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. |A triple (K , +, .) is called a O-semifield iff 1) (K, .) is an abelian group with zero 0,
P ' u-scmifield ik &
2) (K, +) is a commutative semigroup, 3) for every x,y,z € K, x(y + z) = xy + xz and 4) for

evcryxeik(,x+0=x. For a O-semifield K, let K’ denote K — {0}. A quardruple (K , +, ., <)
is called al positive ordered 0-semifield if (K ,+,.) is a 0-semifield and < is a partial order on
K such tha|tforevcxyx,y,zeK 1)x<yimpliesthat x+z<y+zand xz<yzand 2) x 2 0.
The subse P = {x & K |x 2 1} of a positive ordered O-semifield K is called the positive cone

of K. 1

| : .
et (Ki i « 1) be'a family of O-semificids. The direct product of the family |
{K; iel} is the set of all elements (x;) ; ¢ ; in the cartesian product of the family (K; liel} and
0 where 0/= (0;) ; < 1 together with the componentwise operations. Let L be a subsemifield of
the direct product of {K; | iel}. L is said to be a subdirect product of ;| i e 1} iff for every
j € LTI(L) = K; where IJ; is the natural projectiorl map. A positive totally ordered 0-semifieild
K is said t6 be Archimedian iff for every x, y € K, if x <y then 1) there exists ann € Z" such
that y < n% and 2) there exists an n e Z such thaty < X" if x # 1.The main results of this
research ate as follows : ' '
|

]
Theorem [, Let K be a O-semifieldP < K" and P! ={x"| x e P}. Supposc that P satisfics
that

)P is ai multiplicative subsemigroup of K, 2) P A P = (1}, 3) for every x € K,
l+xe Palnd4)forevexy x,y € Panda, b € K, a+ b= 1.implies that ax + by e P.Then there
exists a umque positive compatible partial order on K induced by P such that P is the Positivc
cone. Fu.rti}ermore, there exists an order isomorphism from the set of all subsets of K which

satisfy 1)-4) onto the set of all positive compaﬁble partial orders on K.
: ! |

! _
Theorem 2. If K is a positive lattice ordered 0-semifield, then K is a subdirect product of
positive totally ordered O-semifields. _

|

Theorem 3. If K is an Archimedian positive totally ordered O-semifield such that 1 + 1= 1and
the prime semifield of K. which is order isomorphic to Qf then K can be embedded into a
complete p:ositive totally ordered O-semifield.
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INTRODUCTION

In [2], L. Fuchs and [1], G. Birkhoff have given some theorems of
partially ordered semigroups, partially ordered groups, partially ordered rings,
and partially ordered fields. And (3], J. Phayukul has proved some fundamenial
theorems of partially ordered ratio semirings.

Our research problem is to generalize some fundamental theorems in
the book of [2}, L. Fuchs, {1], G. Birkhoff and [3], J. Phayukul to a
positive ordered 0-semifield.

An example of some theorem that we fry to generalize is the
following in [2), L. Fuchs, he proved that if a totally ordered group G is
Archimedian then it is order isomorphic to a additive subgroup of the real
numbers with the natural ordering.

In this research, we can generalize above theorem to a positive
totally ordered O-semifield that if K is an Archimedian positive totally
ordered O-semifield such that 1+ 1# 1 and K c K, the prime semifield of
K is order isomorphic to Q:, then K can be embedded into a complete
positive totally ordered O-semifield.

In Chapter ]I, we introduce some notations, give definitons and
fundamental theorems conceming 0-semifields.

In Chapter HI, we study positive ordered 0-semiﬁelds.

In Chapter IH, we study positive lattice ordered O-semifields.

In Chapter IV, we study positive totally ordered (-semifields.
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