CHAPTER 1II
POSITIVE LATTICE ORDERED O-SEMIFIELDS

Definition 3.1. Let R be a positive ordered semiring. R is called 2 positive
lattice ordered semiring iff the panial order of R is a lattice, that is for

every X, Y€ R, xvy and x Ay exist.

Examples 3.2, (1) Q:,, IRTJ are positive lattice ordered semifields.

(2) From Example 2.6. (2), we have that K is a positive
lattoce ordered semifield. To prove this, Jet x,y € K. Then x £x+y,y<x
+y. Thus x +y is an upper bound of x and y. Let w € K be such that
x<wand y < w.Then x+w=w and y+w=w, X +y)+w=Xx+(y+w)
=x +w=w, Thus x+y$§v, SO XVY=X+Y.

If x=0ory=0 then x Ay exists. Suppose that x,y are nonzero. Sc
x +y#0. Since x + xy(x + y)-l =[x(x +y)+xy}x + y)-1 = (xz+ Xy + XyNx + y)_1
= +xy)x+y) =@ EPIE+Y) =% xyE+y Sk

Similarly, xy(x + y).1 <vy. Then xy(x + y)'l is a Jower bound of x andy.
Let we K be such that x>w and y2w.Then x +w=x and y+w=w.
Therefore w + xy(x + y)'J = [w(x +y) + xyl(x + y)'l = (WX + wy + Xy)(X + y).l =
[wx + (W RFIK+ y) = (WK £ Xy)(K + 9) = [x(W % )XIx+y) =xyx +y)
so w<xy(x + y)'l. Hence x Ay = xy(x + y)-l.

(3) Let (G,.,<) be a lattice ordered group.let K =Gy {a}] where
a is a new symbol such that 2 ¢ G. Define + on K by x+y=xvy and
a+x=x+a=Xx forall X,y e K and define ax=xa=a and
a<x for all x € K.

Then we have that K is a positive lattice ordered semifield where



]l

x+x=x for all x € K.

(4) Let K be a positive lattice ordered semifield. Then (K,+,.,<)
is a positive lattice ordered semifield such that x +x=x for all xeK

where x+'y=xvy for all x,y € K.

Remark 3.3, Let K be a positive ordered semifield. Then the following
statements hold :

(1) For every x,y € K, if x vy exists then xw v yw exists for all w € K.
Moreover, (X v Y)W = xw v yw,

(2) For every x,y € K, if x-Ay exists then xw A yw exists for all w e K.

Moreover, (X A Y)W = XW A yW.

Proof (1) Let x,y € K be such that x vy exists, Let we K.
f w=0 then done. Suppose that w #0. Since x<xvy and y<xvy,
xw<(xvywand yw < (x vy)w, Hence (x v y)w is an upper bound of
xw and yw. Let z € K be such that xw <z and yw <z Then xszw-1

and

1

- -1
y<zw ,soxvy<zw , Hence (x vy)w <z Therefore (x v y)w =wx v wy,

(2) Dually (1).

Theorem 3.4. ([11) Every positive lattice ordered group G is a distributive
lattice, that is for any x,y,z€ G, xvV(yAZ) =X VY)A (X Vv

Proof See [1], pp. 294. ¥

Proposition 3.5. Let K be a positive ordered semifield. Then the following

statements are equivalent :

(1) K is a lattice,



(2) for every x € K, x v 1 exists.
(3) for every x € K, x A 1 exists.

(4) P is a lattice where P is the positive cone of K.

Proof Obviously, (1) = (2) and (1) = (4).
To show that (2) = (3), assume (2). Let x € K. If x =0 then

0=x A1, so done. Suppose that x = (. By assumption, x-l v 1 exists.
Let y =x v 1. Claim that x A 1 =y-1. Since x-l <yand 1<y, y-l <1 and
y-le. Thus y'l is @ lower bound of x and 1. Let w € K be such that
w<1 and w<x. Assume that w=0. Then 1 < w.I and x"1 .<_w'1_-Since
y=x'l vl ys w-l. So wSy-l, hence x A 1 =y']. So we have the ciaim.

To prove (3) = (1), assume (3). let w,y e K. If x =0 then
0=0Ay=xAYy, so done, Assume that x = 0. By assumption, yJI{-l Al=1z
for some z € K. By Remark 3.3, xAy= x[(yx-l) Al)=xz. Thus X A Yy
exists. Next, to show that x vy exists for all x,y € K, let x,y € K.

i x=0 or y=0 then done. Suppose that x, y are nonzero. By above

i

- -1 A = - .
X Ay =wfor some w € K. Since (x + y)Ileand yl.Sw,Oat(x+y)lsw,

1

) -1 B - -1 A,
so w#0, Since w<x and w<y , x<w and y<w . Thus w is an

upper bound of x and y. let ze K be such that x <z and y <z
If z=0 then done, Suppose that z = (. Since z_] S.x-] and z-] < y-1 and

1 1 -1
=W, Z

X A y- < w. Thus w'l <z 50 XVvy= w'l. Hence (1) holds.

To prove (4) — (3), assume (4). Let x € K. If x=0 then x A 1
exists. Suppose that x # 0. By Remark 2.10. (6), x = pq-1 for some p,q € P.
By assumption, pAq=2z for some z€ P. Hence x Al = pq-l Al=

-1 -
q@Ea q)=qu, so we have (3). ¥
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Praposition 3.6, Let K be a positive lattice ordered semifield. Then the
following statements hold :

(1) For every nonzero element X € K, X =pq-l for some p,q € P
such that pAaq=1.

(2) For every x,y e K, (x vy)x A Yy) =xy.

(3) For every x € K, x=(x v I)(x A 1).

. i - -1 -1 -1
(4) Forevery x,ye K, (Xxvy) =x Ay and (XAYy) = x Vvy.

Proof (1) Let x € K be such that x # 0. By Remark 2.10. (6),
X = pq-1 for some p,q € P.Let a=p(p A q)-l and b=q(p A q)-l. Soa,beP,
anb=[p(prq IalaPAq) 1=1andx=pq =[p(prq H@Aqql=ab .
(2) Let x,ye K. If x=0 or y=0 then done. Suppose that
X,y are nonzero. Then (x vy)#0. Since x<(xvy) and yS(xvy),
(x v y)'I < x-l and (x v y)-1 < y_l. So xy(x v y)-l <x and xy(x v y)-l <vy.
Hence xy(x v ],r)-1 is a Jower bound of x and y. Let z € K be such that
z<x and z<y. Thus zx < xy and zy <xy, so zZ(x Vv y)=zx v zy £ Xxy.
Thus z<xy(x v y)-l. Therefore x Ay = xy(x v y)_l, 50 (X vy) X AYy)=xy.
(3) Follows directly from (2).
(4) Let x,y € K‘. Since x <xvy and y<xvy, (xvy)-ls.x-1
and (x v y)'l < y-l. Then (x v y)_l is a lower bound of x-l and yql. Let
w € K be such that w.anl and wSy-]. Hence xw <1 and yw=<1, so
xvyw=xwvyw=<1l Then w(xVv y)-l, s0 (X v y)-1 = x-l A y_l. Next, to

1 4

-1 - - .
show that (x Ay) =x vy, since X,y#=0, Xy, x vy are nonzero. Then

XAY=Xy(x v 3,’)-I # 0. Therefore (x A y).l =(xv y)(xy)‘l = x-l \% y'l. 4

Note that for nonzero elements x,y in a positive lattice ordered

semifield K, x vy and x Ay are nonzero.
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Proposition 3.7. Let K be a positive lattice ordered semifield. Then the
following statements hold : for every x,y,z € K

(1) if x<y then xvz<yvz and XA2<YAz,

@ x+yrnsx+y)yax+z)andx+(yvz)2(x+z)v(x+z) and

B) x+y)Aazs(xaz)+(yaz) and X+y)vs(xvz)+(yvz)

Proof Let x,y,z € K.

(1) Assume that X <y. Since y<yvz and z<yvz Xvz<yvaz
Since xAzZ<x<y and XAZ=<zZz XAZSYALZ

(2) Since yAnz<y and z, x+(yAnz)<x+y and x +2z Hence
X+(yAaz)Sx+y)a(x+2z) Duoally, x+(yvz)zx+y)vx+z).

(3) Suppose that x,y,z=0. Since x <x+y, by(l) xAzS(X+y)AzZ
Thus [(x+y)‘/\.z]'1$(X/\z)'I, S0 xz[(x+z)/\z]~l$xz(x1\y)-1.
Similarly, yz[(x+y)/\z]-l$ yz(y/\z)-l. Therefore (X +y)Anz=
z(x + Y(x +y)vz]'1=zx[(x+y)vz]-]+zy[(x +y)vz]-l:§xz(xvz)+yz(yvz)
=(XAz)+(ynz) Since x<xvzand ySyvz, (x+y)sSEvz)+(yAaz).

Clear that z < (x v z) + (y v z). Therefore (x+y)vz£(xvz)+(yvz).#

Theorem 3.8. ([2]) Let K be a positive lattice ordered semifield and a, a,,
w8, b, by, o, b € P such that aa..a =bb,..b. Then there exist
clements c; € P for all i e {1,2,..,m} and j e {1,2,..n} satisfying

(1) 8 =¢; €y ¢y 1€ {1,2,.., m},

(2) bj = €15 o1l 1€ {12, .., n},

() € Cuzj = Cm A CijeiCiger G =1 for all i<m, j<n

Proof See [2], pp. 68.#
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Corollary 3.9. If a, b, b,, .., b, are in the positive cone of a positive
lattice ordered semifiled K such that a <bb, ...b then there exist a, a,
w, a € P satisfying a=apa,..a  with a <b, for all i€ {1,2,..,n}.

Proof It foilows from Theorem 3.8.. M

Proposition 3.10. Let K be a positive lattice ordered semifield. Then the
following statements hold :

2 1

n n -1 -2 2 ne.
(1) For every x,ye K, (xvy) =x VX YVX Y V. VXY vynand

n n n-l n-2 2 n-1 n
(XAYy) =X AX YAX ¥ AL AXY AY.
(2) If x e K and x >1 for some neZ then x> 1.

(3) For every x € K, (xvi)nzxnvl and (xxx])n-——xn/\l for all neZ.

Proof (1) We shall prove by induction on n. Let x,y €K, for
n=1, then done. Assume that (1) is true for n-121.

Then (x v y)n =(x v y)“'l(x v'Yy)

n-1 n-2 -2 n-1
=X VX YyV..VXYy VvYy Jxvy
n-1 n-2 n-2 n-1 n-1 n-2 n-2 n-1
=(X VX yvaviy vy XVv({X VX yV.VvXy VYy )
n n-} n-2 2 2 n2 n-1 n-1 n2 2 n-l n
=X VX YVX ¥y V..VXY VY XVX YyVX ¥y V.. VXY VY
n n-1 n-2 2 n-1 n
=X VX YyVX ¥y V..VXY VY.

Dually, (x A y)n =X A xn-ly A Jl:n'zy2 Ao A xyn-1 A yn.

(2) Letx € K and x 21 for some neZ. I n = 1 then done.

Suppose that n = 2. Then by (1), (xvl)n=‘:|tnvzi;“'1v..._v:ttv1=(xvy)ll
n -1 - -

=X VX V.. Vv X (since x> 1)=x(x“v...v D =x(x v 1)“. Therefore

xvli=x, so 1£xvl=x

(3) Let xeK and neZ. If x=0 then done. Suppose that x = 0.

{n-k)n (n-kk -k (nk)
V. VX

For 0<k<n, (xﬂ-k v Jc-k)Il =x X) V.V (x-k)n. By (2),

n-k X n . k
(x vx)zl, so xvizx for all 0<k<n.



n n n-1 n
Hence (x v1) =x vx wv.. vivil=x vl

Next, (x A l)n= fx(x v 1)-1]n= xn(x v 1)-n ='xn(xn v 1)-l =x Al 4

Theorem 3.11. Let S be a positive lattice ordered commutative semiring
with muitiplicative zero Q0 which is MC. If S Satisﬁes the property that :
for every x,y,2€ S, xz<yz implies that x <y then S can be embeded

into a positive lattice ordered semifield.

Proof By Theorem 2.7., we have that K =S8 x (S - {0});_is the

positive ordered semifield. To show that K is a lattice, let a € K.

Fix ae€ S—-{0). If o =0 then done. Suppose that a = (. Choose

(x ,y) € a. Then X va and yva exist in S. Claim that a v [(a, a)] =
[(xa v ya, ya)]. Clearly, [(xa v va, ya)] is upper bound of o and [(a, a)].
Let B € K be such that o and [(a, a)] <. Then there exist (b,,b,),

(by;,b)eP, z,w)ea and ¢ € S — (0} such that zb,< wb, and cb, < cb,.
Since ¢#0, b,<b,. Then yab,< yab, Since zb,< wb, and bb,=bb,,
zb,b, < wb,b, = wb,b,. Since b,# 0, zb, < wb,, so zyb, < wyb,.

Since zy = xw, xwb,< wyb,, so xb,< yb,. Hence xab,< yab,. This show
that (xa v ya)b, = xab, v yab, < yab,, so [(xa v ya, ya)] < [(b,, b,)] = .
Therefore a v f(a, 8)] ={(xa v ya , ya)l. Sb we have the claim.

By Proposition 3.5. (2), K is a positive lafttice ordered semifield. M

Definition 3.12. Let X be a positive lattice ordered semifield and x e K.
The absolute value of x, denoted by Ix], is defined to be xvxal.

In [2], pp. 76 we have the following elementary properties : for
every X,y € K‘

() Ixl 21 and |x}= x|
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@ Ixj=1 iff x=1.

@ Iyl =xvyxay'

@ Ixl=axvdDxan

) Ix'I=1x|"for all nez.
(6) Ixyls Ix ] !yl

Propositon 3.13. Let K be a positive lattice ordered semfield and x,y,z € K .
W lavayva Haanyaz =yl
@ lavagvay 1< lxy'| and lxaznyazn’| < ixy’l.
(3) lx+y| < |x| + Jyl
@ lx++2 |2 lxl.

Proof Let x,y,z € K‘.
(N |(x vz y Vv z)-1| I(x AZNY A z)-ll
[(xvz)v(yvalxvzaly v'Z)]-l[(:'K A VEYADIXAZYA(Y A Z))_1

[(xvy)vzxAY) vz [(xvy)AZRAYAZ]

(xvy)vaixay) vzl [(xvydixyy) v Ay vy
xvyEAY) = lxy |

u

@ Since 15 lxvayva |, lxanyan'l <laxrdyaz’]
lxvayva 'l =Ixy | Ths [axazyaz’]<lxy' ]
Similarly, | (x v 2)(y. v z) < |xy .

(3) Since x < Px | and y < |y|, X+y£< Ix] + |y|.Since x<X+yand
y<X+y, (x+y)'f.<_x'l and (x +y) < y'. Then (JlL-»},v)'lS(x-|‘1|,')_I-|-(x+3.r)'l
sx +y < |x| + lyl. This prove that |x| + |y|is an upper bound of
X+y and (x+y)-1. Hence lx+y| =(x+y)v(x+y)'1$ |x| + |y|

@ lx+0+2)" | =[x+ v+ DUE+D Ay + 2]

SR vY) + 20X +2) AQy + 2]
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<Hxvy) + 2K AY) +7] .
Claim that [(x vy) +Z(x AY) +2Z] SXVYIEAY) -
Since xAy<xvy, Z{(xAy)Sz(xvy). Thus
xANxvY)+z=x Ay VY) +(xAy)
SEAYEVY) +XVY)Z
=xXvylxaz)+ z].
Hencé fx vy)+zli(x A y) + z]-] SEvYIEA y)-l, so0 we have the claim.
Since |(x +2)y +2) 1 <1 vy) +ZHEAY) + 2], by the claim

|(x+z)(y+z)-1|$(xvy)(x/\y)'1= |xy‘l|.Hence l(x+z)(y+z)'l| < lxy-ll.# -

Definition 3.14. Let K be a positive lattice ordered semifield. Let x,y € K,
x and y are said to be orthogonal iff x Ay =1, denoted by x Ly.
Let L be the set of all elements y € Ksuch that x Ly, that is

.Lx={yeK|x1\y=1}.

Remark 3.15. ([2]) Let K be & positive lattice ordered semifield. the
following statements hold : for every x,y,z€ K
(1) xLy and x Lz imply that x L yz.
(2) x1ly and z2>1 imply that x Ayz=Xx Az
(3) x Ly and x Lz imply that x L{yvz) ad x L (yaz).
(4) x Ly implies that x v y =Xy,
(5) X Ly implies thar |x|Llyl.

Definition 3.16, Let K be a positive lattice ordered semifield. Let I be a
convex subgroup of K. I is said to be an L-ideal iff for every x,y €1,

Xvy,xAyel
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Remark 3.17. 1et K be a positive lattice ordered semifield. Then the
following statements clearly hold :

(1) {1} and K are trivial. L-ideals of K.

(2) The intersection of a family of L-ideal of K is an L-ideal of K.l
Also the union of an increasing chain of L-ideals of K isA an L-ideal.

(3) Let 1 be a convex subgroup of K. I is an L-ideal of K iff

xviel for all x el

Proposition 3.18. Let K be a positive lattice ordered semifield and Ic K. -
Then 1 is an L-ideal of K.iff it is an a-convex subgroup of K such that

for every ael, x € K if |x|s|a| then x € L.

Proof Assume that 1 is an L-ideal of K. Let ael, x € K be
such that 'xl < Ia'. then x, x.is |a| and |a] € 1. By the o-convexity of
1 and lal—ISxS |ai, X el

Conversely, we must show that I is oconvex and xwv 1 el for

. -1
all x €l Let x,yel, z€ K be such that x<z<y. Then ISZX]SYX.

1 1

Since }zx-ll =2x Syx-ls lyx'll and yx'le I, by assumption zx €L
Hence ze I Let x el. Since 1< ,xvl] =xwvliz ,x‘, xvlel

Therefore 1 is an L-ideal of K. 4

Proposition 3.19. Let A and B be L-ideals of a positive lattice ordered
semifield K. Then AB is an L-ideal of K which is the smallest L-ideal

containing A and B.

Proof By Proposition 1.34., we have that AB is an a-convex subgroup
of K containing A and B.Let x € A,y € B and ¢ € K be such that




|c| < lx‘yl. Since lxyl < |xl lyl, lc[ < |x| ly] By Corollary 3.9., the
exist a,b € P, such that a £ le and b < ]yl and 1c|=ab. Since a, b € P,
ae A and b € B. Hence lc] € AB. Because | < Icvl] =cvl]= lcl.
we can prove in a manner similar to the above that ¢ v 1 € AB. Since
[cl=tcvi)ca1) and lcl,cv1eAB,cAl eAB. Since c=(c v 1)c AD),
¢ € AB, Thus by Proposition 3.18, AB is an L-ideal.

Next, let I be an L-ideal of K such that A, Bl Let ae A and
be B. Then a,b €I, so that ab € I. Hence ABgI.#

Corollary 3.20. Let K be a positive lattice ordered semifield and I an L-ideal

of K. For every x,y €1 and zeK', (xvz)(yvz)-l, (xxxz)(y/\z)-lel.

Proof lLet x,y €l and z € K — {0]. By Proposition 3.13. (2),
l(x v (X Vv z)'ll, l(x A ZNX A z)-]] < |1r:y-1 I . By Proposition 3.18.,

(xvI)yv z)-l. X AZNX A z)-1 €l 4

Proposition 3.21. Let K be a positive lattice ordered semifield and a € K*.
Then A={x e K| x| L lal} is an L-ideal of K.

Proof Let ;,yeA. Then [x| A Ial = [yi A lal = 1. Then
1= lxy-1| A Ial < |x] ‘y-1| A lal = |x]| |Y| A lal. By Remark 3.15. (1),
x| |y1 A lal =1, s0 Ixy-ll ~ fal = 1. Hence xy'leA, so Ais a
multiplicative subgroup. Let z € XK. Thep 1 < l(x + 2)y +z)—ll A lal <
lxy'll A Ial =1, so (x+z)(y+z)-le A. By Proposition 3.14.,, A is an
a-convex subgroup of K. Let ze€ K and x € A be such that Izl < lxl
Then 15|z]/\|a|$|x|/\|al=1, S0 |z|A|al=1. Hence z € A,

By proposition 3.18., A is an L-ideal of K. ¥

Definition 3.22, Let K be a positive lattice ordered semifield and a € K.
The prncipal I-ideal generated by a, denoted by <a >, is the smallest
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L-ideal of K containing a.

Remark 3.23. Let K be a positive lattice ordered semifield and a € K.
Then <a> ={x €K | |x]-<1al” for some m eZ).

» EnmeetB={xeKl \xlsla|m for some mEZ+}. To show
that B is L-ideal, let x,y € B. Then there exist m,n € Z+ such that
x| < lal™ and |yl < lal® Then fxyh= Ixlly™l = Ixl Iyl < [al™,
xy'1 € B. Let z € K. Since |(x+z)(y+z)-[| < ]xy-il < ]a|m+n,

x + z)(y + z)-1 € B Hence B is a-convex subgroup.

Let we K be such that |w] < |x| for some x € B. Then
lx, < ]a]m for some meZ+, hence le < lalm. Thus w € B. By
Proposition 3.18., B is an L-ideal of K. Clear that B contains a.

Let J be an L-ideal of K containing a. Then [al™ € for all
meZ. Let x € B. Then |x] < Ialn for some neZ.
Since |x| < |a|n= l|a|nl. by 'l"roposition 327, x €J. Hence BcJ.

Therefore < a > = {x € K ] le < lalm for some m eZ+].#

Proposition 3.24. Let K be a positive lattice ordered semifield and &, b K .
Then |al L |b| if and only if <a> Nn<b>={1}.

Proof Assume that |a] L |b|. Then |a| A |bj=1.
Let <a> N<b>. Then there exists meZ ‘such that (x| < Ialm and
Ix| < |b]™. Since |al L |b| and |b| 21, by Remark 3.15.(2), la} A {b]”
=lal A bl =1. Thus Jal L |b|”. By Remark 3.15. ), la] L |b]" and
lal =1, we have thar lal"A {b]|"=lalA b]|"=1. So lal™L |b]|™

Hence |x| < |a|m/\ ‘blm=1, so x=1.



Conversely, assume that <a>Lr'\<b>,_={1}. Since lal A ‘bl <
{a] and {al A bl < lbl, lal A |bl e <a> n<b> . By assumption,

la‘ A |bl = 1. Therefore ial 1 |b|.#

Definition 3.25. Let K and M be positive lattice ordered semifield. A map
f:K—->M is said to be an L-homomorphism iff f is a homomorphism
and for every x,y € K, f(x vy) = i(x) v f(y).

The definitions of L-epimorphisms, L-monomorphisms and
L-isomorphisms are defined as one would expect. If there is an

L-isomorphism from K onto M, we denoted by K=z M.

Remark 3.26. Let f: K— M be an L-homomorphism between positive lattice
ordered semifields. Then the following statements hold :
(1) f is isotone..
(2) kerf is an L-ideal of K.
(3) f(x Ay)=f(x) Af(y) for all x,y € K.
@) If { is an Leideal of M then f () is an L-ideal of K
containing ker f,
Proof (1) Let x,y € K be such that x<y. Then xvy=y. Hence
f(y) = f(x v y) = f(x) V@), so fx) < Hy).
| (2) By Remark 2.15. (2), ker f is a convex subgroup of K.
Let xekerf. Then fxv D=fx)vi(l)=1v1=1,xv1ekerf
Hence kerf is an L-ideal of K.
(3) Let x,ye K. If x=0 ory=0 then done. Suppose that
x,y are nonzero. f(x Ay)=f(xy(x v y)_l) = f)f(VI(x) v f(y)]’1 = f(x) A (y).
(4) Let I be an L-ideal of M. By Remark 2.15. (3), we have

-1 -
f (II) is a convex subgroup of K containing kerf. Let x € f 1(I'). Then
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fx) € I. Since I is an L-ideal, f(x v 1) = f(x) v 1) = f(x) v 1 & I. Thus

xv1ef () hence f (I) is an L-ideal of K. Y

Let K be a positive lattice ordered semificld and 1 an L-ideal of K.

Then Kyy is a positive ordered semifield.
To prove that K/I is a lattice, let x e K. If x=0 thenxlIvI=1]

exists. Suppose that x # 0. Claim that xIvI=(x v I)I. Choose a € xI and
bel Then a=xi for some i € . Since ix(bzr;).I = ib.I € I, by Corollary 3.20,
@vb)ibx v )] = (ix vB)bx v b) e L Since bel (av byx v 1) el
Hence (a v b)l = (x v 1)L Therefore v is well-defined. Clearly, (x v DI is

an upper bound of xI and L Let a € Kyj be such that xI, I <o. Then

there exist i,je I and a,b € o such that xi £a and j<b. Then

- 1
(iAj)(xv1)=(iAj)xv(iAj)Sixijavb=a(1vbal). Since ba €1,
ba v 1el This prove that (x v I <al=o. Hence xIvI=(xv DL By

Proposition 3.5. (2), Ky; is a positive lattice ordered semifield. M

Note that the projection map II defined by Il(x) =xI for alix e K

is an L-epimorphisdm of K onto K.

Theorem 3.27. (First Isomorphism Theorem)
Let f: K-> M be an L-epimorphism of positive lattice ordered
semifields. Then K/kerf = M.

Proof Bj Theorem 2.20., we have that ¢ is an epimorphism. To
show that @ is a lattice epimorphism, let x,y € K. Then @(xker f v yker f)
= @((x v y)ker f) = f(x v y) = f(x) v Ky) = @(xker f) v @(yker f). M



lemma 3.28. Let H a subsemifield of a positive lattice ordered semifield
K, and I an L-ideal of K. Then HNI is an L-ideal of H and HI is
subsemifield of K.

Proof This proof is similar to the proof of Lemma 2.21.. .

Theorem 3.29. (Second Isomorphism Theorem) Let H be a subsemifield of
a positive lattice ordered semifield K. Let I be an L-ideal of K such that

Py, < Py Then Hyy o = Hig

-~

Proof This proof is similar to the proof of Lemma 2.22.. 4

Lemma 3.30, let D and I be L-ideals of a positive lattice ordered
semifield K such that I € D. Then Dy is an L-ideal of Kp-

Proof This proof is similar to the proof of Lemma 2.23.. M

Theorem 3.31. (Third Isomorphism Theorem)
Let K be a positive lattice ordered semifield, D and 1 are L-ideais

of K such that I ¢ D. Then (K/I)/(D/I) = KfD'

Proof This proof is similar to the proof of Theorem 2.24.. 4

Proposition 3.32. Let f: K - M be an L-epimorphism of a positive lattice
ordered semifields. If 1 is an Leideal of M then Kyplr) =y My

Proof This proof is similar to the proof of Theorem 2.25.. 4

Proposition 3.33. ([3]) Let {K, | ie 1) be a family of positive ordered
semifields. Then IIK; is 2 lattice iff K; is a lattice for all i€ L
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Proof See ([31, pp. 46.. 4

Definition 3.34. Let K be a positive lattice ordered semifield. A congruence
p on K is said to be an L-congmence for every x,y,z€ K, xpy
implies that (x vz)p ({y v z).

Remark 3.25 Let K be a positive latiice ordered semifield.
. 4 A
1) for every x, y e K, x py implies x py .
2) for every x,y,2€ K, (xAZ) p(y Az

Examples 3.35. (1) Every positive lattice ordered semifield has the trivial
L-congruence , that is for every x,y € K, xp yiff x=y.
.(2) Let T be an L-ideal of positive lattice ordered semifield

K. Define a relation p, on K by Xp.y iff x}f1 el or x=y=0 for all
X,y € K. Then we have that P, is a congruence on K. We must show that
(xvz)pl(yvz) and (x/\z)p}(y/\z) for all x,y,z € K.

Let Xx,y,z € K be such that x P,y If x=0 then done. Suppose that

-1 - R
x# 0. Then xy € I By Corollary 3.20.,, (x v z)(y v ) 1, (XA ZY A 2Z) ' €L

Hence (x v z) pI (yvzyand (x A z) P, (y A z). Therefore pl 1S an

L-congruence of K induced by L

Note that I is an equivalence class of K/p and P, i8 a unique
1
L-congruence on K such that I € K/p.
1

To prove uniqueness, let p be an L-congruence on K such that

Ie K/p_. Let X,y € K be such that x p'y. If x =0 then done. Suppose



-1 -1 -
that x#0. Then yx €1 Since 1 €1, yx €1 Thus Xpy. Thus PcP,

Obviously, P EP- Therefore P =P 4

Let p be an L-congruence on a positive lattice ordered semifield K. .
Let Ip ={xe K| x p 1}.Then ‘we have that Ip is a convex subgroup of K.

Let xelp. Then xp 1, so xvi)p(lvl)=1 Thus xvlc—:lp, 50

Ip is an L-ideal of K.
Proposition 3.36. Let K be a positive lattice ordered semifield, of the set
of all L-ideals of K and % the set of all L-congruences on K. Then

there exists an order isomorphism from <f onto %

Proof Similar to the proof of Proposition 1.41.. #

Let K be a positive lattice ordered semifield and 1 an L-ideal of K.
Then PNl is a convex subsemigroup of P.

let S be a convex subsemigroup of P containing S, Let <S> be
a multiplicative subgroup ?f K génerated by S. Then <S> is an L-ideal
of K.

To prove this, let x, y € <S> Then x---st.1 and y——-uv'1 for some
s,t,u,veS. Let ze K be such that x<z<y. Then st.1,<_z$uv-1,
sv<ziv < ut By the o-convexity of S, ztv € S. So z=z.tv(tv)-le <8>,
hence <S> is o-convex.

Let a,be K be such that a+b=1. By the aconvexity of S,
asv + but € S. Then ax + by = a(st-l) + b(uv‘l) = (asv + but)(\ft).1 € <S>

Hence < 8§ > is a-convex.



67

Next, to show that < S > is lattice, let x € <S>, Then there exist
-1 -t 1
s,t €S such that x=st and sant=1. Thus xvi=(G6t)vi=(sviy =

[st(s A y)]t_1 =s(s A t)-1 =s € S. Therefore <S> is an L-ideal of K.

Proposition 3,37, Let K be a positive lattice order semifield. Let o be the
set of all L-ideals of K and 38 the set of all a-convex subsemigroups of

P containing 1. Then there exists a bijection from o onto A,

Proof Define ¢ : c¢/— B by o(I)=1 NP for all 1 € ¥ and define
¥V:B - by PE)=<8> for alll S € B. To show that @ o'V =Idg i
and W o @ =1Id let S eQB.‘Then Qo ¥(S) =S =p(<«S>)=<S>nP
Since SCP, SC<S>NP. Let xe<S>AP. Then x>1 and x=ab
for some a,be S and anb=1.So x:xvl:(ab-l)vlr-(avb)b-l:aeS
since avb=ab, Hence <S>nPcS, so <S>NP=8. Next, let I ¢ &
lPa(p(l)="P(¢)(I))=‘-P(Ir‘\P)=<Ir\P>.Clea1'that <INnP>cl Let xel
Then (x A1), xv1elAP. Thus x=XvI1)x al) e <IAP> Therefore

so Ic<InP> Hence I=<In P> Therefore ¢ is a bijection.#
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