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U'Yl~~ciEl 

Ylflm~~f[3JLflnflL~rlmb3J1li1:;u~hLt:mL'mum1iu LLfl:;W~""lua~1:;"l.IEl"n1Jmf
, '\J , 

d U .':1 ... '" .... 1 ~.. L .,..r... tid'll'''L Wn~n-nU"l.IEl~Elru.""I11aJ UL'll'El1LmUtlaJ Tl1""~1"LUm~t11LLUU bee LLfl:; hep m1L fl£JU 
, '\J 

~mU:;LLUU bee LtlLiJU hep rlnWU~ 1754 LAfllu ~~"Tll1aJLL~mh"Vi~""lua~:;"l.IEl~
'\J 

numh:;~il"~mu:;~~ ~El...,ii~h LUU\imO Tll1aJLL~n~h""l.IEl"LElUL'Yl1Um1iu~Lrltll,jEl"iifil 
'\J 

0.29kB ~ElEl:;~ElaJ ~1t1m1fl~Elru.~l1ijElcil"11~L11~ln 1800 LTlfllU ii~ 1200 LAfllu lum1 
, 'II 

• .. ... .... !.'I ~ d L -L .,..r.. U tI
~lflEl~~mu:;m1ru.~1£JAElaJW1L~El1LUTl1"~U" ') ~£J3J Tl1"~11"L\l.m~tIlLLUU bee L U1 

'II 

LLUU L~aJiu r'h1i Yl11U ii"Tl113Ji3J~mh::~i1-JVi~""lU~nonu El ru.~1)ij Al1aJ i~~w6dLL~~~ 
, '\J 

ii"m1LtI~ t1U~mU::L-rlUL~ tIlnu El cil"L1Fi~laJ Elru.~l1ijm1LtI~ £JU~rllU::~1:;ui1£Jlmtiifil
, '\J , 

~lnil 1350 LAfllU LUULYl11::ilLA1" ~11""Ldm~ til LLUU bee LtI~ £JU~mU:;LUU LA1..., ~fl..., 
~fl111ALLUU~TfLYlu'fi~n 3Jlnnil~,;)::LUU LA1"~11""Ldm~£J1LLUU hep m1~iitTl,....,~n...,, 
,;)fl111AyhliAl1aJLL~n~1"Vi~""lU~nO,.:;~il" LTl1"~11""Ldm~£J1LLUU bee nu LA1"rll" 
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Abstract 

Molecular dynamics is employed to determine the vibrational entropy and the 
• 

Gibbs free energy as a function of temperature in the homogeneous bcc and hcp 

.. 	 zirconium. The bcc-hcp phase transition is identified at 1754 K, where the Gibbs free 

energy difference between the two phases is equal to zero. The corresponding 

vibrational entropy difference is 0.29ka per atom. By rapidly reducing the temperature 
• 

from 1800 to 1200 K in single molecular dynamics simulations with the homogeneous 

bcc as the initial configuration, the relation between the potential energy and the 

temperature is established. The potential energy curve also exhibits the phase 

transition. However, the transition temperature indicated by this method lies below 1350 

K. It is because the bee transforms into the so-called "martensitic microstructure" rather 

than the homogeneous hcp. The presence of the microstructure reduces the difference 

in the potential energy between the bcc and the martensitic phases. By reconsidering 

the Gibbs free energy, the transition temperature is then 1349 K and the vibrational 

entropy difference is 0.22ka per atom . 

.. 
Keywords: Transition Temperature, Molecular Dynamics and Vibrational Entropy 
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• 1. L~a~IU"H~Yl~..1..11'\.l.1n[J1u LauhntJm1iu"lJa..1L'IlaftmumJ1'U.ffmU:: bee LLiil:: hep 

~am'VIflij~l..1 ') Gi1[JlfiYliilf'llff~ft1JL~n~, ~ ~ 

2. L~a~IU1mYl~..1..11U~ff1::"lJa..1nuu;tuffmu:: bee LLiil:: hep ~am'VIflij~l..1 ') 
~ ~ 
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~ ~, 
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1. tJYllh
" 

Ltl'u.1muri1V1l!1~Luui1t.1~niuri11~Lii~n11Ltl~[Ju~rnu::1UlaVl::1.2 LLfI::1f1V1::t.I~1JVlfl1tJ"lfU~•.5 ;ft.J1ClVl:: 

3
L'IfEl'flTlLUtJ1J fhuuVlrt.J1u,ru l~tJ~IClVl::L'IfElftTlLu[J1JLn~n11Ltl~ [Ju~rnu::,J1nIm.J~fl.JLLuu bee "h.J5.J 

1m.Jrn.JLLUU hcp LrlElElnmllii~1ni1 1135 LTlfl1U 
6 t.lfI~1.J"lJEl.JLElu1mu11m::"'i1.J~El.J~mu::;ft.JnfiEl. ... 

~SIOIaI = SbcC - ShCP :B.Jfh~1~L~,nnnn11Yl~ClEl.JiiYi1El~1::wj1.J 0.40 - 0.43 ks ~ElEl::~El1J~ 1135 

LTlfl1U6~ (~El'J1nli' ~'~hr[J'iI::1iVl\btJ"lJ El.JLElu1mu1~tJn11Cl::L1UVllbtJ ks~ElEl::~El1J)... 
a1T1iu LLfI::T1 m::: 

9 L~LL~~.Ji1LElu1mU"lJEl.J 1Cl"'::L'IftlftTlL UtJ1J~11J11n~'iI::LLtJntltlmtlu~El.JfhufiEl 

~tl.J,m1U:: /j,ScI "lJEl.JlaVl::lYlY11L UmJLLfI::L'IfElftTlLittJ1J ~11J11nYi1u1ru.1~tJ1n- uiJvauul1f (ab intio) 9-13 

l~tJ~fi1t.1Cl~1.J"lJEl.JaLClnmEl~n~LEluImU"lJEl.JhVl::L'IfElftTlLUtJ1J~ 1135 LTlfl1UiiYi1 0.1l Utln'il1nd'1n

.. uiJvauiil1f 5.Jnntl1::tJn~11fl,nun11fin1!t1m1Ltl~[JlI.~mU::'il1n1m.Jrn.JLLUU hep Ltl5.J1m.Jrn.JUUU ... . 
(0 t~n~1tJ LVitJ.JLL~iiiTIn11~ LL~n~1.Jnunu1n-m1fin1!t1m1Ltl~[JlU,.rnU::'il1n1m.Jrn.JUUU bee L!.l5.J 

Im.Jrl1.JLLUU hcp 

• LElU1mULrtEl.J1J1'i11 nn11tfu~L~'il1nm1Y1~ Cl tl.J ~1J11nf111.41 ru.L'i~~mb"lTEl1JfI'il1 n1n-n11m::L~.J 
'" 

U1mtlULtlYi1u1ru.Vl1m11JVlu1LLUU"lJEl.J~mU::"lJEl.J1 l'JUElU D((0) LLi.t11,r~1Jm1i.J~ElLtld'lum1Yi1u1ru. 

Vl1Yi1 LEl1.41Yl1ULrtEl.J1J1'i11n n11tfu 

SVib = -3 fd(OD( (0 ){n( (0) In n( (0) - [n( (0) + I}ln[ n( (0 J+ I)}, (1) 

d (~J-l d ..t, ~ "'- - 1 ~I.J ~ I' .e k r f d ..
L1JEl n((0) = • - 1 'If.J~1Jm1l4L"lf L~~"'1tJ~11.4"lJEl.JLtlU Yl1lJYl1J1'i11nm1~LLuun.JH111JtlUn~ 

I::' .4 ::=. ,. ~ I' _ I' ... "" !4f .J'So' 
L Yl1UU LL~ n.Jm::uUn~11Jt.I fI"lJ El.J n11~LLUULLtlUH111JtlUn~U1.J~1untJ.JnnTl1tltJTI fl1Jn1Jtl [J ~1.4U~1 II LLfI::• 

I 

'" . '" 
~tlru."'llij

, 
1135 LTlfl1U t.lfI~1.J"lJtl.JLtlu1miJLittl.J1J1'i11nn11tfu /)S 'b iiYi1 0.26 ;ft.JYi1u1ru.1J11~mH1J

lU VI 

ii.JLLCl::T1ru.:: 
3 :B.J'iI::LV;u'l~i1 I1S 'b LLCl:: /j,S I ii,h1ni.tLfill.Jnu ,.tunLL~~.Ji1J.J~El.Jfhuiim11Jtnfl'ru~ri1

w e 

1.. A •• .,1 
VlLn~m1LlJCl[Ju~mu:: 

1.4El n'il1 nli' ~.J~Y-Iu-;nnn11Y1~ Cl tl.J"lJtl.JLH1Jij.JLLCl::T1 m::: 
3U~~.J1Vi'LV; 1.4i1 If1"'::L'IftlftTlLitll1Jiim11J 

• LiJULLtlUHTf1J Elun~~.J ;ft.J ~.J~Y-IU'il1nYl:J1!t~VlCl1[J 'JYI:J1!t~ 17.18 n~tl~T1i.tEl.J nut.I fI m1Y1~ fI El.J 
3 

ri.J'ltJni1,rU 

1 19.20 1...... _.... 1A ... Al !T" A
1f1LlI1JnUU1J« 'If1J1 El "lf11mflfl1~mLm.Jt.lfln (lattice dynamics) UfI::11mflfl1«mL"lf.J 1JLCl~fI 

(molecular dynamics) u.H-il.Ji1 1 ulf1V1::L'IfElftflL UU1J';)::il El.Jiit.lfl'il1nm111 LiJ1.4LLElUirl'f1JElUnRL~El~'iI:: 
, ... ..I-I ", ' _ ,J' ... ..,.a.l. d. A .... 

~1J11nri1 L",«mU::Yl1J fl1.J~.JUUU bee L~nll1YlEln4"'1l11«.J 'If.JmY-l~1.4nnllUlI1.4mll.J1UYl1.J~11.4 
1 1.1,. 1J" 

.. - 1 21 .. - -T. 1 - 13 -.. ... 22 ..rAA 

Y-IClfl1~mL"lf.J 3..ILClnfl .J1UYl1.J~1U UiJViJUUI1f ~[JU"lfYl1UUfI::flm::: UfI:: LY-I1««UUCl::flm::: UEln'il1nU• 
13..111itLLfI::T1m:::11 t~ri1n11n1Jt.lflJ.J~El.Jft'1U"lJtl.JLElulmul~lIhnn- IliJv8uul1f u~fI::if.Jt.lflLiiEl.J1J1'i11n 

m11JLiJuLLElUHl'f1JEl~nR LLfI::13..111it~tl'haLClnmElun~LElu1miliim11J tnfl't},11J1nn11LEl1.41milLrttl.J111 

'il1nm1iuLLUUH1f1JElunMiri11Vl1m.J rn.JLLUU bee Lniln11Lffnm LL~t.lfIn11f111.41n4El n4Vllliim1Ltl~ EJU. ., 
.,I" .. 1 1 .... , ., .l'l" ..,," ...- "!II" Iffmu::YI ~~'il1n 1J 1l411m~.Jn11T11Yl il'il1nn11YlilClCl.Jtl.J~1JLYl1 'ilCl111 LTl1El1"lfLLfI::T1m::: ~~ ~"lf'lJLLUU ., 

12 -
'" 

lliJv8uiil'JI ~iim111u1iu[h1J1nni1L-ll11J1f11U1ru. ;ft.J,;)1nt.lfln11An1!t1"lJ El.JJ.J11111uLLfI::'lm~1"lfLLff~.J1Vi' 

LV;un.Jm11Jtnfl't},1" El.J n11iuLLUUUElUH1f11 Elun ffYlii nun11L n ~n11Ltl~ [J1.4ffmu::luIfI"':: L'IfElftTI L itll11 LLfI:: 

hVl::LYlYl1LUlI11 
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• • 

ii"ll~"h;dj~ fln11Yl'il fl £l"lL~::YlD~lil fi [nnUL£l\t1mih~[J1nUm1~lu-n11J1~U~\t Uqi~fln11 
AI\t1t14V11~1"lJ£l"£ltl4V1llijnTnU~tI\ttHn\t::~'lilljfil~"nilfil~'l~'i)lnn11Yl'ilfl£l" i,,~\t'i)'iI~"VI~ntl"lJ£l"

.. ~ '\I .. .. 

• 

• 

• 

• 

• 

.. 

"'\tlitl;%ud~£l ~fmY1~El"i'jEl~liA1U1t14~I"lJEl"Eltl4V1llijm1lU~tlU~m\t::ly;i'jml~ln~L~tI"nUml~lUU. " 
'i)1,,1~1J1n~~'iI ~"~\ti~flf'll~'ilfl;\l1~Lflnrl (molecular dynamics; MO) ~\lt1mb1J1hlu\lluiitid eft\l. . " 
LL«'iI\llu'iI £lU~ 2 m1A1U1 tl4f11"lJ£l\llElu1 mtJLli£l\l1J1'i)lnnT'H~'U LLrI::'W~"\llua~1::LlulJn1Hftln£lRU1t11U 

" 
'il£lU~ 3 f.lrI"lJEl\l1t1uUlJlu1::imfl1l1Y1 (microstructure) t1mb1J1W~11t1411U'il£lU~ 4 llrl::tfm~'il111t1~£l

\J" '\I .. 

~1umi1U'ilElU~ 5. " 

2. ~5YHH'flM\'fL~"LJSu~nn (molecular dynamics method)• 
i~rlf'lI~'ilfL;\l1~lrlnrlLUui~m1Un~~m1n11LfI~ElU~"lJ£l\l£lWllY1~£lti1l1t11~ffU1~"lJ£l"'W~\I\lIU. . " 

~nu lu\lluiitld 1t1LLlJlJ"lJEl\l'W~"\llu~nu~liluuLLuu ~uUff-'B'Ullfirif (Finnis-Sinclairt L'Wn::il1U 
" " 

LllJU'W~"",u~nUUlJlJdff11J11t1m£lUY1 rI ~ ~ fllli£l\l1J1~1n £lWllf1i1~\t ')eft"lUUH1\t~~f1ru 1~ tI~'W ~""'U.. .. 
"....f 1 !T" 'I .... :; 1" 1" 21.24.25Q

f'lntlUlJUUff11J11t1£lliUIt1 rlVI::L'l1£l1~Y1mtl~ ~'iI'ilYl\I m"~11"lLUU bee LLrI:: m"ffn"LlUU hcp flt14 
., . • 

ff~~U1"~lii1J1'i)lnm1Yl'ilrlEl"l"li\t filf1"iiml~VI[j~Vltiu fher~nH1\t cia 'W~""'\t[j~LVli4t111::Vli,,,• 
£l::'il£l~ lLrI::'Wl11ijL'il£lfnEl"1m"~~n t1mb~l~n"lUU'W~""'\t~nv 1~tI~'W~""'\t~nv~H~::Alit"~rleru 

'U 

L li£l"1J1'i)ln m1rn"1t1LLUU1::~lJ'i),mlY1 m1i'j~11"LLfl::m1i'j~"lLtlflmJfl £l~1\t1m" ~~n m1Lii~£lULml 
'U • 

~IUH'iI LLfl::m1Ln~"lJ £llJL"lJ'il1::VI1,,, ffm\t:: 1\tffm\t::~ £l tI4Vlllij~,~::'WUm1L1t1"i1H'iI'Wfll'i1 (stacking
• 'U 

... '1 1..1 24, ,...... " .. 'l ' ..
faults) Yl£lV U1 UUlJ 11 '2 Ufl:: E llfl::~1\t"lJ£lUl"lJ'il1::Vl1'''~m\t::Yl~'Wfl'''''Uff''~::~ml~ ~"2JlJ1t14 

\I \J " \I 

H1\t"lJ£l""lJ£lUl"lJ'ilt,hLLH'iI~'Wm::lU\tLlUlJL~tl1 Vl1mU\tm1~ff2Jn\t"lJ£l" {lOT I} {IIZI} Uri:: {1IZ2} 

£lfuil tI'W 'l~nn2J"lJ £l" £lWllfi Ufl:: £lRUl tI ~n ~tI4::"lJ £l"1ULlUU1::~U~fl1l1Y11~LVIii £l\tnu'W ~""'u~nV1U LLUU 
.. \J.. " 

..I 26-28 ":,,1..1 ,:; 29 l"Q' 1..1 " " .. ..f • " 
£lU') tI" ~ n11UU ~lL~::fltI4:: R11J11t1Llff'il" VllVl\t11 ~ LLUU'WEl""'Uf'lntJUUU\tR12J'1t1mm1'il'il 

LLtlEl"l~£lfuilt1hVl::ii" 9 "lJ'U'ilyji'i1m""11"UUU hcp l~LUU£ltil"~ UEl::'i)::L~ul~11~fl"ll£l"ml~LUUUEl\t 
30 

Vl12J £lUn;t1 m1~ £l tiLUt-l fln11~1 El £l,,~lMn~1 tI eft"LLflflUEl::"lJ'Y1 rll 1"lfl~'WElf'l1ff'ilfL;"12JLElnElfln~It-lEl" " .. .. 
"lJ£l"ml2JLu\tLL£lUuTf2J£lUn;tU"ll£l"LLiJ"~i'j1uUUU'W~",,,u~nvLu\tLLUULEl\t\tl1'i1-1'i)\t; eft"~"fiff12J11t1 

" 'U 

ff1ulliiil i~'Wrlf'll"'il1L;"12JLElnfl~::L~f.lfl~LmiLf)tI"nul~m11Un1\t (perturbation method) 

3. Lm~Lf1','il LiitJ" JSl;)' n nTHt"LL«::Yi i"","ii "''1::1.1 D\I iiuua' 
~'i1~"Vl2J1t1V1~n"ll£l"-nulitJd~£l fi'\t1t14V1'Yi~""'\tiiff1::"ll£l\lnuu; eft"l\tm"n~f'llR'ilfRfi~i'j. . . 

Utll2JLUU G (T I P ) = E - TS + PV Ld£l E f)£l'W~""'U1l1t11\t S ~mElu111w 
V .. .~ '" .~ :; ..f. 1 ..l.." - ..l..l ,"

LLEl:: fl £llJ12J''il1 'l1"lJ11J1tl4Yl\1V12J~\tt1nm\t1m \t1::UUl12Jfl112J~\tU~::El tI4"'ll2JfI"l1 L'W£lml2J"'tI f.I 
" .. \I \I 

1itl~"~lfl£l"lu1::uu~i'iml2J~\tLU\tf'lUU ~,,~\t'W~""'\ta~1::uuunU;~"fl'il1ULU\t 
(2)G(T,P = 

'U 

0) = E(P =O)-TS(P = 
" 

0). 
f.lli[Jl11m1~1r1£l"h"'::L'l1£l-flY1Lii.tl2J~"1m"rn,,uuu bee LLfl:: hcp ~£ltl4V1llij 1200 ii" 1800 
'U • 'U 

Lfl fl1U1~ tiL"lJ'1~'Wrlf'lla-~1L;\l12JLrln rI LLlJUml~~ULlEl::£l tI4Vlllijfl"~ 1'i1 tI~li~l\tl\t£l::'iI £l2J1U1::uuLiJU 
• , 'U 

8192 LLrI:: 11520 £l::'il£l2J~Vl1U1m"~11"LLUU bee Ufl:: hcp ~l~~l~U 'i)lnf.lflm1~1r1£l"l'hl~R12J11t1 

A1U1t14rilf.1fl~I""lJ£l"'W~""'U112J"lJtl"1::lJlJ ( M ) :li"UtI12JLU\t 

M = Ebcc _ Ehcp 
pol pOI' (3) 
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iii) tWVll1iJ L~ EJ1 rlU ~1U"lJ i).JVi~.J.J1U-;) ~U"lJ i).JJ'.J Hi).JLm.JeITI.J-;)::V;'n al.JrlU .... 1J~LVi¥1::Vi ~.J.J1U-;)~U-;)::.;tUi) ci 
• 'U 'U 

rl1.Ji)tu..... l1iJLl11tfU -;)::Lli.;turlunJU1.JU"lJi).Jlm.JH11.J~~n ~.Jtfu~.JL.... am~"m~LtluVi~.J.J1Uimr(E I)
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·. - Molecular dynamics study of vibrational entropy in bcc and hcp zirconium 
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Molecular dynamics is employed to detem1ine the vibrational entropy and the Gibbs fr.:e energy as a 
function of temperature in the homogeneous bee and hep zirconium. The bee-hep phase transition is identified 
at 1754 K. where the Gibbs free energy difference between the two phases is equal to zero. The corresponding 
vibrational entropy difference is 0.29ks per atom. By rapidly reducing the temperature from 1800 to 1200 K in 
single molecular dynamics simulations with the homogeneous bee as the initial configuration, the relation 
between the potential .:nergy and the temperature is established. The potential energy curve also exhibits the 
phase transition. Howev.:r, the transition temperature indicated by this method lies below 1350 K. It is because 
the bec transfonns into the so-called "martensitie microstructure" rather than the homogeneous hep. The 
presence of the microstructure reduces the difference in the potential energy between the bec and the marten
sitic phases. By r.:considering th.: Gibbs free energy, the transition temperature is then 1349 K and the 
vibrational entropy difference is 0.22ks per atom. 

'. DOl: 10.11 03IPhysRevB.66.024I 09 

I. INTRODUCTION 

Entropy-driven structural phase transitions were found in 
a number ofmetalsl,l including Zr (Ref. 3), and alloys.4.5 Zr 
undergoes a martensitic transition from bcc to hcp structure 
when the temperature is lowered than 1135 K.6 The total 
entropy difference between the two phases, i.e., 6S,0,= Sbcc 
- Shcp' measured by experiments6 

-
8 at the transition tem

perature is between 0.40-0.43kB per atom. (From now on, 
entropy will be expressed by omitting the unit of ko per 
atom.) 

Eriksson el a/. 9 showed that the total entropy in Zr can be 
separated into two parts; the electronic entropy Sci and the 
vibrational entropy Svib for a wide temperature range. The 
electronic entropy difference 6Scl at a given temperature was 
estimated for Ti and Zr by ab initio calculations.9-

13 A sen
sible value for the 6Sd at the phase transition in Zr is O. [7.9 

A similar ab initio calculation was applied to study the 
hcp-w phase transition induced by pressure but the transition 
was found to proceed with a rather different mechanism. t4 

The vibrational entropy in the harmonic regime was de
rived from the neutron scattering data3,ts.t6 by establishing 
the secondary phonon density of states D( w) and using the 
relation 

S"ib= -3 I dwD(wHn(w)lnn(w) 

-[n(w)+ I Jln[n(w)+ I]}, (I) 

where n( w) = (e"W"8 T - \) - I. This relation is valid for the 
quasiharmonic part of the vibrational entropy and some lead
ing terms in the anharmonic part.9. 

t6 At the transition tem
perature, the vibrational entropy difference 6.Svib is 0.26 as 
derived by Heiming e/ al. J Notice that 6ScI and 6Svib are of 
the same magnitude. This indicates that both parts are 
complementary for the existence of the phase transition. 

[n addition, experimental results3 showed that phonons in 
Zr are strongly anharmonic. This finding is consistent with 

PACS number(s): 63.20.Ry, 81.30.Kf 

many theoretical predictionsn .ls Moreover, Willaime and 
Massobrio l9

.20 used lattice dynamics and molecu[ar dynam
ics to show that the anhannonicity must be included in order 
to stabilize the bee phase in Zr. This was confirmed by an 
MD work.21 and ab illitio works by Nishitani et a/. Il and 
Persson el al. 22 

An implementation of the entropy calcu[ations is the de
termination of the transition temperature via thermodynamic 
potential such as the Gibbs free energy. Moroni el al.II uni
fied both parts of the entropy in single ab initio calculations 
by taking the quasiharmonic effects into account but neglect
ing the anharmonic effects. [n their conclusions, the e[ec
tronic entropy became more important than the harmonic 
vibrational entropy in stabilizing the bcc phase but with the 
transition temperature three times higher than obtained from 
experiments. Their work was revived by a more accurate ab 
initio scheme by Craievich et al.12 Hence, these studies 
showed the significance of including the anharmonic effects 
to the bcc-hcp transition in Zr and Ti. 

Despite of the derivation of the vibrational entropy from 
23experiments, there were few theoretical counterparts. 19
• In 

addition, the calcu[ated transition tempernture was much 
higher than measured from experiments. The aim of this 
work is to suggest a more realistic method for determining 
the transition temperature. Mo[ecular dynamics (MD) simu
lations are employed. The calculation of an experimentally 
compatible vibrational entropy is presented. Effects of mi
crostructure formation on the transition temperature are ex
amined. This paper is organized as follows : Molecular dy
namics calculations are explained in Sec. II, evaluations of 
vibrational entropy and Gibbs free energy are described in 
Sec. III, effects of microstructure are examined in Sec. IV, 
and conclusions are in Sec. V. 

II. MOLECULAR DYNAMICS CALCULATIONS 

The conventional MD is a method for solving classical 
motions of particles under a specific potential field. In this 
research, the Finnis-Sinclair (FS) potential24 is chosen be

0163-182912002166(2)/024109(6)/$20.00 66024109-\ ©2002 The American Physical Society 
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..
• 	 cause it takes into account many-body effects which are es where the subscript "pot" denotes the potential part and the 

sential in metals. It gives a good description for both hcp and kinetic parts cancels. The temperature dependence of 6. £ can 
bcc Zr. 21

.24.25 Some physical properties measured from ex then be determined. 
periments, such as anisotropic elastic constants. nonideal cia With correct volume at a given temperature. the velocity 
ratio, cohesive energy, and lattice parameters are reproduced. autocorrelation function (VACF) is calculated via3s 

\! also produces similar mechanical behaviors and similar 
28 Amicrostructure to those of a different potential form. 26 

-	 y(t) = (v(t) · v(O»r.p=o, (4) 
study by Hu et al29 showed that the FS scheme can be modi

The VACF is monitored with the sampling rate of 21.28 THz fied and generalized to satisfactorily represent nine other hcp 
and averaged over 30.2 ps. The Fourier transfoml of themetals. 
VACF gives D(w) (Refs. 5 and 36) with a resolution ofFurthennore, the anharmonic cffects is fully incorporated 
0.053 THz and a cutoff frequency of 10.64 THz. These frein the MD. II has been widely accepted that the MO provides 
quency resolution and cutoff are chosen in order to give staa powerful tool to study the anharmonic effects. Lacks and 

• 	 Shukla30 studied the vibrational properties in a Lennard tistically consistent results. With the normalization condition 

Jones solid. They argued that the MD gives exact solutions 

fwmJ<and serves as a test for some approximation methods. 
o D(w)dw= I. (5)

The M 0 method also has an incomparable advantage as it 
takes the efl~cts of the formation of microstructure, vacan
cies. defects. twin boundaries, and interphase boundaries into S"ib can be evaluated by Eq. (I). This is equivalent to the 
the accollnt. Using the FS potential, possible boundaries in derivation of the vibrational entropy by experiments and 
the low-temperature phase arc found as follows: stacking hence both results can be compared directly. The results of 
faults which are in the forms of II, '2. and £,24 high-energy Svib for the hcp phase as a function of temperature is shown 
interphase boundaries of which local structures are irregular, (diamond) in Fig. I, and for the bcc phase (diamond) in Fig. 
and twin boundaries which can be one or combinations of 2. The results from the other works are shown also for com

{lOll}, {1012}. {llll}, and {lll2}.31 The boundary en .- parison. In Fig. I, it shows that S~f6 is in good agreement 

ergy is in the order of 10 meV/A2. In the simulations which 	 with the available experimental data.3 The values of S~ are 
lower than the experimental data between 1200 and 1350 K exhibit the bec-hcp transition, the { 10 II} twins are found to 
but higher between 1350-1800 K. Also S"ib in both phases be most favored as their boundaries cost lowest energy and 
are higher than those of the modified Eistein crystalhave a geometrical connection with the high-temperature 
method23 (triangle in Figs. I and 2) . phase.25 Further investigation shows that all possible twin 

The discrepancy between the calculation and the experiboundaries are resistant to deformation unless some disloca
mental values of the entropy in the bee lattice arises from tions on the boundaries exists.32 

some limitations of the interatomic potential. It has been reIn this study, the MD simulations serve as a generator of 
ported that all known potentials for Zr underestimate the statistical ensembles and equilibrium atomic configurations. 
frequencies of the TI [~~O] branch;8-21.26.37 especially at the They are used in Sec. III where the thermodynamic proper
N point which plays a major role in the transformation ties are evaluated and in Sec. IV where the effects of the 
path.25 Furthermore all interatomic potentials are unable tomicrostructure on the transition temperature are examined. 
include the distortion of Fermi surface caused by tempera
ture into account and hence underestimate the electronic 

III. VlBRATIONAL ENTROPY AND GIBBS FREE 	 19part.
ENERGY 

Having defined 6.G= Gl1cc - Ghcp ' Zr is in the bcc phase 
The primary purpose is to calculate the Gibbs free energy, when 6.G<O and in the hcp phase when 6.G>O. Figure 3 

i.e., G(T,P)=£-TS+PV. Thus the energy £. entropy S, shows 6.£ (triangle) as a function of temperature. In order to 

and volume V are to be determined at the constant pressure P analyze the results, a linear fit is applied to 6.£ (solid line). 

and constant temperature T. However, for simplicity, all The fitting indicates that 6.£ tends to increase a little with 
simulations are carried out at P=O. Then the Gibbs free temperature. T6.Svib is plotted (open circle) in the same fig
energy can be reduced to ure. The phase transition occurs at the transition temperature 

To where 6.G = O. By the local linear interpolation of T6.Svib 

G(T,P=O)=£(P=O)- TS(P=O). (2) in Fig. 3, it shows that To-1754 K and the corresponding 
6.Svib-0.29. To can be compared with 1135 K by 

The equilibrium potential energy £poc and the corresponding experiment,S 1850 K by Salomons,23 and 1912 K by Wi1
volume for both bcc and hcp phases are evaluated individu laime and Massobrio: 9 6.Svi£ calculated by Willaime and 
ally at 1200, 1300, 1350, 1400, 1500, 1600, 1700, and 1800 Massobriol9 and by Salomons 3 was between 0.12-0.14, and 
K usinJ the constant pressure and constant temperature by experiment was 0.26. The disagreement with the results 
MD.33. The bcc simulations contain 8192 Zr atoms and the of Willaime and Massobrio, and Salomons is because 6.£ in 
hcp simulations contain II 520 atoms. The energy difference this work is greater in magnitude and the FS potential gives 
6.£ can be calculated by lower frequencies for the whole TI [UO] branch in the bcc 

lattice.21 The higher phonon density of states in the low
(3) frequency region contributes to higher vibrational entropy. 

024109-2 
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It is worth mentioning that the vibrational entropy that 
is derived from the neutron scattering experiment is an indi
rect value because the experimental data can provide only 
primary information to construct the secondary phonon 
density of states . In addition, such experiments have been 
done at few particular temperatures only. Recently, there 
has been a report on a direct measurement of the phonon 
density of states.38 Thus it will be very useful for the cal
culations of more precise Svib if this direct measurement will 
be applied to study D( w) in Zr for the whole temperature 
range. 

From the observation of the phase transition in a large 
number of simulations, the bce naturally transfonns into the 
hcp when temperature is below about 1400 K only. The next 

• 	 section shows that the upper bound of To is indeed 1350 K . 
There is a technical detail of how the hcp entropy can be 
calculated at T> 1350 K and how the bcc entropy can be 

0 

200 400 600 800 1000 1200 1400 1600 1800 2000 

Temperature (K) 

FIG. I. S .. 'b in the hcp phase 
(diamond) compared with the re
sults from the experiment (Ref. 3) 
(open circle) and from the Eistein 
crystal method (Ref. 23) (tri
angle) . The solid line is a guide to 
the eye. 

calculated at T< 1350 K. A computational wor!?1 reported 
that even at very high temperature the hep to bee transition 
has not been observed in any simulation using the FS poten
tial for Zr. Hence, it is straightforward to calculate the hcp 
entropy at T> 1350 K. On the other hand, at T< 1350 K, the 
bec do not transform into the hcp immediately due to the 
nature of the first-order phase transition. An analogous ex
ample is ice which does not melt quickly even at T 
... 300 K. In fact, the bec is stable for a period of a few ps 
to a few ten ps depended on several parameters, such as 
the number of atoms, To- T and boundary conditions. For 
example, the larger the number of atoms, the longer the pe
riod; the smaller To - T, the longer the period. Thus these 
parameters are chosen so that the period is long enough for a 
sufficiently accurate calculation of the hcp vibrational en
tropy. 

lUl,------- ------------------------, 

11.0 

I! ..., o 

FIG. 2. S...'b in the bee phase 
(diamond) compared with the re
sults from the experiment (Ref. 3) 
(open circle) and from the Eistein 
crystal method (Ref. 23) (tri
angle). The solid line is a guide to 
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It is important to point out here that To< 1400 K from 
observations is in contradiction with To"" 1754 K from the 
Gibbs !Tee energy calculations. In the next section. the ques
tion of "hat mechanisms cause a lowcr To is addressed. 

IV. EFFECTS OF MTCROSTRUCTURE 

In this section, the effects of the fonnation of the so-called 
"martensitic microstructure" on the phase transition are ex
amined. It is worth noticing that the equilibrium volume of 
the homogeneous bee is quite different from the volume of 
the homogeneous hcp in all thc tempcrature range. At the 
phase transition, the macroscopic volume would have 
changed noticeably. However, typical structural phase transi
tions often exhibit the fonnation of microstmcture which is 
self-accommodating and tends to compcnsate for the macro
scopic volume change. Thc martcnsitic microstructure in this 
work is an example. It is not a single crystal of the hcp 

... ---.0 

0 

FIG. 3. The components t1E 
(triangle) and Tt1S"b (open circle) 
of the Gibbs free energy. A linear 
fit is applied to 1::.£ (solid line) . 
The dotted line is another t1 E 
which includes the effects of the 
martensitic microstructure (see 
text). 

1700 1800 1900 

structure but composes of several hcp regions which have 
different orientations and join each other by either low en
ergy twin boundaries or high-cnergy interfaces. Each hcp 
region often has some stacking faults. The microstrucnlrc 
could contain some metastable states such as fcc crystals. 
The fonnation of the martensitic microstructure has been re
ported by many computational works.25.27.28.32 Although the 
patterns were different, the microstructure was observed 
experimentally.39-42 

The main purpose of this section is to find the phase tran
sition point in a simulation of which temperature is reduced 
by a certain rate. The instantaneous Epol can be used as an 
indicator of the phase transition point. The simulation starts 
from the homogeneous bcc at 1800 K. The instantaneous 
Epol is calculated. According to a large number of prelimi
nary simulations using the FS potential for Zr, the bcc-hcp 
transition never takes place above 1400 K. Thus the value 
1800 K is chosen to ascertain that the phase transition point 
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FIG. 4. The averaged Epo, as a 
function of temperature in a typi
cal MD run started from the ho
mogeneous bec and then naturally 
transforming into the martensitic 
microstructure. 

Temperature (K) 
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FIG. 5. A slice through a typical martensitic microstructure 
showing stacking fauhs. twin boundaries. several regions of hcp, 
and metastable fcc . Stacking faults appear as a straight line. The 
directions of these lines indicate the different oriented hcp in each 

regions. The twin boundaril!s arc of {10 f I} type. Thl! local stnlC• 
lUres arc determined by fining to a tl!l1lplate of regular bee. hcp. and 
fcc . and coloring accordingly (Ref ~5.) 

• 
is not mistaken. During constant pressure MD simulations33 

with 8192, II 520, and 43 800 atoms, the temperature is re
duced by I K every 0.3 ps. The simulations are continued 
until the phase transition takes place and completes. In 
analysis, the averaged Epol is used instead of the instanta
neous Ep.>< because it removes unwanted fluctuations. It also 
has the same meaning as Epol in Sec. Ill. For brevity, Epol is 
used to mean the averaged EpN from now on. 

A portion of typical Epol as a function of temperature 
between 1270-1400 K is illustrated in Fig. 4. Between 
1350-1800 K, the simulation is in the bcc phase, and as the 
temperature decreases, Epoc decreases. At about 1350 K, Epol 

starts changing its characteristic indicating the starting point 
of the phase transition. This is confirmed by examining the 
local structures.25 At this temperature, some growing regions 
of the hcp are detected. £ pal is lower than that of the homo
geneous bec but higher than that of the homogeneous hcp. 
About 1320 K, Epal curve changes its characteristic again. 
The slope of Epol curve has an optimum point around 1330 
K. The simulations are terminated at 1200 K. A typical mi
crostructure in Fig. 5 shows that the bcc has vanished indi
cating that the phase transition completes. The patterns and 
the details of the microstructure were reported in some pre
vious works.25

•
32 A number of simulations with different tem

perature reducing rates such as I K every 0.4 or 0.5 ps are 
carried out and similar results are obtained. It can be con
cluded at this point that the transition ·temperature lies below 
1350 K. . 

The above results are consistent with the observations that 
the phase transition never happens above 1400 K in the 
present simulations. To investigate further, Il£ between the 
bee phase and some typical martensitic microstructure is cal
culated below 1350 K. The result with a linear extrapolation 
to above 1400 K is shown in Fig. 3 (dotted line). Il£ in this 
case is lower than IlE in the case of the transformation from 
the homogeneous bcc to the homogeneous hcp. This is be
cause there is some energy cos ted by the presence of low
energy twin boundaries, high-energy interfaces, stacking 
faults, and some metastable fcc crystals in the micro
structure,25 see Fig. 5, for example. The vibrational entropy 
in the microstructure has similar values as that of the 
hcp with a slight deviation. Their trends are similar. By using 
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the new IlE (doued line) and reconsidering IlG, it is readily 
to see that To"'" 1349 K with the corresponding entropy of 
0.22. 

As discussed earlier, the electronic entropy cannot be ne
glected. To explore the effects of the electronic entropy on 
the transition temperature, the electronic entropy as a func
tion of temperature from the work of Eriksson9 is included 
into IlS. It is found that To reduces close to the experimental 
value. Nevertheless, there is no guarantee that the FS model 
potential and the electronic model are equally good represen
tations of Zr. This is the major drawback of the conventional 
1\10 method . Thus this study gives only a preliminary sug
gestion for more complicated studies. It is worthy of note 
that there is no measurement of the electronic entropy from 
experiments . 

V. CONCLUSIONS 

First. the molecular dynamics simulations are employed 
to calculate the potential energy and the velocity auto
correlation function of solid zirconium in the bcc and the 
hcp phases between 1200-1800 K. The phonon density 
of states and then the vibrational entropy are evaluated. The 
vibrational entropy in the hcp is found to be in good agree
ment with the experiments. By considering the Gibbs 
free energy, the transition temperature is determined at 1754 
K and the corresponding vibrational entropy difference is 
0.29. 

Secondly, the averaged potential energy as a function of 
temperature is monitored during the phase transition by us
ing the constant pressure molecular dynamics. The curve of 
the potential energy leads to a conclusion that the transition 
temperature lies below 1350 K. The further examination sug
gests that the bcc transforms into the martensitic microstruc
Nre instead of a single hcp crystal. By reconsidering the 
Gibbs free energy, the transition temperature in this case is 
found to be 1349 K and the corresponding vibrational en
tropy is 0.22. The above transition temperature can be com: 
pared with 1135 K by experiment, 8 1850 K by Salomons,2> 
and 1912 K by Willaime and Massobrio.'9 This study sug
gests an explanation of the difference between the measured 
transition temperature and the theoretically expected transi
tion temperature by the existence of the martensitic micro
structure. 
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INTRODUCTION 

The bcc-hcp phase transition is one 
of the most frequently observed structural 
changes in many metals and alloys. The 
bcc-hcp transition is an important 
phenomenon in materials science as it can• 
exhibit temperature hardening in many 
materials. The bcc-hcp transition can be 
driven by many mechanisms. Zirconium 
was chosen as a representative metal 
because the transition mechanism is 
comparatively simple, i.e. driven by some 
excess vibrational and electronic entropy. 

• 	 Moreover, zirconium is used in nuclear 
reactors as it has a small neutron scattering 
cross section, in turbine fans in jet engines

• 	 as it is a strong material, in the food 
industry as a food mixer because it is non
toxic and bio-compatible. Zirconium is a 
transition metal in group IV. It has a 
hexagonal close packed (hcp) structure at 
temperatures lower than the transition 
temperature. When the temperature is 
higher than the transition temperature, it 
has a body center cubic (bcc) structure. It 
has no magnetic moment so that the 
entropy from magnetic effects can be 
disregarded. 

In realistic problems, 	the potential 
• 	 energy which describes properties of 

materials is comp Iicated. In some 
problems, it cannot be analytically solved. 
Therefore, a computer and numerical 
method have necessary roles in solving 
these physical problems. Willaime and 
Massobrio used an interatomic potential 
base on the second moment approximation 
of the tight-binding scheme for zirconium. 
TIley found that a transition temperature 
~ 1912 K and the different vibrational 
entropy 6Svib is 0.143 ± 0.010 kB/atom 
at the transition temperature.(I) In 
experiments, the transition temperature is 
1135 K and 6Svib is 0.26 keY> Salomons 
used the same interatomic potential to 
calculate the free energy of the bcc and the 
hcp phase by Monte-Carlo Simulation. He 

J. Sci. Res. Chula. Univ., 	Vol. 27, No.2 (2002)
• 

found that 6Svib is 0.126 ke at 1200 KY) 
We can see that 6S,ib from Willaime and 
Salomons are different from the 
experimental results. We believe that the 
cause of this disagreement comes from 
neglecting the effects of the anharmonic 
and the electronic entropy. In this work, 
we improve the calculation of the 
transition temperature. We use classical 
Molecular Dynamics to simulate 
zirconium metal. Thus the anharmonic 
entropy can be fully incorporated. The 
electronic entropy is estimated from the 
linear muffin tin orbital (LMTO) method. 

MOLECULAR DYNAMICS 

Molecular Dynamics is a powerful 
method to study the classical motion of 
many-body systems. This method produces 
the time evolution of a system of N 
particles by numerically solving the 
equation of motion. The objects in this 
study are the atoms of zirconium. 
Zirconium atoms interact with each other 
via a potential function. We use Finnis
Sinclair potential which gives a good 
description of both bcc and hcp phases. 
The potential was fitted to anisotropic 
elastic properties of zirconium, non-ideal 
cIa ratio (1.595), the cohesive. energy of 
the hcp crystal structure relative to other 
possible structures and the energetics of 
vacancies and stacking faults. The 
potential energy is written in the form 

¢; =+L V (r
ij 

- JP: ... (I)) 

J 

where 

V(rij) = L
6 

Ak (Rk -	 rij)3 H(Rk - rij)' 
k=1 

and 

Pi = L L 
2 

Gk(rk -	 rij)3 H (rk - rij)' 
j k=1 
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• 
where H(x) is heaviside step 

function, rij is the separation distance 
.. between atom i and j and Ak, ak, Rk and rk• are fitting parameters.(4) We use 8192 

atoms for the bcc and 6912 atoms for the 
, hcp. The periodic boundary condition and 

1 femtosecond time step are imposed. The 
volume is constant in each simulatioll. The 
temperature used in simulations is varied 

: from 300 to 1800 K. 

CALCULATION METHODS 

In this section, we calculate the 
• internal energy difference (flU) between 

the bcc and the hcp and the entropy 
difference (l1S) between both phases.• 
These results are used for calculating the 
transition temperature of the bcc-hcp phase 
transition. The calculations are carried out 
as follows: 

Internal energy 

The internal energy (U) is composed 
of the kinetic energy (~) and the potential 
energy (¢). We use classical Molecular 
dynamics method to calculate the average 
potential energy per atom in equilibrium 
at various temperatures. Molecular 
dynamics produces the time evolution of

• the system. At the beginning, the system is 
in a non-equilibrium state. After a few 
picoseconds, the system approaches 

equilibrium. We average the potential 
energy, which is defined in Eq.( I), during 
equilibrium. Note that we calculate the 
potential energy only. From equipartition 
theorem,(S) the kinetic energy per atom is 

~ kBT. When the temperature of both 
2 
phases is equal, the kinetic energy of both 
phases is cancelled out. Then we find that 
flU =fl¢ . 

Entropy 

The entropy can be separated into 
two parts; the vibrational entropy and the 
electronic entropy. 

Vibratiollal elltropy 

Molecular dynamics can provide the 
exact harmonic and anharmonic entropy. 
It has been emphasized how important the 
anharmonicity is but when it comes to a 
serious calculation the anharmonic part is 
disappointingly left OUt.(6) In this work, we 
calculate the harmonic vibrational entropy 
by using a non-interacting phonon model 
because if we include coupling of normal 
modes, these effects should relate to the 
anharmonicity. In addition, the explicit 
coupling function is not known. The 
harmonic vibrational entrop), can be 
written in the exact form as 

S/ltJr = -3kB JD(m){P(m)lnP(w)-Q(m)lnQ(w)}dm, .. , (2) 

where 

Ti (J) J -I 
e Ie ~ T 1P (m ) 

( 

Q (m ) I + P (m ), 

\34 1. Sci. Res. Chula. Univ., Vol. 27, No.2 (2002)• 
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and D(OJ) is the phonon density of states 

which can be obtained from Molecular 
dynamics simulations. The phonon density 
of states can be calculated using a Fourier 

I D (OJ) d OJ = 1 

Note that Eq .(2) is not true for the system Thus we calculate a correction term by 
at high temperature where the using the anharmonic free energy.(8) 
anharmonicity plays an important role. 

~ =-k T TS{W(T' V) _ i} dT' .. . (3) 
N -I 8 '2 T" 

To 

where 

WeT: V) = (¢i..T: V» - ~min . 

¢min is the potential energy at the 
atomic positions which minimizes the 
potential energy, ¢i..T: V) is the potential 
energy at temperature T'. The potential 
energy value can be obtained from 

Molecular dynamics simulations. 'Fo is a 

low temperature such that the 

(N-I)k8T ' 

quasiharmonic approximation at this 
temperature can be considered to be exact. 
N is the number of atoms in the system. 
From Eq.(3), we can notice that the 
anharmonic effects are adjuncted from the 
hannonic effects. Then, we find that . 

( a;; )S ol/llor = - v and 

S=S +Svib JlOr allhar . 

Electrollic elltropy 

The electronic entropy relates to the electronic entropy can be calculated by 
electronic structure of zirconium. The 

SE = -k8 Sg(E){R(E)lnR(E)+S(E)lnS(E)}dE, . . . (4) 

where 

E)-I
::R (E) = 'l+e k( 

S(E)=l-R(E), 

geE) is the electronic density of states. ~ is the chemical potential and ~ must satisfy 

J. Sci. Res. Chula. Univ., Vol. 27, No.2 (2002) 

transform of the velocity autocorrelation 
function .(7) The unit of the phonon density 
of states is arbitrary and the phonon 
density of states must satisfy 
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• 
& 

II = fR (E) g (E) d E. 

~.• 	 n is the number of occupied Vibrational entropy • eicctrons ill the COIH.luclioll bano. 111 this The vibrational entropy is composed 
work, we use geE) from reference(9) which of the harmonic and the anharmonic 
lIsed LMTO method. This method is vibrational entropy. From Eq.(2), we use 
believed Lo be the most accurate tool the phonon density of states to calculate 
available. the harmonic vibrational entropy. The 

phonon density of states in bee and hep 
:RESULTS AND DISCUSSIONS phases are shown in Figure 1. The 

In this section, we show the results harmonic vibrational entropy in both 

of the components of entropy. The entropy phases is shown in Figure 2. 

can be separated into the vibrational 
• 	 entropy and the electronic entropy which 


are shown as follows: 
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Figure 1. The phonon density of states of the uee and the hep at T =1350 K. 
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Figure 2. The harmonic viurational entropy of the bee and the her at various 
temperatures. 

From Figure 2, we filld that the• 
magnitude of the harmonic vibrational 
entropy of the bcc phase is between 9.6 to·· 
11.0 kB and 4.5 to 10.6 kB for the hcp 
phase. The trends of the entropies are 
logarithmically increasing. Notice that we 
cannot determine the vibrational entropy of 
the bcc phase at temperatures lower than 
and around the transition temperature 

.. 	 because the system undergoes a phase 
transition from the bcc to the hcp phase. 
However, the system has been in the bcc 
phase for a short period. In this period, we 
can calculate the average potential energy " 
of the bcc phase but we cannot calculate 
the phonon density of states because this 
period is too short to obtain statistically 
reliable results. Thus the calculation of the 
phonon density of states at these 

e 	 1. Sci. Res. Chula. Ulliv., Vol. 27, No.2 (2002) 

• 

temperatures is inaccurate. Therefore the 
vibratiol!al entropy in the bcc phase below 
and around the transition temperature must 
be estimated by all other method. We choose 
logarithmic extrapolation because the 
entropy exhibits only logarithmic relation to 
temperature. We also calculate the 
anharmonic vibrational entropy from Eq .(3). 
The anharmonic vibrational entropy is 
shown in Figure 3 . 

From Figure 3, the magnitude of the 
anharmonic vibrational entropy of the bcc 
phase is between 0.22 to 0.24 kB and 0.03 
to 0.06 kB for the hcp phase. After linear 
extrapolation is applied in Figure 2 and 3. 
we find that ~Svib at 1135 K is 0.29 kB 
comparing with 0.26 ks from experiment 
resultsY> 
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Figure 3. The anharmonic vibrational entropy of the bcc and the hcp at various 
temperatures. 

• 
Electronic entropy 

From Eq.( 4), we can calcu late the 
electronic entropy from the electronic 
density of states. The electronic density of 
states and the electronic entropy obtained 
from Ahuja eLal.,(9) are shown in Figures 4 
and 5, respectively. 

From Figure 5, the magnitude of the 
electronic entropy of the bcc phase is 
between 0.93 to 1.19 ks and 0.45 to 0.76 ks 
for the hcp phase. The electronic entropy 
Iinearly increases as the temperature 
IIlcreases. 

Next, LlU and TLlS as a function of 
temperature are shown in Figure 6. 

138 

We use Helmholtz free energy (F) to 
describe the bcc-hcp phase transition in 
zirconium because in this simulation, we 
employ constant volume and temperature. 
If we consider a system which is disturbed 
and out of equilibrium, at the beginning, 
the system is in an arbitrary state. Then, 
the system evolves to some equilibrium 
state. The trend of Helmholtz free energy 
is decreasing. At equilibrium, Helmholtz 
free energy is always a minimum. We can 
state that "the system stays in the state in 
which Helmholtz free energy is lowest". 
If we define M = Fbcc - F hcp , and 
M= 6.U - TIJS. 

J. Sci. Res. Chula. Univ., Vol. 27, No.2 (2002) 
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Figure 6. 6U and T6S in eV unit at various temperatures. 

I f ~F > 0 or ~U > T6S, the 
stable phase is the hcp and if I1F < 0, or 

!::.U < T6S , the stable is the bcc. Notice 

that ¢hCf' is always lower than ¢bcc and 

Shcp is lower than Sbcc. The temperature at 
which M =0 is called the "transition 

• 	 temperature". After a linear extrapolation 
is applied to 6U and logarithmic extra
polation is applied to T6S, we find that the 
transition temperature from our simulation 

• is 1087 K compared with 1135 K from 
experimental results. (2) In some transition 
metals including zirconium, Eriksson(6) 
showed that the total entropy can be 
decomposed into the vibrational entropy 
and electronic entropy. We have used this 
argument in deriving the bcc-hcp transition 
temperature in zirconium and we found 
good agreement between the calculation 
values and the experimental values. The 
same principle can be applied to other 
materials in which electron and phonon 
have no strong mutual interactions,• 
otherwise the total entropy cannot be 

.,. 	 140 .. 

• 

separated and the results will be incorrect. 
Then one must resort to a more 
sophisticated tool. Furthermore, if 
materials are magnetic, the entropy from 
magnetic effects must also be included. 

CONCLUSIONS 

We use classical Molecular 
dynamjcs method to determine the 
vibrational entropy whereas the electronic 
entropy is determined from the-electronic 
density of states. We use Helmholtz free 
energy to describe the bcc-hcp phase 
transition in zirconium. We find that the 
transition temperature is 1087 K. This 
result is in good agreement with 1135 K 
from the experimental results.(2} 
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