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CHAPTER |

INTRODUCTION

A super edge-magic labeling of a graph is motivated by the concept of edge-
magic labeling. In 1998 H. Enomoto, A.S. Llado, T. Nakamigawa and G. Ringel [2]
defined a super edge-magic labeling of agraph G as abijection from V (G) U E(G)
to the set of integers from 1 to V(G)|+|E(G)| such that the sum of |abels on an

edge and its two endpoints is the same for all edges and the set of vertex labels is
{1,2,...,V(G)|}. A graph G s called super edge-magic if it admits a super edge-
magic labeling. Enomoto et al. proved that the cycle C, is super edge-magic when
n isodd, the star K, is super edge-magic and if agraph G with p verticesand q
edges is super edge-magic then q<2p-3. G. Ringel and A.S. Llado [6] proved
that a caterpillar is super edge-magic. In 2001 R.M. Figueroa - Centeno, R.Ichishima
and F.A. Muntaner - Batle [3] enumerated a necessary and sufficient condition for a
graph to be super edge-magic, which is most of the time more useful than the

definition itself and proved that the fan F, issuper edge-magic when n<6,
the ladder L, is super edge-magic when n is odd and the generalized prism
C.,xP, is super edge-magic when m isodd and n> 2. R.M. Figueroa- Centeno,

R. Ichishima and F.A. Muntaner-Batle [4] proved the following:

1. P? issuper edge-magic when n> 3with k = 3n.

|
2. Let UPni , Where n. is aninteger with-n, > 2 for al i, be a super edge-

i=1
|
magic. If m> 3 isodd, then m(U Pni) is super edge-magic.
i=1

3. Thedigoint union of m copies of C_ is super edge-magic when m>1

and n> 3 areodd.
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>

For positive integers m and n, the digoint union of m copiesof K, is

super edge-magic when m isodd.

o

Thedigoint union of K, = and K is super edge-magic when n>1.

1,n+1

o

Thedigoint union of P, and P, issuper edge-magic when n> 3.
7. For every positive integer n, the digoint union of P, and n copies of
P, is super edge-magic.
8. Thedigoint union of n copiesof P, issuper edge-magic when n is odd.
JWijaya and E.T.Baskoro [9] proved that the disjoint union of k copies of P, is

super edge-magic when n>1and k > 3 is odd.

This thesis surveys, callects many classes of graphs that can admit a super
edge-magic labeling on some graphs (connected and disconnected) and presents new
classes of super edge-magic graphs. Also proofs of some theorems are rewritten for
better understanding.

There are four chapters in this thesis. In Chapter I, we introduce some
authors who have studied super edge-magic |abelings on many classes of graphs.

In Chapter 11, we give a definition of a super edge-magic graph, lemmas and
corollaries that will be used in this thesis.

In Chapter 111, super edge-magic labelings on many classes of connected
graphs are discussed and super edge-magic labelings on connected graphs: an(n,l) -
kite, an (n,m) -pineapple and an n-sun, are presented.

In Chapter 1V, super edge-magic labelings on many classes of disconnected
graphs are discussed and we also present super edge-magic labelings on the
following disconnected graphs: the graph n(nJ)-kites, the digoint union of n

copies of (n,1) -kite when n isodd and the digoint unionof K, 'and K, ;.



CHAPTER I

DEFINITIONSAND EXAMPLES

We introduce the definition, provide examples, lemmas and corollaries for a

graph to be super edge-magic.

Definition 2.1. A super edge-magic labeling on agraph G isabijective function
f:V(G)UE(G)—> {12,..,p+q
where p=V(G)| and q=|E(G)| such that f(u)+ f(v)+ f(uv)=k is a constant,
called thevalenceof f ,for any edge uv of G and f (V(G)) ={12,..., p} .
A graph G is caled super edge-magic if it admits a super edge-magic
labeling.

Example 2.2. The cycle C; issuper edge-magic with k =14.



Example 2.3. The Petersen graph is super edge-magic with k = 29.
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Lemma 2.4. [3] A (p,q) —graph G is super edge-magic if and only if there exists a
bijective function f :V(G) —>{1,2,..., p} such that the set

S={f(u)+ f(v):uve E(G)}
consists of g consecutive integers. In such acase, f extends to a super edge-magic
labeling of G withvalence k= p+ g+ s, where s=min(S) and

S={f(u)+ f(v):uve E(G)}

={k—-(p+1,k-(p+2),..k—(p+q)}.

Proof. Let G bea (p,q)— graph.
(=) Assumethat G is super edge-magic. Then there exists a bijective function

f :V(G)VE(G) » {12,..,p+0q andaconstant k
suchthat f(u)+ f(v)+ f(uv) =Kk for any edge uv of G and f(V(G)) ={12,..., p} .
Then f(E(G))={p+Lp+2...p+q}.
Define S={k- f(uv):uve E(G)}

={k=(p+1).k=(p+2),...k-(p+0)}.

Then S={f(u)+ f(v):uve E(G)} consistsof g consecutive integers.



5

(<) Assume that there exists a bijective function f :V(G) »{12,..., p} such that
the set

S={f(u)+ f(v):uve E(G)}
consists of @ consecutive integers. Let xy be an edge in E(G) such that
f(X)+ f(y)=min(S) =s. Then S={s,s+1s+2,..,.5+q-1.
Define f(uv) = p+q+s—(f(u)+ f(v)) forany edge uv of G.
Then f(E(G))={p+qg+s—(S),p+q+S—(S+D),...,p+g+s—(s+gq-1)}

={p+1Lp+2..,p+0q}.
Thus there exists a bijective function f :V(G) U E(G) —» {12,...,p+q}
such that f(u)+ f(v)+ f(uv)= p+q+s is a constant for any edge uv of G and
f(V(G)={12...p}.
Therefore G is super edge-magic. =

In light of this result, it suffices to exhibit the vertex labeling of a super edge-magic

graph.

Corollary 2.5. [3] If G isasuper edge-magic (p,q)—graph and f isa super edge-
magic labeling of G with avalence k, then
_ q

ZVEV(G) f (v)degv = qs+(2),
where s isdefined asin the previous lemma. In particular,

2> o T (v)degv =0(modq).
Proof. Assume that G is a super edge-magic (p,qg)— graph and fis a super edge-
magic labeling of G with valence k. Let u,veV(G).
Since k=p+q+s, ka=(p+g+9)q

ZuveE(G) fu+f(v)+ f(uv)=pg+9°+gs

p+q
ZVE\/(G) f (v)degv + Zi = pq+q°+0s

i=p+l

+1
ZVEV(G) f(v)degv + pq+q(q—2) = pg+q°+qs



_q(g+)

2
29> -q°—q
2

q(q-1)
ZVE\/(G) f (v)degv = qs+—2

q
ZVEV(G) f (v)degv = qs+(2J. O

ZVEV(G) f (v)degv = gs+ >

ZVEV © f(v)degv = gs+

Corollary 2.6.[3] If G isa (p,q)— graph, where every vertex of G has even degree
and g = 2(mod4), then G is not super edge-magic.

Proof. Let G be a(p,q)- graph, where every vertex of G has even degree and
g=2(mod4). Then q=4t+2 forsomete Z".

Suppose G issuper edge-magic. By corollary 2.5,

q
ZVE\/(G) f (v)degv = gs+ (2j

f(v,)degv, + f(v,)degv, +...+ f(v )degv, = (4t+2)s+w

2

f(v,)degv, + f(v,)degv, +...+ f(v )degv, = (4t +2)s+ (2t +1)(4t +1).

Since degv, iseven for dl i, Zf(vi)degvi is even. Since 4t + 2 iseven, (4t+2)s
is even. And since 2t +1 and 4|t:1+1 areodd, (2t +1)(4t +1) isodd.

So (4t+2)s+(2t+1)(4t+1) is odd, a contradiction. Hence G is not super edge-

magic. O

Lemma 2.7. [3] If G is a (p,q)—graph, where degv=r for every vertex v and
r >0, then q is odd and the valence of any super edge-magic labeling of G is

%(4p+q+3).

Proof. Assume that G is a (p,q)— graph, where degv=r for every vertex v and
r>0.

The valence of any super edge-magic labeling of G is

kq = ZuveE(G) f(u)+ f(v)+ f(uv)



= 0= (T T+ T+ )

e S

{ p(p+1) q(q+1)}
2

+Ppg+

2pq+ ]

I»—\ Qll—‘

(4I0+Q+3)

which impliesthat q isodd. O

In the following lemma, Enomoto et al. provided an upper bound for the size of super
edge-magic graphs.
Lemma 2.8.[2] If a (p,q)— graphissuper edge-magic, then q<2p-3.
Proof. Assume that a (p, q) — graph is super edge-magic.
By lemma 2.5, thevalenceof f is k= p+g+min({f(u)+ f(v):uve E(G)}).
Thus k> p+q+1+ 2. Now, consider the extreme values of k :
p+q+max({f(u)+ f(v):uve E(G)})= p+1+p+(p-1) >k.
Then 1+2+ p+q<k< p+(p-2+(p+2).
Therefore g<2p-3.

The following corollary implies that the minimum degree is at most 3 for every super

edge-magic graph.
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Corollary 2.9. [3] Every super edge-magic (p,q)—graph contains at least two
vertices of degree less than 4.
Proof. Assume, to the contrary, that p—1 verticesof G have degree at least 4.

By the previous lemma,

p-1
4p-4=) 4< > degv=2q<2(2p-3)=4p-6,

i=1 veV (G)

which is a contradiction.



CHAPTERIIII

SUPER EDGE-MAGIC LABELINGS ON CONNECTED
GRAPHS

In this chapter, we discuss some connected graphs which are or are not super

edge-magic and give some examples of small cases.

Theorem 3.1. [2] The complete graph K, is super edge-magic when n=1,2,3.
Proof. K,,K,and K, are super edge-magic with valences 1, 6 and 9 respectively.

K;: s
1
K,: — 3 e
1 2
3
K, 5/\4

AR NVIN 0



Theorem 3.2. [2] The complete graph K, isnot super edge-magic when n > 4.
Proof. Assume, to the contrary, that the complete graph K, is super edge-magic.

By lenma 2.8, #s 2n-3

n>-5n+6<0
(n=2)(n—3) <0, whichimplies 2<n<3.
Since n > 4, it is a contradiction.

Therefore the complete graph K, is not super edge-magic when n > 4.

Theorem 3.3.[2] A wheel W, isnot super edge-magic.
Proof. Assume, to the contrary, that W, is super edge-magic.

By lemma 2.8,
2n<2(n+1)-3=2n-1,
which is a contradiction.

Therefore W, is not super edge-magic.

5n+3

Theorem 3.4. [2] Every odd cycle C,, is super edge-magic with k =

Proof. Let V(C,) ={Vv,,V,,...,V,} and E(C,) ={V,V,,V,V;,...,V,V;} .
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Let n=2t+1 for some t e Z* and define avertex labeling f asfollows:

if 1=13..2t+1

t+—— if 1=24,..2.
2

Thelabeling f isshowninfigure 3.1

2t +1

t+ =3

\
1 t+ 3

t+2 2

Figure3.1: A vertex labeling of C,,, forsomete Z".

In order to show that f extends to a super edge-magic labeling of C_, it
suffices to verify the following by lemma 2.4:

8 f(V(C,)={12..n}

b) S={f(x)+ f(y):xyeE(C,)} isasetof n consecutive integers.

For &) the numbers 1,2,3,...,t +1 are labels of v,,v;,V;,...,V,,, . The numbers
t+2t+3t+4,..,2t+1 are labels of v,,v,,Vv,....V,,. Thus, the set of vertex
labelingsis{12,....2t +1} .

For b) observe that
for vv, € E(C,,) ,

1+1 2t+1+1
—+ =

)+ ) ==+ =

t+2,
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for vv,, € E(C,,) 1 1=13..2t-1,

[

i+1 i+1+2

f(vi)+f(vi+1)=7+t+ t+i+2,

for vv,, € E(C,,) 1 i=24,...2t,

i Vi+l

f(v)+ f(vi+l)=t+|;2+t+|+;+1=t+i+2.

Thus, {f(X)+ f(y):xye E(C,)} ={t+2,1+3,...3t+2} isaset of 2t +1 consecutive
integers.
Then k:(2t+1)+(2t+1)+min{f(u)+ f(v):uveC

2t+1}

=(2t+1)+(2t+1)+(t+2)=5t+4=5n2+3.

Therefore f extends to a super edge-magic labeling of C. when n is odd with
K= 5n+ 3.
2

Figure 3.2: A super edge-magic labeling of C, with k=19.

Theorem 3.5. [4] The path P, is super edge-magic when n is evenwith k = SN+ 2

and when nis odd with k = 5”2+3.

Proof. Let V(P,) ={v,,V,,...,v,} and E(P,) ={v,v,,V,V;,...,V,,V,}.
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Case 1: n iseven. Let n=2t for some teZ". The labeling f is shown in

figure 3.3.

o—4t-1—e 4t -2—e 4t - 3—eo----@ A+2—e—2t+1—e
1 t+1 2 t+2 2t-1 t 2t

Figure 3.3: A super edge-magic labeling of P, with k = 5n2+ 2 :

Case2: nisodd.Let n=2t+1 forsomete Z". Thelabeling f isshownin

figure 3.4.

® 4t +1—@ 4t > 4t - 1—@-—-—-@0—2t+3—0—2t +2—©
t+2 2 t+3 t 2t+1 t+1

Figure 3.4: A super edge-magic labeling of P, with k = 5n2+ 3.

Therefore P, is super edge-magic. 0
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R
1 4 2 5 3
e— 9 — ¢ 8 ¢ 7 — ¢ 6 —9

Figure 3.5: Super edge-magic labelings of P, and B, with k=11 and k=14,

respectively.

Theorem 3.6. [4] Every star K|, issuper edge-magic with k=2n+4.

Proof. A super edge-magic labeling of K, isshown asfollows:
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Theorem 3.7. [4] Every star K, issuper edge-magic with k =3n+3.

Proof. A super edge-magic labeling of K, isshown asfollows:

Theorem 3.8. [6] A caterpillar CPun,
Proof. In fact, a caterpillar CP,

,,,,, n, IS super edge-magic.

Nopeny 1S Kl,rh uKLn2 U...U Kl’nt where KLni isa

star with center ¢, and n; edges and in every case K, | ~shares an edge with K, , ,

t
n has q:Zni —t+1 edges (t —1 edges are shared by two stars) and

i=1

then CR,

.....

t
p=>.n —t+2 vertices. ¢, will be a leaf in Ky, (unless i=1) and in K
i=1

Lnig
(unless i = n) or equivalently the leavesof K,  will include ¢, ; and c;,;.

First the stars are ordered Ky, Kyp Ky oo Ky, Ky, Ky, .. Define a
vertex labeling f by mapping consecutively (we start at the number 1) the non-

center vertices of the stars Ky, , Ky, Ky . @nd then the non-center vertices of the

stars Ky, , Ky, 1 Ky oo - Thenall vertices are labeled.



ZP%'_ I:‘ta_ 1:"" 2
FemWEF

Yl

2o D+l

S did

Erg —(rﬂ —1}+r12 +1

Tt Bed

Kl,nl Kl,n3
t
Note that : #, = 2
+1
2

Tt BT

Imprdd

P Rt VA R R P e R

20D -0, -D

MAL R, —(Iﬂ—E}

N+ +...+nﬁﬂ_1—(rﬂ—2}+1

*
MR+ oy gty =it -0

!
!
’

W+ +...+n%_1—(rﬂ—2}+2

1=”2:a+1

f
if t is even — if -t is- even,
and £, = 2
. . -1 . :
if t is odd . if t is odd.
Figure3.5:" A labeling of Cf;l r

9T
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From the given labeling f , we consider the valence of the labeling,

K :(inij‘“o -D-(, —1)+[Zt‘,nij—(to ~D)-(t, -1 -1+
min{ f(u)+ f(v):weCP, ~ }

2ty +1

:( : ni]—(to _1)—(te—1)+[zt:ni]—(to —1)—(te—l)—1+l+[ Zni]—(to -)+1
i=1 i=1

i=1

t 2+
=6- (3, +2te)+2(2niJ+ Zlni

i=T =1

t 2t +1
Therefore CP, ,, 1 issuper edge-magic with k = 6—(3t, + 2t,) + 2(2 n, j + 0.

i=1 i=1

O

9
8 10
‘\J,_,. I 1,.1:/.
/.?\ I Y i5 /%fz—g
21 0

e N2 4/” ”\5

Figure3.6: A super edge-magic labeling of CP; 5, with k = 29.

Conjecture 3.9. [2] Every treeis super edge-magic.

Theorem 3.10. [4] The graph P? is super edge-magic when n> 3with k = 3n.

Proof. A super edge-magic |abeling of P? isshown in figure 3.7.

3n-4 in-8 n+2
3n-3 3n-5 in-7 3n-9 n-ll—e ------ 4’ nt+l
] N3 7 5 % n2 Y n
In-6 In-10

Figure 3.7: A super edge-magic labeling of P? with k =3n., O
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Theorem 3.11. [3] Thefan F,, issuper edge-magic when 1< n< 6 with k =3n+3.

Proof. The super edge-magic labelings of F,, when 1< n < 6 are shown asfollows:

F F
1 10—3—02 2 I\ 5 /.3
6\/4
2
| 3
2 Q ", 11
+ NS
' K 0 &
\/ "
4 4
F: . 3 5
if 13
1"' ; ; E— 7 0\ ""x-,a 7
2 ‘o o
EKIEw ‘\‘U’M]])é
4 4

Figure 3.8: Super edge-magic labelings of F,, when n=12,...,6 with
k =6,9,12,15,18, 21, respectively.
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Theorem 3.12. [3] Theladder L, issuper edge-magic when n isodd with
1In+1

k= .
2
Proof. Let V(L,) = {V,,V, ...V, } and
E(Ln) :{V1V2’V2V3""’Vn—lvn’Vn+lvn+2’vn+2vn+3’ s Von 1 Von» ViV - i=12,., n}-
Vl Vn+1
V2 Vn+2
V3 Vn+3
i i
I I
| i
Vn_]_ V2n71
Vn V2n

Let n=2t+1for somet € Z" and define avertex labeling f asfollows:

1+1 if i=13..2t+1
2
e
f(v.) ’
Vi == .
4”—22“ it i=2tt22t4d. Ati2,
2“21“ if =2t 432645 4t+1.

In order to show that f extends to a super edge-magic labeling of L, , it
suffices to verify the following by lemma 2.4:

a f\V(L,))={12...2n}

b) S={f(xX)+f(y):xyeE(L,)} is a st of n+2(n-1)=3n-2

consecutive integers.



20

For a) the numbers 1,2,...,t+1 are labels of v,,v;,...,v,,,. The numbers

t+2,t+3,..,2t+1 arelabelsof v,,v,,...,v, . The numbers 2t + 2,2t +3, ..., 3t +1 are

labels of Vv, 5,Vy c:miVyy- The numbers 3t+23t+3,...,4t+2 are labels of
Vor, 21 Vor a1 V.0 - THUS, the set of vertex labelingsis {12,...,4t + 2} .

For b) observe that

forvv,,,eE(L):i=12.,n-1

F(v )+ F(v) = [ ;1+ 2t+22+i +1:t+2+i,
forvv,,,eE(L,):i=n+Ln+2..2n-1

Fv )+ f(v.) = 4t+22+i - 2t+12+i +1:3t+2+i ’
for viv,,, € E(L,):i=12..n,

Fv)+ f(v, )= i ;1+ 4t+2+;+2t+1

Thus, {f(X)+f(y):xyeE(L )} ={t+3t+4,..,7t+3 is a st of 3n-2

=3t+241i"

consecutive integers.

Then k = (2n) + (n+2(n—1)) + min{ (u)+  (v) :uv € E(L,)}
:(Zn)+(n+2(n—1))+(”%3+l) =11nz+1.

Therefore f extends to a super edge-magic labeling of L when n is odd with

o Un+l 0
2

20 i1
3L—a‘j —l 10

Figure 3.9: A super edge-magic labeling of L, with k =28.



Theorem 3.13. [3] The generalized prism C_ x P, is super edge-magic with
k:w when misoddand n> 2.
Proof. Let V(C xR,) ={v; :1<i<ml< j<n} and

E(CxP) ={vVy; 11si<sm-11< j<npu{v,;v, 1< j<n}

U{v; Vv, t1<i<ml<j<n-3.
Vit
wien “LVa
2 )
et
> .V21
Vm2
‘ Telvy
-« 32
Vip < >
V2 !
E vrrn
—— —
3n
Vln -< /\
..V2n

Define avertex labeling f asfollows:

21
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Define avertex labeling f asfollows:

% it i=13..m and j=1
'“;*1 it i=24..m-1 and j=1
w if i=24..m-1 and j is even,
flv;) = w if i=13..m and | is even,
mi T and =1 is odd,
"1”';(21‘1) if i=24..m-1 and j<1 is odd,
"1”‘;(21‘2) if i=35..m and j=1 is odd.

In order to show that f extends to a super edge-magic labeling of L, , it
sufficesto verify the following by lemma 2.4:
a fNV(C,xP)) ={12..,mn}
b) S={f(x)+f(y):xyeE(C_xP)} is a st of m(n-1)=mn-m
consecutive integers.

We consider when n is odd.

For @ the numbers 12,...,m+1,3m+1,3m+3,...,2m,...,mn,m(n—1)+L

2 2 2
m(n—1)+2,,_,,m(znfl)—1 are 1abels of Vi, Ve Voo Vig s Vo oo Voo ey Vi o Vg
Vsnieim Vi - The ‘numbers m+3|m—+5:---;m;m+lm+2,..-,3m_1,..-,m(zn_1)+1s

2 2 2
m(2n—-1)+ 3

enMN=1 are labels of v,V ., Vi 110 Voy s Vig s Vigya veees Van s Van s

2

cesVimgn - THUS, the set of vertex labelingsis {12,...,mn} .
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For b) observe that
for v,v, € E(C xP),

m+1 m+3
2

f(vy)+ fv,) =1+ :
for j =35,...,n,

for v, v.. e E(C xP),

1 m

. m=-1+m(2j-2) m4j-1)-1
F(vy,)+ F (V) = mi + 2(1 ) (‘2) ,
fori=13..,m-2,

for v,v. ., € E(C_xP),

i17(i+)1

i+1 i+1+m+1 m+3
(i+1)l) = 2 + 2 I 2 A
for v.v e E(C xP): ]=35..n,

ij (i+1) ]

f(v,)+ f(v

i—-1+m2j-) i+1-1+m(2j-2) m(4j-3)-1 .
(V) + F (V) = 2(1 ) 2(1 ) _ (12) i

for v,v, e E(C_xP,),

i17i2

i+1_i+m@2)-1) 3m+l .

f(v,)+ f(v,))= + ,
(Il) (I2) 2 2 2
for v,v, ., € E(C,xP): | =35..,n-2,
i—1+m2j=-1) i+m2(j+1)-1) 4m -1 .
) () e 2T D) MDY A1,

fori=24,...m-1and j=24,..,n-1,wecanverify smilarly.
Next, consider when n iseven, we can verify similarly to the previous case.

2mn + m+3+ 2mn+m+5
2 2

aset of m(n—1) = mn— m consecutive integers.

So {f(x)+ F(y) 1%y € E(C,, xP,)} ={ am-mid g

Therefore f extendsto asuper edge-magic labeling of C_ x P, with

k=6m”_—2m+3 when misoddand n> 2.



1 39 38
., b%
3 5 41

\'T~3ns

350 1 34 ) 3
3 b 30 —
/"" ] 9 }9
o 7

—— 27

21 25 2

Figure 3.10: A super edge-magic labeling of C, x P, with k =44,

SN+9 \when n isodd.

Theorem 3.14. The (n,1) — kite is super edge-magic with k =

Proof. Let V((n,1) — kite) = {v,,V, ...,V ,V,.., } and
E((n2) — kit€) = {V,V,,VoVayor, Vo (Ve ViV ViV

Let n=2t+1 forsomet e Z* and define avertex labeling f asfollows:

t+1 if 1=2t+2,
2t+2 if i=1
i—-1 o

f(v,)= — if 1=35,...,2t+1,
t+1+'E it i=24,.2t
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Thelabeling f isshownin figure 3.11.

2. =+
t+3i e 3
|
|
|
] T 2t+1
42 d
2t+2
t+1

Figure 3.11: A vertex labeling of (n,1) — kite.

In order to show that f extendsto a super edge-magic labeling of (n,1) —kite,
it suffices to verify the following by lemma 2.4:
a f\V((n)-kite)) ={12,...n+T
b) S={f(X)+ f(y):xye E((nl)—kite)} is a set of n+1 consecutive
integers.
Fora) f(V((nD—-kite))={12,....,.n+1}.
For b) observe that

for v,v, € E((n) —kite), f(v;) + f(v,) = 2t+2+t+1+§:3t+4,
2t+1-1

for viv, € E((nD) ~kite), f(v)+ f(v,)=2t+2+ =3t+2,

for v, e E(nD —kite), f(v)+ (v, 4)=2t+2+t+1=3t+3,

for viv,,, € E((nD —kite): i =35,...,.2t -1,
f(v;)+ f(Vi+1)=%L+t+1+%L:t+i +1,

for viv,, € E((n]) - kite): i =24,...,2t,

|
IJr1_1=t+i+1.

f(v)+ f(vi+l):t+1+|5+
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Thus, {f(X)+ f(y):xye E((n)—kite)} ={t+3t+4,...,3t+4} is a set of 2t+2
consecutive integers.
Then k = (n+1) + (n+1) + min{f (u) + f(v):uv e E((n1) — kite)}

—(n+D)+(n+D)+(t+3) = 5”;9.

Therefore f extends to a super edge-magic labeling of (n,1) —kite with k = on+9

when n isodd.

1

A\

1k

TN

. 10

/
b

[

Figure 3.12: A super edge-magic labeling of (5,1)-kite with k =17.

5n+7

Theorem3.15. The (n,1) — kite is super edge-magic with k = when n isodd.

Proof. Let n=2t+1 for some t e Z" and define avertex labeling f asfollows:

2t+2 if i=2t+2,

F(v)= t+1—i%1 it i=13..2t+1

2t + 2—'E if i=24..2t
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We can verify similarly to the previous theorem that
a fMV((n)-kite) ={12,...n+1

b) S={f(x)+f(y):xyeE((n,l)—kite)}={n;3,n;5,...,3n2+3} is a set

of n+1 consecutive integers.

Therefore f extendsto a super edge-magic labeling of (n,1) —kite with k = on+7
when n isodd. .
2
9 /.\ “
FIANR
& iI
3 i2 J
I
.flll
6 /
Figure 3.13: A super edge-magic labeling of (5,1)-kite with k=16.
g _— 9n+3 .

Theorem 3.16. Every n—sun issuper edge-magic with k = when nisodd.

Proof. Let V(n—sun) ={v,v,,...,\,,} and

E(n—sun) ={vV,,V,V,,...,V, .V, v,V .} U{v.v,, i1 =12,..,n}.

i Vitl *

~2n
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Let n=2t+1for somet e Z"and define avertex labeling f asfollows:

i+l
2
f(v) = %+1+t it =242,

if 1=213..2t+1

6t—i+4 if i=2t+22t+3,..4t+2.

In order to show that f extends to a super edge-magic labeling of n—sun, it
suffices to verify the following by lemma 2.4:

a fV(n-sun))={12...,2n}

b) S={f(X)+ f(y):xye E(n—sun)} is a set of 2n=4t+2 consecutive

integers.

For &) the numbers 12,...t+1are labels of v,v,,..,Vv,, . The numbers
t+2t+3..,2t+1are labels of v,,v,,...,V, . The numbers 2t +2,2t +3,..., 4t + 2 are
labelsof v, ,,Vy 1 Vor,n - THUS, the set of vertex labelingsis {1,2,...,4t + 2} .

For b) observe that
for vyv, € E(n—sun),

fW)+fW)—1;1 ”;1 ”;3=t+z

for vv,, e E(n-sun): i=135,..,2t -1,

f(v)+ f(viy)= ! ;1+%+1+t—t+2+|

for viv. ., e E(n—sun): i=24,..,2t,

11+

i+1+1

f(v)+f(v|+1)——+1 +t+ =t+2+1,

forvv, _eE(n-sun):i=135,...,2t+1,

iYi+n
+1 7-i
f(V)+f(V )_7+6t—(l+n)+4 4t+T,

1+n

for vv. e E(n—sun):i=24,..,2t,

1 1+n
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1+n

f(v)+ (v, )='§+1+t+3n—(i+n)+1=5t+4_'5_

Thus, {f(x)+f(y):xyeE(n—s.Jn)}:{nJer,n;S

’””5n2+]} is a set of 2n

consecutive integers.

Then k = 2n+2n+min{f (u)+ f (v):uve E(n-sun)} = 2n+2n+n%3: 9n2+3.
. . : 9n+3
Therefore f extendsto a super edge-magic labeling of n—sun with k =
when nis odd.
?
11
L[
K/,? 9 4 A y /’8
I ?/
20 17
;\ 3 5 i
16
25 <>
s Ne7
Figure 3.14: A super edge-magic labeling of 5-sun with k=24.
. L 1In+3 ,
Theorem 3.17. [8] Every n-sun is super edge-magic with k = when nis

odd.

Proof. Let n=2t+1 for some t € Z* and define avertex labeling f asfollows:



f(Vi):

i +4t+3
2

I+ 4
—+

3t

i+ 2

2

i—2t+1
2

1

if

30

I =13,...,2t+1,

I =24,..,2t,

i=2t+22t+4,.. 4,

i=2t+32t+5,...4t+1

i =4t+2

We can verify similarly to the previous theorem that
a fN(n-sun))={12...,2n}

b) S={f(x)+ 1{y):xy € E(n—sun} ={=—=—,

3n+3 3n+5
2

7n2+J} is aset of

2n = 4t + 2 consecutive integers.

Therefore f extends to a super edge-magic labeling of n—sun with k=

when n isodd.

1In+3

Figure 3.15: A super edge-magic labeling of 5-sun with k = 29.



Theorem 3.18. The (n,m) — pineapple is super edge-magic with k = 2m+ o+ 3

when n isodd.

Proof. Let V ((n,m) — pineapple) ={v,,V,,...,V,,,,} and

m+n

E((n,m) — pineapple) ={V,V,,V,V,,...,V, V., V,V,} U{VV, ti =n+Ln+2..,n+m.

Define avertex labeling f asfollows:

N4+i o,
— if i=13...,n,
> 1

fV) =40 —if i =24u.,n-1,

i if i=n+lLn+2..,n+m

31
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Thelabeling f isshown in figure 3.16.

n+2

n+li
H+m

Figure 3.16: A vertex labeling of (n,m) — pineapple.

In order to show that f extends to a super edge-magic labeling of

(n,m) — pineapple, it suffices to verify the following by lemma 2.4:

a) f(N((n,m)— pineapple)) ={1,2,...,n+ m}
b) S={f(X)+ f(y):xye E((nh,m)— pineapple)} is a st of n+m
consecutive integers.
Fora) f(V((n,m)-— pineapple)) ={1,2,...,n+m}.
For b) observe that
for vyv,, € E((n,m) — pineapple),

N+l n+n_  3n+1
f(v)+ f(v,) = \ + > = >

for v,v,,, € E((n,m) — pineapple): i =135,...,.n-2,

n+i i+1 . n+l1
+ =i+
2 2 2
for viv.,, € E((n,m) — pineapple): i =2,4,..,n-1,

fv)+f(v,)=

n+i+1 . n+1
=i+
2 2

f(vi)+f(vi+1):i§+
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for vv, € E((n,m) — pineapple): i =n+1Ln+2..,n+m,
n+l1 . n+1
f(v,)+ f(v.)= +i=
(v)) + f(v) 5 >

n+3 n+5 3n+1+

Thus, {f(X)+ f(y):xye E((n,m)— pineapple)} ={ B 5 m is a

set of n+ m consecutive integers.
Then k = (n+m) + (n+m) +min{f (u) + f (v) :uve E((n,m) - pineapple)}

=(n+m)+(n+m)+%3:2m+5n2+3.

Therefore f extendsto a super edge-magic labeling of (n, m)— pineapple with

5n+3

k=2m+ when nisodd. O

Figure 3.17: A super edge-magic labeling of (5,6) — pineapplewith k = 26.



CHAPTER IV

SUPER EDGE-MAGIC LABELINGS ON
DISCONNECTED GRAPHS

In this chapter, we consider the disconnected graphs which are super edge-
magic. Moreover, we show some examples.

oSnm-+3 when m>1

Theorem 4.1. [4] The graph mC | is super edge-magic with k =
and n> 3 are odd.

Proof. Let m>1 and n>3 are odd.

Let V(MC,) =V, UV, U... UV, where V =\ ,Vb,..., V! } and

E(mC,)=E, UE, Uu..uUE,_where E = {vlviz,vizv;,...,vi]flv;,v;v:]}.

2. m
Vi Vi v
_—® - —A
/ /
f I} /
1 * ®, 1 2 2 e m ®,,m
v, ¢ PV Vi f\ 7v3 vre A
\'\ JI’ b
“H».,_____.__I/", N . _,/", ‘\,_h___._ -
1 2 m
V2 V2 VZ

Define avertex labeling f :V(G) - {1.2,...,mn} asfollows



i if 1<i<m and
n+j—1+2|+1+m it 1SISm—1 and

2 2 2
| r'_(n+1—1)+2|+1—m i m+1_ and

f(v;)= 2 2 2

n-(J—_1+1J+1—2| if 1S|£m_1 and

2 2
rr(]T_1+2j+l—2| if mglslgm and

=1
j=24,.
i =24,.
j=35,..
j=35,..

35

!n_]'l

ln_l

n.

In order to show that f extendsto a super edge-magic labeling of mC_, it

suffices to verify the following by lemma 2.4:

8 fV(mC,)={L2..,m}

b) S={f(x)+ f(y):xye E(mC, )} isasetof mn consecutive integers.

For a), let n=2t+1 and m=2t'+1 for some t,t'eZ*. The numbers

12,...,2t'+1 are labels of v;,v7,.,v". The numbers 2t'+2,2t'+32t'+4,...,

s

A" +14t' +2, 4t + 34t +4,4t' +5,...6t"+26t" + 3. 2tt" +t+1L2tt" +t+ 2,2tt" +t + 3,

L2 T2 2+t + 2t +1 are labels of V2 vy VL vE VT VAT VE VL
Ve, Ve e VA VOV v Ve The numbers 2t +t+ 2t + 2,2t +t + 2t +3,...,

At +t+ 3"+ 22t +t+ 3"+ 32t +t+ 3"+ 4,2 +t+ 4"+ 2, ...

, Attt + 2t +1,

At +2t+2, ..., 4t 2t +t'+1 At 2t +t' 240+ 2t +t' 4+ 3, LAt 2t + 2t + 1

are labels of Vi V2 oV VoV Ve VE V2 Y

1 Vg
the set of vertex labelingsis {1,2,...,mn} .

For b), abserve that, for i :],2,_,_,m7—1,

for v,v, e E(MC,),
fvi)+ f(vé):i+n(n+22_1j+ 2i +1+m
e E(MC,) :j=24,.,n-1,
2i+1+m

f(v‘j)+f(v‘j+1):n(n+2j_1j+ 5

=2+ 3" +t+3+2jt"+ j -1,

iyl
for viv,,

2t'+1
n-1 """ Tp-1.?

\Y

1
n-1?

2

V2.

=2+t +t+2+ 2,

+rr(i+1j+1— 2i
2

Vi, . Thus,

Vg
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for viv' . e E(MC,): j=35,..,n-2,

j j+l

i i j-1 , n+j) 2i+1+m
f(vj)+f(vj+1>=rr(7+1j+1_z.+n{ 1), 21

=2 +3t"+t+3+2jt"+ j -1,

for vjvi e E(MC,), f(v;)+ f(v,) =i +rr(n7_l+lj+l— 20 =2t + 2t +t+ 21,

. m+1 m+3 e
fori= > ,T,...,m,wecan verify similarly.
Thus, { f(X) + f(y): xy € E(MC, )} = {m”+3 m”2+5,...,3m2”} isaset of mn

consecutive integers.
Then k = mn+mn+ min{f (u) + f (V) : uv e E(mC, )}

mn+3 5nm+3

= MmN+ mn+
2
. ! . 5nm+3
Therefore f extends to a super edge-magic labeling of mC with k = when
m>1 and n> 3 areodd. O
1 2 3
AN PN AN

62 i1y 6} 70 5&

R AGE

36 30 37 51 38 52

A 7” ”\/ 7” ”( \/’” ”\/ 7

36

L J L 4 LaJ .

32 8

Figure 4.1: A super edge-magic labeling of 7C_with k = 89.
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5nm+3

Theorem 4.2. [9] The graph mC,, is super edge-magic with k = when m>1

and n> 3 areodd.

Proof. Define avertex labeling f asfollows:

i if 1<i<m and =1
m(12_1)+i if 1<i<m and j=35,..,n-3
mUHﬂ)+1+i if 1£iSEt£ and j=24,..,n-1

2 2
f(\/j): m(n+j—2)+1+i it m+1S <m and j=24 1
2 2
mn+D) 4y if 1sism2_1 and j=n,
min+3) 4 o if mglgigm and j=n

We can verify similarly to the previous theorem.

Therefore f extendsto asuper edge-magic labeling of mC_ with k = Snm+ 3 when
m>1and n>3 are odd. O
1 2 3
AN 2 AN

62 69 ai 70 58

T Joxk ¥ X 7

6 55 37 53 i& 51

- e o d

33 8 34 9 35 10
4 5 6 7
//.\\ ,/'\\

64 37

A 7‘” ”( \7” ”( 7” ”\/ T

50

\.HH{ L 4 LHZ N

32 14

Figure 4.2: A super edge-magic labeling of 7C, with k = 89.
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Theorem 4.3. [4] The linear forest P, unP, is super edge-magic for every positive
integer n.

Proof. Let V(P, unR,) ={x,y,Z u{u,,v, :i =12,...,n} and

E(R,unk,)={xy,yz u{uyv, :i =12,...,n}.

We consider four possible cases.

Casel: n=1.Thelabeling f isshown infigure4.3.

Figure 4.3: A super edge-magic labeling of P, U P, with k =13.

Case2: n=3. Thelabeling f isshown infigure 4.4.

/ e / ' g

11 14 12 10

A < J J

13 7 8 9

</

4

Figure 4.4: A super edge-magic labeling of P, U 3P, with k=22.
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Case3: n=2m+1 forsome me Z*and m> 2.

Defineavertex labeling f :V(P, UnR,) > {12,...,2n+ 3} asfollows:

3m+3 if w=x,
2m+3 if w=y,
m+3 if w=z
f(w) =4i Iif w=u and i=12..m+2
i+3m+3 if w=v, and i=12..m+2
i+1 if w=u and i=m+3..2m+1,
i+m+1 if w=v. and i=m+3..2m+1
Thelabeling f isshown in figure 4.5.
1 2
3m-+3 m+2 m+4 2m+2
2m+3 / / ------- / / ______ /
3m+4 3m+5 4m+5
2m+4 3m+2

m+3
Figure 4.5: A vertex labeling of P, unP,.

In order to show that f extendsto asuper edge-magic labeling of P, U nP,, it
suffices to verify the following by lemma 2.4:
a fNV(Runk))={12..2n+3

b) S={f(x)+ f(y):xye E(R,unPk,)} is a set of n+2 consecutive
integers.
Fora) f(V(RP,unR,))={12..,2n+3}

For b) observe that,
for xye E(F), f(X)+ f(y) =3m+3+2m+3=5m+6,
for yze E(F), f(y)+ f(2) =2m+3+ m+3=3m+6,
foruv e E(F):i=12..,m+2,

f(u)+f(v,)=i+i+3m+3=2 +3m+3,
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for uv, e E(F):i=m+3 m+4,..,2m+1,
fu)+f(v)=i+1+i+m+1=2i+m+2.

Thus, { f(X)+ f(y): xy e E(P, unPR,)} ={3m+53m+6,....5m+ 7} isaset of
2m+ 3= n+ 2 consecutive integers.

Then k = (2n+3) + (n+2) + min{f (u) + f (v) :uv e E(F)}

—(2n+3)+(n+2)+(3M+5) = 9”‘2“17.

Then f extendsto a super edge-magic labeling of P, U (2m+1)P, with k = gn;ﬂ .

Case4: n=2m forsome me Z"and m=>1.

Defineavertex labeling f :V(P, unPR,) - {12...,2n+ 3} asfollows:

(2m+ 2 if w=x,
m+1 it w=y,
2m+3 if w=z

f(w)=Ai if w=u_ and i=12..m,
i+3m+3 if w=v. and i=12..m,
i+1 if w=u and i=m+1..,2m,
i+m+3 if w=v. and i=m+1..,2m,

The proof is similar to the previous case that
a fV(P,unkR))={12..2n+3
b) S={f(X)+ f(y):xye E(P,UnP,)} ={3m+33n+4,..,5m+4} isaset of
n+ 2 consecutive integers.

Then f extendsto asuper edge-magic labeling of P, U (2m)P, with k = 9n42rl6.

Therefore the linear forest P, U nP, issuper edge-magic for every positiveinteger n. [



41

P, U4P;:

6 1 2 4 5
v W / Ve Va
17 15 13 14 12
I Va e e e
16 10 11 8 9
“
P, U5P,:
9 I 2
Ve Py /S
i5 20 18
7 = &
19 10 11
e 3 4 6
’ S
16 14 17
e < 7’
12 13 8

Figure 4.6: Super edge-magic labelings of P, U 4P, and P, U5P, with k =26and

k =31, respectively.
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Theorem 4.4. [4] The linear forest P, U P, is super edge-magic for every integer
n>3.
Proof. Let V(P, UPR,) ={u,,u,} u{v, :i =12,...,n} and

E(R,UP)={uu,} u{vv, ,:1=12..,n-1.

ivi+l -

u 1
—o o -————- o—eo
U4 Vi v, A Vi,V

Define avertex labeling f:V(P, UP,) - {12,....,n+ 2} asfollows:

We now proceed by cases.
Casel: n=3.Thelabeling f isshowninfigure4.7.

Figure 4.7: A super edge-magic labeling of P, U P, with k =13.

Case2: n=4.Thelabeling f isshown infigure4.8.

1

v
— 8§ —eo— 10 —o—7 —o

9
5/ 4 3 2 6

Figure 4.8: A super edge-magic labeling of P, U P, with k =15.
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Case3: n=6. Thelabeling f isshownin figure4.9.

1

o— ) —eo— 12 —eo— ] —o— ]33 —8— 9 —

14
5‘/ 8 2 6 3 4 7

Figure 4.9: A super edge-magic labeling of P, U P, with k = 20.

Case4: n=0(mod4) , where n>8. Let f(u)=1 f(uz):g+3, and

n :
—+2 if =
5 =1
Ny it 57
2
, AT . N
2i pec 4 and 1£|£Z,
f(v,)= B
YNy oiia if [~ 4i+1and 1sisn44,
2i +3 if j=4i+2 and Osisn;A',
n .. : . . _n-4
—+21+3 if j=4i+3 and 1<i< 1
The proof is similar to the previous theorem that
a f(V({P,uUP))={12..,n+2
b) S:{f(x)+f(y):xyeE(quPn)}:{n;8,n+210,...,3n2+6} is aset of
N consecutive integers.
, , . 5n+12
Then f extendsto asuper edge-magic labeling of P, U P, with k = where

n= 0(mod4) , when n> 8.



Case5: n=1(mod4) . Let f(u)=1f(u,)=n+2and

214045 e i s odd,
4
Fv)={2F3NF5 i i s even and 2< <"
j 4 2
ZJ;ATH—? if j is even and n%ssjsn—l.

The proof is similar to the previous theorem that
a fNV({P,uUP))={12..n+2

n+7 n+9 3n+5

b) S={f(x)+ f(y):xye E(P,UP,)}={ Sy T } isaset of
n consecutive integers.
: : , 5n+11
Then f extendsto asuper edge-magic labeling of P, U P, with k = where

n=1(mod4).



Case6: n=2(mod4) , where n>10. Let f(u,)=1 f(u2)=2+2,and

n+2 if i=1

n if j=3

n+1 if j=n,
N_2i+2 if  j=4 and 1<i<"=2
2 4
fv;) = n-2
n—2i if j=4+1 and 1<i< 1
e . ; - . _Nn-6
—=2i-1 if j=4+2 and 0<i< ,
£ 4
, . . . . _n—-6
n-2i+1 if j=4i+3 and 1<i< 1

The proof is similar to the previous theorem that
a f(V({P,UP))={12..n+2

n+6 n+8 3n+4

b) S={f(x)+ f(y):xyeEP, UR)}={ Ty T } isaset of
N consecutive integers.
. . . 5n+10
Then f extendsto asuper edge-magic labeling of P, U P, with k = where

n=2(mod4), when n>10.
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Case7: n=3(mod4), wheren>7.Let f(u)=1f(u,)=n+2and

i+3
2

j+n+2
2

Fv)= j+n+3

2

j+4
2

The proof is similar to the previous theorem that
a f(V(P,uR)) ={12..,n+2

b) S={f(x)+f(y):xye E(R,UP)} ={ =
consecutive integers.

Then f extends to a super edge-magic labeling of P, U P, with k =

n=3(mod4),when n>7.

odd

odd

even

even

and 13]3“—_1,
2
n+3
and <j<n,
2
and ZSJSn—_?’,
2
and n—+1£j§n—1
2
N n;9’m’3n2+5} isasetof n

5n+11
where

Therefore the linear forest P, U P, is super edge-magic for every integer n> 3.
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2 5 Ji
10 — Y —eo— 8 —eo— 12 —ea— ]] —o
7./ 3 6 4 2 5
P,UP,
1
/.
13 — I3 4 —o— 16 —e— 12 —e— 1] —o— [0 —e

7 5 8

=

N
(Y
S g

18 — 17— — 15— 16— — [4—e— 1] —a0— 12 —e— 13—
_/ 6 3 8 2 10 5 9 4
7
P,UPR,
I
/.
16 — |5—e— |4—e— 13—8— [2—o— 20 —o— 19 —8— 18§ —o— 7 —a
e 4 9 5 10 6 2 7 3 8
11
PZUH.O:
1
/.
22 o— 14 —o— 16 —9— 15— 17— ¢6—20 —9—19 —9o— 18 —g— 2] —a— 13—
e 12 4 10 5 8 2 9 3 6 11
7

Figure 4.10: Super edge-magic labelingsof P, UPR,,P, UP,,P, UR,,P, UPR,,

572 72 87" 2

P, U B, with k =18,23,26, 28,30, respectively.
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Theorem 4.5. [9] The linear forest mP, is super edge-magic with k :5mn——22m+3
when m(>1) and n are odd.
Proof. Let V(mP,) =V, UV, U...UV,, where V, =, },...V!, | and
E(mP,) = E, UE, U...UE,, where E, = iV}, Vv,....v V! |.
v / vy Vo'
V:rL1—1 V’;l/. Vrrln—;/
vé - Vg ) o - Vg] 7

Define avertex labeling f asfollows:

nm+1 . e, m-1 .

+1 if 1=12,..,—— and =
2 L2 i=1

min-2)+1 if jomtl MES o and =1

2 I
f(v) = ”(%—1}” T 1= Lo and j=24,..,n-1,

Mt L i=L2,---,m—_1 and j=35,..,n,
2 2

M+ ] -B+L oMLY S G and j=35...n.
2 2 ' 2

In order to show that ‘f extendsto asuper edge-magic labeling of mP, , it
suffices to verify the following by lemma 2.4:

a fV(mPR))={12,...,mn}

b) S={f(x)+ f(y):xye E(mP,)} isaset of mn—m consecutiveintegers.

Fora) f(V(mP,))={12,...,mn}
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For b) observe that, for i = LZ,...,mT_l,
for vivi, € E(mP,),

; i nm+1 . 2 . nm+1 _.
f(v))+ f(V) = +i+m==1|+i= + 2,
W+ ey ="" ”(2 j !

for vivi,, e E(MP,): j =24,.,n-1,

f(Vij)+ f(VijJrl):n—(%_lj_,_i + m(n+21)+1+i _ m(n+2é—2)+1+2i’

for vivl , e E(mP,): j =35,..,n,

)+
Fh)+ (v ) = X0 ‘2‘1)+1+i +W(J—+l—1]+i _ m(”+2é_2)+1+2i,

. m+1 m+3 4 O
fori= > -, M, We can verify similarly.

2
Thus, { f (X) + f (y): %y < E(mP.)} :{m”2+3, m”2+5,...,3m”‘22m+]} isaset of

m(n—1) consecutive integers.
Then k = mn+m(n—1) + min{ f (u) + f (V) :uve E(mP,)}

nm+3 Smn-2m+3

=mn+m(n-1)+
2 2

Therefore f extends to a super edge-magic labeling of the linear forest mP, with

Smn-2m+3
k=———— when m(>1) and n are odd.
19 l 26 8 33 20 2 27 9 34
—— (2 —@— 55 — 80— 48§ —o— 4] — — ) —8— 53 —e— 45 —&— 30 —
21 3 28 10 35 15 4 22 11 29
— 58§ — 8 — 5] —8—44 —o— 37 —9 — (3 — o — 5 —— 49 —8&— 42 —®
16 5 23 12 30 17 6 24 13 31
o— 6] —®— 54 —0— 47 —&— J) —® *— 50 —e— 52 —e— 45 —e— 3§ —

18 7 25 14 32

o— 57 —&— 5) —&— 43 —&— 36 —*

Figure 4.11: A super edge-magic labeling of 7P, with k = 82.



Theorem 4.6. The linear forest mP, is super edge-magic with k =

m(>1) and n are odd.

Proof. Define avertex labeling f asfollows:

N+ j —1)+2i+1+m
2

i

e
Lo
o

We can verify similarly to theorem 4.1 that

a f(V(mP))={L2,...,mn}

b) S={f(x)+ f(y):xyeE(mP)}={

if

If

if

IN
IA

| —
IN
IA
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5mn+3
when

m and =1
M1 and j=24,..n-1
2
<i<m and j=24,..,n-1
M1 and j=35..n,
2
<i<m and j=35,..,n

mn+2m+3 mn+2m+5 3mn+]}
1 yrrny 2

2 2

isaset of mn—m consecutive integers.

Therefore f extends to a super edge-magic labeling of the linear forest mP, with

k= 5mr;+3 when m(>1) and n are odd.
1 26 13 33 20

o— 062 —o—50) —o— 43 —a— 36 —e

3 28 9 35 16

—J8 —eo—J32 —e—4) —e— 38§ —o

5 23 12 30 19

6] —8— 54— —47 —a— 4) —

7 25

2 27 11 34 18

—00 —9o 5] — 9 44 —o— 37 —a

f—eﬁ —202—53—1.4—46—2.9—39—2.1

6 24 10 31 17

—39 —e— 35 —e— 48 —e— 4] —o

32 15

— 57 —e—56 —e— 49 —e— 42 —»

Figure 4.12: A super edge-magic labeling of 7P, with k = 89.



Theorem 4.7. [9] The linear forest mP, is super edge-magic with k =

m(>1) and n are odd.
Proof. Define avertex labeling f asfollows:

i if 1<i<m
mi= if 1<i<m
2

min+j)+1 N E

2 2

iy _ P
f(vj)_ m(n+ | 2)+1+i it m+1si§m
2 2

mn+D e if 15ic M=t

2

MmN+ g m;1£i<

We can verify similarly to theorem 4.1 that
a f(V(mR))={12..,mn}

b) S={f(x)+ f(y):xyeE(mMP)}={

and

and

and

and

and

and

mn+2m+3 mn+2m+5

smn+3
i=1
j=35,..,n-3,
j=24,..,n-1,
j=24,..,n-1,
I=n,
j=n.
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when

isaset of mn—m consecutive integers.

2

2

3mn+
2mey

Therefore f extends to a super edge-magic labeling of the linear forest mP, with

K= 5mn+3

when m(>1) and n are odd.

1 26 8 33 20 2

o— 062 o 55 — 9 45 _o— 36 —e

3 28 10 35 16 4

—J —e—J5] —e8— 9 —e— 38 —o o 063

5 23 12 30 19 6

6] —8— 54— — 47 —&— 4) —

7 25 14 32

— 57 —e— 50 —e— 43 —e— 42 —»

27 9 34

o—00 —9 53 9 46— 0— 37 —a

22 11 29
——— —

56 —9— 49

24 13 31

— 59 —o—52 —e— 45 —e— 41—

15

Figure 4.13: A super edge-magic labeling of 7P, with k =89.

18

2

17
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Theorem 4.8. [9] The linear forest mP, is super edge-magic with k :M
when m(>1) isodd and n iseven.
Proof. Define avertex labeling f asfollows:
”‘(“+T1)+1+i it iz12. M1 and j=1,
M‘_,_i if i:m_+1’m+3,_._,m and J:l
2 2 2
F(v)= rr(%—l}ﬂ if i=12..m and j=24,.,n-1
min+ )) Ll /1 L NI and j=35...n,
2 2
m(”+‘2‘2)+1+i it i= m;l,m;LB’m,m and j=35,..n.

We can verify similarly to theorem 4.5 that
a f(V(mR))={12..mn}

mn+m+3 mn+m+5 3mn—m+1}

b) S={f(x)+f(y)=xyeEMmP)} ={——F——— 5

isaset of mn—m consecutive integers.

Therefore f extends to a super edge-magic labeling of the linear forest mP, with

S5mn-m+3 : :
k=—————— when m(>1) isodd and n iseven.
3P, :
o—20—e0—17—0—14—@ o2l —e—18—@—15—@
9 1 12 4 7 2 10 5
—19—e—16—@—13—e@
8 3 11 6

Figure 4.14: A super edge-magic labeling of 3P, with k = 30.
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Theorem 4.9. [4] The linear forest nP, is super edge-magic when n is odd with

k:9n+3.
2

Proof. Let V(nR,) ={u,,v, :i =12,...,n} and E(nR,) ={uv, :i=12,...,n}.

Let n=2t+1for some t € Z" and define avertex labeling f asfollows:

'—;} and 1=13,..2t+1

t+1+'E if x=u and i=24.2t
f(x) =

6t+23+| if x=v. and i=13..2t+1,

2t+1+'E if x=v. and i=24..2.

We can verify smilarly to theorem 4.5 that
a) F(V(2R,))={12,..2n}

b) s={f<x)+f(y):xyeE(ZPH)}={3”;3,‘°’”2+5

consecutive integers.

5n2+]} isasetof n

Therefore f extends to a super edge-magic labeling of nP, when n is odd with

k=9n+3. ]
2




1 4 2 5 3

L S S
S ‘

8 6 9 7 10

Figure 4.15: The linear forest 5P, is super edge-magic with k = 24.

|
Theorem 4.10. [4] Let UPni , Where n. isaninteger with n. > 2 for al i, be super
[=iF
|
edge-magic. If m> 3 isodd, then m(U Pni) IS super edge-magic.
i=1

Proof. LetV(UP) U{vIJ 1< j<n}and E(UP) U{ Vi, il<j<n -1,

Supposethat f :V(UPni)—>{],2,...,Zni} is avertex labeling that extends to a super
i=1 i=1

[ |
edge-magic labeling of | JP, withvalence kand S={f(x)+ f(y):xye E(JP,)}

i=1 i=1
isaset of q consecutive integers. If min(S) is f(v,, )+ f(v,,,,)for some

Vo Vo, € E(UP ), then k = Zn +q+ fF(vy)+ F(Vy,)-
=1

We assume that m> 3.

|
Now, let m((JP, )-bethe linear forest with

i=1

V(m(UP )) = UU{V :1<j<n} and

t=1i=1

E(m(UP ) = UU{V V<< -3,

t=1i=1

| |
Define avertex labeling g :V(m(U P, ) »>{12,..., mz n} asfollows:
i=1 i=1
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mf (v;) - m+t if j is even and 1<t<m,
g(v!) = mf(v”)+1_Tm+t it | is odd and 1$t§m2_1,
mf(vij)+1_3m+t if j is odd and mglﬁtﬁm

|
In order to show that g extends to a super edge-magic labeling of m(U Pni ),

i=1

it suffices to verify the following by lemma 2.4

3 gV (mUP)) ={L2,...m}_n}

by S'={g(xX)+g(y):xye E(m(U Pni ))} Isaset of mg consecutive integers.

For @) observe that for i =1,2,...,1 andodd |,
1-m 1-m
the numbers mf (vij)+T+me (V‘j)+T+ 2,...,mf(v;),
m-1

mf(vij)+1—m,mf(vij)+2—m,...,mf(vi,-)+l_7m arelabels of vy, V... ?

ijr Vijoerm
m+l m+3
2 2 m
V2 V2 e vy

fori=12,...,| andeven j,

the numbers mf (v, )= m+1mf (v,) —m+2,...,mf (v, ) are labels of v, ,v;,...,v".

Since f (V(U Pni )) :{LZ!"'!Z ni} ’ g(V(m(U Pni ))) :{1121'"! mZ ni} .

For b) observe first that the minimum elementin S is

m+1 m+1

o' e 1-3m  m+1 m+1
g(v,2 )+g(vab2+l)=mf(vab)+T+ +mf(v,,,,)—m+ b
3-3m
=mf(v,)+mf(v,, )+——:H!,

and the maximum element in S’ is
1-3m

g(vy) +9(vy,,) =mf(v,)+ +m+mf (v, )—-m+m

1-m
=mf(v,)+mf(v,,) +T ,
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where f(v )+ f(v

cd+

,) isthe maximum element in S.

t
ij+

Now, g(v;)+9(Vj,.) # 9(vy,) + 9(vy,,,) ifandonlyif i =g or j=hort=t'.

Thus, S'={g(x)+9g(y): xy E(m(L_J P, )}

= {rmf (v,,) + mf (vab+1)+¥,...,mf(vw)+ mf(vod+l)+1_Tm} is aset of

mQ consecutive integers.

Thevalenceof g = mZI: N +ma+min{g(x) + g(y): xy e E(m(LIJ P )}
i=1

i=1
I —
= MmN +m+mf(vab)+mf("ab+l)+%

[P

3—-3m
2

|
=m{) N+ g+ Fv)+ f (V) +
i=1
3
=mk+—=(1-m).
2( )
|
Therefore g extends to a super edge-magic labeling of m(U P, ) with valence
i=1

3
mk +—(1-m).
2( )
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212 /03 A10 /01

Figure 4.16: A super edge-magic labeling of 3(P, U P,) with k = 36.

The converse of the previous theorem is not true. For example, the linear forest 2P, is

super edge-magic with k = 21.



Theorem 4.11. [4] Thegalaxy K,, UK, ., issuper edge-magic when n>1 with
k=4n+9.
Proof. Let V(K UK, )={u,v}u{u :i=12..,nfU{v i=12..,n+1 and

E(Ky, UK ) ={u'y i =12,..,nfU{VYy, i =12,..,n+1}.

Vn+l
/"/” Vn
V‘I
1 if AzX =05
3 if x=V,
f(X)=19_. \
2i+3 if x=u and 1=12..,n,
2 if x=v. and i=12..,n+1.

Thelabeling f isshowninfigure4.17.

2n+2
2n+3

Figure 4.17: A vertex labeling of K, UK, ;.

In order to show that f extendsto a super edge-magic labeling of

K., UK., it sufficesto verify the following by lemma 2.4:
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a fV(K,uK. ) ={12..2n+3
b) S={f()+f(y):xyeE(K ,UK, )} isasetof n+(n+1)=2n+1
consecutive integers.
Fora) f(V(K,, VK, ) ={12..2n+3
For b) observe that,
for u'u;, e E(K,, UK, ,)):i=12...,n, f(U)+f(u)=1+21+3=2 +4,
for viv, e E(K, UK 1) 1=12.,n+1, f(V)+ f(v)=3+2 =2 +3.
Thus, { f(X)+ f(y) : xye E(K,, UK, )} ={56,....2n+5} isasetof 2n+1
consecutive integers.
Then k=(2n+3)+(2n+1) +min{ f (u) + f(v) :uve E(K, UK, )}
=(2n+3)+(2n+1)+5=4n+9.

Therefore f extends to asuper edge-magic labeling of K,, UK., with k=4n+9. [

1 3

AR -
23 T 24 16

13
« P 17 P o 2 18 \\‘JO

{ Ju i VAN

4 8
7 9 6

bl

Figure 4.18: A super edge-magic labeling of K, 5 U K, 4 with k=29.

Theorem 4.12. The galaxy K, UK, ., issuper edge-magic when n>1 with
k=6n+7.
Proof. Let V(K UK, ) ={u,v}U{u 1=12..,nfu{y i=12..,n+1 and

E(Ky, UK ) ={u'y i =12,.,nfU{V'y, 11 =12,..,n+1}.
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Define avertex labeling f asfollows:

2n+3 if x=U,
2n+1 if x=V,
f(x)=1.. . .
2i-1 if x=u and i=12..,n,
2 if x=v, and i=12..n+1

Thelabeling f isshownin figure 4.19.

2n+3

Figure 4.19: A vertex labeling of K, UK, ;.
The proof is similar to the previous theorem that
a fV(K,uK ,)={12..2n+3
b) S={f(x)+f(y):xyeE(K, WK, )}={2n+32n+4,..4n+3} isa

set of 2n+1 consecutive integers.
Therefore f extendsto asuper edge-magic labelingof K, UK, ., withk=6n+7.
0

o A
I i 17 20 18 0

VAT VAN

Figure 4.20: A super edge-magic labeling of K, 5 K, g with k=37.
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Theorem 4.13. [4] Thegalaxy mK, | is super edge-magic when n>1 and m is odd
with k =2mn+ 2m+ 3.
Proof. Let V(mK, ) ={u, :i1 =12...m U{y; 1i=12,...m,j=12..,n} and

E(mK,,) ={uyv; :1=12...mj=12..n}.

Let n>1 and m beodd and define avertex labeling f asfollows:

[ if x=u and i=12,..,m,
I+ Sm+1 << e A8 and i =12,...,m—_1,
2 2
j M+l it x=v and j=MFIMES
f9=1'""2 =V 2 o ™
(D2 e oy 21 and =12,
2 2
em(j -+ e xoy j 21 and i:mgl,mf,...,m

The proof is similar to theorem 4.10 that
a VMK, ))={12..,mn+m
b) S={f(X) + f(y)ixye E(mK, )} ={m+3 m+4..mn+m+2} isaset
of mn consecutive integers.

Therefore f extendsto asuper edge-magic labeling of mK, when n>1and m is

odd with k = 2mn+ 2m+ 3.



62

1 2 3
14 Is 13
204\ T 214\ — 19/(\ ~J
12 10
6/ 17 4 ' 18 - 16
9 7 8

Figure 4.21: A super edge-magic labeling of 3K, , with k= 27.

Theorem 4.14. The graph n(n,1) —kite is super edge-magic when n is odd with

_5n°+4n+3
—

Proof. Let V(n(n) = kite) =V, UV, U..uV., where V, ={v;,V,,...,v} and

k

E(n(n) - kite) = E, U E, U...U E, where E, ={VjV},V,Vi...,ViV,,ViV! }.

i if 1<i<n and  j=1
”+J‘1j+2'+1+” i hxpe Tt i ) <240. 001,
2 2 2
i nn+1—1)+2|+1—n f M icm and j=24,..,n-1,
F(v) = 2 2 2
nj—_1+1j+1—2i it 1<i<™! and j=35..n,
2 2
nJT_1+2J+1—2i if mglsiSm and j=35,..n
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The proof is similar to theorem 4.1 that
a) fv(nnl-kite) ={12,.,n° +n}

b) S={f(x)+ f(y):xye E(n(n2) -kite)} :{n22+3, n22+5 = +23n+]}

isaset of n(n+1) = n” +n consecutive integers.

Therefore f extendsto a super edge-magic labeling of n(n,1) — kite when n isodd

2
with k=20 +4n+3 O

9 7

A AN

47

46 41 42
19 \/ 7 24 20 ( 7 25
S 36 52 37
LSQ‘LSI—. Léﬂ‘l—.ﬂ—.
1 14 29 2 12 30

10 8 6
AN T AN
48 43 49 44 50
16( 721 17 9\/ Ny 22 18( \7 23
!
5 38 3 39 51 40

5 5
\‘*36“/733—. \—57—4734—' fos—ﬁ/—ss—'
3 15 26 4 13 27 5

11 28

Figure 4.22: A super edge-magic labeling of 5(5,1) — kite with k = 74.
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APPENDIX

Definition 1. A graph G consists of afinite nonempty set V(G) of elements, called
vertices, and aset E(G) of 2-element subsets of V(G), called edges. We call V(G)
as the vertex—set of G and E(G) asthe edge—set of G. If {x,y} isanedgeina
graph G, then an edge {x, y} joins x and y, or x and y are adjacent, or an edge {x, y}
isincident to x (or y). We usually write{x, y} as xy.

Definition 2. A path of length n in agraph G isafinite sequence of distinct vertices

and edges of the form v, &, V., ..§

, ., v, Where ¢ =V, V,,& =V, V_,..,
1 n 1 0o 1 "2 12

ein - Vin—l in )
Definition 3. A graph G is connected if every pair of vertices is joined by a path
and disconnected otherwise.

Definition 4. A component of agraph G is a connected subgraph of G that is not

contained in any larger connected subgraph of G .

Definition 5. The degree of a vertex v in a graph G, denoted by degv, is the
number of edges incident to v.

Definition 6. The distance d(u,Vv) between two points u and v in G isthe length of
a shortest path joining them.

Definition 7. Let G, and G, be graphs with digjoint vertex-sets V(G,) and V(G,)
and edge-sets E(G,) and E(G,) respectively. The join of G, and G,, denoted by
G,+G,, is a graph with the vertex-set V(G,)UV(G,) and the edge-set
E(G,)U E(G, ) and all edgesjoining verticesin V(G,) and V/(G, ).

Definition 8. A cycle C,, n>3, isagraph which the vertex-set is {v,,v,,...,v, }
andthe edge-setis {e, = V,v,,€, =V,V,,...,€, , =V, ,V,,€, = V,V, .

Definition 9. A path P, isacyclewith an edge deleted.

Definition 10. A graph Pn" , the kth power of P, isobtained from P, by adding edges

that join all vertices u and v with d(u,v) <Kk.
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Definition 11. A complete graph K, isagraph of n vertices which any two distinct
vertices are adjacent.

Definition 12. The wheel W,, n >4, isthegraph K, +C, .

Definition 13. The fan F, isthe graph P, + K;.

Definition 14. A star K, | is agraph whose the vertex-set can be partitioned into two
subsets V; and V, where |V,| =1 and |V,| = n and two vertices are adjacent if they lie
in different sets.

Definition 15. Let G, and G, be graphs with digoint vertex-sets V(G,) and V(G,)
and edge-sets E(G,) and E(G,) respectively. The product of G, and G,, denoted
by G,xG,, is a graph with the vertex-set V(G,)xV(G,) and specified by putting
(u,u,) adjacent to (v,v,) if ether u,=v, and u,, € E(G,) or u,=v, and
uv, € E(G,).

Definition 16. The ladder L, isthegraph B, x P, .

Definition 17. The generalized prism isthegraph C_ xP,.

Definition 18. A tree isaconnected graph with n verticesand n—1 edges.

Definition 19. Let G,,G,,..,G, be graphs with digoint vertex-sets

V(G,)V(G,),...V(G,) and edgesets E(G,) E(G,) .. E(G_) respectively. The
digoint union of G,,G,,...,G,,, denoted by G, UG, U...UG,, isagraph with the
vertex-set V(G,)UV(G,)U..UV(G,,) and the edge-set E(G,)UE(G,)U...UE(G,,).

If G,=G,=..=G,, =G then G, UG, U...UG, is denoted by mG and is
called the digoint union of m caopiesof G .

K., sharesexactly oneedgewith K, . ~and t—1isthelength of the skeleton path.
Definition 21. An (n,t) —kite isagraph which consists of acycle C, and apath P, ,

(the tail) attached to one vertex.
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Definition 22. An n—sun iscycle C, with an edge terminating in avertex of degree
1 attached to each vertex.

Definition 23. An (n,m) — pineapple is agraph which consists of acycle C, and m
copiesof P, attached to one vertex.

Definition 24. A linear forest is a graph whose connected components are paths.

Definition 25. A galaxy is agraph whose connected components are stars.
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