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CHAPTER I

INTRODUCTION

A super edge-magic labeling of a graph is motivated by the concept of edge-

magic labeling. In 1998 H. Enomoto, A.S. Llado, T. Nakamigawa and G. Ringel [2]

defined a super edge-magic labeling of a graph G  as a bijection from )()( GEGV ∪

to the set of integers from 1 to )()( GEGV +  such that the sum of labels on an

edge and its two endpoints is the same for all edges and the set of vertex labels is

{1,2,…,|V(G)|}. A graph G  is called super edge-magic if it admits a super edge-

magic labeling. Enomoto et al. proved that the cycle nC  is super edge-magic when

n  is odd, the star nK ,1  is super edge-magic and if a graph G  with p  vertices and q

edges is super edge-magic then 32 −≤ pq . G. Ringel and A.S. Llado [6] proved

that a caterpillar is super edge-magic. In 2001 R.M. Figueroa - Centeno, R.Ichishima

and F.A. Muntaner - Batle [3] enumerated a necessary and sufficient condition for a

graph to be super edge-magic, which is most of the time more useful  than  the

definition  itself  and  proved  that  the  fan nF  is super  edge-magic  when 6≤n ,

the ladder nL  is  super  edge-magic  when n  is odd and the generalized  prism

nm PC ×  is  super  edge-magic when m  is odd and 2≥n . R.M. Figueroa- Centeno,

R. Ichishima and F.A. Muntaner-Batle [4] proved the following:

1. 2
nP  is super edge-magic when 3≥n with nk 3= .

2. Let U
l

i
ni

P
1=

, where in  is an integer with 2≥in  for all i , be a super edge-

magic.  If 3≥m  is odd, then )(
1
U

l

i
ni

Pm
=

 is super edge-magic.

3. The disjoint union of m  copies of nC  is super edge-magic when 1≥m

and 3≥n  are odd.
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4.  For positive integers m  and n , the disjoint union of m  copies of nK ,1  is

super edge-magic  when m  is odd.

5. The disjoint union of nK ,1  and 1,1 +nK  is super edge-magic when 1≥n .

6. The disjoint union of 2P  and nP  is super edge-magic when 3≥n .

7.  For every positive integer n , the disjoint union of 3P  and n  copies of

2P  is  super  edge-magic.

8. The disjoint union of n  copies of 2P  is super edge-magic when n  is odd.

J.Wijaya and E.T.Baskoro [9] proved that the disjoint union of k  copies of nP  is

super edge-magic when 1≥n  and 3≥k  is odd.

This thesis surveys, collects many classes of graphs that can admit a super

edge-magic labeling on some graphs (connected and disconnected) and presents new

classes of super edge-magic graphs. Also proofs of some theorems are rewritten for

better understanding.

There are four chapters in this thesis. In Chapter I, we introduce some

authors who have studied super edge-magic labelings on many classes of graphs.

In Chapter II, we give a definition of a super edge-magic graph, lemmas and

corollaries that will be used in this thesis.

In Chapter III, super edge-magic labelings on many classes of connected

graphs are discussed and super edge-magic labelings on connected graphs: an )1,(n -

kite, an ),( mn -pineapple and an n -sun, are presented.

In Chapter IV, super edge-magic labelings on many classes of disconnected

graphs are discussed and we also present super edge-magic labelings on the

following disconnected graphs: the graph )1,(nn -kites, the disjoint union of n

copies of )1,(n -kite when n  is odd and the disjoint union of nK ,1  and 1,1 +nK .



CHAPTER II

DEFINITIONS AND EXAMPLES

 We introduce the definition, provide examples, lemmas and corollaries for a

graph to be super edge-magic.

Definition 2.1. A super edge-magic labeling on a graph G  is a bijective function

→∪ )()(: GEGVf  },...,2,1{ qp +

where )(GVp =  and )(GEq =  such that kuvfvfuf =++ )()()(  is a constant,

called the valence of f , for any edge uv  of G  and },...,2,1{))(( pGVf = .

A graph G  is called super edge-magic if it admits a super edge-magic

labeling.

Example 2.2. The cycle 5C  is super edge-magic with 14=k .
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Example 2.3. The Petersen graph is super edge-magic with 29=k .

Lemma 2.4. [3] A −),( qp graph G  is super edge-magic if and only if there exists a

bijective function },...,2,1{)(: pGVf →  such that the set

)}(:)()({ GEuvvfufS ∈+=

consists of q  consecutive integers. In such a case, f  extends to a super edge-magic

labeling of G  with valence sqpk ++= , where )min(Ss =  and

)}(:)()({ GEuvvfufS ∈+=

    )}(),...,2(),1({ qpkpkpk +−+−+−= .

Proof. Let  G  be a −),( qp graph.

)(⇒  Assume that G  is super edge-magic. Then there exists a bijective function

→∪ )()(: GEGVf  },...,2,1{ qp +  and a constant  k

such that kuvfvfuf =++ )()()(  for any edge uv  of G  and },...,2,1{))(( pGVf = .

Then },...,2,1{))(( qpppGEf +++= .

Define )}(:)({ GEuvuvfkS ∈−=

       )}(),...,2(),1({ qpkpkpk +−+−+−= .

Then )}(:)()({ GEuvvfufS ∈+=  consists of q  consecutive integers.
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)(⇐  Assume that there exists a bijective function },...,2,1{)(: pGVf →  such that

the set

)}(:)()({ GEuvvfufS ∈+=

consists of q  consecutive integers. Let xy  be an edge in )(GE  such that

sSyfxf ==+ )min()()( . Then }1,...,2,1,{ −+++= qssssS .

Define ))()(()( vfufsqpuvf +−++=  for any edge uv  of G .

Then )}1(),...,1(),({))(( −+−+++−++−++= qssqpssqpssqpGEf

},...,2,1{ qppp +++= .

Thus there exists a bijective function →∪ )()(: GEGVf  },...,2,1{ qp +

such that sqpuvfvfuf ++=++ )()()(  is a constant for any edge uv  of G  and

},...,2,1{))(( pGVf = .

Therefore G  is super edge-magic.

In light of this result, it suffices to exhibit the vertex labeling of a super edge-magic

graph.

Corollary 2.5. [3] If G  is a super edge-magic −),( qp graph and f  is a super edge-

magic labeling of G  with a valence k , then

∑ ∈ ⎟
⎠
⎞

⎜
⎝
⎛+=

)( 2deg)(
GVv

qqsvvf ,

where s  is defined as in the previous lemma. In particular,

.)(mod0deg)(2
)(∑ ∈

≡
GVv

qvvf

Proof. Assume that G  is a super edge-magic −),( qp graph and f  is a super edge-

magic labeling of G  with valence k . Let )(, GVvu ∈ .

Since          sqpk ++= ,                    qsqpkq )( ++=
       ∑ ∈

++=++
)(

2)()()(
GEuv

qsqpquvfvfuf

  ∑ ∑∈

+

+=

++=+
)(

2

1
deg)(

GVv

qp

pi
qsqpqivvf

             ∑ ∈
++=

+
++

)(
2

2
)1(deg)(

GVv
qsqpqqqpqvvf



6
 ∑ ∈

+
−+=

)(
2

2
)1(deg)(

GVv

qqqqsvvf

  ∑ ∈

−−
+=

)(

22

2
2deg)(

GVv

qqqqsvvf

  ∑ ∈

−
+=

)( 2
)1(deg)(

GVv

qqqsvvf

 ∑ ∈ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=

)( 2
deg)(

GVv

q
qsvvf .

Corollary 2.6. [3] If G  is a −),( qp graph, where every vertex of G  has even degree

and )4(mod2≡q , then G  is not super edge-magic.

Proof. Let G  be a −),( qp graph, where every vertex of G  has even degree and

)4(mod2≡q . Then 24 += tq  for some +Ζ∈t .

Suppose  G  is super edge-magic. By corollary 2.5,

        ∑ ∈ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=

)( 2
deg)(

GVv

q
qsvvf

2
)14)(24()24(deg)(...deg)(deg)( 2211

++
++=+++

ttstvvfvvfvvf pp

)14)(12()24(deg)(...deg)(deg)( 2211 ++++=+++ ttstvvfvvfvvf pp .

Since ivdeg  is even for all i , ∑
=i

ii vvf
1

deg)( is even. Since 24 +t  is even, st )24( +

is  even. And since 12 +t  and 14 +t  are odd, )14)(12( ++ tt  is odd.

So st )24( + + )14)(12( ++ tt  is odd, a contradiction. Hence G  is not super edge-

magic.

Lemma 2.7. [3] If G  is a −),( qp graph, where rv =deg  for every vertex v  and
0>r , then q  is odd and the valence of any super edge-magic labeling of G  is

)34(
2
1

++ qp .

Proof. Assume that G  is a −),( qp graph, where rv =deg  for every vertex v  and

0>r .

The valence of any super edge-magic labeling of G  is

∑ ∈
++=

)(
)()()(

GEuv
uvfvfufkq
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       ))()()((1)(1

)(∑ ∈
++==

GEuv
uvfvfuf

q
kq

q
k

⎭
⎬
⎫

⎩
⎨
⎧

+= ∑∑
+

+==

qp

pi

p

i
iir

q 11

1

⎭
⎬
⎫

⎩
⎨
⎧ +

++⎟
⎠
⎞

⎜
⎝
⎛ +

=
2

)1(
2

)1(21 qqpqpp
p
q

q

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++=

2
3

2
21 2 qqpq

q

( )34
2
1

++= qp ,

which implies that  q  is odd.

In the following lemma, Enomoto et al. provided an upper bound for the size of super

edge-magic graphs.

Lemma 2.8. [2] If  a −),( qp graph is super edge-magic, then 32 −≤ pq .

Proof. Assume that a −),( qp graph is super edge-magic.

By lemma 2.5, the valence of f  is { }( ))(:)()(min GEuvvfufqpk ∈+++= .

Thus 21+++≥ qpk . Now, consider the extreme values of k  :

{ }( ) kpppGEuvvfufqp ≥−+++≥∈+++ )1(1)(:)()(max .

 Then ( ) ( )1121 ++−+≤≤+++ pppkqp .

Therefore   32 −≤ pq .

The following corollary implies that the minimum degree is at most 3 for every super

edge-magic graph.
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,64)32(22deg444
)(

1

1
−=−≤=≤=− ∑∑

∈

−

=

ppqvp
GVv

p

i

Corollary 2.9. [3] Every super edge-magic −),( qp graph contains at least two

vertices of degree less than 4.

Proof. Assume, to the contrary, that 1−p  vertices of G  have degree at least 4.

By the previous lemma,

which is a contradiction.



CHAPTER III

SUPER EDGE-MAGIC LABELINGS ON CONNECTED

GRAPHS

In this chapter, we discuss some connected graphs which are or are not super

edge-magic and give some examples of small cases.

Theorem 3.1. [2] The complete graph nK  is super edge-magic when .3,2,1=n

Proof. 21 , KK and 3K  are super edge-magic with valences 1, 6 and 9 respectively.

1K : •

1

2K :            3

      1                 2

 3K :
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Theorem 3.2. [2] The complete graph nK  is not super edge-magic when 4≥n .

Proof. Assume, to the contrary, that the complete graph nK is super edge-magic.

By lemma 2.8,  32
2

)1(
−≤

− nnn

         0652 ≤+− nn

      0)3)(2( ≤−− nn , which implies 32 ≤≤ n .

Since 4≥n , it is a contradiction.

Therefore the complete graph nK is not super edge-magic when 4≥n .

Theorem 3.3. [2] A wheel nW  is not super edge-magic.

Proof. Assume, to the contrary, that nW  is super edge-magic.

By lemma 2.8, 

123)1(22 −=−+≤ nnn ,

which is a contradiction.

Therefore nW  is not super edge-magic.

Theorem 3.4. [2] Every odd cycle nC  is super edge-magic with 
2

35 +
=

nk .

Proof. Let },...,,{)( 21 nn vvvCV =  and },...,,{)( 13221 vvvvvvCE nn = .
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1

2+t 2

3+t

1+t
12 +t

Let  12 += tn  for some +Ζ∈t  and define a vertex labeling f  as follows:

( )

⎪
⎪

⎩

⎪
⎪

⎨

⎧

=
+

+

+=
+

=
.2,...,4,2

2
2

,12,...,3,1
2

1

tiifit

tiifi

vf i

The labeling f  is shown in figure 3.1

Figure3.1: A vertex labeling of 12 +tC  for some .+Ζ∈t

In order to show that f  extends to a super edge-magic labeling of nC , it

suffices to verify the following  by lemma 2.4:

a) },...,2,1{))(( nCVf n =

b) )}(:)()({ nCExyyfxfS ∈+=  is a set of n  consecutive integers.

For a) the numbers 1,...,3,2,1 +t  are labels of 12531 ,...,,, +tvvvv . The numbers

,3,2 ++ tt 12,...,4 ++ tt  are labels of  tvvvv 2642 ,...,,, . Thus, the set of vertex

labelings is }12,...,2,1{ +t .

For b) observe that 

for  )( 121 +∈ tn CEvv  ,

2
2

112
2

11)()( 1 +=
++

+
+

=+ ttvfvf n ,
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for  )( 121 ++ ∈ tii CEvv  : 12,...,3,1 −= ti ,

2
2

21
2

1)()( 1 ++=
++

++
+

=+ + ititivfvf ii ,

for  )( 121 ++ ∈ tii CEvv  : ti 2,...,4,2= ,

2
2

11
2

2)()( 1 ++=
++

++
+

+=+ + itititvfvf ii .

Thus, }23,...,3,2{)}(:)()({ +++=∈+ tttCExyyfxf n  is a set of 12 +t  consecutive

integers.

Then { }12:)()(min)12()12( +∈+++++= tCuvvfufttk

          
2

3545)2()12()12( +
=+=+++++=

ntttt .

Therefore f  extends to a super edge-magic labeling of nC  when n  is odd with

2
35 +

=
nk .

Figure 3.2: A super edge-magic labeling of 7C  with 19=k .

Theorem 3.5. [4] The path nP  is super edge-magic when n  is even with 
2

25 +
=

nk

and when n is odd with 
2

35 +
=

nk .

Proof. Let  },...,,{)( 21 nn vvvPV =  and }.,...,,{)( 13221 nnn vvvvvvPE −=

      1v            2v     3v          1−nv   nv
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Case 1: n  is even. Let tn 2=  for some +Ζ∈t . The labeling f is shown in

figure 3.3.

          14 −t           24 −t           34 −t        22 +t        12 +t

 1             1+t                   2          2+t      12 −t                t                     t2

Figure 3.3: A super edge-magic labeling of nP  with 
2

25 +
=

nk .

Case 2: n  is odd. Let  12 += tn  for some +Ζ∈t . The labeling f  is shown in

figure 3.4.

          14 +t             t4           14 −t        32 +t        22 +t

 1             2+t                   2           3+t      t                     12 +t             1+t

Figure 3.4: A super edge-magic labeling of nP  with 
2

35 +
=

nk .

Therefore nP  is  super  edge-magic.
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4P :

        1          3          2          4

        7          6          5

5P :

      1       4       2       5        3

                  9        8                     7                      6

Figure 3.5: Super edge-magic labelings of 4P  and 5P  with 11=k  and 14=k ,

respectively.

Theorem 3.6. [4] Every star nK ,1  is super edge-magic with 42 += nk .

Proof. A super edge-magic labeling of nK ,1  is shown as follows:
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Theorem 3.7. [4] Every star nK ,1  is super edge-magic with 33 += nk .

Proof. A super edge-magic labeling of nK ,1  is shown as follows:

Theorem 3.8. [6] A caterpillar 
tnnnCP ,...,, 21
 is super edge-magic.

Proof. In fact, a caterpillar 
tnnnCP ,...,, 21
 is 

tnnn KKK ,1,1,1 ...
21

∪∪∪  where 
inK ,1 is a

star with center ic  and in  edges and in every case 
inK ,1 shares an edge with 

1,1 +inK ,

then 
tnnnCP ,...,, 21
 has ∑

=

+−=
t

i
i tnq

1
1  edges ( 1−t  edges are shared by two stars) and

∑
=

+−=
t

i
i tnp

1
2  vertices. ic  will be a leaf in 

1,1 −inK  (unless 1=i ) and in 
1,1 +inK

(unless ni = ) or equivalently the leaves of 
inK ,1 will include 1−ic  and 1+ic .

First the stars are ordered ,...,,
531 ,1,1,1 nnn KKK , ,...,,

642 ,1,1,1 nnn KKK . Define a

vertex labeling f  by mapping consecutively  (we start at the number 1) the non-

center vertices of the stars ,...,,
531 ,1,1,1 nnn KKK  and then the non-center vertices of the

stars ,...,,
642 ,1,1,1 nnn KKK  . Then all vertices are labeled.
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From the given labeling f , we consider the valence of the labeling,

+−−−−−⎟
⎠

⎞
⎜
⎝

⎛
+−−−−⎟

⎠

⎞
⎜
⎝

⎛
= ∑∑

==

1)1()1()1()1(
11

eo

t

i
ieo

t

i
i ttnttnk

}:)()(min{ ,...,, 21 tnnnCPuvvfuf ∈+

1)1(11)1()1()1()1(
12

111
+−−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
++−−−−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−−−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= ∑∑∑

+

===
o

t

i
ieo

t

i
ieo

t

i
i tnttnttn

o

    ∑∑
+

==

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−=

12

11
2)23(6

ot

i
i

t

i
ieo nntt

Therefore 
tnnnCP ,...,, 21
is super edge-magic with ∑∑

+

==

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−=

12

11
2)23(6

ot

i
i

t

i
ieo nnttk .

Figure3.6: A super edge-magic labeling of 4,5,3CP  with 29=k .

Conjecture 3.9. [2] Every tree is super edge-magic.

Theorem 3.10. [4] The graph 2
nP  is super edge-magic when 3≥n with nk 3= .

Proof. A super edge-magic labeling of 2
nP  is shown in figure 3.7.

Figure 3.7: A super edge-magic labeling of 2
nP  with nk 3= .
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Theorem 3.11. [3] The fan nF  is super edge-magic when 61 ≤≤ n  with 33 += nk .

Proof. The super edge-magic labelings of nF  when 61 ≤≤ n are shown as follows:

1F : 2F :

3F : 4F :

5F : 6F :

Figure 3.8: Super edge-magic labelings of nF  when 6,...,2,1=n  with

,21,18,15,12,9,6=k  respectively.
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nv2

12 −nv

3+nv

2+nv

1+nv

nv

1−nv

3v

2v

1v

Theorem 3.12. [3] The ladder nL  is super edge-magic when n  is odd with

2
111 +

=
nk .

Proof. Let { }nn vvvLV 221 ,...,,)( =  and
,,,,...,,{)( 322113221 ++++−= nnnnnnn vvvvvvvvvvLE }.,...,2,1:,..., 212 nivvvv ininn =+−

Let 12 += tn for some +Ζ∈t and define a vertex labeling f  as follows:

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

+++=
++

+++=
++

=
++

+=
+

=

.14,...,52,32
2
12

,24,...,42,22
2
24

,2,...,4,2
2
22

,12,...,3,1
2

1

)(

tttiifit

tttiifit

tiifit

tiifi

vf i

In order to show that f  extends to a super edge-magic labeling of nL , it

suffices to verify the following  by lemma 2.4:

a) }2,...,2,1{))(( nLVf n =

b) )}(:)()({ nLExyyfxfS ∈+=  is a set of 23)1(2 −=−+ nnn

consecutive integers.
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For a) the numbers 1,...,2,1 +t  are labels of 1231 ,...,, +tvvv . The numbers

12,...,3,2 +++ ttt  are labels of tvvv 242 ,...,, . The numbers ,32,22 ++ tt  13..., +t  are

labels of 145232 ,...,, +++ ttt vvv . The numbers 24,...,33,23 +++ ttt  are labels of

244222 ,...,, +++ ttt vvv . Thus, the set of vertex labelings is }24,...,2,1{ +t .

For b) observe that

for )(1 nii LEvv ∈+ : ,1,...,2,1 −= ni

ititivfvf ii ++=
+++

+
+

=+ + 2
2

122
2

1)()( 1 ,

for )(1 nii LEvv ∈+ : ,12,...,2,1 −++= nnni

itititvfvf ii ++=
+++

+
++

=+ + 23
2

112
2
24)()( 1 ,

for )( nnii LEvv ∈+ : ,,...,2,1 ni =

ittitivfvf nii ++=
++++

+
+

=+ + 23
2

1224
2

1)()( .

Thus, }37,...,4,3{)}(:)()({ +++=∈+ tttLExyyfxf n  is a set of 23 −n

consecutive integers.

Then { })(:)()(min))1(2()2( nLEuvvfufnnnk ∈++−++=

           
2

111)1
2

3())1(2()2( +
=+

+
+−++=

nnnnn .

Therefore f  extends to a super edge-magic labeling of nL  when n  is odd with

2
111 +

=
nk .

Figure 3.9: A super edge-magic labeling of 5L  with 28=k .
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Theorem 3.13. [3] The generalized prism nm PC ×  is super edge-magic with

2
36 +−

=
mmnk  when m is odd and 2≥n .

Proof. Let }1,1:{)( njmivPCV ijnm ≤≤≤≤=×  and

}1:{}1,11:{)( 11 njvvnjmivvPCE mjjjiijnm ≤≤∪≤≤−≤≤=× +

Define a vertex labeling f as follows:

1mv

31v

21v

11v

2mv

32v

22v

12v

mnv

nv3

nv 2

nv1

}.11,1:{ 1 −≤≤≤≤∪ + njmivv ijij
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Define a vertex labeling f as follows:

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

≠=
−+−

≠−=
−+−

≠=

=
−+

−=
−+

=−=
++

==
+

=

.1,...,5,3
2

)22(1

,11,...,4,2
2

)12(1

,11

,,...,3,1
2

)12(

,1,...,4,2
2

)22(

,11,...,4,2
2

1

,1,...,3,1
2

1

)(

oddisjandmiifjmi

oddisjandmiifjmi
oddisjandiifmj

evenisjandmiifjmi

evenisjandmiifjmi

jandmiifmi

jandmiifi

vf ij

In order to show that f  extends to a super edge-magic labeling of nL , it

suffices to verify the following  by lemma 2.4:

a) },...,2,1{))(( mnPCVf nm =×

b) )}(:)()({ nm PCExyyfxfS ×∈+=  is a set of mmnnm −=− )1(

consecutive integers.

We consider when n  is odd.

For a) the numbers ,1)1(,,...,2,...,
2

33,
2

13,
2

1,...,2,1 +−
+++ nmmnmmmm

2
1)12(,...,2)1( −−

+−
nmnm  are labels of ,...,, 3111 vv ,,,...,,...,,, 31232121 nnmm vvvvvv

mnn vv ,...,5 . The numbers ,
2

1)12(,...,
2

13,...,2,1,,...,
2

5,
2

3 +−−
++

++ nmmmmmmm

1,...,
2

3)12(
−

+− mnnm  are labels of ,...,, 4121 vv ,,,...,,...,,, 422)1(42221)1( nnmm vvvvvv −−

nmv )1(...., − .  Thus, the set of vertex labelings is },...,2,1{ mn .
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For b) observe that

for )(111 nmm PCEvv ×∈ ,

2
3

2
11)()( 111

+
=

+
+=+

mmvfvf m ,

for nj ,...,5,3= ,

for )(1 nmmjj PCEvv ×∈ ,

2
1)14(

2
)22(1)()( 1

−−
=

−+−
+=+

jmjmmmjvfvf mjj ,

for 2,...,3,1 −= mi ,

for )(1)1(1 nmii PCEvv ×∈+ ,

immiivfvf ii +
+

=
+++

+
+

=+ + 2
3

2
11

2
1)()( 1)1(1 ,

for )()1( nmjiij PCEvv ×∈+ : nj ,...,5,3= ,

ijmjmijmivfvf jiij +
−−

=
−+−+

+
−+−

=+ + 2
1)34(

2
)22(11

2
)12(1)()( )1( ,

for )(21 nmii PCEvv ×∈ ,

immiivfvf ii +
+

=
−+

+
+

=+
2

13
2

)1)2(2(
2

1)()( 21 ,

for )()1( nmjiij PCEvv ×∈+ : 2,...,5,3 −= nj ,

imjjmijmivfvf jiij +
−

=
−++

+
−+−

=+ + 2
14

2
)1)1(2(

2
)12(1)()( )1( ,

for 1,...,4,2 −= mi  and 1,...,4,2 −= nj ,we can verify similarly.

Next, consider when n  is even, we can verify similarly to the previous case.

So }
2

14,...,
2

52
2

32{)}(:)()({ +−++
+

++
=×∈+

mmnmmnmmnPCExyyfxf nm  is

a set of mmnnm −=− )1(  consecutive integers.

Therefore f  extends to a super edge-magic labeling of nm PC ×  with

2
36 +−

=
mmnk  when m is odd and 2≥n .
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Figure 3.10: A super edge-magic labeling of 35 PC ×  with 44=k .

Theorem 3.14. The kiten −)1,(  is super edge-magic with 
2

95 +
=

nk  when n  is odd.

Proof. Let { }121 ,,...,,))1,(( +=− nn vvvvkitenV  and
{ }11113221 ,,,...,,))1,(( +−=− nnnn vvvvvvvvvvkitenE .

Let 12 += tn  for some +Ζ∈t  and define a vertex labeling f as follows:

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

=++

+=
−

=+

+=+

=

.2,...,4,2
2

1

,12,...,5,3
2

1

,122

,221

)(

tiifit

tiifi

iift

tiift

vf i

1+nv

3v

2v

1v

nv

4v 2−nv

1−nv
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The labeling f  is shown in figure 3.11.

Figure 3.11: A vertex labeling of kiten −)1,( .

In order to show that f  extends to a super edge-magic labeling of kiten −)1,( ,

it suffices to verify the following  by lemma 2.4:

a) }1,...,2,1{)))1,((( +=− nkitenVf

b) )})1,((:)()({ kitenExyyfxfS −∈+=  is a set of 1+n  consecutive

integers.

For a) }1,...,2,1{)))1,((( +=− nkitenVf .

For b) observe that

for ))1,((21 kitenEvv −∈ , 43
2
2122)()( 21 +=++++=+ tttvfvf ,

for ))1,((1 kitenEvv n −∈ , 23
2

11222)()( 1 +=
−+

++=+ tttvfvf n ,

for ))1,((11 kitenEvv n −∈+ , 33122)()( 11 +=+++=+ + tttvfvf n ,

for ))1,((1 kitenEvv ii −∈+ : 12,...,5,3 −= ti ,

1
2

11
2

1)()( 1 ++=
+

+++
−

=+ + ititivfvf ii ,

for ))1,((1 kitenEvv ii −∈+ : ti 2,...,4,2= ,

1
2

11
2

1)()( 1 ++=
−+

+++=+ + itiitvfvf ii .
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Thus, }43,...,4,3{)})1,((:)()({ +++=−∈+ tttkitenExyyfxf  is a set of 22 +t

consecutive integers.

Then { }))1,((:)()(min)1()1( kitenEuvvfufnnk −∈+++++=

          
2

95)3()1()1( +
=+++++=

ntnn .

Therefore f  extends to a super edge-magic labeling of kiten −)1,(  with 
2

95 +
=

nk

when n  is odd.

Figure 3.12: A super edge-magic labeling of (5,1)-kite with k =17.

Theorem3.15. The kiten −)1,(  is super edge-magic with 
2

75 +
=

nk  when n  is odd.

Proof.  Let 12 += tn  for some +Ζ∈t  and define a vertex labeling f as follows:

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

=−+

+=
−

−+

+=+

=

.2,...,4,2
2

22

,12,...,3,1
2

11

,2222

)(

tiifit

tiifit

tiift

vf i
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We can verify similarly to the previous theorem that

a) }1,...,2,1{)))1,((( +=− nkitenVf

b) }
2

33,...,
2

5,
2

3{)})1,((:)()({ +++
=−∈+=

nnnkitenExyyfxfS  is a set

of 1+n  consecutive integers.

Therefore f  extends to a super edge-magic labeling of kiten −)1,(  with 
2

75 +
=

nk

when n  is odd.

           

      

Figure 3.13: A super edge-magic labeling of (5,1)-kite with k=16.

Theorem 3.16. Every sunn −  is super edge-magic with 
2

39 +
=

nk  when n is odd.

Proof. Let },...,,{)( 221 nvvvsunnV =−  and

},...,2,1:{},,...,,{)( 1113221 nivvvvvvvvvvsunnE iinnn =∪=− +− .

nv2

2+nv

3+nv

1+nv
nv

1v

2v
3v
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Let  12 += tn for some +Ζ∈t and define a vertex labeling f as follows:

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

+++=+−

=++

+=
+

=

.24,...,32,2246

,2,...,4,21
2

,12,...,3,1
2

1

)(

tttiifit

tiifti

tiifi

vf i

In order to show that f  extends to a super edge-magic labeling of sunn − , it

suffices to verify the following  by lemma 2.4:

a) }2,...,2,1{))(( nsunnVf =−

b) )}(:)()({ sunnExyyfxfS −∈+=  is a set of 242 += tn  consecutive

integers.

For a) the numbers 1,...,2,1 +t are labels of 1231 ,...,, +tvvv . The numbers

12,...,3,2 +++ ttt are labels of tvvv 242 ,...,, . The numbers ,...,32,22 ++ tt 24 +t  are

labels of 221424 ,...,, +++ ttt vvv . Thus, the set of vertex labelings is }24,...,2,1{ +t .

For b) observe that

for )(1 sunnEvv n −∈ ,

2
2

3
2

1
2

11)()( 1 +=
+

=
+

+
+

=+ tnnvfvf n ,

for )(1 sunnEvv ii −∈+ : 12,...,5,3,1 −= ti ,

ittiivfvf ii ++=++
+

+
+

=+ + 21
2

1
2

1)()( 1 ,

for )(1 sunnEvv ii −∈+ : ti 2,...,4,2= ,

ititivfvf ii ++=
++

+++=+ + 2
2

111
2

)()( 1 ,

for )( sunnEvv nii −∈+ : 12,...,5,3,1 += ti ,

2
744)(6

2
1)()( itnitivfvf nii

−
+=++−+

+
=+ + ,

for )( sunnEvv nii −∈+ : ti 2,...,4,2= ,
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2
451)(31

2
)()( itnintivfvf nii −+=++−+++=+ + .

Thus, }
2

15,...,
2

5,
2

3{)}(:)()({ +++
=−∈+

nnnsunnExyyfxf  is a set of n2

consecutive integers.

Then { }
2

39
2

322)(:)()(min22 +
=

+
++=−∈+++=

nnnnsunnEuvvfufnnk .

Therefore f  extends to a super edge-magic labeling of sunn −  with 
2

39 +
=

nk

when n is odd.

Figure 3.14: A super edge-magic labeling of 5-sun with k=24.

Theorem 3.17. [8] Every n -sun is super edge-magic with 
2

311 +
=

nk  when n is

odd.

Proof. Let 12 += tn  for some +Ζ∈t  and define a vertex labeling f  as follows:
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⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪

⎨

⎧

+=

+++=
+−

++=
+

=+
+

+=
++

=

.241

,14,...,52,32
2

12

,4,...,42,22
2

2

,2,...,4,23
2

4

,12,...,3,1
2

34

)(

tiif

tttiifti

tttiifi

tiifti

tiifti

vf i

We can verify similarly to the previous theorem that

a) }2,...,2,1{))(( nsunnVf =−

b) }
2

17,...,
2

53,
2

33{)}(:)()({ +++
=−∈+=

nnnsunnExyyfxfS  is a set of

242 += tn  consecutive integers.

Therefore f  extends to a super edge-magic labeling of sunn −  with 
2

311 +
=

nk

when n  is odd.

Figure 3.15: A super edge-magic labeling of 5-sun with 29=k .
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Theorem 3.18. The pineapplemn −),(  is super edge-magic with 
2

352 +
+=

nmk

when n  is odd.

Proof. Let },...,,{)),(( 21 nmvvvpineapplemnV +=−  and

},...,2,1:{},,...,,{)),(( 1113221 mnnnivvvvvvvvvvpineapplemnE innn +++=∪=− − .

Define a vertex labeling f as follows:

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

+++=

−=

=
+

=

.,...,2,1

,1,...,4,2
2

,,...,3,1
2

)(

mnnniifi

niifi

niifin

vf i

2v 1v

3v
4v

nv

mnv +

2+nv

1+nv
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The labeling f is shown in figure 3.16.

Figure 3.16: A vertex labeling of pineapplemn −),( .

In order to show that f  extends to a super edge-magic labeling of

pineapplemn −),( , it suffices to verify the following  by lemma 2.4:

a) },...,2,1{))),((( mnpineapplemnVf +=−

b) )}),((:)()({ pineapplemnExyyfxfS −∈+=  is a set of mn +

consecutive integers.

For a) },...,2,1{))),((( mnpineapplemnVf +=− .

For b) observe that

for )),((1 pineapplemnEvv n −∈ ,

2
13

22
1)()( 1

+
=

+
+

+
=+

nnnnvfvf n ,

for )),((1 pineapplemnEvv ii −∈+ : 2,...,5,3,1 −= ni ,

2
1

2
1

2
)()( 1

+
+=

+
+

+
=+ +

niiinvfvf ii ,

for )),((1 pineapplemnEvv ii −∈+ : 1,...,4,2 −= ni ,

2
1

2
1

2
)()( 1

+
+=

++
+=+ +

niinivfvf ii ,
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for )),((1 pineapplemnEvv i −∈ : mnnni +++= ,...,2,1 ,

ininvfvf i +
+

=+
+

=+
2

1
2

1)()( 1 .

Thus, }
2

13,...,
2

5,
2

3{)}),((:)()({ mnnnpineapplemnExyyfxf +
+++

=−∈+  is a

set of mn +  consecutive integers.

Then { })),((:)()(min)()( pineapplemnEuvvfufmnmnk −∈+++++=

          
2

352
2

3)()( +
+=

+
++++=

nmnmnmn .

Therefore f  extends to a super edge-magic labeling of pineapplemn −),(  with

2
352 +

+=
nmk  when n is odd.

Figure 3.17: A super edge-magic labeling of pineapple−)6,5( with 26=k .



CHAPTER IV

SUPER  EDGE-MAGIC  LABELINGS  ON

DISCONNECTED  GRAPHS

In this chapter, we consider the disconnected graphs which are super edge-

magic. Moreover, we show some examples.

Theorem 4.1. [4] The graph nmC  is super edge-magic with 
2

35 +
=

nmk  when 1>m

and 3≥n  are odd.

Proof. Let  1>m  and 3≥n  are odd.

Let mn VVVmCV ∪∪∪= ...)( 21  where { }i
n

ii
i vvvV ,...,, 21=  and

mn EEEmCE ∪∪∪= ...)( 21  where { }i
n

ii
n

i
n

iiii
i vvvvvvvvE 113221 ,,...,, −= .

Define a vertex labeling { }mnGVf ,...,2,1)(: →  as follows:

1
nv

1
3v

1
2v

1
1v

2
nv

2
3v

2
2v

2
1v

m
nv

mv3

mv2

mv1
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⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=≤≤
+

−+⎟
⎠
⎞

⎜
⎝
⎛ +

−

=
−

≤≤−+⎟
⎠
⎞

⎜
⎝
⎛ +

−

−=≤≤
+−+

+⎟
⎠
⎞

⎜
⎝
⎛ −+

−=
−

≤≤
++

+⎟
⎠
⎞

⎜
⎝
⎛ −+

=≤≤

=

.,...,5,3
2

1212
2

1

,,...,5,3
2

11211
2

1

,1,...,4,2
2

1
2
12

2
1

,1,...,4,2
2

11
2
12

2
1

,11

)(

njandmimifijm

njandmiifijm

njandmimifmijnm

njandmiifmijnm

jandmiifi

vf i
j

In order to show that f  extends to a super edge-magic labeling of nmC , it

suffices to verify the following by lemma 2.4:

a) },...,2,1{))(( mnmCVf n =

b) )}(:)()({ nmCExyyfxfS ∈+=  is a set of mn  consecutive integers.

For a), let 12 += tn  and 12 +′= tm  for some +Ζ∈′tt, . The numbers

12,...,2,1 +′t  are labels of mvvv 1
2
1

1
1 ,...,, . The numbers ,...,42,32,22 +′+′+′ ttt

24,14 +′+′ tt , ,32,22,12,...,36,26,...,54,44,34 ++′++′++′+′+′+′+′+′ tttttttttttttt

tttt ′++′ 22..., , 122 +′++′ tttt  are labels of ,...,,,,,,...,,, 2
55

12
5

1
3

1
3

2
33

12
3

ttttttt vvvvvvvv ′′+′+′′′+′

1
5

1
5 , +′tvv ,…, 11212 ,,...,,, +′′′+′ t

nn
t

n
t
n

t
n vvvvv . The numbers ,...,322,222 +′++′+′++′ tttttttt

242,...,432,332,232 +′++′+′++′+′++′+′++′ tttttttttttttttt , … , ,124 ++′ ttt

224 ++′ ttt , … , ,124 +′++′ tttt ,324,224 +′++′+′++′ tttttttt 1224..., +′++′ tttt

are labels of tttt vvvvvv ′+′+′+′
2

2
2

1
2

12
2

2
2

1
2 ...,,,,...,, ,…, ,,...,, 12

1
2

1
1
1

+′
−

+′
−

+′
−

t
n

t
n

t
n vvv t

nnn vvv ′
−−− 1

2
1

1
1 ...,, . Thus,

the set of vertex labelings is },...,2,1{ mn .

For b), observe that, for 
2

1,...,2,1 −
=

mi ,

for ),(21 n
ii mCEvv ∈

ittttminmivfvf ii 2232
2
12

2
12)()( 21 +++′+′=

++
+⎟

⎠
⎞

⎜
⎝
⎛ −+

+=+ ,

for )(1 n
i
j

i
j mCEvv ∈+  : 1,...,4,2 −= nj ,

ijmmijnmvfvf i
j

i
j 211

22
12

2
1)()( 1 −+⎟

⎠
⎞

⎜
⎝
⎛ ++

++
+⎟

⎠
⎞

⎜
⎝
⎛ −+

=+ +

  ijtjtttt −+′+++′+′= 2332 ,
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for )(1 n
i
j

i
j mCEvv ∈+ : 2,...,5,3 −= nj ,

2
12

2
211

2
1)()( 1

mijnmijmvfvf i
j

i
j

++
+⎟

⎠
⎞

⎜
⎝
⎛ +

+−+⎟
⎠
⎞

⎜
⎝
⎛ +

−
=+ +

  ijtjtttt −+′+++′+′= 2332 ,

for ),(1 n
i
n

i mCEvv ∈ ittttinmivfvf i
n

i −++′+′=−+⎟
⎠
⎞

⎜
⎝
⎛ +

−
+=+ 222211

2
1)()( 1 ,

for mmmi ,...,
2

3,
2

1 ++
= ,we can verify similarly.

Thus, }
2

13,...,
2

5,
2

3{)}(:)()({ +++
=∈+

mnmnmnmCExyyfxf n  is a set of mn

consecutive integers.

Then { })(:)()(min nmCEuvvfufmnmnk ∈+++=

2
35

2
3 +
=

+
++=

nmmnmnmn .

Therefore f  extends to a super edge-magic labeling of nmC  with 
2

35 +
=

nmk  when

1>m  and 3≥n  are odd.

Figure 4.1: A super edge-magic labeling of 57C with 89=k .
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Theorem 4.2. [9] The graph nmC  is super edge-magic with 
2

35 +
=

nmk  when 1>m

and 3≥n  are odd.

Proof. Define a vertex labeling f  as follows:

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=≤≤
+

−+
+

=
−

≤≤−+
+

−=≤≤
+

+
+−+

−=
−

≤≤+
++

−=≤≤+
−

=≤≤

=

.
2

121
2

)3(

,
2

1121
2

)1(

,1,...,4,2
2

1
2

1)2(

,1,...,4,2
2

11
2

1)(

,3,...,5,31
2

)1(

,11

)(

njandmimifinm

njandmiifinm

njandmimifijnm

njandmiifijnm

njandmiifijm

jandmiifi

vf i
j

We can verify similarly to the previous theorem.

Therefore f  extends to a super edge-magic labeling of nmC  with 
2

35 +
=

nmk  when

1>m  and 3≥n  are odd.

Figure 4.2: A super edge-magic labeling of 57C with 89=k .
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1v

1u

2v

2u
nu

nv

x

y

z

Theorem 4.3. [4] The linear forest 23 nPP ∪  is super edge-magic for every positive

integer n .

Proof. Let },...,2,1:,{},,{)( 23 nivuzyxnPPV ii =∪=∪ and

},...,2,1:{},{)( 23 nivuyzxynPPE ii =∪=∪ .

We consider four possible cases.

Case1: 1=n . The labeling f is shown in figure 4.3.

Figure 4.3: A super edge-magic labeling of 23 PP ∪  with 13=k .

Case2: 3=n . The labeling f is shown in figure 4.4.

Figure 4.4: A super edge-magic labeling of 23 3PP ∪  with 22=k .
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1 2
4+m 22 +m

32 +m

33 +m

43 +m 53 +m 54 +m
42 +m 23 +m

3+m

2+m

Case 3: 12 += mn  for some +Ζ∈m and 2≥m .

Define a vertex labeling }32,...,2,1{)(: 23 +→∪ nnPPVf as follows:

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

++==++
++==+

+==++
+==

=+
=+
=+

=

.12,...,31
,12,...,31

,2,...,2,133
,2,...,2,1

,3
,32
,33

)(

mmiandvwifmi
mmianduwifi

miandvwifmi
mianduwifi

zwifm
ywifm
xwifm

wf

i

i

i

i

The labeling f is shown in figure 4.5.

Figure 4.5: A vertex labeling of 23 nPP ∪ .

In order to show that f  extends to a super edge-magic labeling of 23 nPP ∪ , it

suffices to verify the following by lemma 2.4:

a) }32,...,2,1{))(( 23 +=∪ nnPPVf

b) )}(:)()({ 23 nPPExyyfxfS ∪∈+=  is a set of 2+n  consecutive
integers.

For a) }32,...,2,1{))(( 23 +=∪ nnPPVf

For b) observe that, 

for )(FExy∈ , 653233)()( +=+++=+ mmmyfxf ,

for )(FEyz∈ , 63332)()( +=+++=+ mmmzfyf ,

for )(FEvu ii ∈ : 2,...,2,1 += mi ,

33233)()( ++=+++=+ mimiivfuf ii ,
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for )(FEvu ii ∈ : 12,...,4,3 +++= mmmi ,

2211)()( ++=++++=+ mimiivfuf ii .

Thus, }75,...,63,53{)}(:)()({ 23 +++=∪∈+ mmmnPPExyyfxf  is a set of

232 +=+ nm  consecutive integers.

Then { })(:)()(min)2()32( FEuvvfufnnk ∈+++++=

 
2

179)53()2()32( +
=+++++=

nmnn .

Then f extends to a super edge-magic labeling of 23 )12( PmP +∪  with 
2

179 +
=

nk .

Case 4: mn 2=  for some +Ζ∈m and 1≥m .

Define a vertex labeling }32,...,2,1{)(: 23 +→∪ nnPPVf as follows:

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

+==++
+==+

==++
==

=+
=+
=+

=

,2,...,13
,2,...,11

,,...,2,133
,,...,2,1

,32
,1
,22

)(

mmiandvwifmi
mmianduwifi

miandvwifmi
mianduwifi

zwifm
ywifm
xwifm

wf

i

i

i

i

The proof is similar to the previous case that

a) }32,...,2,1{))(( 23 +=∪ nnPPVf

b) }45,...,43,33{)}(:)()({ 23 +++=∪∈+= mnmnPPExyyfxfS  is a set of

2+n  consecutive integers.

Then f extends to a super edge-magic labeling of 23 )2( PmP ∪  with 
2

169 +
=

nk .

Therefore the linear forest 23 nPP ∪  is super edge-magic for every positive integer n .
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23 4PP ∪ :

23 5PP ∪ :

Figure 4.6: Super edge-magic labelings of 23 4PP ∪  and 23 5PP ∪  with 26=k and

31=k , respectively.
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1v
2v

1u

2u 1−nv3v
nv

Theorem 4.4. [4] The linear forest nPP ∪2  is super edge-magic for every integer
3≥n .

Proof. Let },...,2,1:{},{)( 212 nivuuPPV in =∪=∪  and

}1,...,2,1:{}{)( 1212 −=∪=∪ + nivvuuPPE iin .

Define a vertex labeling { }2,...,2,1)(: 2 +→∪ nPPVf n  as follows:

We now proceed by cases.

Case 1: 3=n . The labeling f is shown in figure 4.7.

Figure 4.7: A super edge-magic labeling of 32 PP ∪  with 13=k .

Case 2: 4=n . The labeling f is shown in figure 4.8.

Figure 4.8: A super edge-magic labeling of 42 PP ∪  with 15=k .
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Case3: 6=n . The labeling f is shown in figure 4.9.

Figure 4.9: A super edge-magic labeling of 62 PP ∪  with 20=k .

Case 4: )4(mod0≡n , where 8≥n . Let ,3
2

)(,1)( 21 +==
nufuf and

    

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

−
≤≤+=++

−
≤≤+=+

−
≤≤+=++

≤≤=

=+

=+

=

.
4

413432
2

,
4

402432

,
4

411442
2

,
4

142

,34
2

,12
2

)(

niandijifin

niandijifi

niandijifin

niandijifi

jifn

jifn

vf j

The proof is similar to the previous theorem that

a) }2,...,2,1{))(( 2 +=∪ nPPVf n

b) }
2

63,...,
2
10,

2
8{)}(:)()({ 2

+++
=∪∈+=

nnnPPExyyfxfS n  is a set of

n  consecutive integers.

Then f extends to a super edge-magic labeling of nPP ∪2  with 
2

125 +
=

nk  where

)4(mod0≡n , when 8≥n .



44

Case 5: )4(mod1≡n . Let ,2)(,1)( 21 +== nufuf and

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

−≤≤
++−

−
≤≤

++

++

=

.1
2

3
4

52

,
2

12
4

532

,
4

52

)(

njnandevenisjifnj

njandevenisjifnj

oddisjifnj

vf j

The proof is similar to the previous theorem that

a) }2,...,2,1{))(( 2 +=∪ nPPVf n

b) }
2

53,...,
2

9,
2

7{)}(:)()({ 2
+++

=∪∈+=
nnnPPExyyfxfS n  is a set of

n  consecutive integers.

Then f extends to a super edge-magic labeling of nPP ∪2  with 
2

115 +
=

nk  where

)4(mod1≡n .
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Case 6: )4(mod2≡n , where 10≥n . Let ,2
2

)(,1)( 21 +==
nufuf and

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

−
≤≤+=+−

−
≤≤+=−−

−
≤≤+=−

−
≤≤=+−

=+

=

=+

=

.
4

613412

,
4

602412
2

,
4

21142

,
4

21422
2

,1

,3

,12

)(

niandijifin

niandijifin

niandijifin

niandijifin

njifn

jifn

jifn

vf j

The proof is similar to the previous theorem that

a) }2,...,2,1{))(( 2 +=∪ nPPVf n

b) }
2

43,...,
2

8,
2

6{)}(:)()({ 2
+++

=∪∈+=
nnnPPExyyfxfS n  is a set of

n  consecutive integers.

Then f extends to a super edge-magic labeling of nPP ∪2  with 
2

105 +
=

nk  where

)4(mod2≡n , when 10≥n .
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Case 7: )4(mod3≡n , where 7≥n . Let ,2)(,1)( 21 +== nufuf and

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪

⎨

⎧

−≤≤
++

−
≤≤

++

≤≤
+++

−
≤≤

+

=

.1
2

1
2

4

,
2

32
2

3

,
2

3
2

2

,
2

11
2

3

)(

njnandevenisjifj

njandevenisjifnj

njnandoddisjifnj

njandoddisjifj

vf j

The proof is similar to the previous theorem that

a) }2,...,2,1{))(( 2 +=∪ nPPVf n

b) }
2

53,...,
2

9,
2

7{)}(:)()({ 2
+++

=∪∈+=
nnnPPExyyfxfS n  is a set of n

consecutive integers.

Then f extends to a super edge-magic labeling of nPP ∪2  with 
2

115 +
=

nk  where 

)4(mod3≡n , when 7≥n .

Therefore the linear forest nPP ∪2  is super edge-magic for every integer 3≥n .



47

52 PP ∪ :

72 PP ∪ :

82 PP ∪ :

92 PP ∪ :

102 PP ∪ :

Figure 4.10: Super edge-magic labelings of 52 PP ∪ , 72 PP ∪ , 82 PP ∪ , 92 PP ∪ ,

102 PP ∪  with ,30,28,26,23,18=k  respectively.
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Theorem 4.5. [9] The linear forest nmP  is super edge-magic with 
2

325 +−
=

mmnk

when )1(>m  and n  are odd.

Proof. Let mn VVVmPV ∪∪∪= ...)( 21  where { }i
n

ii
i vvvV ,...,, 21=  and

mn EEEmPE ∪∪∪= ...)( 21  where { }i
n

i
n

iiii
i vvvvvvE 13221 ,...,, −= .

Define a vertex labeling f  as follows:

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=
++

=+
+−+

=
−

=+
+−+

−==+⎟
⎠
⎞

⎜
⎝
⎛ −

=
++

=+
+−

=
−

=+
+

=

.,...,5,3,...,
2

3,
2

1
2

1)3(

,,...,5,3
2

1,...,2,1
2

1)1(

,1,...,4,2,...,2,11
2

,1,...,
2

3,
2

1
2

1)2(

,1
2

1,...,2,1
2

1

)(

njandmmmiifijnm

njandmiifijnm

njandmiifijm

jandmmmiifinm

jandmiifinm

vf i
j

In order to show that f  extends to a super edge-magic labeling of nmP , it

suffices to verify the following by lemma 2.4:

a) },...,2,1{))(( mnmPVf n =

b) )}(:)()({ nmPExyyfxfS ∈+=  is a set of mmn −  consecutive integers.

For a) },...,2,1{))(( mnmPVf n =

1
1v

1
2v

1
1−nv

1
nv

2
1v

2
2v

2
1−nv

2
nv

mv1

mv2

m
nv 1−

m
nv
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For b) observe that, for ,
2

1,...,2,1 −
=

mi

for )(21 n
ii mPEvv ∈ ,

,2
2

11
2
2

2
1)()( 21 inmiminmvfvf ii +

+
=+⎟

⎠
⎞

⎜
⎝
⎛ −++

+
=+

for )(1 n
i
j

i
j mPEvv ∈+ : 1,...,4,2 −= nj ,

,2
2

1)22(
2

1)(1
2

)()( 1 ijnmijnmijmvfvf i
j

i
j +

+−+
=+

++
++⎟

⎠
⎞

⎜
⎝
⎛ −=+ +

for )(1 n
i
j

i
j mPEvv ∈+ : nj ,...,5,3= ,

,2
2

1)22(1
2

1
2

1)1()()( 1 ijnmijmijnmvfvf i
j

i
j +

+−+
=+⎟

⎠
⎞

⎜
⎝
⎛ −

+
++

+−+
=+ +

for mmmi ,...,
2

3,
2

1 ++
= , we can verify similarly.

Thus, }
2

123,...,
2

5,
2

3{)}(:)()({ +−++
=∈+

mmnmnmnmPExyyfxf n  is a set of

)1( −nm  consecutive integers.

Then )}(:)()(min{)1( nmPEuvvfufnmmnk ∈++−+=

          .
2

325
2

3)1( +−
=

+
+−+=

mmnnmnmmn

Therefore f  extends to a super edge-magic labeling of the linear forest nmP  with

2
325 +−

=
mmnk  when )1(>m  and n  are odd.

 

Figure 4.11: A super edge-magic labeling of 57P  with 82=k .
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Theorem 4.6. The linear forest nmP  is super edge-magic with 
2

35 +
=

mnk  when

)1(>m  and n  are odd.

Proof. Define a vertex labeling f  as follows:

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=≤≤
+

−+⎟
⎠
⎞

⎜
⎝
⎛ +

−

=
−

≤≤−+⎟
⎠
⎞

⎜
⎝
⎛ +

−

−=≤≤
+−+

+⎟
⎠
⎞

⎜
⎝
⎛ −+

−=
−

≤≤
++

+⎟
⎠
⎞

⎜
⎝
⎛ −+

=≤≤

=

.,...,5,3
2

1212
2

1

,,...,5,3
2

11211
2

1

,1,...,4,2
2

1
2
12

2
1

,1,...,4,2
2

11
2
12

2
1

,11

)(

njandmimifijm

njandmiifijm

njandmimifmijnm

njandmiifmijnm

jandmiifi

vf i
j

We can verify similarly to theorem 4.1 that

a) },...,2,1{))(( mnmPVf n =

b) }
2

13,...,
2

52,
2

32{)}(:)()({ +++++
=∈+=

mnmmnmmnmPExyyfxfS n

is a set of mmn −  consecutive integers.

Therefore f  extends to a super edge-magic labeling of the linear forest nmP  with

2
35 +

=
mnk  when )1(>m  and n  are odd.

Figure 4.12: A super edge-magic labeling of 57P  with 89=k .



51

Theorem 4.7. [9] The linear forest nmP  is super edge-magic with 
2

35 +
=

mnk  when

)1(>m  and n  are odd.
Proof. Define a vertex labeling f  as follows:

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=≤≤
+

−+
+

=
−

≤≤−+
+

−=≤≤
+

+
+−+

−=
−

≤≤+
++

−=≤≤+
−

=≤≤

=

.
2

121
2

)3(

,
2

1121
2

)1(

,1,...,4,2
2

1
2

1)2(

,1,...,4,2
2

11
2

1)(

,3,...,5,31
2

)1(

,11

)(

njandmimifinm

njandmiifinm

njandmimifijnm

njandmiifijnm

njandmiifijm

jandmiifi

vf i
j

We can verify similarly to theorem 4.1 that

a) },...,2,1{))(( mnmPVf n =

b) }
2

13,...,
2

52,
2

32{)}(:)()({ +++++
=∈+=

mnmmnmmnmPExyyfxfS n

 is a set of mmn −  consecutive integers.

Therefore f  extends to a super edge-magic labeling of the linear forest nmP  with

2
35 +

=
mnk  when )1(>m  and n  are odd.

Figure 4.13: A super edge-magic labeling of 57P  with 89=k .
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Theorem 4.8. [9] The linear forest nmP  is super edge-magic with 
2

35 +−
=

mmnk

when )1(>m  is odd and n  is even.

Proof. Define a vertex labeling f  as follows:

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=
++

=+
+−+

=
−

=+
++

−==+⎟
⎠
⎞

⎜
⎝
⎛ −

=
++

=+
+−

=
−

=+
++

=

.,...,5,3,...,
2

3,
2

1
2

1)2(

,,...,5,3
2

1,...,2,1
2

1)(

,1,...,4,2,...,2,11
2

,1,...,
2

3,
2

1
2

1)1(

,1
2

1,...,2,1
2

1)1(

)(

njandmmmiifijnm

njandmiifijnm

njandmiifijm

jandmmmiifinm

jandmiifinm

vf i
j

We can verify similarly to theorem 4.5 that

a) },...,2,1{))(( mnmPVf n =

b) }
2

13,...,
2

5,
2

3{)}(:)()({ +−++++
=∈+=

mmnmmnmmnmPExyyfxfS n

 is a set of mmn −  consecutive integers.

Therefore f  extends to a super edge-magic labeling of the linear forest nmP  with

2
35 +−

=
mmnk  when )1(>m  is odd and n  is even.

43P :

Figure 4.14: A super edge-magic labeling of 43P  with 30=k .

 20  17 14
9 1 12 4 2 10 5

21 18 15
7

19 16 13
8 3 11 6
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Theorem 4.9. [4] The linear forest 2nP  is super edge-magic when n  is odd with

2
39 +

=
nk .

Proof. Let },...,2,1:,{)( 2 nivunPV ii ==  and },...,2,1:{)( 2 nivunPE ii == .

1u     2u        nu

1v      2v         nv

Let 12 += tn for some +Ζ∈t and define a vertex labeling f  as follows:

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪

⎨

⎧

==++

+==
++

==++

+==
+

=

.2,...,4,2
2

12

,12,...,3,1
2
36

,2,...,4,2
2

1

,12,...,3,1
2

1

)(

tiandvxifit

tiandvxifit

tianduxifit

tianduxifi

xf

i

i

i

i

We can verify similarly to theorem 4.5 that

a) }2,...,2,1{))2(( nPVf n =

b) }
2

15,...,
2

53,
2

33{)}2(:)()({ +++
=∈+=

nnnPExyyfxfS n  is a set of n

consecutive integers.

Therefore f  extends to a super edge-magic labeling of 2nP  when n  is odd with

2
39 +

=
nk .
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        1   4            2            5         3

        8   6            9            7         10

Figure 4.15: The linear forest 25P  is super edge-magic with 24=k .

Theorem 4.10. [4] Let U
l

i
ni

P
1=

, where in  is an integer with 2≥in  for all i , be  super

edge-magic. If 3≥m  is odd, then )(
1
U

l

i
ni

Pm
=

 is super edge-magic.

Proof.  Let UU
l

i
iij

l

i
n njvPV

i
11

}1:{)(
==

≤≤= and UU
l

i
iijij

l

i
n njvvPE

i
1

1
1

}11:{)(
=

+
=

−≤≤= .

Suppose that },...,2,1{)(:
11
∑
==

→
l

i
i

l

i
n nPVf

iU  is a vertex labeling that extends to a super

edge-magic labeling of U
l

i
ni

P
1=

 with valence k and )}(:)()({
1
U

l

i
ni

PExyyfxfS
=

∈+=

is a set of q  consecutive integers. If )min(S  is )()( 1++ abab vfvf for some

)(
1

1 U
l

i
nabab i

PEvv
=

+ ∈ , then )()( 1
1

+
=

+++= ∑ abab

l

i
i vfvfqnk .

We assume that 3≥m .

Now, let )(
1
U

l

i
ni

Pm
=

 be the linear forest with

UUU
l

i
i

t
ij

m

t

l

i
n njvPmV

i
111

}1:{))((
===

≤≤=  and

UUU
l

i
i

t
ij

t
ij

m

t

l

i
n njvvPmE

i
1

1
11

}11:{))((
=

+
==

−≤≤= .

Define a vertex labeling },...,2,1{))((:
11
∑
==

→
l

i
i

l

i
n nmPmVg

iU  as follows:

  15  14 13 12 11
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⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

≤≤
+

+
−

+

−
≤≤+

−
+

≤≤+−

=

.
2

1
2
31)(

,
2

11
2

1)(

,1)(

)(

mtmandoddisjiftmvmf

mtandoddisjiftmvmf

mtandevenisjiftmvmf

vg

ij

ij

ij

t
ij

In order to show that g  extends to a super edge-magic labeling of )(
1
U

l

i
ni

Pm
=

,

it suffices to verify the following by lemma 2.4:

a) },...,2,1{)))(((
11
∑
==

=
l

i
i

l

i
n nmPmVg

iU

b) ))}((:)()({
1
U

l

i
ni

PmExyygxgS
=

∈+=′  is a set of mq  consecutive integers.

For a) observe that for li ,...,2,1=  and odd j ,

the numbers ),(,...,2
2

1)(,1
2

1)( ijijij vmfmvmfmvmf +
−

++
−

+

2
1)(,...,2)(,1)( mvmfmvmfmvmf ijijij
−

+−+−+  are labels of  2
1

21 ,...,,
−m

ijijij vvv ,

m
ij

m

ij

m

ij vvv ,...,, 2
3

2
1 ++

.

for li ,...,2,1=  and even j ,

the numbers )(,...,2)(,1)( ijijij vmfmvmfmvmf +−+− are labels of  m
ijijij vvv ,...,, 21 .

Since },...,2,1{))((
11
∑
==

=
l

i
i

l

i
n nPVf

iU , },...,2,1{)))(((
11
∑
==

=
l

i
i

l

i
n nmPmVg

iU .

For b) observe first that the minimum element in S ′  is

2
1)(

2
1

2
31)()()( 1

2
1

1
2

1 +
+−+

+
+

−
+=+ +

+

+

+ mmvmfmmvmfvgvg abab

m

ab

m

ab

      
2
33)()( 1
mvmfvmf abab

−
++= + ,

and the maximum element in S ′  is

mmvmfmmvmfvgvg cdcd
m
cd

m
cd +−++

−
+=+ ++ )(

2
31)()()( 11

      
2

1)()( 1
mvmfvmf cdcd

−
++= + ,
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where )()( 1++ cdcd vfvf  is the maximum element in S .

Now, )()()()( 11
t
gh

t
gh

t
ij

t
ij vgvgvgvg ′

+
′

+ +≠+  if and only if gi ≠  or hj ≠  or tt ′≠ .

Thus, ))}((:)()({
1
U

l

i
ni

PmExyygxgS
=

∈+=′

   }
2

1)()(,...,
2
33)()({ 11

mvmfvmfmvmfvmf cdcdabab
−

++
−

++= ++  is a set of

mq  consecutive integers.

The valence of ))}((:)()(min{
11
U

l

i
n

l

i
i i

PmExyygxgmqnmg
==

∈+++= ∑

                }
2
33)()( 1

1

mvmfvmfmqnm abab

l

i
i

−
++++= +

=
∑

                
2
33)}()({ 1

1

mvfvfqnm abab

l

i
i

−
++++= +

=
∑

                )1(
2
3 mmk −+= .

 Therefore g extends to a super edge-magic labeling of )(
1
U

l

i
ni

Pm
=

 with valence

)1(
2
3 mmk −+ .



57

23 PP ∪  is a super edge-magic.

Figure 4.16: A super edge-magic labeling of )(3 23 PP ∪  with 36=k .

The converse of the previous theorem is not true. For example, the linear forest 42P  is

super edge-magic with 21=k .
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Theorem 4.11. [4] The galaxy 1,1,1 +∪ nn KK  is super edge-magic when 1≥n  with

94 += nk .

Proof. Let }1,...,2,1:{},...,2,1:{},{)( 1,1,1 +=∪=∪′′=∪ + nivniuvuKKV iinn  and

}1,...,2,1:{},...,2,1:{)( 1,1,1 +=′∪=′=∪ + nivvniuuKKE iinn .

Define a vertex labeling f  as follows:

⎪
⎪
⎩

⎪
⎪
⎨

⎧

+==
==+

′=

′=

=

.1,...,2,12
,,...,2,132

,3
,1

)(

niandvxifi
nianduxifi

vxif
uxif

xf

i

i

The labeling f  is shown in figure 4.17.

Figure 4.17: A vertex labeling of 1,1,1 +∪ nn KK .

In order to show that f  extends to a super edge-magic labeling of

1,1,1 +∪ nn KK , it suffices to verify the following by lemma 2.4:

u′

1u

2u

nu

v′

1+nv

1v

2v

nv
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a) }32,...,2,1{))(( 1,1.1 +=∪ + nKKVf nn

b) )}(:)()({ 1,1,1 +∪∈+= nn KKExyyfxfS  is a set of 12)1( +=++ nnn

consecutive integers.

For a) }32,...,2,1{))(( 1,1.1 +=∪ + nKKVf nn

For b) observe that,

for niKKEuu nni ,...,2,1:)( 1,1,1 =∪∈′ + , 42321)()( +=++=+′ iiufuf i ,

for 1,...,2,1:)( 1,1,1 +=∪∈′ + niKKEvv nni , 3223)()( +=+=+′ iivfvf i .

Thus, }52,...,6,5{)}(:)()({ 1,1,1 +=∪∈+ + nKKExyyfxf nn  is a set of 12 +n

consecutive integers.

Then )}(:)()(min{)12()32( 1,1,1 +∪∈+++++= nn KKEuvvfufnnk

          945)12()32( +=++++= nnn .

Therefore f  extends to a super edge-magic labeling of 1,1,1 +∪ nn KK  with 94 += nk .

Figure 4.18: A super edge-magic labeling of 6,15,1 KK ∪  with 29=k .

Theorem 4.12. The galaxy 1,1,1 +∪ nn KK  is super edge-magic when 1≥n   with

76 += nk .

Proof. Let }1,...,2,1:{},...,2,1:{},{)( 1,1,1 +=∪=∪′′=∪ + nivniuvuKKV iinn  and

}1,...,2,1:{},...,2,1:{)( 1,1,1 +=′∪=′=∪ + nivvniuuKKE iinn .

u′

1u

2u

nu

v′
1+nv

1v

2v

nv
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Define a vertex labeling f  as follows:

⎪
⎪
⎩

⎪
⎪
⎨

⎧

+==
==−

′=+

′=+

=

.1,...,2,12
,,...,2,112

,12
,32

)(

niandvxifi
nianduxifi

vxifn
uxifn

xf

i

i

The labeling f  is shown in figure 4.19.

Figure 4.19: A vertex labeling of 1,1,1 +∪ nn KK .

The proof is similar to the previous theorem that

a) }32,...,2,1{))(( 1,1.1 +=∪ + nKKVf nn

b) }34,...,42,32{)}(:)()({ 1,1,1 +++=∪∈+= + nnnKKExyyfxfS nn  is a

set of 12 +n  consecutive integers.

Therefore f  extends to a super edge-magic labeling of 1,1,1 +∪ nn KK  with 76 += nk .

Figure 4.20: A super edge-magic labeling of 6,15,1 KK ∪  with 37=k .
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Theorem 4.13. [4] The galaxy nmK ,1  is super edge-magic when 1≥n  and m  is odd

with 322 ++= mmnk .

Proof. Let },...,2,1,,...,2,1:{},...,2,1:{)( ,1 njmivmiumKV ijin ==∪==  and

},...,2,1,,...,2,1:{)( ,1 njmivumKE ijin === .

Let 1≥n  and m  be odd and define a vertex labeling f  as follows:

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

++
=≠=

+
+−+

−
=≠=

+
+−+

++
==

+
+

−
==

+
+

==

=

.,...,
2

3,
2

11:
2

1)1(

,
2

1,...,2,11:
2

13)1(

,,...,
2

3,
2

1
2

1

,
2

1,...,2,1
2

13

,,...,2,1

)( 1

1

mmmiandjvxifmjmi

miandjvxifmjmi

mmmiandvxifmi

miandvxifmi

mianduxifi

xf

ij

ij

i

i

i

The proof is similar to theorem 4.10 that

a) },...,2,1{))(( .1 mmnmKVf n +=

b) }2,...,4,3{)}(:)()({ ,1 ++++=∈+= mmnmmmKExyyfxfS n  is a set

of mn  consecutive integers.

 Therefore f  extends to a super edge-magic labeling of nmK ,1  when 1≥n  and m  is

odd with 322 ++= mmnk .

1u mu2u

11v
12v

nv1

21v
22v

nv2

1mv
2mv

mnv
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Figure 4.21: A super edge-magic labeling of 3,13K  with 27=k .

Theorem 4.14. The graph kitenn −)1,(  is super edge-magic when n  is odd with

2
345 2 ++

=
nnk .

Proof. Let nVVVkitennV ∪∪∪=− ...))1,(( 21  where },...,,{ 21
i
n

ii
i vvvV =  and

nEEEkitennE ∪∪∪=− ...))1,(( 21  where },...,,{ 113221
i
n

i
n

ii
n

iiii
i vvvvvvvvE += .

Define a vertex labeling f  as follows:

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=≤≤
+

−+⎟
⎠
⎞

⎜
⎝
⎛ +

−

=
−

≤≤−+⎟
⎠
⎞

⎜
⎝
⎛ +

−

−=≤≤
+−+

+⎟
⎠
⎞

⎜
⎝
⎛ −+

−=
−

≤≤
++

+⎟
⎠
⎞

⎜
⎝
⎛ −+

=≤≤

=

.,...,5,3
2

1212
2

1

,,...,5,3
2

11211
2

1

,1,...,4,2
2

1
2
12

2
1

,1,...,4,2
2

11
2
12

2
1

,11

)(

njandmimifijn

njandmiifijn

njandmimifnijnn

njandmiifnijnn

jandniifi

vf i
j

1
1v nv1

2
1v

1
1−nv

1
1+nv

1
2v

1
nv

2
1−nv

2
1+nv

2
2v

2
nv

n
nv 1−

n
nv 1+

nv2

n
nv
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The proof is similar to theorem 4.1 that

a) },...,2,1{)))1,((( 2 nnkitennVf +=−

b) }
2

133,...,
2

5,
2

3{)})1,((:)()({
222 ++++

=−∈+=
nnnnkitennExyyfxfS

is a set of nnnn +=+ 2)1(  consecutive integers.

Therefore f extends to a super edge-magic labeling of kitenn −)1,(  when n  is odd

with 
2

345 2 ++
=

nnk .

Figure 4.22: A super edge-magic labeling of kite−)1,5(5  with 74=k .
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APPENDIX

Definition 1.  A Ggraph  consists of a finite nonempty set ( )GV  of elements, called

vertices ,  and a set ( )GE  of 2-element subsets of ( )GV , called .edges  We call ( )GV

as the setvertex −  of G  and ( )GE  as the setedge −  of G .  If { }yx,  is an edge in a

graph G , then an edge { }yx,  joins x and y, or x and y are adjacent, or an edge { }yx,

is incident to x (or y). We usually write{ }yx,  as xy .

Definition 2.  A path of length n in a graph G  is a finite sequence of distinct vertices

and edges of the form ...,,,,
110 iii vev

nn ii ve ,  where ,...,,
212101 iiiiii vvevve ==

nnn iii vve
1−

= .

Definition 3.  A graph G  is connected  if every pair of vertices is joined by a path

and eddisconnect  otherwise.

Definition 4.  A component  of a graph G  is a connected subgraph of G  that is not

contained in any larger connected subgraph of G .

Definition 5.  The degree of a vertex v  in a graph G , denoted by ,deg v  is the

number of edges incident to .v

Definition 6. The distance ),( vud  between two points u  and v  in G  is the length of

a shortest path joining them.

Definition 7.  Let 1G  and 2G  be graphs with disjoint vertex-sets ( )1GV  and ( )2GV

and edge-sets ( )1GE  and ( )2GE  respectively.  The join  of 1G  and ,2G  denoted by

,21 GG +  is a graph with the vertex-set ( ) ( )21 GVGV U  and the edge-set

( ) ( )21 GEGE U  and all edges joining vertices in ( )1GV  and ( )2GV .

Definition 8.  A ,3, ≥nCcycle n  is a graph which the vertex-set is { }nvvv ,...,, 21

and the edge-set is { }111322211 ,,...,, vvevvevvevve nnnnn ==== −− .

Definition 9.  A nPpath  is a cycle with an edge deleted.

Definition 10. A graph k
nP , the kth power of nP , is obtained from nP  by adding edges

that join all vertices u  and v  with .),( kvud ≤
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Definition 11.  A nKgraphcomplete  is a graph of n  vertices which any two distinct

vertices are adjacent.

Definition 12.  The ,4, ≥nWwheel n  is the graph nCK +1 .

Definition 13.  The nFfan  is the graph 1KPn + .

Definition 14.  A star nK ,1  is a graph whose the vertex-set can be partitioned into two

subsets 1V  and 2V  where 11 =V  and nV =2  and two vertices are adjacent if they lie

in different sets.

Definition 15.  Let 1G  and 2G  be graphs with disjoint vertex-sets ( )1GV  and ( )2GV

and edge-sets ( )1GE  and ( )2GE  respectively. The product  of 1G  and 2G , denoted

by ,21 GG ×  is a graph with the vertex-set ( ) ( )21 GVGV ×  and specified by putting

( )21 , uu  adjacent to ( )21 , vv  if either 11 vu =  and ( )222 GEvu ∈  or 22 vu =  and

( )111 GEvu ∈ .

Definition 16.  The nLladder  is the graph 2PPn × .

Definition 17.  The prismdgeneralize  is the graph nm PC × .

Definition 18.  A tree  is a connected graph with n  vertices and 1−n  edges.

Definition 19. Let mGGG ...,,, 21  be graphs with disjoint vertex-sets

( ) ( ) ( )mGVGVGV ...,,, 21  and edge-sets ( ) ( ) ( )mGEGEGE ...,,, 21  respectively. The

disjoint union  of ,...,,, 21 mGGG  denoted by ,...21 mGGG UUU  is a graph with the

vertex-set ( ) ( ) ( )mGVGVGV UUU ...21  and the edge-set ( ) ( ) ( )mGEGEGE UUU ...21 .

If GGGG m ==== ...21  then mGGG UUU ...21  is denoted by mG  and is

called the disjoint union of m  copies of G .

Definition 20.  A 
tnnCPrcaterpilla ,...,1
 is the graph 

tnn KK ,1,1 ...
1

UU  in which each

inK ,1  shares exactly one edge with 
1,1 +inK  and 1−t  is the length of the skeleton path.

Definition 21.  An kitetn −),(  is a graph which consists of a cycle nC  and a path 1+tP

(the tail) attached to one vertex.
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Definition 22.  An sunn −  is cycle nC  with an edge terminating in a vertex of degree

1 attached to each vertex.

Definition 23.  An pineapplemn −),(  is a graph which consists of a cycle nC  and m

copies of 2P  attached to one vertex.

Definition 24.  A linear forest is a graph whose connected components are paths.

Definition 25.  A galaxy is a graph whose connected components are stars.
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