj X LQiBM; i?�i 7Q` 2�+? ;2M2`B+ a Q7
G Qp2` ∅ - i?2`2 �`2 i, j rBi? a ∈ Ui - a−1 ∈ Uj �M/ 2p2`v 0@/2}M�#H2 bm#b2i
Q7 G Q7 /BK2MbBQM n +QMi�BMb � ;2M2`B+ Q7 G Qp2` ∅ X h?2M 7Q` 2�+? i i?2`2 �`2
QT2M bm#b2ib U1

i , ..., U
r
i Q7 Ui bm+? i?�i

⋃r
j=1 U

j
i Bb H�`;2 BM Ui �M/ i?2 BMp2`bBQM

Bb � +QMiBMmQmb K�T 7`QK U j
i → Uj 7Q` 2p2`v j X G2i V1 =

⋃
i,j U

j
i X h?2M V1

Bb H�`;2 �M/ QT2M BM V0 �M/ i?2 BMp2`bBQM Bb � +QMiBMmQmb K�T V1 → V0 X aBM+2
Ui Bb i?2 +2HH Q7 /BK2MbBQM n 7Q` �HH i ∈ {1, ..., r} �M/ V0 = U1 ∪ ... ∪ Ur - r2



Ry

+�M }M/ �M QT2M H�`;2 0@/2}M�#H2 Y0 ⊆ V0 × V0 bm+? i?�i i?2 KmHiBTHB+�iBQM Bb
� +QMiBMmQmb K�T 7`QK Y0 → V0 bm+? i?�i Y0 Bb H�`;2 BM G × G X q2 /2}M2
V ′
1 = {a ∈ V1 : 7Q` 2p2`v ;2M2`B+ b Q7 G Qp2` a, (b, a) ∈ Y0 �M/ (b−1, b · a) ∈ Y0} X

"v G2KK� kXRk- V ′
1 Bb 0@/2}M�#H2X A7 a Bb � ;2M2`B+ Q7 G - i?2M a ∈ V1 X JQ`2Qp2`

7Q` b ;2M2`B+ Q7 G Qp2` a - (b, a) �M/ (b−1, b·a) �`2 ;2M2`B+b Q7 G×G X h?2M a ∈ V ′
1 X

"v G2KK� kXe- V ′
1 Bb H�`;2 BM G X q2 +�M r`Bi2 V ′

1 �b � }MBi2 /BbDQBMi mMBQM Q7 0@
/2}M�#H2 +2HH bm+? i?�i /BK2MbBQM n X q2 +�M }M/ QT2M H�`;2 0@/2}M�#H2 V2 ⊆ V ′

1 X
h?2M V −1

2 Bb �HbQ QT2M BM V0 �M/ H�`;2 BM G X G2i V = V2 ∩ V −1
2 X h?2M V Bb

QT2M BM V0 �M/ H�`;2 BM G - �HbQ V × V Bb QT2M BM V0 × V0 �M/ H�`;2 BM G × G X
G2i Y = (V × V ) ∩ {(a, b) ∈ Y0 : a · b ∈ V } X h?2M Y Bb QT2M BM V0 × V0 �M/ 7Q`
Kmim�HHv ;2M2`B+ a, b Q7 G - (a, b) ∈ Y0 �M/ a · b Bb ;2M2`B+X h?2M (a, b) ∈ Y X "v
G2KK� kXRR- Y Bb H�`;2 BM G×G X h?2`27Q`2-

RX V = U1 ∪ ... ∪ Ur r?2`2 i?2 U ′
is �`2 QT2M 0@/2}M�#H2 bm#b2ib Q7 Mn c

kX V Bb H�`;2 BM G c

jX Y Bb H�`;2 BM G×G c

9X i?2 BMp2`bBQM Bb � +QMiBMmQmb K�T 7`QK V QMiQ V c

8X Y Bb QT2M BM V × V �M/ i?2 KmHiBTHB+�iBQM Bb � +QMiBMmQmb K�T 7`QK Y iQ
V c �M/

eX 7Q` 2p2`v a ∈ V - B7 b Bb � ;2M2`B+ Q7 V Qp2` a - i?2M (b, a) ∈ Y �M/ (b−1, b·a) ∈
Y X

G2KK� jXdX G2i V #2 �b BM G2KK� jXeX h?2M

RX 6Q` �Mv a, b ∈ G- i?2 b2i Z = {x ∈ V : a · x · b ∈ V } Bb QT2M BM V - �M/ i?2
K�T x → a · x · b Bb � ?QK2QKQ`T?BbK Z → a · Z · bX

kX 6Q` �Mv a, b ∈ G- i?2 b2i Z = {(x, y) ∈ V × V : a · x · b · y ∈ V } Bb QT2M BM
V × V �M/ i?2 K�T (x, y) 5→ a · x · b · y : Z → V Bb +QMiBMmQmbX

S`QQ7X RX G2i a, b ∈ G �M/ x0 ∈ Z X q`Bi2 b = b1 · b2 rBi? b1, b2 ∈ V X G2i c ∈ G

bm+? i?�i c Bb ;2M2`B+ Qp2` {a, x0, b1, b2} X h?2M c ∈ V �M/ c·a ∈ V X G2i Z0 = {x ∈
V : (c ·a, x) ∈ Y, (c ·a ·x, b1) ∈ Y, (c ·a ·x · b1, b2) ∈ Y �M/ (c−1, c ·a ·x · b1 · b2) ∈ Y } X
h?2M Z0 ⊆ Z Bb QT2M BM V �M/ x0 ∈ Z0 X >2M+2- Z Bb QT2M BM V X L2ti- r2 rBHH
b?Qr i?�i i?2 K�T f : Z → a · Z · b Bb � ?QK2QKQ`T?BbKX G2i W #2 QT2M BM



RR

a · Z · b �M/ k ∈ f−1(W ) X *QMbB/2`

f−1(W ) = {x ∈ Z : f(x) ∈ W}
= {x ∈ Z : a · x · b ∈ W}
= {x ∈ V : a · x · b ∈ V ∩W}
⊆ {x ∈ V : a · x · b ∈ W}.

h?2M k ∈ V �M/ a · k · b ∈ W X G2i d ∈ G bm+? i?�i d Bb ;2M2`B+ Qp2` {a, k, b1, b2}.
G2i K0 = {x ∈ V : (c · a, x) ∈ Y, (c · a · x, b1) ∈ Y, (c · a · x · b1, b2) ∈ Y, (c−1, c · a ·
x · b1 · b2) ∈ Y �M/ (a · x · b) ∈ W} X aBM+2 KmHiBTHB+�iBQM Bb +QMiBMmQmb- K0 Bb QT2M
BM Z X h?2M K0 ⊆ f−1(W ) �M/ k ∈ K0 X h?2`27Q`2- f−1(W ) Bb QT2M BM Z X h?mb-
i?2 K�T f : Z → a · Z · b Bb � ?QK2QKQ`T?BbKX

kX "v � bBKBH�` �`;mK2Mi �b BM RX- r2 �`2 /QM2X

G2KK� jX3X G2i V #2 �b BM G2KK� jXeX G2i O ⊆ V �M/ a ∈ GX h?2M a · O Bb
τV @QT2M B7 �M/ QMHv B7 O Bb QT2M BM V X

S`QQ7X �bbmK2 i?�i a·O Bb τV @QT2MX h?2M 7Q` �HH g ∈ G - (g·a·O)∩V Bb QT2MX aBM+2
G Bb � ;`QmT- a−1 ∈ G X >2M+2- (a−1 · (a · O)) ∩ V = O Bb QT2M BM V X *QMp2`b2Hv-
�bbmK2 i?�i O Bb QT2M BM oX G2i g ∈ G h?2M (g · (a · O)) ∩ V = ((g · a) · O) ∩ V X
G2i Z = {x ∈ V : a−1 · g−1 · x ∈ V } - #v G2KK� jXd- g · (a · O) ∩ V Bb QT2M BM V X
h?mb- a · O Bb τV @QT2MX

h?2Q`2K jXNX A7 M �/KBib /2}M�#H2 aFQH2K 7mM+iBQM- ?�b 1t+?�M;2 S`QT2`iv
�M/ Bb ℵ1 @b�im`�i2/ �M/ G Bb �M n@/BK2MbBQM�H 0@/2}M�#H2 bm#b2i Q7 Mn - i?2M
i?2`2 �`2 � H�`;2 /2}M�#H2 bm#b2i V Q7 G bm+? i?�i

RX G rBi? i?2 iQTQHQ;v τV Bb � iQTQHQ;B+�H ;`QmTc

kX V Bb � }MBi2 /BbDQBMi mMBQM Q7 0@/2}M�#H2 b2ib U1, ..., Ur bm+? i?�i 7Q` 2�+?
i = 1, ..., r, Ui Bb τV @QT2M BM GX

S`QQ7X G2i V #2 �b BM G2KK� jXeX amTTQb2 V = U1 ∪ · · ·∪Ur r?2`2 i?2 Ui Ƕb �`2
QT2M 0@/2}M�#H2 bm#b2ib Q7 Mn X 6Q` 2�+? i ∈ {1, . . . r} - bBM+2 Ui = e · Ui �M/ Ui

Bb QT2M- #v G2KK� jX3- Ui Bb τV @QT2MX hQ +QKTH2i2 i?2 T`QQ7 Q7 i?Bb i?2Q`2K- Bi
Bb 2MQm;? iQ b?Qr i?�i i?2 BMp2`bBQM Bb � τV @+QMiBMmQmb �M/ i?2 KmHiBTHB+�iBQM Bb
τV @+QMiBMmQmb QM G X G2i W #2 τV @QT2M BM G X q2 rBHH b?Qr i?�i i?2 T`2@BK�;2b
Q7 W mM/2` i?2 BMp2`bBQM �M/ i?2 KmHiBTHB+�iBQM �`2 τV @QT2MX

*H�BK RX 6Q` 2p2`v a ∈ G- (W ∩ aV )−1 Bb τV @QT2MX

S`QQ7 Q7 *H�BK RX G2i g ∈ G X q2 rQmH/ HBF2 iQ b?Qr i?�i g · (W ∩ aV )−1 ∩ V Bb
QT2MX aBM+2 W Bb τV @QT2M BM G - a−1W ∩ V Bb QT2MX aBM+2 a−1W ∩ V = a−1(W ∩
aV ) - a−1(W ∩ aV ) Bb QT2MX aBM+2 i?2 BMp2`bBQM Bb +QMiBMmQmb- (W ∩ aV )−1a =



Rk

(a−1(W ∩ aV ))−1 Bb QT2MX "v G2KK� jXd- g · ((W ∩ aV )−1 · a) · a−1 ∩ V Bb QT2MX
h?2M g · (W ∩ aV )−1 ∩ V Bb QT2MX >2M+2- (W ∩ aV )−1 Bb τV @QT2MX

*H�BK kX 6Q` 2p2`v a ∈ G- {(x, y) ∈ G×G : x · y ∈ W ∩ aV } Bb τV @QT2MX

S`QQ7 Q7 *H�BK kX q2 r�Mi iQ b?Qr i?�i {(x, y) ∈ G × G : x · y ∈ W ∩ aV } Bb
τV @QT2M BM G × G X G2i g, h ∈ G X q2 r�Mi iQ b?Qr i?�i O = {(g · x, h · y) ∈
V ×V : x ·y ∈ W ∩aV } Bb QT2MX LQi2 i?�i O = {(g ·x, h ·y) ∈ G×G : a−1 ·x ·y ∈
a−1W ∩ V } X "v i?2 b�K2 �`;mK2Mi �b BM *H�BK R- r2 ?�p2 i?�i a−1W ∩ V Bb
QT2MX aBM+2 i?2 K�T (x, y) 5→ a−1 · g−1 ·x ·h−1 · y Bb +QMiBMmQmb- O Bb QT2MX >2M+2
{(x, y) ∈ G×G : x · y ∈ W ∩ aV } Bb τV @QT2MX

"v G2KK� jX9- i?2`2 2tBbib c1, . . . , ck bm+? i?�i W = (W∩c1V )∪...∪(W∩ckV ) X
"v *H�BK R- r2 ?�p2 i?�i (W ∩ c1V )−1, . . . , (W ∩ ckV )−1 �`2 τV @QT2MX >2M+2-
W−1 = (W ∩ c1V )−1 ∩ · · · ∩ (W ∩ ck)−1 Bb τV @QT2MX 6Q` 2�+? i ∈ {1, . . . , k} - H2i
Oi = {(x, y) ∈ G × G : x · y ∈ W ∩ ciV } X "v *H�BK k- O1, . . . ,Ok �`2 τV @QT2MX
aBM+2

·−1[W ] = ·−1[(W ∩ c1V ) ∪ · · · ∪ (W ∩ ckV )]

= ·−1[W ∩ c1V ] ∪ · · · ∪ ·−1[W ∩ ckV ]

= O1 ∪ · · · ∪Ok,

i?2 T`2@BK�;2 ·−1[W ] Bb τV @QT2MX
h?2`27Q`2- i?2 BMp2`bBQM �M/ i?2 KmHiBTHB+�iBQM �`2 τV @+QMiBMmQmb QM G X



_272`2M+2b
(R) .2B`/`2 >�bF2HH �M/ .m;�H/ J�+T?2`bQMX � p2`bBQM Q7 Q@KBMBK�HBiv 7Q`

i?2 p@�/B+bX h?2 CQm`M�H Q7 avK#QHB+ GQ;B+- RNNd , Ryd8@RyNkX

(k) ap2iH�M� E�iQFX p@�/B+ �M�HvbBb +QKT�`2/ rBi? `2�HX oQHmK2 jd- kyydX

(j) J�`B2@>2H2M2 JQm`;m2bX *2HH /2+QKTQbBiBQM 7Q` S@KBMBK�H }2H/bX J�i?@
2K�iB+�H GQ;B+ Zm�i2`Hv- kyyN , 93d@9NkX

(9) �M�M/ SBHH�vX PM ;`QmTb �M/ }2H/b /2}M�#H2 BM Q@KBMBK�H bi`m+im`2bX
CQm`M�H Q7 Sm`2 �TTHB2/ �H;2#`�- RN33 , kjN@j88X
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Background and Rationale  

Let p be a prime number. The p-adic valuation v on ℤ ∖ {0} is a map from ℤ ∖ {0} to 

ℕ ∪ {0} that sends any nonzero integer x to the highest n such that pn divides x. We 

define the p-adic norm |∙|p on ℚ as follows:  

|x|p =  {
0,                                                                         if x = 0

p−v(a)+v(b), if x =
a
b

 for some a, b ∈ ℤ ∖ {0}  

The  p-adic numbers ℚp is the completion of ℚ with respect to the p-adic norm |∙|p. 

Let L = {+, −,∙, 0, 1, Div, (Pn)n∈ℕ} be a language where 0, 1 are constant symbols, +,∙ 

are binary function symbols, − is a unary function symbol and Div is a binary relation 

symbol. Observe that the field of p-adic numbers with the interpretation of Div 

by Div(a, b) if and only if v(a) ≤ v(b) and the interpretation of (Pn)n∈ℕ by {x ∈

M: ∃y, yn = x}  is an L -structure. Let L′ be a language extending L, and let ℱ be an L′-

structure. We say that ℱ is P- minimal if, for every ℱ′ elementarily equivalent to ℱ, 

every definable subset of F′ is quantifier-free definable by L-formula. In [1], Haskell 

and Macpherson generalize a concept of p-adic field into P- minimal structures. In [3], 

Pillay proved that if (G,∗) is a definable group in ℚp , then there is a topology τ on G 

such that ∗∶  G × G → G is τ −continuous and there exists n >  0 such that for all g ∈

G, there is an open set U in G such that g ∈ U and U is homeomorphic to ℚp
n.  In this 

project, we are interested in properties of definable groups in P-minimal structures. 

Objectives 
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To study properties of definable groups in P-minimal structures with definable 

Skolem functions. 

Scope 

 In this project, we only study P-minimal structures with definable Skolem 
functions. 

Project Activities 

1. Literature review. 
2. Studying properties of definable groups in P-minimal structures.  
3. Writing the project report. 

Duration of time 

 

Project Activities 

Month 

Aug Sep Oct Nov Dec Jan Feb Mar 

1. Literature review         

2. Studying 
properties of 
definable groups in 
P -minimal 
structures.  

        

3. Writing the 
project report. 

        

 

 

Benefits 

To know properties of definable groups in 𝑃-minimal structures. 

Equipment 

 Software 

1. Latex 
2. Microsoft Word 

Hardware 

1. Notebook 
2. Printer 

Budget 

1. Books 5,000 Baht 
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