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Abstract

This report summarizes the results from the research project entitles
“Research and Development of Finite Element Method for Mechanical Engineering
Design”. The report begins with the study of the Navier-Stokes partial differential
equations for fluid flows which are classified into two types namely, the
incompressible and compressible flow. In each flow case; the finite element method
is applied to derive the corresponding finite element equations. The de:rived finite
element equations are then used in the development of the two computer programs.
These programs have been verified by solving academic-type problems before
using to solve more complex problems. To improve the solution accuracy, the
adaptive meshing technique has been applied to these flow problems, especially the
high-speed compressible flows that normally include shock waves. The technique
generates small elements in the regions of large change in solution gradients, such
as-in the region of shock waves, to increase the solution accuracy; At the same
time, larger elements are generated in the other regions to reduce the
computational time and the computer memory. Examples presented show that the
technique can provide improved flow solution accuracy for general flow behavior
that is not known a priori. The finite element methods for thermal and structural
problems are aiso presented. The corresponding finite element equations are
derived and two computer programs are developed. = The adaptive meshing
fechnique has also been applied to further improve the thermal and structural
solution accuracy. -Results obtained from the fluid-thermal-structural analysis have
demonstrated the efficiency of the finite element method and the adaptive meshing
technique that can help analysts to understand the behavior that occur in these
problems. Such understanding will lead to further improvement in the design.
Cutcome of this research project have been summarized as technical papers that
are presented at conferences and published in journais. The details of the finite
element method presented herein and the computer program developed, in addition,
can be used as basis for generating new theses as well as applying to other

research works.
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ﬁ"aaﬁutﬁﬂmﬂmswmwaamnw‘].uu%nmfuué’a zmldmsmomanmenduly
lalad mmgaanuuummsnmmﬂﬂng]mmf@'fonfmvls‘femmlﬁﬁaumsamﬁﬁa i
andnifnie it zadaonan e uszlurmifgaiudeanuuumaninims
f‘hmmmG‘hLmﬂqnwﬁw&-ﬁmmmumnﬁqm guazrialiliammywiaueas
mmama’luﬁaaﬁﬁﬁq@ tuein

mauitawvesmslwetsanni 3 Jaduntslnsuvudaramiiai &
lLifelsznaudismaasaminivaimisivalufianiadngin - (Velocity  compo-
nents) #1283AUGU (Pressure) Unzgmwnil (Temperature) th dhuntisla g dalaf
aunaisnnldnuusunsudisialand (Navier-Stokes equations) 49
ilyznauan uaumimﬁﬁ’uﬁsjauuun‘lm%mﬁu (Nonlinear partial differential equations)
woaums  aoubsonilnfumsusasduasumstnfsssumadeuiuddan

(Partial differential equations) 'ﬁa%mué’nﬂmnam’ﬁ'lﬂamuaﬂwmi’m gmulaidan



\awauiwe (Boundary conditions) lag dmiumslwalasralihiu ssunsummds
axgﬁuﬁ‘a:ﬂnnimﬂ”aﬂﬂum‘nﬁ?aaqﬁuﬁﬂaﬂﬁaamé’aqﬁu (1)  mIayindana
(Conservation of mass) (2) mmﬁnﬂmuuﬁu {Conservation of momentum) U8
(3) M7auINEWIINU (Conservation of energy) E‘Tllﬂ’lﬂ%\'la‘l&ﬁ‘uﬁ%ﬁ'\ﬁaE‘J;‘]ME}JLLUZU
vassunmBayiustasuuuldiadu  (Nonlinear)  swdsznaulddnadutlsmy
(Dependent variables) filinmudmamedauys suldun fudsasenudluie
e gnu Mulrrsnnuan Lasnuliwasaunnd

2.4 gun1vaninduae

) w . g W g o o -(!
sumaiewintrasnmawinduslurssdfsmurod i st ldlas
hngmiswindanaudszgndlinudianasaiugu (Control volume) va1uadinand
A . a )
anuAnuitmiag dsuaaalugy 2.1

i) dy
PR V)5

T

o dx 5] dx
u - —{(pu) - === ——p + — pu+—{(pu) —
p 6x(p)2 dy p 3x(p)2
y dx
0 T dy
X ) VAR 0 ¥ ) R
p ay(p) >
311 2.1 m'mﬁmqamaamﬂﬂamaamamuﬂ‘%mmmnqm
o E i @ 5 i w o M e
mnngmsmpnﬁmamnmﬂ'mmamaaams'luﬁmigtymzj SRATIIET 1 gl

ﬂs:qnw"l*ﬁﬁmﬁmmmuqu’luwmaaé’ﬂﬂmnﬂ‘ﬁyuuﬂamﬁunﬁunm DATINTIAY
1 3 . L% @r -
mwuaamamﬂ’luﬂ“‘smmmuqm:ﬁmmwnuamqmﬂmqﬂﬁmaomamawaﬂvﬁa
B 2 A = ) -y LY. A’
mwgﬂ%mmmugu Fygnnaiswinauniimeadiamand laaat

Dty = [pu - L(pu) & 2 )&
pdxdy = [pu Bx(pu) 2]dy+{pv ay(pv) 2}dx

9 (ou)- X gy - 2 (ov). 3
- {pu + E (pu) 2}dy [pv + ay(pv) 2}dx (2.1)




o p  unuanunswiusasradne (Fluid density)
u o unwauivaed nalunuiunu x
v unuanuiimasmadinaluuniunu y

suny (2.1) aansndagindlaidu

op d 0 __
YT (ou) + 3y (ov) 0 (2.2)
%aLﬁuu‘[ugﬂuunnnmaﬂﬁﬁaf:
op o
o0 vy, e i
3 + (pV) 0 : (2.3)
| R A ,
o V = i+ 5y (2.4)
- {\ N
V. = ul+v] (2.5)
T ununeasnitmiasluiunn x

>

A 1]
unuInee M taniasluuuiuns y

L]

2.2 aunvawindlaianaa

- o o w aa a & W w
sunaBseynuizesmaninsluuudniugaslidnunnlefnguuld
L] o A = o LA ; (] 'd A 5
lagingdafizeszasfaauandszundldiusudusasinanlanuinnilaniag
aauaaalugy 2.2

oo
o + 20y 9y
Yy ay 2
P
l {37
o Ty dx
v Bk 2
do, dx fyl oo, dx
% 2 A T 2
dx v atxy dx
y Txy+ % —:2—-
L T dy !
"By 2
X y dy
%y 2

;nJ 2.2 mmzmqa'uaatmﬁm:ﬁ"mu%uﬁmmaﬂm



A li. h gl ld 3 b @ d’ ° & 2 ¥ Qe
IMMNJVENFBIUSIWT ﬂu‘ﬁdﬂﬂ'}’lvl'l’l'l LLT\'JﬂWﬁﬂﬂi:ﬂ'}UH']ﬂQﬁﬂ'\Lﬂ'}ﬂUNaﬂmﬂl 3N
o n‘; B b ai ] = S 8/ os :

mamaquuumummm RN ﬁ"]&n‘iﬂl.'ﬂilul.ﬂuﬁ&lﬂﬁi"ﬂ'mﬂmﬂﬂ']ﬂ(ﬂﬂ(ﬂﬂdu

- -

2>.F = ma (2.6)

3

log = Fi+E]j (2.7)

UNUULIINTZYUWIa q‘luum N x

«

F
X
F memn's:ﬁmu’s'm}‘luuumnu y
m Lmumamaﬁﬂq

A A -

= ad +a] (2.8)

oy

a,  UNUAMALIHTENIATINLUILAY X

X

a, LmumwLiamaﬁﬂq‘luumunuy

Wlasnnaums (2.6) agluglunpnneai asudsnezngliagluzluuusnaild
(n

E. = ma, (2.9a)
E- = ma, (2.9b)

u,saﬁwﬁﬁm:ﬁmui’ﬂqﬂ's:nauﬁ’jﬂ W399 (Body force) WRTUTINAT (Surface
force) u.sﬁﬂqLﬂutm'?im:ﬁﬂGiaiﬂq‘l'.m'lsjﬁmsé'nﬁa auldun  wsadlassnana
Tiudne usamaii ussussudndn dudu dmusfmilinusfinssinuuiuia
vasianlanays WA wailssrnenuduluwssainussanudwmdss e
AsanusdwiRnTsiuniudiiurasnsluumuny x lugd 22 azfuldum
Tanlidwiny pf dxdy guussfRn Sy

| aO.x an' dx at)’x dy at)’x dy
(cx+ e -—i—)dy-(cx— p --—2—~)dy+[tyx+—5y—-._2_ dx - y""fa_y"‘—f dx

uastilathanunuasle

oo ot |
F = pf dxdy + —a?"dxdy ¥ —(,;;—:——dxdy (2.10)

X

o 3 ‘i 3
lag £, unuwsriagsanilamiisualuuuiunu x
o, WnuANudRAIEINiRLWILNY x

Ty WMUATWLAUABUIIILIUAYL X URTTIUAAIRINALUNY Y
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anui3? u luunu x swduwsituvaslesasfiug x, y uaztiant

u = u(x,y,t) (2.11)

mawswinirasenud v lwenuny x Wadsuiuna  nzildlesnldng
; . o o
gﬂ[‘lf (Chain rule) @34

Eoll e e12)
dassnwalnmeduenuasaums (2.9a) s
ma, = pdxdy- c(iiu ’ (2.13)
UNHFUMT (2.12) asluguas (2.13) 9214
ma, = pdxd -—+ -g—l—l--k %151'-) (2.14)

Wnafildansunis (2.10) kaz (2.14) wnnaslulugums (2.9a) udrdazdlnsazle

COSRERLY o= +ach+6Tyx 2.15
P\ 5t ox oy ) Pl g oy (2.15)
A o o A
mmmmwﬂﬂmugﬂuuumu
du oo ot
Ly AV, - X yx
( £ V- u) S TRET: (2.16)
uaziaRe I IWaENT 9T Ut IENNTS (2.16) Aziiulen
ou 9 op
R @)
-5 -5 -
pV-Vu = V«[puV) - uV-(pV) (2.18)

UNURUMT (2.17) UAs (2.18) adlugums (2.16) wld

0 ap . s . v - ao-x 61:)’7(
en (pu) u[at +V (pVﬂ +V [puV) = X ™ —é—y_ (2.19)

- . 4 o & o { ) oA
Wasmnwaldn gnunngaglunifumnisurasaums (2.19) Wnhesums (2.3) 59

fidufugud aanusums (2.19) Jaagaiiu
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ot

0 ) oo, yx
—8—{(pu) + V-(puV) = pf, + Se t By (2.20)

lwinaandignin  WeRssanussswifinasyhuwduduesmsluuwiunu y  lug
B o o g-“ ﬂl b B A ko ar o ;
2.2 udduiumimnutuaauilduaaslitedn aldnadai

ov ov v ot,, 0o,
P("a? Tt V”é?) = Pt ety @21
%ammsmﬂuu‘luﬁngﬂuuuwﬁﬂeﬁﬂu
o - 6‘txy acy i
9 v. = — .
= (pv) + (va) o S— 5 (2.22)

Qs [] A ' 3
T f, unuusIandaniavihsnalumuny y

o, UNUATTULAUAIAN LWL ¥

5. 8
= ae

Ty Wrnanatdwd@anlunwwiiny y unssmufissainiuuni x

as r'd as
2.3 /U ﬂ']‘iﬂi‘!‘ziﬂﬁwaﬂd’lﬂ

F- 8 Gy o P P : -
sunmadiauiuivesnieyinsnaanuluseslfimuayingvula
° Y = a. e aas A
lagihngdanissanneilulawmBasunlszgndlsnulfinaraiuauussasnaid
A ¥ L=
amuAnuilimiae . asusmaluzy 2.3 usz 2.4

Ll
Y ay 2
q
0q, dx oq, dx
%3 2 >y F R )
y dX

323 é’ﬂﬂmsmUmmm?amﬂ‘njﬂ%mﬂ‘immlmawao'lvm
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0 dy
vo +ay(vc ) = >

dy
() =
J dx —L—»yx o

- V‘Exy + 5-X-(V'Exy) -—2—-

~uo, +—=— (uc) dy + uoc, +——-(UO') dx

ur,, ay(ur )- dy!

- Vo, +--—(VG ) -

oy 2

\%4 +-a—x-(V’t

o T

U 24 é’m’mﬁﬁqmwawaﬂﬂaﬂmzﬁmuﬁwauﬁmmmuqu

nnngFanisasnailtlamiaddndnlin  wanwideumeluSnase
quﬁ@hLmﬁ'unmwmaamw%'auﬁmymnhz%ﬂ‘%mmmmuﬁumw‘fmnszv‘huuﬁa
Po1f3ATAILRY mmmmLmuumuaumsmaﬂmmmaﬂﬂmﬂmaoa@mms
LﬂaﬂuuﬂaamaLiﬁnumuununm"lﬂmu

4 - 4o,

dt—- -7 dt dt (2.23)

lag E, unundsnuwsinsesdsunesaiuny

Q Lmumm"?auﬁthmmﬁﬂQ;rﬂ%mmmuqm

W UNWIUNRIIAR NN TS MUUAY anﬁmmmuqu

wWauTNTaRinasmuaulznor i wilnumelu (Intemal energy) Wad
nuwean {Kinetic energy) UREWRIUANY (Potential energy) muuaﬂﬁm‘nﬂaﬂu
wasasnasnusIueIiinaImLau fa

dEt d uz V2 27
Seos opaxdy-de s B Y LT 224
dt pdxdy-zrle+ 5+ 5 - b1 (2.24)
Tav e unuwdsnwmelusasvasinadenitamiiniig
- n ~
f = fi1+1] (2.25)
N
T

WNWLINLADTURAIG UKL BT IR
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ganmamsnanuauingiiunesiiussun ANUTOuANEATNEY  URZMS
n")ﬁmmm%’aué’mﬁaommnm'muﬂn@hwaqqmugﬁ ngl 2.3 RN
sdarmInananusanisyinnu pgdxdy wazganmmamanusuingitangs
auuilisyin

09, dx L 99 & %, dy 99, dy
(qx-ax 2)d +(q v dy +| q, & 2 dx + qy+6y 5 dx

Al [-] @ Bt
Wathansunuesla

0
-da?— = pqdxdy + [» _6_(_1;(,_(_ - -&-}dxdy - (2.26)

@ d‘ = W 3 A &
lar q  unwenadauiinfaldiasdenfiomiizuis
q, unudananmginanaisuluuwiunu x
q, unudanniemanuiouluumiunu y

é’ﬂﬁmiﬁnmm;amaﬂmﬁmzﬁmuﬁwaaﬂ?mmmuquﬁauamlugﬂ 24  iu

é'x'm']msﬁ'm'lué’mﬁadmmnmwmﬁ'uﬁﬁwaaﬂ?mmmuqu Iﬂyéwaﬁauwawngﬂ
A W

2.2 fuaesung

W [2o)eZhn)s Blin) 2hoo o

UNUENMS (2.24), (2.26) Uaz (2.27) aslusums (2.23) wdriaguingld

d( w2 ) 232 5, 9, 8. \. 8
Pdt(“ 7 * z)‘PfV - P s ot o) + )

+ —a%-(vr ) + %(vcy) (2.28)

g
WBSINFUNTS (2.28) WINIW € unuuaINaInasnumaluuasnasnuaaiodt

Ul2

V2
£ - c + [ + pR— .
5+ (2.29)
qFUNYI (2.28) %:Lﬂﬁuugﬂmlﬂu

)
P = pa- TS Lo+ Llar)+ Lo, )+ %)

+ p(ufx * vfy) (2.30)




14

Wigsnndr & iluwaritusasdunis (xy) URsLIRT (f) AInn

de _ 0Oe 0t dx , Ot dy
&t T ot T a T ay a : (2:31)

2] 1 W
Faloununasluaums (2.30) acla

O O doe) dq, 94y 9
p(—a-T + uax + Vay) = pg - L ey 3 —-a—y—- + -é-;(UUX) + _é;;(utﬂ)

N T R A B

Whasendmemutneradsuns (2.32) Aa

ot 16/ ot oe 2
LLR:Lﬁ:B(ﬁ)’]ﬂ
de 9 op
Pt = ) -e (2:34)
- - —>
pV-Veg = V-(paV) - eV-(pV) (2.35)

I FUMT (2.32) Sanasundn

0 op : v maE aqx aqy | 0
-—a—t-(pe) - s[—é—t- +V (pVﬂ + V-(psV] = Pq- -3 —(uox)

r Ll s Blve,) - L) o, +v1) o

& § [ -~ § &
wanamin weklwadulngvassums (2.36) mllaunusums (2.3) Saldudugud
AINUFUMT (2.36) Tonaguniln

o 3 oq, 99, o
5—{(98) + V(peV) = pg - —5;"— - Eg}- + fa;-(uo-x) + E;(utyx)

e 2l L) st v v) e

nnnguawiied (Fourier's law) dammistamamaiawtasiagilausuiaviau
@ = . R e [V o
nulunnfiama (isotropic material) sanTadswdusunsldasi
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q, = - k—é';- (2383)
oT
= =Ko 2.38b
Ay k 3y ( )

ar Lad J ° A4 - 5w
lag k  unududsz@mdmahenuiauzasvadina (Fluid thermal conductivity)
T  unugon)l289289na (Fluid temperature)

Wahaums (2.38a-b) unuadlugaums (2.37) arle

o V] = SN SV - YA - N
a(pe) + V-(psV) = pq + ax(kax) + ay(kay) + 5 (uo-x) + By (u'cyx)
0 0 :
+ E—X_(VTXY) + B;(VO‘Y) + p(ufx + vfy) (2.39)

2.4 FNNIIAIINIAKINLDI ¥

aumst%aaxgﬁuﬁ‘mmmsaﬁnﬂumué’fuLLazmimﬁnﬁwﬁamuﬁmﬁm

TasnuanulauinsEIuNIud w129 fmmﬁuﬁonmﬁmmmﬁyu’lﬁaz}'lugﬂ
as = B B J
WUURINUARLRZATULST (Anderson, 1995) laadd

oy = -pdy + o, L,j =12  (240)
aui au] Buk . .
o = “(5;;““‘3‘;: + k5;,-5-;;. L3,k = 1,2 (2.41)

lag p  UNuATNAWIIY (Total pressure) 28384 1na

A A, . - N .
&y unu Kroneckerdelta 19 §; =1 Wai=jUss §; =0 wai = j
pounuaamilansmaaivesvasiva (Fluid dynamic viscosity)

A UV Second viscosity coefficient

LLa:ﬂWﬂauqﬁjﬂuﬂaanﬂﬂﬁ (Stokes’s hypothesis) "ﬁﬁﬁ’muﬂ’i’l {Schiicting, 1968)
3A+2u = 0 (2.42)

UNUET A INENMT (2.42) adluaums (2.41) azld

, du, Ou;) 2 ou, s
Gij = u(-é;(-; + -5)-(—} - EP‘SUE;(: , 1,],k = 1,2 (2.43)

4

P — — — —_ 4 — f 4 —
LLRSWIN X=X, X =Y, Yy =U, U =V, G = 0, O = ‘ny,

P
Ga1 & Tyx»

f

Gy = o), M1 (243) isliifia
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, du 2 o

G, = 2},1.-5; - —:;"}J.VV (2.443)
, oV 2 o3

G'y = 2,.1-6—; - -i-pV -V (2.44b)
’ v ou av

Ty = Ty = }L(‘é’; + -é-;{-) (2.44c)

I BAN AL AWAN I LRI UEINYAITDI R A

N
5, = -p +2p§—i—~-§— V-V (2.45a)
_—)

. -p+2p%-:;'-pv-v _ (245b)

ou . ov
Txy = Tyx = [J.(Eb; + -a—;) (2.450)

2.5 PHanlazauiaa

PN as & ¥ A‘ .7 =3 (J L £ =} s L% &
sunaidsauiutdesfilalsfudauluinds 2.1 fh 23 fenududus
ﬁ'uua:ria‘lﬁﬁm:uuaumw‘?jaagﬁuﬁzﬁammﬂm"hLéfu TunsunszuusunILE
as & ar T fd (:i' w! g 45‘ A @
puRUEAINE NadWSN ldduagiuRanlyevwavadlamusesmsing - Hlasna
'lﬂua”aﬁau'lwaummxaﬂﬂmmaoms‘lﬁaﬁmﬁﬂﬂugﬂ 2.5 Us=navluéay

Twsaan

E> TaoiunraInising

U 25 Tatunsasmsivauazidaw lwvatiue
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“ i P w 4 a o
(1) Bawlrwavwefisesmanzasinaluady (S)  dslesdndezimue

o o J
AL LLRZQHLV]QN’D A0l E’N‘]M 330 4%

u o=y (x, y) (2.46a)
v = vi(xy) (2.46b)
T = Ti(x,y} (2.46¢)

o oy = = o o
@) Gavlvveuwefitasmefivasluslnaaan () dslasdnfesimua
g oy
ussfinszruuau el

P = ol+ Ty M . (2.47a)
SV 'cxyl + o,m : (2.47b)

Tag P, unuussfinssvhunsauivaluusaun x

P, unwusannsehuwraualuLwILng y

Lm unuiemslaoisivainnisaivianiisiassniuuaue

“ o 4 . = A s
@) Wewlvvouwafinla (S, ) Tvhwuaanudwasesinafinis  us:
gannfizasvad Inafimbyvsanandanuian (Heat flux) Adiomidglownusims

Inarunitaail 5
u = u, (x, y) (2.483)
v o= v, (x, y) (2.48b)
T = Tw.(x,y) wie g = qw(x,y) (2.48c)

log q, unuWdndanuiouidhomdidlaussamsinadiumi




unn 3

=y I'd o,
msﬂszqnﬁszlﬁgnm%M“lumamamﬁ

AN IRanULBhaLe ltoae

A" & & o o =] & o & @ Qe

Twun?t  szusestuaaumlszandsndondFinludiefuuudidiuns

Tnauvunitaudlidasn TeaSuasudmiaTunaauaaund WeasrzidorAsiniudied
& - & P & PR P Y ¢

wud madeduiaumsiWludefiundussuadinditfiondads g Mnszuusuns

L’Eqagﬁuﬁmaomﬂm 5’mﬁ’qmiﬂ5:qnﬂ's:t.ﬁun"’fﬁnﬁ?‘h‘ﬁwaoﬁ'xﬁu-ﬂw&h W8

w &4 o X A € - caY ve P e e

muaawmflmmumaomﬂaum-ﬂvd'lumaaLuumﬂ'lﬂuuag‘lu;sjﬂuuuaum's'lmmmu

(Nonlinear equations)

o &
3.1 dwaawna liuassatavisldludiafmind

myuitgwmldiresadondTWludediuud  dsznaudatunauns
& e o o &
e 6 Tuaan Lz in, 2542) aesialuil

z 4
Fnaann 1
miudgiinansazrasdagnifidainsasmasdniaaniduiafiand

] a o (-3 3 P g | (3 o o 5 - &
UﬂU‘jﬂJLLﬂﬂdiuzﬂ 3.1 mamummmumauﬂanuﬂgﬂ@a (Nodes) 12ILBRLUUS

p R T A" R i a o &
(Elements) Nagans Sufudumbindasmradnivasiigniiu

NGB
9

LORIUA
wuvaeg

X

U 3.4 nuiplindnsnzssymeaniihuefiuudton 9
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¥4
AUADWY 2

madanaifunmmnbzinumaluefuudimanzauiugduueduud
A ! ¢ &t g ] = L3 o [ (1 - 5
peavagivhwugadareefiuud  Swaudrlinnudfigada (Nodal unknown)
waztdanlvanudhiwld  (Compatibility condition)  snenadiatu  Laflue
A | 7 5 e P v o ' ¢
maunisudalsznaudie 3 gedadwueailugl 32 Hduwibiwaasalinmue
ld. < s 3 ) k] ; [ QA
(1, 05,95 ) BENIAABRUNBIAT 1, 2 UaT 3 m‘lu‘nﬂummmmﬂuwaawﬁmaaﬂqm
n:i '3 o J &) ] d o F o3 I3 . =
Az Jsanadludmsiefand lufiemesns glutlgmimsauaasuds
wiadlugamplvasiagludgmmstamanudon wiaduenudmeesinaly
Tgmimslva  dnwaemInizangresa innumhusieduudsansadouliegly
& s 73 L g s ] i el t L J
sivaslsidumstzinamalwefiauduasd linTudfyadalddad

¢(x, Y) = N1(XsY)'¢1 + Nz(x’y)"bz + N3(X’Y)'¢3 (3.1)

Tas N(xy), i=1,23 wnulaisumslszanosmeluedume

93

¢,

3132 ALNUARIVNRDULYL 3 Qmaﬁﬁﬁﬂajﬂﬂum o funtigade

o [} ) T J
gumMs (3.1) mmsm‘q’mulmg‘lugﬂtmwaommn*ﬂmm

b,
¢(X>Y) = LNI N, N3J ¢, (3.2a)
¢,
vin oby) = [N {o} (3.2b)

(1x3) Bx1)

Tog [N unwwednduasiandunisdszanaumaluafiuueg
{6} wnuanmefmaindilsnaudisarlinmudfigadasasiefiaud
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& 4
Anaaun 3

MIFNFUMIVOIDRINUR (Element equations) BnA28LMLTH  &UNTT
A i [ ' o &
yaqaRtuaaumisuauaasluzyl 3.2 a:ag‘lugﬂuumm

kll ) kl2 k13 ¢l

21 ks, Ky | 192 = (3.3a)

ey By e

n Ky ) s ¢ e

via [x]. {¢%. = {F}. (3.3b)
(3x3) (3x1)  (3x1)

& e 5 & as P = Y & a (3 2 =y

suaauiieiniuwilaficaarasndsvitiWludefiuug  mIsdesunmvased
A B -]

wudssaglugluuuyeisuns (8.3) nizhlelas

(1) ABnmilasa3y (Direct approach) witienudilaldioias el
smansnidizgnd Wuilgmademasudoulunanofiale

) Answuidu (Variational approach) ilwAhitsuldluizszGuusnlesyszand
wnudgwimuaulasssafiusaulng

(3) FFmrtsininianandls (Method of weighted residuals) (JuATHEN TS e

sraInfigaissnnaunndssisiaumszenafuud ldlasassamaunings
auiusvaIdymiug

& =
BWBRBDUN 4

MTRUNITAILGR e AL IReT WaNlTsnauis - AalWifessuusuns
‘4 1 o A’
mag'lugﬂuuumu

Z(Element equations). - = [k] sy {¢}sys = {F} s (3.4)

& =
2RADUN &

maszgnddewlyeniavasdygmadlusams  (3.4) udPohnsud
[ . - : A ey e W oA s e W ¢ s
sunmaanauiamidwes {¢},, Tududlinnudifizadadieg @l
-1 & ‘ - o o o I o & ad
nadnfsilemaniudnsiafaudfiduniidngraslaneine wialugampiines
de guastfgmmstiamanuian  wiaduanuwasadlnalutdyminenums
Tna 1Tuen




& =
AURFADUY 6

maswIniangigaimmnu i illanmudmaeiaudiezanan
FUIUMIANULAYU (Stress) UazaNLAILa (Strain) 16 ﬂ?atﬂanﬂuqmﬂqﬁﬁ@ﬂ
fa qezmusaswmdanmithoimaneiould  wiadanmuanuvemas
Inaezmanindimomdanmsine e udu |

supFumRHewiustasudsTaland  Sudsznaudissunening
s (2.3) sumveninsluluuay (220 ez 2.22) UAsRNMIAUINEWAIY (2.39)
saatsluund 2 aglugtiuuvasszuusunEiauiustasuunlaidadu (Nonfi-
near coupled partial differential equations) Lﬁaaﬂﬂﬂwﬁ'u‘faumaaﬁtyﬁmazﬁalﬁ’
Harnadilslumalszdvsmnidludefundisoaadasiuldindn  muaded
rRvsantomymsuuylidaaaluanazadan TagasAonara9mInTz I awasy
anuniia uanmnfm:amﬁﬁunu y a:agﬂuumﬁuaua roliifianasniwin
yasvaslaruniusasasiiiasnanmntluunu y vinly suydgmumaiuen
naztslimalefsirunmilWludeduudinldidhetus fudunarildng
vszdufluunsunauiuaeiiiullidemniiduds suusinmsayRusionwn
Aai-alandasefusluuni 2 Sanagisain

ammn%aagﬁuﬁm aamsmﬁﬂﬂma

ou - ov
-5)-(- + —a—i =0 (3.5}

ammn%ﬂaw&ﬁuﬁwaannmﬁnﬂmmﬁw

du  du do, = Oty

p(uF— o v—-—ay) =l + —-—-—-ay (3.6a)
ov ov a'cxy aoy .

P(“‘é'; J "5;) = ot oy oell B - ) (360)

anmn%aagﬁufmamsmﬁnﬁwé’onu

oT | oT 8 (, 0T\ a(, oT
g U—=—+ Vo—| = = ke + — k= 3.7
e ( ox ay} 6x( ax) 5y( 6y) (3.7)
Tas B unufudsinimysmodamaamuian (Coefficient of thermal expansion)
yasvadlva uas T, unugmnpiwdovasaslnaitlifiamssonda
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Lo =\ & ﬂ:
3.2 NS IHIDALNUG LLUEINIRRYN

X P e ° g 4 P
'lw'lm‘ft.aamum’lu;ﬂuuwaamumaum:mmlﬂumsﬁnmu Fazina
Tesassnumsifaaiisuitiaadiunalasdaluddluun?l 9 dold | efuamy
d' ;a' ° =8 ‘; g 8 s ¥ 0 s': @
wasufibhanfnmil dwuaeslugl 3.3 tsrnaumsarliinTudnanue 21 o

u;, V3, T, ps

Uy, vy, 1, Py

3133 LARLURARNURRD UL 6 0da

v 0 [} o s A B o Q‘: :
Toun wv, T ad9az 6 @ UeZ p 80 3 67 TIFBINTIUWIURNNTINIGY 21
13 A [ £ Rt ] 1 (3 4: - .2
UM IAERAILERIUUA UM TYNA128997 InTudna il MIBNYAANWITNTT

N3 VBINITAULST aunnd waraNnuauntslmadiuue ﬂ:ay;'lugﬂuuuﬁwia"lﬂﬁ

ux,y) = ]_NJ {u} = N, 'u, . a=1,2,...... ,6 (3.8)
(1x6)(6x1)

v(x,y) = i_N_] {vi = N, v, . a=1,2, ... ,6 (3.9)
(1x6)(6x1)

Txy) = INJ{T} = N, T,, a=1,2,..46 (3.10)
(Ix6)(6x1)

pxy) = |H| {p} = N, p,. A=1,23 @.11)
(1x3)(3x1)

lag |N]| unwuadnduasdsttumalzanmmeluefandaudugss

) & 5" ar e §ar e &
[H] unuaadnduesiantunstranmnsluefiundsuaunii

WarnTun U s a1l a R uua IR ILU LTI DR LN UA 1B R DY

¢ - s o g B & s o 8 A’ ai o 5 A‘
wuu 6 q@ma ummauwuﬁnuﬁon'ﬁuwnmaawunlugﬂuuum(ﬂa'lﬂu




N, = LZ) -L(L, + L)
N, = L22 - LT, + Ll)
N; = Li - Ll + L)
N, = 4L,L,

N, = 4L,L,

N, = 4L,L,

H. =

1 i

Fu A & A4 A4 ¢ . P [ ¢
las L, unwisidufinavesiind Ssagluzluuurasdmasndragaat

L = 'ilK(ai +bx + cy)

& A a & = & g 1Y
lan A UNRAUNTD I8t UUARTULRREY mmmm'!mrm

A = ’%‘[’H(}E 7 Y3) A xz(Y3 y Yl) K x3(y1 - yz)]

4 = X3¥3 - XY, b =y-%
a; = X3¥; - X1Y;3 b, = y;-¥
43 = XY, - X0 b; =y -¥,

3.3 mnlsrAngaunsivinaasiame

,1=1,2,3

,1=1,2,3

= X3 - X,

23

(3.12a)
(3.12b)

(3.120)’
(3.12d)
(3.12¢)
(3.12f)

(3.13)

(3.14)

(3.15)

(3.16)

alw & e o s S A
nstszangaim v ludiedimasamivmamsuuylidamsianiian

snzagaineildlas dEmsdashwdniasande garzdiln, 2542) an

B B Lo - ;ﬁ'
Uszgndldiusuns  (35) @9 (37) ¢ wann1wedddiiids

a & s :’ a
WWsnTwimnn

. : da 4 b, ) § .
(Weighting function) Fslufiiifenliwarifunmbzinmmeluefiuud angaiy

- s g o o Bur H = ‘l‘ £ ~ J’ ﬂ;
sumunBieniuiasigm  udrhwualikednifiiaduninmsdufitnrauniud

PN e & & e A
mﬂﬂlaal-“uﬂuﬂ’uﬂuﬂuﬂ AJdh

}Na[p(uu,x + vu,y) - Oyx - ‘tyx’y]dA
A

JTNa[p(uv’x + vv,y) = Tyyx ~ Oyy + pg[l - B(T - TO)]]dA
A

(3.17a)

(3.17b)
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j‘N[ (ut, +vT,)- (kfx}x -(ktyly]dA = 0 (3.17¢)
A .
iju + v, )da =0 (3.17d)
A

& 9 & 4 a A I
FuMI (3.17a-d) #  UsznaudgRuMINIMAG 21 sumI  Jeliwawvihniuaala
NTILEN 21 @7 TaNRLUNARKY

NI EunTannd (Gauss's theorem) anyszgnaldiusums (3.17a<c)
lﬂ. ¥ L7 ar-% ¥ 3 fod e =) §4 Tt J
WanaliiAasBufiniaunuauavadlafiune (Element boundary integrals) leiaait

INan,di = I(NGGX),XdA . J.Naxcdi
A
A J.N o 1dS, - jN 5, dA - (3.18a)
J.Nc.Tyx,ydA F— } o yx J.Nay yx
A A
= _g.Na'cyxmdS J.Nay "  @18)
[Nty da = j > xy j N, ,7,dA
A A
= [N,z lds, - j N, 75, dA (3.193)
[Noo,,d8 = j(N 5, IN o, dA
A
. jN oymdS; - ijayc,dA (3-19b)
JNa(kT’x)’di < A[(N kT, ) jNuka dA
= [ NkT,1ds, - j N, kT, dA (3.20a)
A
JNa(kT,y);ydA - J(N KT, j N, kT,dA

= [NkT,mds, - [N, kT dA  (3200)
A .

= = as : e [ Y s A’
UNUENBUANIAluEUNT (3.18) W (3.20) adluaums (3.17a-c) 3¢ lananadt
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j;N p(uu + vu dA+j‘N odA+jN dA

o,y yx
A

- jNa ol + *ryxm)dSO (3.21a)

8o

[Ngplav, +wv )da + jNax T, dA + jN o,dA + j N, pgfl - B(T - T,)dA

A

- jN z, 1+cm)ds' (3.210)

[N,peluT, + vT, Jda + [N, KT, dA+ [N, kT da
A A A
| N, (kT,1 + kT, m)ds, . (3219)
S

PN IUNUAI AU RIINENMT (2.45a-c) 8l naums 3. 21a—c) usdiagulng
azle
jNa(uu’x + vu )dA - —jNaxpdA A 2VJ.N u,dA + "JN u, + v )dA
A

IN P dS, (3.222)

{Na(uv’x + vv’y)dA + vj'Nm’x(u’y + v,x)dA - -]i-jNa’ypdA + 2v J‘Na’yv’ydA
A

A

- gf [N, Tda = lj'N ds-g1+ﬁTo)deA (3.22b)
A

[Nt + VT, Jaa +—jNaxTdi +—-—IN T,dA
A

'_E }' N, q,dS, (3.22¢)
s
Tae Pl = ol+ Ty I (3.23a)
P, = ‘rxyl + o,m (3.23b)
9, = kT,1+kT m (3.24)

: o 4
v unuaunilasaumaaivastadna (Fluid kinematics viscosity) Tallu
laugums

v =4 (3.25)
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MIUNUATAIRMANTY gDl URZANINGUINFUNT (3.8) 119 (3.11)
aolugums (3.12a-c) uaz (3.17d) naliiiasumsWludiafiundluyluundsi

KagyquuY + Kmmy Vpu, - Hmx p, + Sanx uy + Sas"y )
= Q, (3.26a)
a
KmmxuﬁvY + Kuﬁyy VpV, - Halypx + Suﬁyxuﬁ + Saay" vy - KTy
= Q,-C.-D, (3.26b)
Kuﬂy" u T + Kmmy VgL, + Maﬁ"" I + MaBYYTB .
s 1O (3.26¢)
al
H ju,+H v = 0 (3.26d)
pu* P gy P

as a £ & = = i e e A 4
sullszAndanglusums (326a-d)  haweSnddsagluziuunseduiiniauniud
vadtefiuunuazBuindounvauynssan S Wiazaumts S, 183eRIUUGGIEUNTIRD
a3

K o= [NNgN, dA (3.27a)
ofy A
ARG = J N NN _dA (3.27b)
1
Hj T J N, H,dA (3.27¢)
1
H o o= | NygH,dA (3.27d)
ak 8 A
S o 2v [N, Ng dA v [N, N, dA~  (3.27e)
A A
S = v [N, Ny da + 2v [N, Ny A (3.279)
A A
oy =V Aj N, N, dA (3.279)
Som =V N Ny da (3.27h)
A

k .
M - E}N?"XN"”‘dA (3.27i)

XX
af .
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_ & -
Moy = s J N, N, dA (3.27)
Ky = o [N Nyda (3.27%)
A
Q, = + [N as, (3.271)
a pso
Q, = %—INQPY ds, (3.27m)
SO
—l
Q ¢ e— s i N, q,dS,, ~ (327n)
c, =g j' N_dA (3.270)
A
D, = = gBTojNadA (3.27p)
} »

ammﬂwhﬁmaLuuﬁﬁgnﬂizﬁwﬁuﬁeLLamluaums (3.26a-d) 1 aglugtuuy
sruvsumauuv By Snsudsuusumsasnanazeiineluwade 34 dw
muszfng IWludiafumndwainglusuny (3.27a-p) axgnafuslasandealum
48 3.5 @alyl

'S <4 Y- o & o e s
3.4 n1vd ‘itigﬂ AITLUHUISNIINIBIBBIND Gl%-?’]ﬂﬂ%

a o A & o &
aumiiludiofiuudfigniszfiviiudousasluaums  (3.26a-d)

£ 3 o B ‘J gl 7 hed 3 [
WeurspuremauuuldiBadn  dnsminsdnsvesuusumInins 1 lisnansa
nezldlasmsdwinifssesaudes  Sadwdudesimulegndsidoniimah

by P Y o . . 4 ar o
Fru89RIAU-TIWER (Newton-Raphson iteration method) i8N INARNSA 3

- o oo w A [ o 4
VnﬂW"ﬂ’TJ'm"ITZUUﬁuanllﬂuvtul'ﬂﬂLﬁu‘nﬂﬂi:ﬂﬂ'ﬂﬂ’lﬂ n FUNIIT ONU

KK = R} (3.28)

=) At [ 3.5 ) A‘ (] P
lag {x} unwanieafiueindvasdalifan waz win {x} luaums (3.28) % lildua

o

& o ' a a Fo . W e o
Wﬁ'ﬂgﬂﬂﬂo ﬂ:ﬂai%ﬁﬂﬂﬁ@ﬂ'ﬂuﬂ’lﬂﬂﬂ']ﬂﬂﬁu

Fe) = K - &) (5.29)
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2 . a , =
FedmTuudatFuMIAe
n
Fi(xl,xz,...,xn) = ZKU(XI,XZ,...,X“)-XJ . (3.30)
31
los i=12..n uazvmaunsundinad (Taylors series) frvasWeridudrandaf
{x+Ax} @

Fi(x1 + AXp, Xy + AXy e, X+ Axn) 3 F.(xl,xz,... X )
+ Z xl,xz, X, ) A, (3.31)

winet {x+Ax} (dudiasnadnsiainas Wdﬁiuﬁmﬂf'ﬁw:ﬁfhtﬂuﬂhﬁ RINU
¢ o A { ot = e ' o o &
aums (3.31) WrialWlAassuusunsnd {Ax} Wuabinnualugduoudi

. _
(5]

Zéxf_-ﬁ(xl,xz,...,xn)'ij = -Fi(xl,xz,...,xn) (3.32)

=1 9%

ATV msﬁﬁ:l.ﬁuu"‘;‘ﬁmﬁﬁw‘ﬁwaaﬁaé’u-ﬁwé’umﬂ‘s:qnﬂ“lﬁﬁumms

IWludiediundluguns (3.26a-d) WEudunnMndsuiaidumandraluzduuues
daludl

Fa G = Kmmx ugu, + K - vVl - Hax" py + Sanxu + S o Vg Qa“

(3.33a)

Fa" = Kaﬁyxuﬁvy + KaByy VgV, - Haxy P, + SaByqu + Saﬁyy Vp
KTy -Q, +C, + D, (3.33b)

o .
FaT = Kaﬁy"uBTY + K Lol v T, + M W MaaWTﬁ - QaT (3.33¢)
F = H ,uy,+H 3.33d
g T A (3.334)

naInUNUINTUAanMIlURUNT (3.33a-d) aalusums (3.32) e laszuusuny
g ‘d. ca‘ J B ¥ i3 3 @ A‘
s fitRndinsesds linmudene g lupluuudad

_Kuu Kuv 0 Kup—» A\IB rFau w
F
wo Ko B Kl ] (3.34)
Ky, Ky, Kg 0 [|ATy Fr
K., K, 0 0 |lap, Fr |

(21x21) (21x1) (21x1)
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Tapfiluesndans gnmudiousiguns (3.34) Aa

= K + K + K v. + 8 3.35a
Kuu aﬁrx uy u}'Bx uy GYBy Y aﬁxx | ( )
Kuv = Ka@yyu” + Sany (3.35b)
Kup = - Hax" {3.35¢)
Kvu = Kaﬁyx v, + Sae.y" (3.35d)
K, = KayBqu + Kumy v, + Kowﬁy v, + Saayy (3.35e)
Ky = - Kaﬁ ‘ . (3.35)
Kvp = - HOka (3.35g)
Ky = K xTy (3.35h)
afly
K = Kaﬁyy I} (3.351)
K = K u + K v. + M + M 3.35j
B ayp” T ap? T ap™ ap”’ ( 2
Kpu = H | ‘ (3.35k)
Pu
va = Hsuy (3.351)

Tugums (3.34) e Aug, Avg, ATy Uaz Ap, \Winanfiuiindnusssa linuses
madmnmeiia i laaen u,v, Uz T, Iugums (3.352-) 1Judruasdlinmu
AuaIMIMIImATfR i1 SeezBurimismmds il sudsudsnmindaiies
?;uqmui‘ia ANUARIALARBUTIL. (Overall error). Sistanndinunmaiafaud
fmuald drandesandansruiaainaleftaudlapdwiten

Overallerror = Error x 100% (3.36)
NPOIV : NPOIP
lay  Error = Z(Au + AV ( ) Z(Apk) (3.37a)

=]
NPOIV NPOIP

Sum = Y (y +v)+ Z{T + > () (3.37b)
i=1 k=1
dle  NeoOIV Lmummuqﬂﬂammmaafmm%
NPOIT Lmuﬁ’lmuqﬂ@iaﬁ‘mumaaqmunuﬁ

NPOIP LLﬂuﬁ’i’]u’)uQﬂﬁi BYNRUAUDINIUA
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3.5 mslsrdns idludiafinaluaing

=) = i3 o J L4
TWludefuudiuaindasglusunis  (3.27a-p) sanndsfudivle
TasGyannmadowlintumsdszinameluefiuudluaums (3.12) uas (3.13) u

& Ew
gﬂwmumﬂmm
N} = [a] R} (3.38)
(6x1)  (6x6)(6x1)
h) ,
{H = JL, (3.39)
L, R
Tan
M1 L 07702 0N N
0 -1/70--1 .0 -1
0 £0, 1 14,0
[A] = (3.40)
0 0 0 0
0 0 0 4 0
0 0 0 4 |
]
L,
2
L
R} = ¢ 2} (3.41)
L2LS
L3Lk
H‘;Lz,

& = g e‘1 = & d; a4 as . oas
mﬂumqmagwuﬁmaaﬁmﬁumsﬂi:mmmU'Lul.aamuﬂ wathgunuawlds  x
. J ‘
Uaz vy a3

{%I;.} = [a] {%Ixi} | (3.42a)

Q6x1) (6x6) (6x1)

B -wE e

(6x1) (6x6) (6x1)

unudr {R} angums (3.41) asluaums (3.42a-b) azle
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IN
ox
(6x1) (6x6)(6x3)(3x1)

R (3.43b)
- (6x1) (6x6)(6x3)(3x1)

[a] [B] {1} (3.43a)

|
(R —
I

il

1o
2b,. 0 0]
0 2b, 0
0 0 2b
Bl =| 4 by b, G4
b, 0 b
B 0
Facf /) o3 \OV
0 2¢, 0
F 0 0 2¢
lel = I (A 4 (3.45)
Cy 0 C,
c, Cy 0

dlaven [A], [B] uax [C] iwaeindaasdnasdt lwiniedl R} wez {H} (Ju

8
=

a_ € Co m & 4 7o o & a @
waindraiantuniavasiun  suduieiruzes x uss y  aadumsledng

& - s o €8 = - F o o oas & 4 o
IWludlefuudiuaindiaduiisemaufiinanagauasiiniuRiouesiull - &9

sunmdufiinialalasliganin (esznln, 2542)

arB oy _ ol Bly!
[roritda = R ETEE (3.46)
A

& oA - & =
I(ﬂﬂ A UNUAUTNTIDIUUARIULARDY

= =3 =) — ! o

mataug IWludiefuduaindlusums  (3.27a-p) sanolssfviinld
g ag g
Juuyzanuia’ dids i

= '3 a8
awamaInys K, K
afy

P . = o s o
Wlasnnaunts (3.38) uas (3.43a-b) muyadisuliagluyluussanmusaildaed

N, = A

a ok,

R (3.47)

3
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ax = AygB.H (3.48a)

Ny, = AyuC,H | (3.48b)

Tag o, & =1,2,.,6 uaz 1 = 1,23 unusuns (3.47) uss (3.48a-b) adluaams

(3.27a-b) azle

K o = AgApAuB, [RRH,dA (3.492)
A

Kaﬁyy 2 Az A Bn O J R.R H dA (3.49a)

Toy o, &,Bm, 7,4 = 1,2,0,6 Uaz p = 1,23 e1duiinialugunis (3.49a-b) s

Buf mmua:rﬁsm‘lﬁ’agilugﬂud.umm%nﬂﬁﬁaﬁ

24 24
4 12
12 4
4
12 6
6 12

(120 12 12
12 24 4
2A- | 12 4 24
5040 6 6 6
24 4 12
24 12 4

Ii

IRERnHl dA (3.50a)
A

S S =) T @) Y )
S

(24 12 4 4 12]
12 120 12 24 24
A | 4 12 24 12 4

6
6
6

50400 4 24 12 12.4 6
4
4

Il

j R,R H,dA (3.50b)
A

6 6 6
12 24 4 6

(24 4 12 4 12
Q24 e32\12N
oA 1112 12 120 24 24

6

6
— 6 (3.50c)
5040 4 12 24 12 6 4

4

4

AjRéRandA =

' 12 4 24 6 12
6 6 6 4 4

wiwwdweing H , H
ak oA

UNUENNT (3.48a-b) RaluRuMT (3.27a-c) 3Ll

H , = +TA.B, [HHaa (3.51a)
A
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1
Hy, = oAgC, anHx dA (3.51b)
A
A & e o =
law o, & =1,2,.,6 use n,A =123 FaandufinTalusums (3.51a-b) RNINAU
F=% o~ _4 i =y 9 o !
'ﬂmem:mnu’lﬂag‘lugﬂunmumnﬂmmu

2 11

A |
fHmd = 121 (3.52)
A 112

a '3 =) 4
LORINHANAITNY Saﬁxx’saﬁyy, o5 aﬁyx,Maﬁxx’MaﬁyY

UNUFNNT (3.48a-b) adlugums (3.27e-) azle

S o = 2VALBLALB, Aj H H dA
+ VAL CuAL Gy, [H H, dA (3.53a)
A
Saﬁyy =" VALB ApB, A'- H H, dA
+ 2VA ;Cpu Ay, Gy, [H H, dA (3.53b)
A
S = VAuCyAuBy, A[ H H dA (3.53¢)
S = VAuByApCy, Aj H,H, dA (3.53d)
M = -;(—CA@BEHABXBM A[ H,H,dA (3.543)
M, = 'pl(EAaicénABXCkp ,{{ H,H dA - @s)

-J § = =3 gl
Tat &, B A =126 Uz mp =1,2,3 Huddufinialusums (3.64a-d) uas
(3.53a-b) ansadwmmldanaunms (352)

LR INne LAY K.

WNUINMT (3.47) asluaums (3.27k) azlel

Kog =  8BALA,, I_R&RndA (3.55)
_ A
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t.‘i [ o as = a = v
Toy o, &,B,m = 1,2,...6 Medufininluguniy (3.65) swsnduiiinsauszi@unly

aglugunuia @3N LAaadh

24 4.4 2 6 6
4 24 4 6 2 6
2A1 4 4 24 6.6 2
J ReR,daA 72002 6 6 4 2 2 (3.56)
6 2 6 2 4 2
6 6 2 2 2 4]
a & o &
alwawasny C ,D
UNUFUNTT (3.47) A9LUFUNTT (3.270-p) 3 ld
e £ gAy, j-R&dA (3.57a)
A
Dy = gBTyA, [R.dA (3.57b)
A

lag a,& =12,...,6 maniinialwauns (3.57a-b) susndufitnsauazidauliag
= B A A"
Tugtuunesnd ddad

[rRoda = 32%

- (3.58)

R S A

o A o L L - 41‘ ]
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4.3.1 anwoe llusstlgwmifasyimadens

UTINALIN

UTINARDNN

° [V IS ar o
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dafuensacmidvadywiriudwinursiaisy 1§

ﬁaama’lﬂw&ﬁagaﬁ%%

2

FREE CONVECTION IN SQUARE ENCLOSURE AT RA = 100000 -
THE MODEL CONSISTS OF 441 NODES AND 200 ELEMENTS
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mmaa@mﬂmﬁmawaﬂm
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DENSITY VISCOSITY THERM EXP SPEC CV THERM CON REF TEMP GRAVITY

1.00000

4.3.4 ﬁagamamnqma

UIINAUTN
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fadnenaly

WINBLaTT8I9a6e Gawlvvaviwawad u, v, T Uss p (0 = WRaw
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Pe ° a@ g [y

u, v, T uae p Altlumsdwiniseuun Wandanusan

3.46400 3.00000 .008606 .03000 40.00000 10.00000
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ﬁaaﬂna’luvﬁ,w&{l’agaﬁnﬁﬁ

NODAL BOUNDARY CONDITIONS AND COORDINATES [441]:

1

2
3
4

1
1
1
1

110

100
100
100

.00000 .00000 .00000 .000006 20.00000 .00000 .00000
.10000 .00000 .00000 .00000 40.00000 .00000 00000
.20000 .00000 .00000 .00000 40.00000 .00000 -.00000
.30000 .00000 .00000 .00000 40.00000 .00000 .00000
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ELEMENT NODAL CONNECTION [200]:
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ELEMENT NODAL CONNECTION FOR OUTFLOW [O0]:
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ELEMENT NODAL CONNECTION FOR HEATFLUX [20]:
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NODAL SOLUTIONS [441]:

NODE
1

2
3
4

nanueuUeIgeda f1Ue3 w, v, T Usz p

U-VELOCITY

.000000E+00
.000000E+00
.000000E+0Q0
.000000E+00

V-VELOCITY

.000000E+00
.000000E+00
.000000E+00
.000000E+00

TEMPERATURE
.200000E+02
.226212E+02
.246106E+02
.259273E+02

PRESSURE

.512180E+401
.511971E+01
.510273E+01
.508673E+01
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log T unugannfiua: R wnudaadimnauadufia (Universal gas constant) 9]

aNUFUNRINUAAMUTa Uizl

R(c,-¢,) = (y-Dg, (6.9)
lay

y = -+ (6.10)

lusums (6.4) daesenandulufiamasng giuwsusmunsadsuliagly

= P-4
Eﬂmmmmm uuaz v ae

s fF %”(Z%Xu—"%vy') (6.11a)
— Z,|p8v ou

o, = 3”(28y ax) (6.11b)
ou , ov

’ny i, (g + &J (6.1 1c)

; - Y o P [
§U g, Uaz q fotnuanuiauluuwiuny x uss y ‘ﬁm'mqsmﬂu‘lmag'lugﬂ

7=y LY . g (g
wuuvasganpiilasldnguaniad (Fourier's law) @it

al oT
g, T - & LR qy EE (5.12)

[-% e a g a I (-2 8 P n'

mauiszuurunEEaRRus (6.1) Sulludaslsznavdslanlunawsa
duuazanluwaviun 3 6.1 URAITBU MUY INIT InauLLaada lad lasm

1% e v e g e o & @
lihlszney dpuvvaiefideiudaliliifia: (1) eseavey. S, sxfmishnuads
uwrayiniasugaslusans (6.2) fivmTinauuusninies  (Supersonic
inflow),  (2) asaavey S, Tadumitexisduldiiaanui V wsensnainuuiu

o Y 7 B v = A n A ¢ A . PR A

TUnupauvaniy sufamvualr V-i=0 lag f o vnessnimilsfiasann
o Qs n‘: A [ i-0 d
AuRiany uer (3) asaavay S, Tduravsaimslnasan sxlidmuatonlalag
(REWINFNINTAINT IRRDANUMTINI R udwingmwms maaanuwiuuuudn

AR89 (Subsonic outflow) srdmuadanlaveviuarannuan P ‘naﬂﬂﬂlumo

£l

UisRdudnfinmuriemaunsonidlasiodanfoufsutudtug
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QOutflow

Flow domain D ‘ ; “ [>

31 6.1 Tatuniaztan Wwaatavasns wanuyldoad le

Tunsdaasgduimesiigpmnilvauudadlait  alflefuudany
A o & ‘: di o & d‘ o
wasuduaaslugl 62 Miliflasnnieliudmuwisumnanindinasgluunues
Twimyinalding sraanlunislduslibunusaufuessuszausnlszyndls
fuszdarAtnmrliuamaefundlasdalud@fezdisualuuns 8 16 lumslna
a A o L2 5 o = & o = 4 o
il rRsanliaWsdtumatlszananmsluefiouaiiainf Jeunmaiwim
24 i i 13 £ N =) “; Qs A‘
wildindnaigvaifvesungasannanuadiafiamanus dii

-

_ (U,+U,+Uy) 613

Uclc 3

s U, wnuddunsydszanameluefioud uaz U, i=1,2,3 unud1vas

cle

s 2 & & 4 = 5 Py ° g
mylnsuuasdarasefiund dufufivesefuudmanisy (Q) dwmldan

Q = % [Xz(Y3+y1) + xl(y2 - y3) + x3(y1 - yz)] (6.14)
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(X3,Y3)

y
(Xst2)
(X:¥y)
X
31 6.2 LR LURAFUARENAATUMS IRaLLLaaa L6

6.2 amdszfugaunisidiudiafamed

Walwdrsun pasrinanudlalutueaunisdefugsunsidludgiad

wud BuRnTanms swuulifianunilaudaadald lunsdifizans (6.1) aa

susailn
-gt-{U} + Eax‘{E} + %{F} = 0 (6.15a)
lag
pu ov |
2
pu”+P puv
E = 4 Fy = 6.15b
{E} - {F} I, (6.15b)
pue +Pu pvetPv]

Luaomnmaaumﬂuaumi (6.15) “ﬂ'}dﬂﬂlﬂ‘iﬂLLUULﬂﬂ?ﬂu ﬁmmmmwmitm

L AIEUMTRIL aum's'lﬂlmﬂuuum'lﬂ'lﬂmu

-

..@I_'l + .?_I::. + .Q.E. = 0
3 ox ' oy
TunslssfmgaunisiWludiofiuudun. Guambhsunas

(6.15)

(6.16)

A L)
mag‘lugﬂuw

as as 8 B! L= £ s < bl A’
ayinifandalvegluzuuuvasduiiniauuadiuud (Gnoffo, 1986) d9il

[ Zaa + j(aE gs)dg

0

(6.17)

wazianaliifaanurzanlunsdianudlausznisdefugzunsiWluedied

. & o A
wuaaald suns (6.17) & sunsadsuliagluguuuassunuaat e
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oy )iy -
L Srda + jﬂ[-é-x—JdQ = 0 (6.18)

lay E,i=1,2 unuwidSinaddnduuylinilaluins x uaz y enudey g
x;, i=1,2 UNURNALUENY X LAY v aus1a

& o [ = [ e as
nnuuSimatzgndnoufunteams (Gauss theorem) sy
ms 6.18) wzld

aU B
SdQ + [afdlo= 0 (6.19)

lag n, unwiianslaset (Direction cosines) UusnuuaILaRIAIUA

waktusnlugums  (6.19) Lmuﬁm']mﬂﬂﬁﬂuLuJawaq@hqmamﬂ'amm
ms'lmaLf‘nmﬁnﬁmaaLaﬁLuuﬁu,ﬁﬂuﬁ'nnmmu'lmaal,uuﬁ uszwalniaasluwauny

a rai a 9 ] = g s ﬂ.: = ] B g d‘
unuLSunaWangRdIua wag gaeRlang  aanudnan taimadasuudasuas
i Qs ~ a g = [3 & 1 s w . gA
mqmauumaams"lmmmmpnﬁmﬂ'ﬂ,mamum IuagiufFinunangnfimuan

WasBuuuaIuaN Juadlafiuuans tasnwatdusaluauns (6.19) snunsodalva

2

Tugurasauuyliinemih (Forward difference) LAinunumuazenanTausaslwag

[

dl L ;
1ugﬂmawamaﬂmqm m+1 U8z m a3

oy AU g . gn
SO = S O T ) .
o ot At At (6:20)
e L2 | o
uwazwarkfigasluaums (6.19) mansausasliagluzudai
[ngap =" |[Ear (6.21)
Tas F, unumBSiowandidulufienasssniusumasiofiuueis Safa
F, = E-n,+E n
pun, +pva, pU,
(pu® +P)n, +puvn uU_+Pn
vin  {E} = e Y = PRt (6.22)
puvn, +(pv° +P)n, pvU,+Pn,

u(pe+P)n, +v(pe+P)n, peU +PU,
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lag U, = u-n+v-n, (6.23a)

n

R Vi = -un +ven, _ (6.23b)
F1&UNNT (6.20) UBTRNNNT (6.21) unuaIlugums (6.19) az'ld
S § L -% ﬁan dr (6.24)

§UMT (6.24) URAINMIMIHAGITBIRaIRLLTeyIntunefiuud lasfuam
nearwrastBinaanduunlifianunileidunnduesefiud  winunw
Punuandfiuia®e F, dedfanomandidedaiss F Adwluudazduuas

LOALNUAENULARN FUNT (6.24) a:LﬂﬁﬂugﬂLﬂu

At =D
1 //

U= 5 N ‘@rFﬂdr | (6.25)

n=1
fwmivthinudndiBidanmy F, fdudmiamenefund duaadlugyd 6.3 vu

dwrmwleann (Roe, 1981) dmalaanBunawand

Fn ¥7 %(FnR +FnL) - %[AI(UR - UL) (6-26)

ko

763 AluuaTe L uaztoRiuneaan R Aldw § 19

lov E, ,F, wnuwlSanomwdndeugums  (622) vastafunanisdudisouss
MULN
U, Uy unudguaui@ideeuindmusims  (62)  wssafiuudmasin
FHURZE UL AURIOY ,
A unwesnduvuenlail (Jacobian matrix) vadtanieaiWanduuyly
=) Py =l L . o @ g Lo t = &
wie Waisudududsdeuinduuduitvausiiuud (Gnoffo,
o &
1986) 93l
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_ OF _ 4
A = £ = RAR (6.27)

WINLTAM I U NilaYBIRNNT  (6.26) HnBunaansadnisuaniasuuse
fuwedafiundarss  lagldaeipvasfinaninduasadaudmedudisuas
fupn  druwarigsmsdwaniiovassunis (6.26) Huwnizasmisuwinszang
\fiwa  (Artificial  dissipation) f'fﬁag"lugﬂagﬁuﬁﬁué’mﬁaﬁoLLam'luaums (6.27)
Muaudsavasmylednguaindolaiazusadluiata 6.3 doly

A o o g | o Prl a & £ A
LRI UTU WA NS NUNIUATLL R EUUUIURUITDILORLUNG  T93
ANNLYT & IINFNMNT (6.26) ALIan m+1 3zle

j;r?n ir = - [F:ln:l !A m+l m+1 N U;H)] (6.28)

UWNURNATT (6.28) a9 luaums (6.25) = le

3
- At m+1
AU = = lsn[FnR +Ep - A
n=

m+1 m

A i f“)] (6.29)

m+1

PniwimMIlszanmefuls ussWandidsenindiafiund Ul usz By Aae

m+1 lay
ST | (6.30a)
By ~ Ep +|A]™aU (6.30b)

At < m ALY [ i o ]
eSS i 4 S R A o

(6.31)

Sl o

Tunmsdinmsdiuan a:ﬂ?ﬂnmﬁm‘m (iteration method) LLa.,Lmuﬂ’]FIMﬁmJﬂGﬂ\‘l‘]

#2981 m+1 GT’JF.Iﬁ’]f}ma’NUﬂﬂvlﬂ'ﬂ’lﬂ’]m’l’]‘Ii’lﬂTO%ﬂdEZﬂ ‘INLLY]%G\’JEILQ?SG'HEJ’]EI *®

o &
%

1:I+—— 8|Al} - 'AtZS[ :;-|A|*(U;-U§)]

(6.32)
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m:mumiﬁ’]‘ﬁw:‘ﬁuqmuﬁa

n=]

nele .
fanuRawae = JZ(U}"'”-U"’)2 (6.33)

Hasninanfmnuali mnﬁfu‘ﬁ’mﬁflmsm:mﬂmqmauﬁammmﬂmumaﬁL:Ju@ﬂ.ﬂ

farada i lag lagifngadaiudmiman

Uyg+U,+..+U,,

U, = - (6.34)
Tag n unudwawefiuudd Ypasau9ade i o
6.3 mvlszAuginainguiad
ar 4 = 13 i o
sunINIaRINg  (6.16) munadzuliegluzduuvauldlasns
tszgnenganla (Chain rule) a9l
oF oF,
U + Oy 04U e TVl 0 (6.35)
a TR U oy
e —— (6.36)

fINIL f‘ﬂﬂr‘ﬂiﬂ LULABINGINTUUL mT.ﬂuuu W L‘S&Hﬂﬂﬂﬁ‘iﬂﬁﬂ enuen LLLITIJEZJ

(Primitive variables) lagiilafiansonaunis (6.16) Tugdsnudsdzund sudouldeai

__+(X.\‘7)w = { (6.37)

=

lag W unwwasnduasdulslsund - wsr A unwueinduvnmladvanBnm

U“

b Aé 3
wWanduguniteeglugy

(6.38)

o< 2 0
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gz A = A_-n +A. -n

XX y oy
un, +vn, pn, pn, 0
n
0 un, +vn, 0 F" ,
= n (6.39)
0 0 unx+vny '—p—'
2 2
i 0 pc n, pc n un, +vn,

wmnmruald M dwaaindnisulasdn (Transformation matrix) 3ewinseudlsige

(2
S |

L & av a
aysnunNuaILlslzund asi

U
M oW
140 0 0]
P 0
E Tl o i B (6.40a)
1
o pu Ve
§ NG
F1 0. 0 0]
o & a1 i l O O
Gath M> = |P P . * (6.40b)
o= 0
p P
Ba -Bu -Bv B
o
u2 + V2
. 9q FG7E0T | (6.41a)
ILRe B = 7v-1 (6.41b)

sUM3 (6.36) munlianuduinitaanaindmudaidussiagdsunisinalaas

&
=1

i

%%’-u]xﬁmw = 0 (6.42)

Q .Y ’1 o &/ 5 o ) ‘ L5 { 8! s

vuednd M goanlmihmisasisnassuns (6.42) azldmunsfiagluguanuds |
=i A =)

dgundbnnivgunms fa

%Yg-+ M 'A- VMW = 0 (6.43)
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Wisusuaunns (6.37) NuRAINT (6.43) azld

— _1:

A = M AM (6.44)

= s -l ~ s [ = 5
wadnduvuslad A sansadaldeglunlweinduuuanzas (Eigen-

vector matrix) LaLNAINDUaIANNZR (Eigenvalue matrix) 1aasit
=~ -1
A = LAL (6.45)

Wa L LL'Y]HLEJGI‘%T’I‘ELLUUWW:?N

UNULUFTNS HNARULLN TS
= ] A &= = - N
A unwa@indussinzasdaluuaindifes (Diagonal matrix) Usznay

o i 4 a s
f78A1191239 A (Eigenvalue) Iniwanuesvasuadng

Tasuasnduasaniezas FMuInlannanugunNusaad

det|Al - K’ £\ o\ (6.46)
_k—unx+vny pn, p, 0 ]
0 A-un, +vn, 0 x
If = 0 (6.47)
0 0 A-un +vn, —pi
2 2
i 0 pc n, pc n, A-un, +vn, |
(A -U[A-UY-¢] = 0 (6.48)

Tag U=0, =un, +va,

FUMY (6.48) Azlusdefidaiila A JaasugaIaEiuasnd A

-

U0 o 0
0 U 0 0
A = (6.49)
0 0 U+ce 0 :
‘_0 0 0 U-c_

s = -1 4w a @ ° 1Y e
mummmﬁ L “ITOLﬂuluﬂiﬂ‘ﬁﬂﬂﬂuuﬂ'ﬂm'ﬂﬁ]d mmmmmmvlm'mm‘immuu
= o =y [ 1) i b i3 A’
Lnzadty ﬂ?ﬂ%ﬂmﬂUlM ﬂiﬂ‘ﬁ—I.LUU U'ﬂﬂ‘lﬂ%u@lﬂ:ﬂq 191299 AITEazBuaG a'l'ﬂu
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= P a. € o o g o o wa
WINWITONUDIN 1 YAIURINTHANBLULLIIERNUANRITWN 1 a99nan U

[111 112 L3 114][;*] = 7“1[111 o 1 l14] (6.50)

= I@FUNIININYG 4 ’RIMT A

LU = LU | (6.51a)

Lpn, +1,U+1,pc’n, = 1,U (6.51b)
Lpn, + 15U + 1i4p02 Al 1,50 (6.51c)
oty L Jefy Ly o U (6.51d)

P P

INEUNT (6.51b)-(6.51¢) 9zd 1 1, =-cl,, UAZRUNT (6.51a) UFaIT 1, Hudn

& b ‘ﬁ‘: o W A s ny
lagild  Tuffivndmueld 1, =1 uwszanaun1s (6.51d) axldi 1, =--1,
n

X

;J ° o+« b = lﬂa L A/
Famnimuald 1, =0 sldtuaindluunds 1 ault

2
[, 1, € F iz E-c 00 1] (6.52)

a = a g a L o A wa -
WINRIITDNULEIT 2 2BAUEINFHNRULLLLZINUSR1zaIN 2 §9fife U &9
wmilauiuunaf 1 warmuald L, =0 uss L, = p wwldiuedndlunai 2 aoil

(L Ly by L] B [O “PI SN 0] (6.53)

= i = = = 8 i 4 &
wnATInLaIn 3 ’UE]GL&IG]TT]‘ENﬂNuLLUUL’ﬂW:ﬂJﬂUﬂWLﬂW:%\]ﬁ 3 fnee U+c

8/ F=§
1érun1y 4 gunnT Qe

I U 515 1 df(B4 9 (6.54a)

Lpn, +1,U + 134pc2 n, = 1LU+c) (6.54b)
Lpn, + LU + 134p02 n, 135(U +¢c) (6.54c)
Lpn | Lsty FLU = LU+o (6.540)

p p

PNFUMST (6.54a) azle L, =0 wumT (6.54b) ozl L, =1,pen  uszwums
W & o > Y = P o &
(6.54c) 9zl I =Lpon, winiitmuald L, =1 axldiuedndluumi 3 ol

[ 1 Ly L] = [0 pen, peny 1}\ (6.55)
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a P a o [V o A <A @
W']ﬂwiﬂ']im']uﬂ'lﬁ 4 ‘JJENLllﬂiﬂ‘ffﬂﬂN%LLUUL%’w%ﬂUﬂ’m}'I:ﬁNY\ 4 s3nee U-c vl@

FUNT 4 RUNITAIH

L,u = 1(U-¢) (6.56a)

Lpn, + 1,U + Ioc’n, = 1,(U-c) (6.56b)

Lpny + LU + Loc'n, = 1,(U-0) (6.56¢)
| l.n

0l By I,U = 1,U-¢ (6.564)

P p

9INRUM3 (6.56a) 3zléi 1, =0 sumy (6.56b) azlet l, =lgpcn,  ussgUMT
(6.56c) 914l 1y =1, pcn, winfirimuali L, =1 sxldweindluunaf 4 doil

[141 ly 1,5 144] = [0 -pen, -peny 1] (6.57)

WavnsumT (6.52), (6.53), (6.55) Waz (5.57) anvauiw wldwednd L uas
a A = o
we3ing L definoacidoaded

&0 0 1]
. 0 -pn n 0
L' = e (6.58a)
0 pen, pen, 1
0 -pen, -pen, 1_
P 1 1]
B L L
c2 2c2 2c2
0 _El_ n, B 0y
L = P . 2pc “Zpc (6.58b)
- n n n
00 —X [ Y Y
p  2pc  2pc
1 1
SN 191327129
a7 (6.45) unuasluunis (6.44) uaslsluednduuuenlafiaad
A = MLAL'M”
= RAR™ (6.59)
flo R=ML usz R"'=L"M" @8




1 1 1
e 0 —_— e
c2 2c2 2c2
u u+Cnx u-¢cn
= 1y 2 3
R = c 2c C
v v+en, v-cn
-— n
02 * 2c2 2(:2
oy a+Uc __1__ a~-Uc
L c2 202 2p 202
pa-c’  -Bu | -Bv B
R-l _ A% -Ily n, 0
Ba-Uc cn,-pu cn -pv P
Ba+Uc -en, -Pu -cn -fv B
Tas U = U, = un, + vn,
= Vt = -un, + vn,
2 W2
o = & +Vv
2
B = y=l
g
p
P p(y-l)[H-a]
Y
H = ’YE-L%Q-(U2+V2)

. é’nﬂ%’umqmau%maumﬂmuuﬁm&mmaaLa?zmuﬁﬁﬂmﬁmﬂ
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(6.60a)

(6.60b)

(6.61a)

(6.61b)

(6.61c)

(6.61d)

(6.61¢e)
(6.611)

(6.61g)

4
K1)

i lyunussluiaaindene quassums . (6.60) W _szgniszinudnsiinmmen

§ A o
WwRguadlsd (Roe, 1981) Tuduimiain

p =

feed]
i

<>

\IPL Pr

P Yy + ¢Pr Ur

JPe + pe

PL VL T 4/Pr VR

P+ o

(6.62a)

(6.62b)

(6.62c)
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N ‘/ H + H
fro— Pt T YRR TR (6.62d)

WP+ alee

Tagen U,V usz & wudwnmlaslddquaudfannsums (6.62) il

U = in, + ¥n, (6.63a)
V = -ln, + In, (6.63b)
p o= 2Dy L’y (6.63c)
Y 2
% 'YA
c - 6.63d
5 ( )

gunsansgatadnsualuunil 6 & esxhlWlslunsdszfuglsunsy
apufaaifisaaadasny elduiiymansnaanuiigauuudadald uazboe

saamanfvillunsuneuiee Munsansmciiadayada qazebunowioy

fhagreluuny 7 daldl




unn 7

TWlndefunaldsunsuaasuiiiaas

o Qs [=3 Qs as
#@nsu ﬂ'ﬁl‘lﬂ@ AINNLTI ﬁx‘] tL']JUEJﬂGh'J‘l(ﬁ

a o a P [ a a 7~ g

sumyiWludiefuuddsaiusluund - 6 ldgnihandszdiv§iwiu

llsunsunaueaifiseansasnuasadluiminann walfudifgwinislna
& . as L4 Ty & a et AVLV;:I & g
anuigauuudadld - lhunsweesfeeintssfndiuilldidowiulasldmen
A o g ko

Wajunsu (FORTRAN) fmansnmaniadilalaihsuszazainlunmsasiaseuany
Qnﬁao‘[ﬂmmuﬂawﬁamai‘ﬁ‘iﬁﬁa%a’lﬁh HIFLow  laslineaziduadsadingly
s A4 ] L3 J
Wtadeq daldi

2
7.1 dRGaUNITATBIDE

lusunsunaufaiaas HIFLOW isznaudqslisunsugey 4 1usunsy o
AL DU AURZTUA DU TN ITRAIT

4.1.4 dwudndoyaiid (input file) vasifgminiaivg Barlrznaudeduan
qﬂdaﬁwm UIBLORURGTINNG  SUIUTALTIRUA AguantAraInTIng
wausenlumadan wineszeedaluudaziafume Anavanads GFowla
Buswaenslradatsznaudae menumwinis manud? v lwunwuwr x 6
anuiy v luiwiny youssdwasnusa uasiderlivansavastiym Tesdun
Tusunsugas INPUT]

412 a'?'mLum‘snfﬁﬂaa'lwvluﬁmﬁmuﬁua:ﬂs:qn@ﬁau'lwaummhoc] \eld
lumssiwim lasSenlusunsutas [SIDE] [GETMAT] uas [ELELEN]

413  UNRUMIMIAHaaNTe2835n3vingn lasSenlusunsutias
[COMPUTE]

414 \Punsdwinleuuiudayansdws  Output file) Reluusasms
nITALTRIHaAaWE AN quayrmTing lasGunldsunsudas [OUTPUT]
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JuaanmIswInasllsunsuaauRiaasayise a‘;ﬂiﬂ ﬂ’LiLLNun“ﬁm's

¥inw (Flow chart)” dauaaalugy 7.1

UM%

A

sudayavasilywn [MAIN]

N
Ll

:
fruImslafunaLaINTa199 [GETMAT]
JUMAUgNITL [ELELEN]

A

druasiuaIngeanag 1w [R], R A7

wisltlugunasiwludiadiie [ADVANCE]

A

Amramtasuilasuasdulsening (AU}

NO

A & w ga : & ) & oo
Funadniinn gadasd il Taunsaiindindiiousas
paanslaslflusunsunTwiln [MAIN]

3U 7.1 LLNuqﬁnwsﬁnaﬂuﬂJaﬂﬂmn'suﬂanﬁdma? HIFLOW

7.2 ssazidyedaslilsunsa

5'1zmxl,ﬁzlmlaﬂﬂmmuﬂauﬁ'zma?ﬁmmLtamaglumﬂnmn U aan
@ ' av o
YBLRATaIT BN

7.3 udludayarinigiuazudndnyanadns

a"nmmxLLWuﬁagamdﬂﬁl’ﬁﬁufﬂ'sunmﬂauﬁ’:ma% HIFLOW 1yznau
2/ 5 as i AJ ‘
@28 6 871 aaea il




U 1
UTINALTA

UsIMeNEas

A18819

#uh 2

UIINALTA

UIINANFI
A5

#uh 3
UIINAUIA
UTINAN DU

P89

§1uN 4
YSINALIA

YIINaaaNT
@ana8nd
#IuN 5
UTINAUTA

UTINOFDUN

A8ed

83

mmmjaqﬂuuﬂﬂimﬁaﬁmuﬁ

drafedmwrwefiaud Suaugadauazdmanzavvaiygm

Frwnefiuud Shuiasieuaziwinanveaslgm

NELEM
900

NPOIN NBOUN
496 S0

framauTfy A9N3 AaLaze N IF UM Ia W

f1aTUNUFARIRTBIFINNTEUIUNIE  ATRUaFERILNNT
@329F8UANTY Swausaulumsdiuam
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101 san1siBsanins ugduuuaning
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Fuannilgwinstgmanuian ANBMENIINIZNLUIRNT TS
dunulaaasaluauazian mmmﬁwmm’ldfﬁmﬂumir‘?mamp’i’uﬂugﬂunuaﬁnﬂ

vo Y
(Conservation form) 1eveadt (Holman, 1991)

o

) 0 » &l 1
6x(U)+8x(E)+6y(F) 0 (10.1)
Tos B unulnmenuaufifiols uas
U = peT (10.2a)
E = -kal/dx (10.2b)
F = -kal/oy {10.2¢)

] =& s =3 :f g
lag o unuaMunuiuLeIaIndl, c unusulszEndmsganudau, T uny
= s =3 J -] k58 as
aunndl, k unuaulTzANtMIanusan, E uaz F unulSunmwand luini x Las

y enusau
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Tuvuwaadennu é’nwmzmnﬁugﬂlwaal.u.ﬁaé"mﬁaammnqmﬂgﬁ

[ L ~ s s U s ;
mmiﬂmmm"lﬂmnaumwmagwuﬂugﬂLmuagimﬂﬂmu (Ugural, 1875)

2gp2f) - o (03
Tag
{ES}T = I_Gx Txy_! (10.4a)

luit o, usz o, unuaRuARluuUnL x Wes y Uz 1 unuANudwday

INNGUBIFA (Hooke's law) enalduwarhaansadsuluzluasnnuinioasdngg

(Strain components) 1A%

[cle-eo) (105)

Q-
[
]

lay

{G}T = i_o*x cy‘ rxy_i (10.6)

\S?-J
=
Il
2!

f: g ny_I (10.7)

wazAMuleTamiiRuiuiAUanaRegUluinudngg  (Displacement  compo-

s

nents) aath

| 2u v
g = = (e —a—y— (10.8a)
ou , ov ,
Yoy € _5? + = (10.8b)
usz [C] AewgindanuBanguuasuasudaiu
1 v 0
[c] = E2 v 1 0 (10.9)
I-v 1-v )
0 commmictn
2

las E Lmum‘[ugé‘ﬂmﬂﬂmﬁﬂm‘;u (Modulus of elasticity) URE v UNUAATIEIN

12998 (Poisson’s ratio)
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MIBINTAIRIMT (10.5) Lneas  {g,}  unuanueIsadiasen
. oy
QIEAPAEY (Thermal strain} @34

{SO}T = |aAT AT 0] (10.10)

ar = A( ol - .
lag o unweusTENTINNIVENLET (Coefficient of thermal expansion) Waz AT
unugnininfeuuasly

AT = Tx,y)-T, (10.11)

o A (¥ L& = J
loy T, unugumniflaifianuduialn

10.2 Sowluyauize

Wowlvuaulue (Boundary conditions) wiuilaministiginanaian
anadsznaueay

(n) st muegmnnd (Specified temperature) LT
T = T &Y (10.12a)
@ mytwuaEanaenusen (Specified heating) fivay 11w
qn, +q.n, = -qq (10.12b)

o o . ! ;:i‘ P
(/)  mMItnamMINIaNuaY (Convection) AWNUDL LTU

Ghy tgyny = K(T-T,) (1 0.12c¢)

lag T, unugungdfivue g, wmiBinmenadaufivey  n, usz n, unu
fignalaoiail (Direction cosines) TadinieiviigfaaINiLYaddn h unu
ar o & Y . . a L
futlsznSnswiannudau (Convection coefficient) waz T, unugmmylsauinef

AONITHIAINIT AU

dfniulgwimstenanuieumaldsousliagdy  (Transient  heat
o W% o P a v s ipe o &
transfer) FududasimuatawluGudn (Initiate condition) @3U

s

Tx,y,0) = Tyixy) | (10.13)
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sruwdanlvveuwadmindywinasudoi lagdsnfesdsznavedqe

(m miﬁﬂﬂuﬂmﬂ”mﬁugﬂ (Specified displacements) 1 w38

o

() Mt muaanaduiizey (Tractions) lugduuudail

Sx Gy Txy n,

= (10.14)

Sy Tay Oy | |1y

lay S, usz S, unwanuiduivauluiuny x usz y saudiay usz n, uss n,

y
wnufiemlameivssiniaaiuiiieg (Unit vector) ideainiuuayuwi

103 asdszAngaanisinludiofiand

Waseindammetismeanadawiudgmimslaanzliabgen  amin

¥
=

'5:LﬁUu"‘z‘ﬁ'miﬁwmmuw'ﬁ‘ﬂLLﬁTq%a%uag:ﬁunm (Explicit time marching) 34l
ﬂizqnﬁﬁ‘}rmif”aﬁmuﬁmuﬁ%‘"lﬂ"ﬁ,uﬁtaﬁmuﬁ m:mumif:ﬂs:ﬂauﬁaﬂmsﬂszqﬂ@?
mmmL'nLaaﬂﬁia'lfﬁwmmmaﬁwﬁﬁﬁuagﬁnLaanLLa:n'}s'l’n”%%madﬁ'aLaas‘ﬁu
(Galerkin) tApYszdufsunstWludiofiund Tasmasuyaioidunmisznamely
t@BLuue (Element interpolation function) asWandanuieu E uss F 'l.ﬁagji’lugﬂ
wuuifeniunuyesgmmnil (Dechaumphai, 1989) aail

Txy,t) = [Ny H{To) (10.15a)
Exy,t) = [N&y|{EO} (10.15b)
. R y,0 | =) (NG )] FO) (10.15¢)

log [N, y)] wnwwaSnduasdndnmdzanmmelu sni@azandsdonis

tasiminERan9 (Method of weighted residuals) ripliiAiasumyinludiofiuue
o 3 :

Tugtundsdalyil

Mlaul? = ac(p JEP <0, JEr + &Y +B)) (10.16)
Tas [M] wnwandanslugluvusesdufiniauuiuil A vesadiuudin

M] = j{N}[N]dA | | (10.17)

A
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wer  AU™ =U.U" weindneduanvessuns (10.16) aglugtuuuves

DUNNIRLUBAUN A LRIIBUVOU S VSIUDNUUAUY QI

[ka] = A.{%I-}}[N]dA | (10;18a)
b,] = A'{%I;-}[N]dA | (10.18b)
R} = [{NjHaa (10.18¢)
B = [{(vivldsiy) (10.180)

& A " a £ A & o
lagmeed {g} unwlSinmenudeufinaduiveuny  Sevenilunisivue
unmanudanldaouaadluguns  (10.126)  wieanvandludSunaanudouiias
PINNTAINIUFAS LUFNNIT (10.12¢) LTludn

TWludediundeinddi gasuaadlugunis  (10.18a-d)  &anIn
= J A. 1] = o~ i 4 L=
srdwgrw Ao lltlunsdssfnglisunsunaufiaeeilalanass u winldied

[3 o ey @ 3 a < 6 o =)
uaRIUIRRBNNUIznaUeY 3 ‘1}‘@1@]9 LM@Sﬂ‘HﬂGﬂ’ﬁ%ﬂ’ﬁﬂ‘itNﬂMﬂ’]Ulu fa

IN] = [N&ED N&y) Ny (10.19)

& e

Tog N, i=1,2,3 unuwianfuninlszanmmeluefiume 69k
1
N, = —j—g(ai+bix+ciy) (10.20)
= & A a I @ a :
lugums (10.20) 4 A unwhwhzasefwudsdinaldnnlaesfauasanada
Y98
1 ;
A = E[XZ (Y3'y1) T % (Y2'Y3) T X5 (yl'Y2)] (10.21)

® =
usz a;,b,,c,,i=1,2,3 @a

&

4 = X5¥3-X3Y, b = ¥,-¥; G = X3-X%
a, = X3¥1-X\¥; b, = y;-y, C, = X, =X, (10.22)
a3 = XY, - X b; =y,-¥, €y = X=X

o &: a ) - J & o ‘:
AT LUFINDEN G INaNNT (10.17) Uz (10.18 a-d) mansalsdnginlaaci
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2 1 1
- A
M] = =1 2 1 (10.23)
1 1 2
—bl 1 bl
b,] = -ész , b, (10.24a)
_b3 3 b3
_Cl P . S
[D] SO c c c (10.24b
y 6 2 2 2 . )
73 T
1
R} = '%5-1 (10.24c)
1

B} = EE 'j {i} (10.24d)

lag ¢ Aaanueniiuresfunauuintny  uas g, usz g, AstFnmanusan

ﬁﬁ;ﬂ@iaﬁmaw DIAIUL

masdframsinludiofiuudifadmnniaidosuazanaduiiag
annaqmm&ﬁ%ummmﬁﬂé‘luﬁmmL‘é‘\mﬁ'uT,ﬂ:Jmsﬂszqneﬁztﬁﬂﬁ%mam{mﬁfﬂ
irandaadluaunaGaRus (10.3) %mammmauqaﬁmawamﬁo Aaliiia
aumﬂw‘lu@ﬁaﬁLuu@“lugﬂl.muﬁai‘f

) [Klfs} = {F} (10.25)

a € [ = =) &l F & a A’ =
log K] wnwaeindaanaudanSvasefiuuadariugluaduiiniauuiuines

a e ¥ o X
LORLUUAUY SIU
K] = [[B[[c]Blaa | (10.26)
A

A - o g “ & & : — =
‘lu'ﬂ% [B] ﬂaLilﬂiﬂ‘ﬂ‘ﬁ\‘llla'ﬂ\'lﬂ'l'lllﬁuwum:‘ﬁ'}'lﬂﬂ']'luLﬂ?ﬂﬂuﬂ:ﬂ"ﬁl.ﬁﬂzll

&} = [Bl{s} (10.27)
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log &} unnianeaizeanmidgliada suny (10.27) dwmiuefuudamuminy

Aa
U
QE. i
e, Fw bb 0 b, 0 b 0
ov 1 u,
)= €y =1 o Salcyy 0 ¢ 0 c, 0 Cy V2>
Yxy Ju +?1 A b, ) b, C3 by
| ox Us
V3
(10.28)
dAnie S nSueALIuR IR
b0 b, 0 b 0
Bl= 2|0 ¢ 0 ¢ 0 9oq (10.29)

G b, ) b, C3 b,

A o2 A‘ = as 1 [ = {
Wasenedng [B] fusswednd [C] asusaslusums (10.9) éralwaedngd
AIf faus wiaInsanuudanieresefiunauaad luauns (10.26) Ransndufiine
3 ¥ dl 3 o ! [ o o/ as A’
lelapass AoliiRasunafisunsaih lddss@usiwiulisunsunauRaeaslaai

k] = [BI [c]B]A (10.30)

nnaainameIstMI W lualadiuud (10.25) wniaainne,

g as | = i o a o/ e & = & o o
maanuqmuguwtﬂaauttﬂaa1ﬂ mag‘lugﬂwaaaummuuwummmamm IIRATS

{7 =" B [Clfeo}aa . (10.31)

A

-

unzluvhuaadeaiu iesnwednd  [B], [C], f,) fusesluaums (10.29),

-]

(10.8) uaz (10.10) sailuuedndfnsd Foiugums (10.31) Semunsadufinsele
Tagas relfifasumsfisansnib lUflsauslusunsunanfamasleaoi
1
{F} = Bl [clT-T)Aall (10.32)
0
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L% a ) A s J L% L% o s
wisnndwsnuReUfifiaiuliud Bmansadwinmenuduly
uaaziadlund lalagmsunuauns (10.27) adlugums (10.5) naliiieaumsdmsy
wiananiisusairldldlunsdsedvilisunsuasuiasildlasasasunu

{o} = [cIBlf8}-[cleo} (1033)

=) ﬂl o/ —- ! ; < 22 3
gum s W luatafiunad ledssduganuniialdieneifgwmsaom
o - & o oA oa X P w0 o >4
anuiouuazgmmaiegnunianudniAeuanngunni Tl s fugan
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& A a & § P o = .
umwmwmﬁaamnqmmuﬂﬂasmuﬂaavlﬂ lausaslasazidaaluundald
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I ldsstusuiulisunsurenfuneslasasaufialdiansimnimnizases
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TamlagiesdoiFinludofumdie i ldraswiifanudsiamgoin 6
Jueaslfefwudamaidniuinann usmsltiafiuuairwininidunalasaseda
naalflunsdun nenminge e Andndastamltuneiasnaufinaed

unfi 8 lauraviiiaafiundlagdnlual@ laoldlssgndiduntymns
o . P Ay W A4 = A A A
Tnananzgaadwluunt 8 Jamunailsnaumoafiufasfiliamaufawilas
WINAANWTLALDUNAY M RsuTludasltlafiaunauualinidus wInuIneaaoauml
i e i - o @ A ‘ ~ a4
wavnfufan  wdlwrmdoann  swnlfefussuwainaluSnuiudises
o P Kﬂ‘: o (% L% "d‘ B Aﬂ' ! -
FIUIBLARLUUATINUARS m‘lmwaawm‘lwmmmmmagwuua:ﬂs:ammw'lu
o = n!‘ % ) as
mdwsigeananldasunu

Tuumil duwnegnditiaeiuudlasaaluifdiuiiygwimyde
wenufauazifymanudulutands  Raussliidudalszantnmuesisiaied
wualasdaludddmivnmaundymlasmlyflszdonitiWlndiofiundlums
AaTEAMIHEANT

114 windmeinlg wnmsdandasddmiuudazlamn

L2 o 8 a (=3 e Z

luiffgmnsmaenuigauuudadile fluuauwaldnlasieiu

1 = A (s £ A=: d' H o I‘:

(ﬂﬂﬂﬂlLu'Jﬂau‘ﬂﬂﬂ‘ﬂGLﬂWUTnmﬂﬁﬂﬂﬂﬂﬂﬂullﬂﬂdﬂ')’llmu”lLL%%‘IJBO‘IJEN‘LHGEj’\'] AIN
1 a = & a &l A o .

danuwnuiv p Iafluwnnleeifltlugams 8.5) tiedwinmawiavad
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aug ludmandisiiu dwiullgmnstomanuien wedwudumaidnaisgn
a%”w%u‘luu‘%nmﬁLﬁ@ﬂ'mﬂﬁwuﬂamaoqmﬂgﬁg\s AanalWAanadansmInIzas
waaqmﬁgﬁﬁﬂmwmﬁm@\sqmﬂ’fu é’aﬁuqmwn“ﬁ T Feanduwniweiildly
qUNT3 (8.5) LABA I TN AU IEBIAING

nadhenunmuiu p dwitdlgwinsive wazdgamnd T dwiy

: v Lo . o t oo
fgmimstsinenuiouni dwiuduuuanatd (Scalar quantity) lailiuagiufie
NHLAzAIETaINaan T lunIE I BTN AT e RLUKE L6 Laga T

fmiutlgywivassaauds ﬂ"v?i@Taamsm*mﬁamnﬁngﬂ%ﬁuag}ﬁmm:ﬁ
Fogullufien x usz y ussianulduilsznaudis o, o, wsz T, smlu
msa*‘:"wgﬂLmuvl,w'luﬁtaﬁmmﬁfu AlunaEna e wluSnafiRems
Lﬂ?iuuuﬂawmm’umﬁuga Famianusuisenduwnnina sl mm
Papadlefiuue udtilasndenudwiiuBanmaneas (Vector quantity) uasdl
A9 3 o eotwianueuiidenlfdunnieeitenisnaudedmanuidutay
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Nonadaptive mesh
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Abstract

A finite element method for viscous incompressible flow analysis is presented. The flow is
classified into two types namely: the flow with negligible inertia for slow moving fluid, and with
inertia for a more general flow. Finite element equations corresponding to these flows are derived
and are used in the development of the computer programs that can be executed on standard personal
computers. The derived finite element equations and the computer programs have been verified by
solving academic-type examples that have exact solutions before applying to solve more complex

flow problems.

1. Introduction

The finite element method is one of the
numerical methods that has received popularity
due to its capability for solving complex
structural problems [1,2]. The method has been
extended fo. solve problems in several other
- fields such as in the field of heat transfer [3,4],
electromagnetics [5], biomecha-nics [6], etc. In
spite of the great success of the method in these
fields, its application to fluid mechanics,
particularly to viscous flows, is still under
infensive research. This is due to the fact that
the governing differential equations for general

flow problems consist of several coupled-
equations  which are inherently nonlinear.

Accurate numerical solutions thus require a-vast
amount of computer time and data storage. One
way to minimize the amount of computer time
and data storage used is to employ an adaptive
meshing technique [7,8]. The technique places
small elements in the regions of large change in
the solution gradients to increase solution
accuracy, and at the same time, uses large
elements in the other regions to reduce the
computational time and computer memory.
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As the first step toward accurate flow
solutions using the adaptive meshing technique,
this paper investigates and develops a finite
element formulation suitable for -analyses of
general incompressible flow problems. The
selected formulation is evaluated in this paper
and-will be used together with the adaptive
meshing technique in the future. The paper
starts with viscous incompressible flow with
negligible inertia for slow moving fluid. The
corresponding Navier-Stokes equations are used
to derive the finite element equations. The
computational - procedure . used  in  the
development of  the computer program is
described. The same process is repeated but for
viscous incompressible flow with inertia for
general - flow. Several examples’ and
applications are then presented to evaluate and
demonstrate the capability of the finite element
formulation ~for analysis of viscous
incompressible flows.
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2. Viscous Incompressible Fiow
With Negligible Inertia

2.1 Governing Equations

The fundamental laws used to solve fluid
motion in a general form are the law of: (a)
conservation of mass or continuity equation, (b)
conservation- of momentum, - and - {c)
conservation of energy, which constitute a set of
coupled,  monlinear,  partial differential
equations. For low-speed incompressible flow,
the fluid depsity and the flow temperature are
assumed constant, and only the continuity
equation and the momentum equations are
needed for the analysis. These differential
equations for the two-dnmensnonal steady-state
flow are,

oy 70 |
52 A

Py i +v@
(5345
,u&2 3 =pgu—+v (lc)

where u and v are the velocity components in
the x and y direction, respectively; p is the
pressure, i is the fluid viscosity coeff‘ cient and
p is the fluid density.

The case of viscous incompressible flow
with negligible inertia can be categorized by
low Reynolds number, which represents the
- ratio of inertial forces to viscous forces in a
fluid motion. When the Reynolds number is
very small, the inertial forces are insignificant
compared to the viscous forces and can be
omitted from the  governing' mdmentum
equations, - Egs. (1b-c). Small Reynolds
numbers characterize slow moving flows and
flows of very viscous fluids. In this case, the
set of differential equations (Egs. (la-c)) for
constant fluid properties reduces to a simpler
form and can be rewritten in compact form as,

(1a)

(1b)

u, +v, =0 (2a)
Oyx t gy = 0 (2b)
ayx T Oy = 0 (2c)
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where the stress components are,

o, = -ptl2pu, (3a)
o, = -pt2pv, (3b)
Ty = Hluy+v,) 3o

The differential equations, Egs. (2a-c),
are to be ‘solved together with appropriate

boundary . conditions of - either specifying
velocity components along edge S,
v o= uyxy) (4a)
Vo= v(xy) (4b)
or surface tractions along edge S,,
T = o, +1,ym (5a)
T = ty,f{+o,m (5b)

where £ and m are the direction cosines. of the
unit vector normal to the boundary edge.

2.2 Finite Element Formulation

The basic unknowns for the two-
dimensional ~ viscous incompressible flow
problem corresponding to the continuity Eq. (1
a) and the two momentum Egs. (Ib-c) are the
velocity components u, v and the pressure p.
The six-node triangular element suggested in
Ref. [9] is used in this study. The element
assumes-quadratic interpolation for the velocity
component distributions and linear interpolation
for the pressure distribution according to their
highest derivative orders in the differential Egs.
(1a-c) as,

u(sy) = Ny y, (6a)

viLy) = Ny v (6b)

p(xy) = Hyp (69
wherea=1,2, ..., 6;2=1,2,3; N, and H,,

are the element interpolation functions for the
velocity and pressure, respectively.

To derive the finite element equatnons
the method of weighted residuals [4] is applied
to the momentum Egs. (2b-c) and the continuity

Eq. (2a),
_{ N, (o, +7
y I\Im(‘l'xy;,r +

#

0 (7
(7b)

L3494 ) dA
o) dA

]
o
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ﬁ; H,(u,+v.,))dA = 0 (7o)

~ where A is the element area. Gauss’s theorem
is then applied to Egs. (7a-b) to generate the
boundary integral terms associated with the
surface tractions. With the use of Egs. (5a-b),
Eqgs. (7a-b) become, ‘

[ leuv-pIN,, + plu,ev,)N,, |aa

= LNaTde (82)

L’ Eﬂ(uvy+ v-x) Na.x + (2” U~ P) Na,y] dA

- j; N, T,dS (8b)

Applying ~the ~element. velocity component
distributions and the pressure distribution, Egs.
(6a-c), the finite element equations can be
written in the form,

(2}1 Maﬂxx +ll MaByy) uﬂ + p Muaxy vﬁ 'Hu_kx Pa
= R, (92)

1) Muﬂ"" ug + (1 Mup"’ +2u Map”’) vg 'Hoo! Dy

= R, (9b)
Hoxvpg+Hyyvg = 0 5¢)
where

g™ L N, N, dA (10a)
ag” " JoNoN,, aa (10b)
Mag*{ = L N_.Ng, dA (10c)
‘Map”‘ = L N, Ny, dA (10d)
Hpe = N, Hja (106)
Hy = [N, H,4a (100
R, = J; N, T, ds (10g)
Ry = L N, T, ds (10h)
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These element matrices can be evaluated in
closed form ready for computer programming.
Details of the derivation for these element
matrices are omitted herein for brevity.

2.3 Computational Procedure

The closed form finite element matrices,
Eqs. (10a-h), for the six-node triangular element
are used in the development of a computer
program. The program is written in FORTRAN
and can be executed on standard personal
computers. For each element, the element
equations (9a-c) which consist of 15 equations
are established. These element equations are
then assembled to form up a system of
equations for the problem considered.
Appropriate - boundary  conditions - are then
applied before solving for the unknowns of the
nodal velocity components and pressures. It
should be noted that the element equations (9a-
c) are linear, thus the system of equations can
be solved directly. Both the finite element
matrices derived and the computer program
developed have been verified by a number of
simple examples that have exact solutions such
as the one described in the next section prior to
applying to solve more complex problems.

2.4 Example
To evaluate the finite element computer
program developed, the fully-developed flow
between parallel plates (Poiseuille flow) as
shown in Fig. 1 is used. The inlet velocity
profile is in the form of parabolic distribution
given by,

uy) = an

4

&)
The exact velocity profile at any x-location can
be derived [10] and written in the form,

uy) = (12)

The finite element model with 12
triangles and 35 nodes and the boundary
conditions are shown in Fig. 2. With this
model, the computer program was used to solve
flow field velocity and pressure distributions.
Figure 3 shows the predicted flow velocity
profiles which are identical along the x-
direction of the flow. These predicted velocity
profiles are identical to the exact solution, Eq.

orata)) 2

145



{12), as compared in Fig. 4. Figure 5 shows the
predicted pressure distributions on the lower
and upper plates and on the center line along the
flow ~direction. - These predicted pressure
distributions agree with the exact solution,

0.00

0.75
0.00

p) = -%fzi (x-30) (13)
y
uly) % Plate
. TLLTL LSS L2 VLS SIS AL S LSS S
0.75 f
1.00 ) - - h=20
WL ISSLITLSS LSSV L TSI LS L x
< 30 B

Fig. 1 - Flow between parallel plates.

y
u(y) 4 u=y=0
0.00 __ 27727 1SS T AL SIS IIIL
0.75 : ¢ ¢ ¢~ p= ]
1.00 ® @ ® 20
0.75 4
0.00 272777372077 777 778777077777 ;
u=v=0
fe—— 30—

Fig. 2 - Finite element model and boundary
conditions for flow between parallel
plates.

u(y)

x=0 10 20 30

Fig. 3 - Predicted flow velocity profiles
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along x-directior of flow

between paraliel plates.
20
Exact
¥
F.E.
10
0 A -
6 05 1
wy)

Fig. 4 - Comparative flow velocity profiles
between exact and finite element

solutions.
6.0 p(x)
u(y) 4.0 20
=20 0.0
60 40 o~ PX®
2.
4 10 0 0.0
p(x)
60 40 20
o0 - 0.0
0 10 20 30
X

Fig.5 - Predicted pressure distributions
along x-direction.

3. Viscous Incompressible Flow With
Inertia

3.1 Governing Equations

For more general flow problems, the
Navier-Stokes equations, Egs. (la-c), must be
solved. These equations are  inherently
nonlinear because of the presence of the inertia
terms shown on the right-hand-side of Egs. (1b-
c). These Navier-Stokes equations are rewritten
in compact form for clarity in the derivation of
finite element equations in the next section,

146




u, +v, =20 (14a)
UtV - Oyt Ty 0 (14b)
uv, + vy - T, -0y, = 0 (l4c)

where thie stress components are now defined by,

o, = -pfpt+2vuy, {15a)
g, = -plp+2vyv, (15b)
Ty = V¥ (uy+ vy) {15¢c)
and the kinematics viscosity,
= i
= & 16
v L (16)

The above set of coupled nonlinear partial
differential equations, Egs. (14a-c), are solved
simultaneously with the boundary conditions of
specified velocity components (Egs. (4a-b)) or
surface tractions (Eqs. (5a-b)) along edges.
3.2 Finite Element Formulation

The method of weighted residuals [4] is
applied to the differential equations, Egs. (14a-
¢), to derive the finite element equations in the
saine fashion as for the case of flow with
negligible inertia. The same six-node triangular
element with the velocity component and
pressure distributions given by Egs. (6a-c) is
used. The procedure leads to the finite element
equations in the nonlinear form as,

K _cuu +K

apy apr 8%~ HopPy

+ Saﬂ“ ug + Sa@"’ Vg qu (17a)
K@,*uﬂv‘r + Kaﬂyy VaVy = Hﬂny
* Su‘;yx Ug + Suan A} Quy (17b)
H + H =
o ug g VB 0 (17¢c)

where the coefficients in element matrices are in
form of the integrals over the element area A
and along the edge S, as, .

Koe.m L, NJN, N, AL Lasy
Ky~ [ NN, N, da sy
H, = | N, Hd (180)
H, = | N, Had (184)
‘saB,, = J 2vN,,N,, aa

+ ] N, N, da @39
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S, - [ vN, N, A asp
Sagx = L vN,, N, dA (18g)
aF” = _L vN,_ . Nﬂ__x dA

+ ] 2N, N, da (sn)
Qr = LN“ T, dS (181)
Q, = LN“ T, dS (18§)

These element matrices can be evaluated in
closed form and detailed derivation is omitted
herein for brevity. °

3.3 Computational Procedure
The derived finite element equations,
Egs. (17a-c), are nonlinear. These nonlinear
algebraic - equations are solved using the
Newton-Raphson "iteration - technique [11] by
first writing the unbalanced values fror a given

- set of solutions for the finite element Eqgs. (17a-
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¢) as,

Fux =K gx U Yy + Koy V8% - H x Py
S o g+ S ey Vg Qux (19a)

Fay= Kaﬂy" ug .VB + Kaﬁyy vg vy - Haky Py
+ Saby" ug + SclByy vg - Qcly (19b)

Bo=H cuy +H g v
The application of the Newton-Raphson
iteration technique leads to a set of algebraic

(19¢c)

_equations with the incremental unknowns in the

form, )
Gaﬁ,‘ Aug + Lully Avg - Hax" Apy = Fa" (20a)
La g Aug + Gua" Avg - Hu)! Ap, = "F.le (20b)
HBM" AUB + Hﬁ“y AVB = F“ {20c)

where
op* = I.(uﬂyx ot Kayﬂx U + Kayﬂy W Sua""
(21a)
Gaﬁy = KaB‘yy v, + Kal'ﬁy vyt mex u, + Saﬁyy
(21b)
o Kupy" vy + Sap"y (21c)
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Loy = Kogy U * Sy (21d)

In these Egs. (21a-d), u, and v, are the values

of the velocity components at the i™ iteration.
The iteration process is terminated if  the
percentage of the overall error is less than the
specified value.

The final form of the finite element
equations,  Egs, {20-21), and the iteration
procedure ~ described are used in the
development of the second . finite clement
computer program. The program is also written
in FORTRAN and can be executed on standard
personal computers. - The main objective in the
development of this computer program is such
that it follows the formulation derived, easy to
understand, and will be used together with the
adaptive meshing technique later. Both the
formulation derived and the computer program
developed have been - verified by several
examples that have exact solution -and/or
experimental results before applying to solve
more - complex - flow problems. Selected
examples and an application are presented in the
next section.

3.4 Examples and Application

The first example selected for evaluating
the finite element computer program for viscous
incompressible flow with inertia is the Couette
flow problem. - The problem geometry and the
boundary conditions are shown in Fig. 6. The
top plate moves to the right with the velocity of
u=1 while the bottom plate moves to the left
with the velocity of u=-0.5. The finite element
medel consisting of 18 elements and 49 nodes is
also shown in the figure. -The exact u-velocity
distribution for the entire flow field can be
derived [ 10]and is given by,

uly) = 1L5y-0.5 (22)

The problem was sanalyzed by the
computer program developed and the predicted
flow velocity profiles which are identical at any
x-location along the flow direction as shown in
Fig. 7. These predicted velocity profiles are
compared and found to be identical to the exact
solution, Eq. (22}, as shown in Fig. 8.
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Fig. 6 - Finite element model and boundary
counditions for Couette flow:
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Fig.7 - Predicted flow velocity profiles
along x-direction for Couette
flow.
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Fig. 8 - Comparative flow velocity profile
between exact and finite element
solutions.
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To demonstrate the capability of the
computer program for solving flow behavior of
a more complex problem, a flow through a duct
is simulated shown in Fig. 9. The duct is in the
main  electricity  generating plant of - the
Electricity Generating Authority located at the
northern section of Bangkok, Thailand.  As
shown in the figure, the duct has uncommon
shape with varying cross-sectional area. Flow
circulation that causes erosion is suspected at
the upper left corner of the duct. Figure 9 also
shows the finite element model with 233
triangles and 516 nodes. The flow velocity
profile at the top inlet of the duct is assummed
in the form of parabola with the Reynolds
number of 100.

With the problem statement and the finite
element model shown in Fig. 9, the finite
element computer program was used to predict
the flow behavior. The result of the flow field
is'shown by the velocity vectors in Fig. 10. The
velocity vectors indicate the area of flow
circulation as previously suspected. Details of
the flow circulation behavior in this area is
enlarged and shown in Fig. 11.

To avoid the flow circulation, two guided
plates are placed at the top section of the duct to
control the flow behavior as shown in Fig. 12.
The figure also shows the finite element model
that consists of 388 triangles and 869 nodes.
The analysis was repeated and the predicted
flow velocity vectors are shown in Fig. 13. The
- figure indicates the disappeararnce of the flow
circulation. Figure 14 also highlights the detait
of the flow behavior near the plate exits. The
predicted flow  solutions demonstrate the
capability of the finite element formulation and
the computer program developed that can help
engineers to increase understanding of the flow
behavior in order to solve the problem or to
improve the design.

4. Concluding Remarks

A finite element method for amalysis of
viscous - incompressible flow problems is
presented. The - Navier-Stokes = equations
consisting . of the - conservation of mass and
momentums are solved. The flow is classified
into two types, i.e., the flow with negligible

Thammasat Int. J. Sc. Tech., Vol.3, No.2, July 1998

inertia for slow moving fluid, and with inertia
for a more general flow. For both types, the
finite element equations were derived and the
corresponding  computer programs have been
developed. . These computer programs will be
used together with the adaptive meshing
technigue in the future to improve the flow
solution accuracy as well as to reduce the

computational time and memory.
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In the case of flow with negligible inertia

for slow moving fluid, the finite element
equations are  linear and a direct solution
technique can be used to  solve
unknowns. For a more general flow, the inertia
terms are included in the Navier-Stokes
equations resulting -in nonlinear  differential
equations. The derived finite element equations
are thus nonlinear requiring an . iterative
technique - solver. The Newton-Raphson
iteration method is applied to solve the nodal
unknowns.
Both the finite element formulations and
corresponding - computer programs
been evaluated by several
example problems that have exact solutions
and/or experimental data before applying to
solve more complex flow problems. Two
selected examples that have exact solutions and
an - application -of complex . flow behavior
through an uwncommon shape of duct with
varying cross-sectional area ‘are presented in
this - paper. These example problems
demonstrate the capability of the finite element
formulations and the computer programs that
can provide insight to the complex flow
behaviors in order to help solving problems as
well as improving the design.
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6. Nomenclatures

F

s
< <

Q © T <

La}

ZZ >N RonoHo»

- » o

Element area
Unbalanced value

Pressure interpolation function

AN

Element matrix

Direction cosines

g

Element matrix
Velocity interpolation function

Pressure

=z

Element traction vectors
Surface

Tractions

Velocity components
Coordinates

Kinematic viscosity
Dynamic viscosity
Density

Normal stress

Shearing stress
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Abstract

An adaptive mesh movement technique is combined with the finite element method 1o solve for solutions of transient
heat transfer problems. The adaptive mesh movement technique and the finite element method are described. The
effectiveness of the combined techniques that are implemented in a single computer program is evaluated by an
example of a plate subjected to a moving heat source. The example demonstrates that the adaptive niesh movement
technigue significantly reduces the number of finite elements required for the problein and, at thesame time, increases
the analysis solution accuracy as compared ta the results produced using uniform finite element meshes.

Introduction

An adaptive meshing technique {1] has been
shown to improve the efficiency and accuracy of the
steady-state high-speed flow analysis by the finite
element method [2]. The technique has been
extended and applied successfully to steady-state
thermal and structural analyses of the structure [3].
The technique generates a new mesh based on the
solution obtained from an earlier mesh. The new
mesh consists of small elements in the regions with
large changes in solution gradients and large
elements in the regions where the gradient changes
are small. For time-dependent thermal problems,
especially where the thermal loads (such as the heat
source) have magnitudes which vary with time and
move along the body of the structure; the mesh
employed must adapt itself both in time and space
{mesh movement) to accurately capture the transient
temperature response. This paper extends the
adaptive meshing technique to deal with transient
thermal problems and demonstrates its effectiveness
in accurately predicting the transient temperature
response in the structure. The equations for heat
conduction in the structure and a finite element
solution algorithm are briefly described. The basic
concepts of the transient adaptive meshing technique
and its incorporation in the solution process is
explained. The effectiveness of the adaptive meshing
technique is demonstrated by the transient thermal
analysis of a plate subjected to a moving heat source.

Thermal Analysis Procedure

The thermal response of the structure in two
dimensions is governed by the energy equation that
can be written in the conservation form as

QU . 9E  oF
r)t+0x+ay—‘H (6))

 where the conservation variable U and the heat flux

components E and F are

U=pcT (2a)
E=¢x= —-kdT/ax (2b)

and Hi is the heat source. The heat flux components
gx and qy are related to the temperature gradients
by Fourier’s law.

An explicit time-marching finite-element
scheme, the Taylor- Galerkin algorithm described in
[4], is used to solve the heat transfer equation (1). The
basic concept of the Taylor-Galerkin algorithm is to -
use: 1) Taylor-series expansion in time o establish
recurrence relations for time marching, and 2) the
method of weighted residuals with Galerkin’s
criterion for spatial discretization. The key feature of
the algorithm is to assume the distribution of the

© Regional Centre for Enelrgy,‘Hcat and Mass Transfer for Asia and the Pacific/Printed in India
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element heat Mluxes E and F in the same form as the
element temperature distribution T, that is

T@y) = IN@y){T 0}
E (rps) = INa{ED}
Fxyt) = eI {F 0} 3)

where [N (x, y)] are the element interpolation
fractions, and {T(t)} , {E(t)} and {F(t)} are the
vectors of the element nodal quantities. The
assumption of a linear distribution of element fluxes
E and F, which are interpolated in the same form as
the dependent variables (i.e. T, as shown in Eq. (3)),
s widely used in the computational fluid dynamics

(4l

The finite element equations are derived from
(1) by using the Taylor-series expansion to establish
recurrence relations for ime marching and the
method of weighted residuals with Galerkin’s
criterion for spatial discretization. In the application

of the method of weighted residuals, the governing

differential equation, (1) is multiplied by the
weighting function, [N(x,y)], and integrated over the
element area A. Integration by parts is performed to
produce element integral terms and the boundary
surface integral terms for application of dilferent
types of thermal boundary conditions. Details of the
derivation follows the conventional finite element
approach are described in [5]. The finite element
equations obtained are in the form

pfouy (e s
(&P} ) RPN

where {M] is the mass matrix defined by,

M) = [ {N} (V] a4
A (%)

and AU = U 1P, On the right hand side of
Eq. {4), At denotes the time step, and the matrices
[Dy] and [Dy] are, :

| [ ON »
Dy = f 1% a4
gl

aN
Dy) = [{2} [Nja4
[Dy] ;{ { ay} [N] &)

The element nodal vector {R} associated with the.
heat source H is defined as,

(e} = [ pjoras o

The vector {B} representing the boundary nodal

* vector is defined as,

{5} = J (VM afe} 4 m )

- 1 v}l o

where I and m are the components of a unit vector
normal to the element boundary. The vector {q}
appearing in this equation may be replaced by
different types of boundary conditions,

0 (insulated)
gs (specified heating)

2 B h TS—T;) (surface convection)
[Xog Tg'—~ oo)

(surface radiation) (9}

The finite element matrices shown in Eqgs. (5-8)

can be evaluated in closed form (i.e. numerical

integration is not required). For example, the

element interpolation function matrix for the three-
node triangular element is,

V] = [Mar) NaGey) NaGes)| (10)

where Nj(xy),1=1,2,3, are the element interpolation
functions given by, :

Ni(xy) 5% (ai+bix+ciy) 1)

Where A is the element area, and the coefficients,
aj, bi, ¢ are functions of the element nodal
coordinates given in detail in[5]. With these element
interpolation functions, the finite element matrix
[Dy], as an example, is

b1 b1 by
[Dxj= = |b2 b2 b2, ,
124 b3 by bs | (12)

Other finite element matrices shown in Egs. (5-8) can
be evaluated in the same manner. In addition, if the
mass matrix in Eq. (5) is lumped, the finite element
equations (Eq. (4)) can be solved explicitly, thus
avoiding the solution of a set of simultaneous
equations.



1565

FINITE ELEMENT THERMAL ANALYSIS

Adaptive Mesh Movement Technique

The basic idea of adaptive meshing is to
construct a completely new mesh based on the
solution obtained from a previous mesh. The new
mesh will have small elements in regions with large
changes in solution graidents and large elements in
the regions where the gradient changes are small.
Element sides are aligned with principal directions

of a solution variable (such as the temperature) to

provide the most accurate solution with a minimum
number of elements. As an example, the shorter
element side will be in the direction of the largest
change in the temperature gradients. At a typical
node in the old mesh; the second derivative of the
temperature, gradient to capture the detailed
temperature distribution.

To determine the element sizes and their
orientations, the solid mechanics concept of
determining principal stresses and their directions
from a given state of stress is employed as illustrated
in Fig.1(a). The same idea is applied for adaptive
meshing as shown in Fig.1 (b). Small and clustered
elements are needed inregions of large changein the
temperature gradients. At a typical node in the old

mesh, the second derivatives of the temperature, T,

y

ot
? 4 Ty

\Gz 0'1 X
AT D O
T

Principal stresses,

o, i

Ty and principal directions

(a) Determination of principal stresses and their directions from
a given state of stress

1 Fad Principal quantities,
2z

| Dl
27 21 axt| - 7 av?
Oxdy ay2 and element orientation

(b} Determination of meshing indicators and element orientation

Fig. 1: ~ Analogy between the concept of principal stress in solid
mechanics and the determination of meshing indicators
for adaptive finite elements

with respect to the global coordinates x and y are
{irst computed,

a? ardy
oI T
axdy  gy? (13)

The determination of these second derivatives is as
follows. The first derivative {e.g. with respect to x) is
assumed to vary over an element in the form,

BT(x)
L= [N y)}{ } (14)

where the vector on the right hand side contains the
unknown nodal values of the first derivative. These
unknown nodal values are obtained by solving,

or] _ of
[M]{ax} f{{N}dAa’f (15)

aTr .
where % s the computed constant element

gradient. The process is repeated to determine the

Lo T . .
second derivative Ey? Determination of the other

second derivatives which appear in Eq. (13) are
performed in the same fashion.

Once these second derivatives are computed,
the cngenvalucs (A), which represent the principal
quantities in the principal directions X and Y (Fig. 1
(b)) where the cross derlvatlvcs vanish, are
determined,

v) 2
A= g 7; and A3 = T
ax> ay> (16)

The eigenvalues are the meshing indicators and
are used to determine the new elemént spacings hj
and hz  in the two principal directions using the
condition that

h%l] = %1y = constant an

This condition results from distributing the finite
element interpolation error equally, a requirement
for an optimal mesh. The eigenvalues are calculated
for all the nodes in the old mesh leading to the final
condition of
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ntAy = h3Az = constant = fikin Amax (13)A

where Apax is the maximum eigenvalue in the model.
Using this condition and specifying the required
minimum element spacing fimin, the new element
spacings based on the solution of the old mesh are
obtained. These new element spacings provide a new
finite element mesh with small elements in the
regions where accurate solutions are needed, as well
as large elements in other regions to reduce the
problem size and computational time:

The technique has been applied successfully for
constructing adaptive meshes for the steady-state
analysis of fluid, thermal, and structural problems [3].
In the present study of transient problems, small
clements are usually needed in regions near the
applied loads. As the loads move, these refined
regions follow the loads so that the details of the
transient solution can be captured. The adaptive
meshing is performed at a specified multiple of the
analysis time step to reduce the computational time.
The adaptive meshing and the finite element solution
procedures are merged into a single computer
program to maximize the overall computational
efficiency. The capability of these combined
techniques for transient heat transfer problems is
demonstrated by the following example.

Example

To demonstrate the capability of the adaptive
meshing technique in reducing the numbers of finite
elements, the analysis computational time, and the
solution error for time-dependent problems, the
transient thermal analysis of a long plate subjecied to
a moving heat source along anedge is considered. A
steel plate with dimensions of 1.00 x .02 m, in Fig.2,
is subjected to an intense moving heat source along
the top edge. The heat source of 420 W/cm® is
simulated as a square pulse of 0.01-m- wide that
moves at a speed of 0.01 m/sec. With the boundary
condition of 0°C along the other three edges as

Moving —Plate
heat source /
& . 5
N : . \
o' 02 m 0’

Tm

Fig. 2: Thermal analysis model of a plate subjected to a moving
heat source

indicated in the figure, the exact plate temperature
response can be derived [6] in form of infinite series
as,

~ o0 ) M 2
_aghe™ 2 1o (aE) s (o
T) kL {n 5‘2,4 Pic: [sm w | cosh (,Inh)]
[sin a cosh (Hw) — % cos a sinh (Hw)]

® 1 p. (af) sich(lay)
+ 2z 3 PEd [sm (w) cosh (A h)]

n=],

[cosa sinfi (HW)’+ % sina COSh(HW)] } (19)

where the origin and the directions of the £ -y
coordinate system are shown in Fig2, gq is the
moving heat source, h is plate width, and H is the
parameter defined by,

o ecy
T 2% (20)

where p is the plate deasity, ¢ is the specific heat, v
is the velocity of the moving heat source, and k is the
plate thermal conductivity. The parameters & and Ag
in Eq. (19) are defined by

= T and Ap = L J: + H?
2L L2 (21)

- where L is the plate length, and w is the width of the

moving heat source that is simulated by a square
pulse.

A nonadaptive mesh consisting of 1200
elements and 707 nodes, shown in Fig. 3, is first used
to predict the transient thermal response as the heat
source moves across the model. The mesh represents
a typical finite element model that would normally be
used to analyze such heat transfer problem. An
explicit time marching scheme (Eq. (4) with lumped
mass matrix) is employed for marching the analysis
in time by using the maximum allowable time step
(the allowable time step [5] is constrained by a
stability criterion from the minimum element length
in the model). To complete the analysis, a total of
50,000 time steps is needed which requires
approximately 1,200 CPU seconds on a typical
minicomputer workstation. The predicted transient
response at four different times and a detail of the
temperature contours at a typical time are also shown
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Moving leat source

420 Wiem'
Speed 0.0 miser

Nonadzptive mesh:

TR

7@7 Nodes

20 sec

40 sec E

L 3
60 sec .

C 3

B sec

Toe=491°C o°C

Fig. 3: - Nonadaptive finite element mesh and transient
temperature response as the heat source moves
across the plate

in Fig.3. The figure shows high temperatures and
temperature gradients at the heat source
impingement location with a predicted peak
temperature of 491°C. The exact solution (Eq. (19))
for the peak temperature is 580°C. Thus the error in
the peak temperature predicted by using this
nonadaptive mesh is about 15%.

1208 Triangles -

Moving heat source
50 gec
[

N4
=
¢ Im
600 —
Temperature,
°C
360

o

{

";'.‘—b- Moving heat source
1"‘L

]
e

Typical transient
adaptive mesh:

245 Triangles
194 Nodes T =867 °C 8°C

Fig. 4: Transient adaptive finite element meshes and
temperature response as the heat source moves
across the plate

The same transient thermal analysis is repeated
but with adaptive meshes. As the heat source moves
along the top edge of the plate, the mesh adapts with
refined elements to capture the steep temperature
gradients near the heat source impingement
locations as shown in Fig.4. The mesh is derefined
with larger elements away from the heat source

600 Exact
Adaptive mesh
560 1~ Nonzdaptive mesh
Temperature,
°C
T 400
{ { I

360

a% A9 50 51 52

5, m

Fig. 5: Comparison of the exact temperature solution and the predicted temperatures from the adaptive and nonadaptive meshes
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because the temperature gradients diminish. In the
process, the remeshing is performed at every 500
analysis time steps (i.e. after the heat source has
traveled about half of its width). The total CPU time
on the same minicomputer workstation for both the
remeshing and the analysis solution is 900 seconds
(55% of this CPU time is used in the remeshing
process). This total CPU time represents a 25%
reduction from that required by the nonadaptive
mesh. Less computational time is required because
fewer number of unknowns (25% relative to the
nonadaptive mesh. Less computational fime is
required because fewer number of unknowns (25%
relative to the nonadaptive mesh) are employed.
Furthermore, because the adaptive mesh is refined
near the heat source impingement location; a more
accurate peak temperature of 567°C is obtained
which is only about 2% from the exact solution. The
exact and the predicted temperature distributions
along the top surface are shown in Fig.5(a). A scale
enlargement that provides a better comparison of
these temperature distributions at the heat source
impingement location is shown in Fig.5(b). This latter
figure demonstrates that the adaptive mesh provides
improved temperature solution accuracuy for both
the magnitude and the distribution compared to the
standard nonadaptive mesh.

Conclusions

An adaptive mesh movement technigue for
transient thermal analysis was presented. The
technique generates small elements in the regions
with large change in temperature gradients to
provide accurate temperature distribution, and large
clements in other regions where the gradient changes
arc small to reduce the numbers of finite elements
and the computational time. The capability of the
technique combining with the finite solution method
was demonstrated by an example of a plate subjected
to a moving heat source. The example showed that
the transient adaptive meshes significantly increased
the analysis solution accuracy using fewer elements
and required less computational time compared to a
standard nonadaptive mesh,

Nomenclature

A = clementarca =

{B} = boundary nodal vector, Eq.(8)
c = specific heat

[Dx],[Dy] =clement matrices, Eq.(6)

E,F = xandy heat flux components
H = heat source

h = convection coellicient

hi, h2 = elcment spacings

k = thermal conductivity

L = plate length, Eq.(21)

ILm = direction cosines

[M] = mass matrix

[N] = element interpolation function matrix

q = moving heat source, Eq(19)

{q} = element heat load vector

Gr, gy = xandy heat flux components

s = specified surface heating

{R} = element nodal vector, Eq.(7)

t = time

T = femperature

Ts = - surface temperature

Tr = surrounding medium temperature for
convection

Te = surrounding medium temperature for
radiation

U = Conservation variable

v = velocity

W = heat source width, Eq.(21)

Xy = coordinate directions

XY = principal directions

£ = emissivity

A1,42 = strain components

P = density

sigma = Stefan-Boltzmann constant

Oy, Oy, Txy =Stress components *

o1g3 = principal stresses

= local coordinate
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Abstract -
An upwind cell-centered finite element formulation is combined with an. adaptive

meshing technique for solving high-speed compressible flow problems.

The  finite  element

formulation and its computational procedure are described. A corresponding computer program that
can be executed on standard personal computers has been developed. An adaptive meshing technique
- is applied to increase the analysis solution accuracy, and at the same time, to minimize the computer
time and memory. The efficiency of the combined method is evaluated by examples of high-speed

compressible flows past a wedge and a cylinder.

1. Introduction

High-speed compressibie flows past a
typical geometry normally include complex
flow characters, such as shock waves, flow
expansions, thin boundary layers, shock-shock
interactions, . .and  shock-boundary layer
interactions [1,2]. In addition, resolution of
. ~these flow characters is required to accurately
predict aerodynamic pressure and skin friction
distributions as well as aerodynamic heating
rates on the geometry surfaces. These
quantities are important and critical for the
design of high-speed structural configurations.
Most of these flow features are characterized by

steep pgradients - that- need robust analysis

computational technigues with dense mesh
refinement for high flow-behavior resolution.
These réquirements mean that the high-speed
compressible flow  analysis = always  involves
large-scale computations with vast amounts of
computer time and data storage. :

The ‘analysis computational techniques
that have been developed and used in the past
few decades are based on the finite difference
method [3]. During the past decade, several
finite element algorithms - have been under
development to alleviate the difficulty of the
analysis computation due to complex geometry
of the flow field. The algorithms include the

Taylor-Galerkin * algorithm [4], the Petrov-
Galerkin algorithm . [5], the least-squares
algorithm (6], and the upwind cell-centered
algorithm [7].

In this paper, the upwind  cell-centered
algorithm is - combined with the adaptive
meshing technique [8,9] to improve the finite
element analysis solution accuracy and reduce
the computational time as well as the required
computer memory. The upwind cell-centered
algorithm is selected because of its robustness
in. capturing  shock with less formulation
complexity compared to other algorithms. The
adaptive meshing technique is applied to place
small elements in the region 6f large change in
the . solution gradients to increase - solution
accuracy and, at the same time, to place larger
elements in the other regions to reduce the
computational time and memory.. The paper
starts by explaining the theoretical formulation
for high-speed compressible flow analysis and
the = solution procedure that leads to the
development of a computer program. The basic
idea behind the adaptive meshing technique is
then described. Finally, the combined technique
is evaluated by analyzing the problems of high-
speed compressibie flow past a wedge and a
cylinder. Results are compared with those

55

160




obtained from the conventional technique that
uses nonadaptive meshes.

2. Theoretical Formulation and Solution
Procedure

2.1 Governing Differential Equations
The eguations for high-speed inviscid

laminar compressible flow are governed by the
conservation for mass, momentum, and energy.
These equations in two dimensions are written
in the conservation form [10] as,

a2 7 a

—Up+—{Ej+—{F} = 0 i

5 U+ {5} @{ } (1)
The vector {U } contains the conservation
variables defined by,

{v}y = @

Yo 1!
PV
PE

where ¢ is the fluid density, u and v are the
velocity components, and £ is the total energy,
The vectors { E} and { F} consist of the inviscid
fluxes in the x and y directions, respectively.
These inviscid flux vectors are given by,

/i 244
p+p v
{E) = AF) = 2
pvtp
pus +pu pVE +pv

G)

where p is the pressure. The total energy
consists of the internal energy and the kinetic
energy defined by,

. 1 _

e = e+ — (ui+v?) (4)
2

where e is the internal energy that can be

wriiten in the form,
¢, T 5)

where ¢, is the specific heat at constant volume,
and T is the temperature.

€ -
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2.2 Anmalysis Solution Algorithm

The explicit upwind cell-centered finite
element algorithm is applied to solve the Euler
Eqgs. (1-3). - The basic concept behind the
algorithm is to determine the flux across
element interfaces using Roe’s averaging
procedure [7].  The average inviscid flux G
{The “overbar” denotes average quantity normal
to the element. interface between the left
element L and the right element R) is given by,

- I

= > [eu+creafui-vn] ©
The last term in Eq. (6) may be viewed as
artificial diffusion needed for solution stability.
This diffusion is represented by the product of
the Jacobian matrix [A'] and the difference

between the left and right element conservation
variables U, and Ug. The Jacobian matrix

[A.} is defined by,

[a°] = [R]" [IA]][R] ™
where
[R]" =
=L, L ]
c:2 2c2 2¢:2
_ll“ U+ Cx M-Cx
c2 = 202 2¢
v+ vY—-C
SN y b4
c2 2c2 2::2
o v a+Uc _1_ a-~Uc _l__
L c2 2(:2 28 ‘ 2c2 Zﬂ-
®)
) w o o 0
] 0oy o 0
Al = 40 "0 jged o ®
0 0 0 lU - c|
; -
Rl = + -m t (10)
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In these matrices,

U = ul +vm V= -um+vl
cx=cf ; cy=cm;cz='yp/p
a’ = (u2+v2)/2; B = yI1

where £ and m are the direction cosines of the
unit vector normal to that side, and y is the
specific heat ratio.

Increments of the conservation variables,

AU = U™ . U®, where n is the n™ time step,

are determ ined from,
{[1 1+ 2 ]AU}———ES{ G}
(i)

where [I] is the identity matrix, At is the time
step, A is the element area, S is the length of
element side where summation is performed for
all sides.

2.3 Computational Procedure and

Computer Program

The element Eq. (11) consists of four
equations for solutions of the conservation
variables. These ~ equations are solved
iteratively for each element by the Gauss-Seidel
technique [11].
relatively low comiputer memory even for a
finite element model with a large number of
elements. = This Eq. (11) is .used in the
development of a computer program  for
analysis of high-speed inviscid compressible
flows. - The program is written in FORTRAN
and has been developed for running on standard
personal computers. The program employs
explicit time integration technigue by requiring
initial conditions of the conservation variables
for the entire flow field at the beginning of the
computation. With  proper - time steps,
converged solution is obtained when the change
of the conservation variables for all elements is
less than the specified tolerance or the specified
total number of time steps. This program is
used together - with the adaptive meshing
technique which is described in the next section.
The efficiency of the combined procedure is
evaluated by the analysis of high-speed
compressible flows past a wedge and a cylinder
which are presented in the example section.

Thus the algorithm requires
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3. Adaptive Meshing Technique

Adaptive - mesh-generation = techniques
may be classified into two major categories: 1)
refinement/derefinement, and 2) remeshing.
The first category, the adaptive refinement/
derefinement - technique, can be further
classified intoc three subcategories: a) the h
method, b) the p method, and c) the r method.
In the h method, the elements in the initial mesh
are refined into smaller elements or derefined
into farger elements [12].  The p method
maintains the geometry of the elements of the
initial mesh but increases {or decreases) the
order of the polynomials used for the element
interpolation functions [13]. The r method
keeps the number of elements and their
connectivities the same but relocates the nodes

[14].

The remeshing technique, the - second
adaptive mesh-generation category, generates
an entirely new mesh based on the solution
obtained from an earlier mesh [8,9].  The
technique is combined with the upwind cell-
centered finite element formulation in this paper
to - solve high-speed compressible  flow
problems. The idea is to construct a new mesh
that consists of small elements in the regions
with large change in solution gradients and
large elements in the other regions where the
change in solution gradients is small. "As an
example, small elements are needed in the
regions of shock waves to capture shock
resolution, whereas larger elements can be used
in the free-stream regions because the flow
behavior is uniform. ~ To determine proper
element sizes at different locations in the flow
field,  the = “solid-mechanics ~ concept of
determining the principal stresses from a given
state of stresses at a point is employed. Since
the fluid density changes abruptly across the
shock waves, the density distribution can be
used as an indicator in the determination of
proper element sizes.

Because small elements must be placed in
the region of the shock wave where large
changes in density gradients occur, the second
derivatives of the density at a point with respect
to global coordinates x and y are needed to
compute,
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A'p d'p
&t &
oy op (12)
& &

Then the principal quantities in the principal
directions X and Y where the cross derivatives
vanish, are determined,

al
x
o (13)
ﬂzz
The magnitude of the larger principal quantity is
then selected,
'p|1d’p
A = max (]?i{,i?iy—z | (14)

This value is used to compute proper element
size h at that location from the condition [15],

h2A = constant = hZ. A (15)
.where h,;, is the specified minimum element
size, and A, is the maximum principal
quantity for the entire model.

Based on the condition shown in Eq. (15),
the element size is generated according to the
given minimum element size h_;,. Specifying
too small h,;, may result-in a model with an
excessive number of elements. On the other
hand, specifying too large h_ ;. may result in
inadequate solution accuracy or excessive
analysis and remeshing cycles. These factors
must be considered prior to generating a new
mesh. = Note  that, because the technique
generates an entirely new mesh with different
nodal lotations from the old mesh, interpolation
of the solution from the old to the new mesh
should be used to increase the analysis solution
convergence.

max

4. Examples

Two ‘examples are presented to evaluate
the capability of the upwind celi-centered finite
element formulation combining with ~the
adaptive remeshing  technique for analysis of
high-speed compressible flows.  The two
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examples are a Mach 3 flow over a wedge and a
Mach 6 flow over a cylinder. All computations
were made on standard personal computer with
Pentium 166 MHz processor.

4.1 Mach 3 Flow Past a Wedge

The problem statement of a Mach 3 flow
past a wedge is described by Fig. 1. The flow
enters through the left boundary of the
computational domain and creates an oblique
shock wave as highlighted in the figure. Figure
2(a) shows a typical standard finite eclement
model that consists of structured mesh_ with 400
triangular elements and 231 nodes. With this
finite element model, the computer program
developed was used to computate the solutions.
A typical selution of density distribution in the
form of the contour lines is presented in Fig. 2
{(b). The figure shows an -oblique shock
generated from the corner of the - inclined
surface. The computed oblique shock is not
sharp because the elements along the shock line
are not small enough. Such a solution suggests
the need of small elements clustered along the
shock line to provide better shock resolution.

Small elements along the shock line for
improving shock resolution can be generated by
using the adaptive meshing technique described
in the preceding section. The technique starts
from generating a relatively uniform mesh such
as that shown-in Fig. 3(a) with 344 elements and
201 nodes. - With this first mesh, the fluid
analysis is performed to  obtain - the
corresponding flow solution as illustrated by the
density contours in Fig. 3(b). Based on this
flow solution and the use of the adaptive
meshing technique, the second mesh is created
as shown in Fig. 4(a).  This second mesh
consists of 669 elements and 357 nodes with
smaller elements clustered along the shock line
and larger elements in the free stream region.
The fluid analysis is then repeated to yield a
flow solution ‘as illustrated by the density
contours in Fig. 4(b). The entire process is
repeated again to generate a third adaptive mesh
with 970 elements and 506 nodes and the
corresponding flow solution of density contours
as shown in Figs. 5(a) and 5(b), respectively.
The final flow solution as shown in Fig. 5(b)
indicates good solution accuracy for oblique
shock because small elements are generated
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along the shock line. And since larger elements
are used in the other regions, thus the total CPU
time for the fluid analysis is minimized.. Each
analysis requires approximately 1,200 time
steps for a converged solution.  Table I
compares the computational times, in seconds
on a standard personal computer with Pentium
166 MHz processor, needed for the finite
models in Figs. 2-5.  Figure 6 shows the
improvement of the shock  resolution. (along
section A-A in Fig. 1) from the third adaptive
mesh by comparing with the exact solution and
the nonadaptive mesh solution.

-Table 1. Comparative CPU times needed by
nonadaptive ' and - adaptive . finite
clement meshes for flow past a

wedge.
Mesh No. of CPU time
elements (sec)
Nonadaptive (Fig.2) 400 54
1st Adaptive (Fig.3) 344 48
2nd Adaptive (Fig. 4) 669 86
3rd Adaptive (Fig. 5) 970 122

4.2 Mach 6 Flow Past a Cylinder

To further evaluate the upwind cell-
centered finite element formulation combining
with the adaptive remeshing technique, the
analysis of a Mach 6 flow past a cylinder is
performed. - The problem statement and the
sketch of the flow behavior are shown in Fig. 7.
The flow behavior is more complex than that in
the previous example. The flow field includes a
bow shock detached in front of the cylinder.
The flow is subsonic near the centerline
between the bow shock and the cylinder. Away
from this region, the flow behind the weaker
part of the bow shock becomes supersonic with
variation of all flow variables.

The analysis is first performed by using a
nonadaptive finite element mesh as shown in
Fig. 8(a). The mesh consists of 400 elements
and 231 nodes. The corresponding predicted
density distribution represented by contour lines
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is presented in Fig. 8(b).  The figure shows that
the computed bow shock is not sharp because
the element sizes are too large along the shock
line. - However, the predicted flow density
behind the bow shock is reasonably  good
because the flow field changes gradually. The
solution from this initial study . using
nonadaptive mesh thus suggests the need of
clustered small elements along the bow shock
for better shock resolution. It should be noted
that, in general, the shape and location of the
bow sheck are not known to the analyst a priori.
The use of the adaptive remeshing technique
that will' be explained mext can be used to
overcome such difficulty.

The combined finite element analysis and
adaptive meshing ~ technique starts from
generating a relatively uniform mesh such as
that shown in Fig. 9(a) with 572 elements and
325 nodes. The fluid analysis is performed to
yield the corresponding flow solution shown by
the density contours in Fig. 9(b). Based on this
flow solution, the adaptive remeshing technique
is then used to generate the second adaptive
mesh consisting of 548 elements and 299 nodes
as shown in Fig. 10(a). The fluid analysis is
then performed to yield the corresponding flow
solution such as the density contours shown in
Fig.- 10(b). The process is repeated again to
generate the third mesh as shown in Fig. 11(a)
with 956 eclements and 501 nodes. Small
elements are clustered along the bow shock as
can be seen clearly in this figure. After the fluid
analysis is  performed using this third mesh,
good quality of flow resolution with sharp bow
shock is obtained as shown in Fig. 11(b}.
Comparison of the computational times required
for converged solutions using 6,000 time steps
on a standard personal computer with Pentium
166 MHz processor is shown in Table 2 for the
nonadaptive and adaptive meshes in Figs. 8-11.
Figure 12 also highlights the improved shock
resolution along the flow centerline obtained
from the third adaptive mesh comparing with
the exact solution and the nonadaptive mesh
solution.  This example demonstrates the
capability of the combined finite c¢lement
method and the adaptive remeshing technique
that can provide improved flow solution
accuracy for general flow behavior that is not
known a priori.
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Table 2. Comparative CPU times needed by
ponadaptive and adaptive meshes
for flow past a cylinder.

Mesh No.of  CPUtime
elements (sec)
Nonadaptive (Fig. 8) 400 270

1st Adaptive (Fig.9) 572 378

2nd Adaptive (Fig. 10) 548 363

3rd Adaptive (Fig.11) 956 605

5. Concluding Remarks

A finite element method based on an
upwind cell-centered algorithm for analysis of
high-speed - inviscid compressible flow is
presented. = The method is combined with an
adaptive remeshing technique to improve the
flow . solution - accuracy. The technique
generates an entirely new mesh based on the
solution obtained from a previous mesh. The
new mesh consists of clustered elements in the
regions with large change in solution gradients
to provide higher solution accuracy. At the
same time, larger elements are generated in the
other regions to reduce the computational time
and required computer memory. - The finite
element formulation was presented and the
basic idea behind the - adaptive meshing
technique was described.

Two examples of high-speed compressi-
ble flows were presented to assess the
effectiveness of the combined method. = These
examples are the Mach 3 flow past a wedge and
the Mach 6 flow past a cylinder. = All
computations - were performed on standard
personal computers. Depending on the number
of unknowns on different meshes used in the
two examples, typical analysis requires a
relatively - small - computational time on a
standard personal computer with Pentium 166
MHz processor. - The two examples demonstrate
that the combined method can provide high
solution accuracy at reduced computational time
and memory for analysis of high-speed
compressible flow problems.
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Fig. 1 - Mach 3 flow past a wedge.
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Fig. 2 - Nomadaptive finite clement mesh and corresponding deusity confours
for Mach 3 flow past a wedge.
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{b) Density contours

-(a) First adaptive mesh

Fig. 3 - First adaptive finite clement mesh and corresponding density corf{ours

for Mach 3 flow past a wedgpe.

{b) Density contours

{a) Second adaptive mesh

Fig. 4 - Sccond adaptive finite clement mesh

and corresponding density contours

for Mach 3 flow past a wedge.

{b) Density contours

(a) Third adaptive mesh

Fig. 5

Third adaptive finite clement mesh and corresponding density confours

for Mach 3 flow past a wedge.
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Fig. 6 - Comparative deasity distributions along secfion A-A of
Fig. 1 between the exact, the nonadaptive mesh, and
the third adaptive mesh solutions.
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Fig. 7 - Mach 6 flow past a cylinder.

63

168




169

Thammasat lut. J. Sc. Tech., Vol.3, No.1, Janvary {998

Finite Clement
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M=6 AL

Cylinder

(a) Nonadaptive mesh (b) Density contpurs

Fig. 8 - Nonadaptive finile clement and correspending densily
confours for Mach 6 flow past a cylinder.

(a) First adaptive mesh {b) Density contours

Fig. 9 - First adaptive finte element mesh and correspounding density
contours for Mach 6 flow past a eylinder.

(a) Second adaptive mesh (b} Density contours

Fig.18 - Sccond adaptive finte element mesh and corresponding density
contours for Mach 6 How pas{ a cylifider.
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(a) Third adaptive mesh (b) Density contours

Fig. 11 - Third adaptive finte element mesh and corresponding density
contfours for Mach & flow past a cylinder.
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Fig. 12 - Comparative density distributions along the flow centerline
_ between the exact, the nonadaptive mesh, and the third
adapiive mesh solutions,
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1. Introduction

Viscous incompressible thermal flows have been the
subject. of many theoretical and numerical investigation. The
problem is relatively complex due to the coupling between the
energy equation and the equations governing the fluid motion [1,2].
These equations constitute a set of coupled nonlinear differential
equations which is difficult to solve especially with irregular flow
geometries and - boundary conditions.  In the past, the finite
difference method has been the most popular method to analyze
such problem. Although the finite difference method can provide
accurate solution over a wide ranée of the Rayleigh numbers, the
method ‘is not convenient for irregular configuration. Moreover,
nonuniform meshes with fine discretization can not be used easily
by the finite difference method in the region of complex flow

behavior. .

The finite element method is one of the pumerical
methods that has received popularity -due to its capability for
solving complex structural problems {3,4]. The method has been
extended fo solve probiems in several other fields such as in the
field of h:aat transfer [5,6], electromagnetics [7], biomechanics [8],
efc. in spite of the great success of the method in these fields, its
application to fluid mechanics, particularly to viscous flows, is still
under intensive research. This is due to the fact that the goveming
differential equations for general flow problems consist of several
coupled equations - which - are inherently nonlinear. Accurate
numerical solutions thus reguire a vast amount of computer time
and data storage. One way to minimize the amount of computer
time and data storage used is to employ an adaptive meshing
technique [9,10]. - The technique places small elements in the
regions of large change in the solution gradients to increase
solution accuracy, and at the same time, uses large elements in
the other regions; to reduce the computational time and computer

memory.
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A Finite Element Method for

Viscous Incompressible Thermal Flows

A finite element method for steady-state viscous incompressible thermal flows has been
developed. The finite element equations are derived from a set of coupled nonlinear Navier-
Stokes equations that consists of the conservation of mass, momenfum, and energy
These derived finite element equations are validated by developing a
corresponding finite element computer program that can be executed on standard personal
computers.  The developed finite element formulation has been evaluated by solving viscous

incompressible thermal flows past imegular geometries with different boundary conditions.

As the first step toward accurate flow solutions using the
adaptive meshing technique, this paper develops a finite element
formulation suitable for analysis of general viscous incompressible
thermal flow problems. The formutation evaluated in this paper will
be used with the adaptive meshing technique in the future. The
paper starts from the Navier-Stokes equations together with the
energy - equation to derive the corresponding- finite element
equations. The computational procedure used in the development
of the computer program is described. The finite element
equations derived and the computer program developed are then
evaluated by examples of free convection in a square enclosure,
free convection in concentric cylinders, and flow in a channel with ~

a built-in high temperature rectanguiar cylinder.

2. Governing Equations

The fundamental laws used fo solve the fluid flow
problems are the law of: (a) conservation of mass or confinuity
equation, (b) conservation of momentums, and (c) conservation of
energy, which constitute a set of coupled, nonfinear, partial
differential equations. For laminar incompressible thermal flow, the
buoyant force is included herein as a body force in the y-
momentum equation [11). If the effects of radiation and viscous
dissipation are neglected, as well as the internal heat generation is
omitted, the differential equations for the two-dimensional steady-

state thermal flow are,

u!x+vly = 0 (1)
plun, tvu, ) = o +71,, {2a)
pluv,, + vv,y) = T,. 1 o,

—pgll - B(T - T,)] (2b)
pe(ul,, +vT,) = kT, ), + (kT,), )

where # -and v are the. velocity components in the x and y
direction, respectively; 7 is the fluid temperature, fl;, is the

reference temperature for which buoyant force vanishes, p is the



fluid density, g is the gravitational constant, B is the volumetric
coefficient of thermal expansion, ¢ is the fluid specific heat, and

k is the fluid thermal conductivity. ' The stress componenis are

defined by,
o, = —p+ 2pu, (4a)
o, = ~p+ 2,‘“@ (4b)
Ty, = ,u(u,y + v, ) {4c)

where  p .is the total pressure and g is the fluid dynamic
viscosity.

The partial differential equations, Egs. (1-3), are to be
solved together with appropriate boundary conditions (see Fig. 1)
of,

(1) Specifying velocity components (%, v;} and fiuid

temperature ( 7, ) along inflow boundary (S;).

u = u(x,y) (5a)
v = v(x,y) (5b)
T = T(xy) (5¢)

(2) Specifying surface tractions ( £, Py) along outflow
boundary (.S, ).

Po= ol+ . m (6a)
P, = 1,0+ om (6b)

where [ and m are direction cosines of the unit vector normal to
the boundary.
(3) Specifying velocity components (%, bvw) and fluid

temperature (7, ) or heat flux (g, ) that flows into or out from

domain along wall boundary (S, ).

u = u,(xy) (72)
v = v,(xy) (7o)
T = T(xy) o g = q,(%y) Tc)

3. Finite Element Formulation

The basic unknowns for the incompressible thermal flow
governing differential equations, Egs. (1-3), after substituting of the
stress components frem Eq. (4), are the velocity components
4, v, the temperature T, and the pressure p. The six-node
friangular element as suggested in Ref. [12] for non-isothermal flow
is used in this paper for the development of the finite_ element
equations. The element assumes . quadratic interpolation for the
velocity -component and the temperature distributions and finear
interpolation for the pressure distribution according to their highest

derjvative orders in the differential Egs. {(1-3) as,

u(x,y) = N,u, (8a)
v(x,y) = N,v, (8b)
T(x,y) = N, T, (Bc)
p(xy) = H,p; (8d)

where ¢ = 1, 2,...,6; A =1 2 3; N, are the element

interpolation functions for the velocity components and the
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temperature, and [, are the element interpolation functions for

the pressure.

To derive the finite element equations, the method of
weighted residuals [6] is applied to the momentum Egs. (2a-b), the
energy Eq. (3), and the continuity Eq. (1),

J‘Na,o(uzﬂc”r + vy, jdd = JNa(o;,,r +7,,)d4 (%a)
A A

jNa pluv, +vv, )dd = _[Na(rv_,' +o,,)dd
1 A

= [Nopgfl = B(T - 1,)]d4 (@)
A
J'Napc(uT,r +vT,, )dd
A
= [NJf(kT, ). + (KT, ), Jdd (o)
A

IHl(u'r + v, )dd = 0 (9d)
A4

where A is the element area. For the six-node triangular element,
Egs. (9ad) consist of 21 finite element equations. Gauss's
theorem is then applied to Egs. (9a-<c) to generate the boundary
integral terms associated with the surface tractions and heat flux.

With the use of Egs. (5-7), Egs. {9a-c) become,

J‘Nap(uu’r + vu’y)‘i/4 + j‘(]va.xo'x + Na,yTxy)dA
A4 A4

= [N, p.ds, (10a)
5

INap(uv,x tovy, )d4d + I(Na.xrxy +N,,0,)d4
y y

= [n, g:dso
S,

o

=~ [N.pg[l - BT - T,)]d4 qov)
A
[N.pe(uT,, + vT,)dd + [N,.(kT, )ds
4 4

+ [N kT, )da = [N,q,d5, (10c)
A S,

Substituting the element velocity component distributions,
the temperature distribution, and the pressure distribution from Egs.
{8a-d), and the siress components from Egs. (4a-<c), the finite
element equations can be written in the form,

Kaﬂr, Ugu, + Kaﬂry vet, —H . p;

0,

a

+S¢u ug + Sqa,y Vg =

Kapy' Uy

(11a)

v, + Knﬂr‘, VgV, — HM_, P - Kaﬂ Tﬂ

7
e, -G -D
T, + M,,T,

+Saﬂ-" ug + Saﬂyy vg = (11b)
anr,uﬂfl; + Kaﬂryvﬂj; + Maﬂ,,
=0,

H,;,,r”ﬂ + Hﬂ”,vﬂ =0

(11c)

(11d)



where‘the coefficients in element matrices are in the form of the
integrals over the element area A and along the element edges

S, and §,, as,

e = NNy N, dA (12a)
A
K,, = [N.N,N,,dd (12b)
A
i
H. = ;JNH_ledA {12c)
- Lin, H, a4
H, = ;J A (12d)
R ZVJ‘N“N,,‘,dA
+ v [N, N, di (12e)
A
S = V:E-Na’rNﬂvdi
+2v[N,, N, d4 (12f)
A
S = VINg, Ny, d (120)
A
S =V JNa_rNﬂ,ydA (12h)
M k IN N, dA (120
e 1
aﬂ” pcA ax Bx
Mo, - = [Noy N, dA 12]
ap¥ pey ay "By (121}
Ky = gB[N,Nydd (12K)
A
o, = L [~ P, as, (121)
a psa
o, = —]—jNaPdea (12m)
a psa
1
0, = — [N,q,d5, (12n)
peg
c, = gj'NadA (120)
° 4
D, = gfT, [N, d4 (12p)
A
where Vv s the fluid kinematics viscosity defined by,
v = £ (13)
o

These element matrices .are evaluated in closed-form
ready for computer programming. Details of the derivation for

these element matrices are omitted herein for brevity.

4. Computational Procedure

The derived finite element equations, Egs. (11a-d), are
nonlinear. - These nonlinear algebraic equations are solved by

applying the Newton-Raphson iteration technique [13] by first
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writing the unbalanced values from the set of the finite element

Egs.(11a-d) as,

Fa,, = Kaﬂ,,r ugu, + Kaﬁ,-v vgu, — Haf po
+Sap" u, + Saﬂ,y v — Q. (14a)
Fzz~" = Kaﬂr” uv, + Kaﬁr" Vv, — Haz-" D
+Saﬂy,r ug + Saﬂ»‘f" vg ~ KTy —Q, + C, + D, (14b)
Fa, = Kaﬂf u,,?; + Kaﬁy-“ v,,,T;
M T M T~ 0, {14c)
Fﬂp = pr' uy + H/w Vg (14d)

This leads to a set of algebraic equations with the incremental
unknowns of the element nodal velocity components, temperatures,

and pressures in the form,

Ko Ko, 0 K,|[4u, E,
w Ko Ko Kpllavg| _ |F, 5)
K, K; Kmp 0 |47, F,
K, K, 0 0 ||l4p, F,
where
K, = Kaﬂr,, u, + Kayp' u, + Karﬂ” v, + Saﬂ‘x’ (16a)
w = Kt + S,,,;x.v (16b)
29% S 1% (16c)
K, = 8-+ S . (16d)
K, = " u, + Kaﬂrv v, + Kayﬁy v, + Saﬂ” (16e)
Ky = —Kg (16f)
K, = -H_, (16g)
Kp = K .T, (16h)
Kn = K. T, (160)
Ky = Kurﬂ’ u + Kurﬂy v, + Maﬂn + Maﬂ”’ (18))
K, = Hﬂy, (16k)
K, =H o (161)
in the above Egs. (18a-l), %, and v, are the values of the

velocity components and 7,

“ is the values of the temperature at
h
the i

iteration. ~ The iteration process is terminated if the
percentage of the overall char;ge compared to the previous

iteration is less than the specified value.

The final form of the finite element equations, Egs. (15-
16), and the iteration procedure described ére used in the
development of a finite element computer program that can be
executed on standard personal computers. The program has been
verified by solving a number of examples that have known results

before applying fo solve more complex flow problems. Selected

examples are presented in the next section.




5. Examples

in order to evaluate the finite element formulation and

demonstrate its - capability, three examples of = viscous

incompressible thermal flows are presented herein.

5.1 Free convection in a square enclosure

The first example for validating the finite element
formulation developed is the problem of free convection in a square
enclosure.” The square enclosure, shown in Fig. 2, is bounded by
the two vertical plates with specified temperatures of 20°C and
60°C and insulated plates on the top and bottom surfaces. The
problem was analyzed by other technique [14] for which the result
can be used for comparison. The finite element model consisting
of 200 elements and 441 nodes, as shown in Fig. 2, is used in this
study. - Figures 3(a-b) show the predicted velocity and temperature
distributions, respectively, for the case with the Rayleigh number of
104. The figures show relatively smooth flow velocity vectors that
circulate in the counterclockwise direction and the smooth
temperature distribution. - The same analysis is repeated but with
the Rayleigh number of 105. Different flow patterns of the velocity

and temperature distributions are obtained as shown in Figs. 4(a-

b). . The flow velocity pattern indicates.two regions of circulation,

both in counterclockwise direction. The predicted velocity profiles
and the temperature distributions aloﬁg the mid-height of the
square enclosure for both flow cases are compared with the results
from Ref. {14] as shown in Figs. 5(a-b), respectively. The figures

show good agreement of the solutions for both the flow cases.

5.2 Free convection in concentric cylinders
The second example is the problem of free convection in
the -annular space between fong, horizontal concentric cylinders.
The finite element model consisting of 271 elements and 600
nodes is shown in Fig. 6. The concentric cylinders has high
température on the inner cylinder_and lower temperature on the

outer cylinder. Two analysis cases with the temperature difference

between the inner and outer cylinders of 5°C and 10°C {Rayleigh

numbers of 2500 and 5000) are performed. - Figure 7(a) shows the
predicted fluid temperature distribution and velocity vectors for the
case with the Rayleigh number of 2500. The figure shows smooth
temperature distribution and flow velocity pattern that circulates in
the clockwise direction. However, for the case with higher
Rayleigh number of 5000, the flow velocity pattern has changed to
two regions of circulation with a small region of counterclockwise
flow pattern. appears on the upper portion of the cylinders as
shown in Fig. 7(b). These resuits highlight 2 more complex flow
behavior that can occur from a slight change of the boundary

condition.
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5.3 Flow in a channel with a built-in high temperature
rectangular cylinder

To further demonstrate the Capability of the finite element
formulation developed for a more complex problem, the problem of
viscous “thermal flow through a channel with a buiit-in high
temperature rectangular cylinder as shown in Fig. 8 is selected.
The flow at temperature ‘of 20°C and Reynold number of 100
enters through the (et boundary of a channel that has
termperatures on boih the upper and lower walls of 40°C. The fluid
flows past the built-in - rectangular cylinder that also has higher
temperature of 40°C.." The finite element mode! used for the
analysis, as shown in the figure, consists of 390 elements and 852
nodes.

The predicted flow solutions -are shown in Figs. 9(a-c).
Figure 9(a) shows the velocity pattern of the fluid that flows past
the rectangular cylinder with two small regions of circulation occur
behind it. Fig. 9(b) shows the predicted temperature contours with
increased - fluid temperature near both of the walis and the
rectangular cylinder. Fig. 9(c) shows the predicted flow pressure
distribution that causes the fluid to flow from the left to the right of
the channel.

To demonstrate that the ' finite element formulation can
handle different  boundary ' conditions = easily, the analysis is
repeated for the case when both the upper and lower walis are
insulated. Figure 10(a) shows the predicted temperature contours
indicating that the fluid temperature increases as it flows past the
high temperature rectangular cylinder. Fig. 10(b) also shows the
predicted temperature contours for the case when the upper wall is
insulated and the lower wall temperature is maintained at 40°C.
These resulls demonsirate the capability of the  finite element
formulation developed that can provide insight into the complexity
of the viscous thermal flow behaviors  under - different boundary

conditions.

6. Concluding Remarks

A finite element method for = steady-state viscous
incompressible .thermal flow is presented.  The finite element
equations were derived from the goveming flow equations that
consist of the conservation of mass, momentum, and energy
equations. The derived finite element equations are nonlinear
requiring an iterative technique  solver. The Newton-Raphson
iteration method is applied to solve these nonlinear equations for
solutions of the nodal ‘velocity components, temperatures, and
pressures. The cormresponding computer program that can be
executed on standard personal computers has been developed.
The finite element formulation developed have been verified and

evaluated by the three examples of free convection in a square




enclosure, free convection in concentric cylinders, and flow in a
channel with a built-in high temperature rectangular cylinder. The
examples demonstrate the capability of the finite element
formulation that can provide insight to complex viscous thermal

flow behaviors.
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1. introduction

The use of the finite element method to solve fluid flow
problems has increased its popularity. This is due 1o the fact that
the governing differential equations for general flow problems
consist of several coupled equations which  are  inherently
nonfinear. Together with - complex flow geometries and generaf
boundary conditions that increase the difficulty of the problem, the
finite element method is more aftractive comparing fo other
numerical methods [1-3]. VDespite its capability and popularity as
mentioned, - accurate finite element solution still requires a vast
amount of computer time and data storage {4-5].

One way to minimize the amount of computer time and
data storage used is to employ adaptive mesh-generation
techniques. = The techniques may be classified info two major
categories: 1) refinement/derefinement, and 2) remeshing. The first
category, the adaptive refinement/derefinement technique, can be
further classified into three subcategories: a) the h method, b) the p
method, and c) the r method. In the h method, the elements in the
initial mesh are refined into smaller elements or derefined into
larger elements [6]. ‘The p method maintains the geometry of the
elements of the initial mesh but increases {or decreases) the order
of the polynomials used for the element interpolation functions {7].
The 1. method < keeps the number of  elements and their
connectivities the same but relocates the nodes [8].

In this paper, the finite element method for viscous
incompressible flows .{8] is combined with the adaptive meshing
technique [10,11] to improve the finite element analysis solution
aceuracy and reduce the computational time as well as the
computer memory. - The adaptive meshing technigue will place
small elements in the regbion of large change in the solution
gradients to increase solution accuracy, and at the same time, will

place larger elements in the other regions to reduce the
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Adaptive Finite Element Technique for

Viscous Flow Analysis

A finite element method for analysis of viscous incompressible flow is presented. The finite
element formulation and the computational procedure are described. The corresponding
computer program that can be execuled on standard personal computers has been
developed. The method is combined with adaptive meshing technique to increase the
solution accuracy, and at the same time, fo minimize the computational time and computer
memory required. The efficiency of the combined method is evaluafed by examples of flow

past a cylinder, flow in a sudden enlargement duct, and flow through an orifice.

computational time and computer memory. - The paper starts by
explaining the finite element formulation-and the corresponding
solution procedure that leads to the development of a computer
program. The basic idea behind the adaptive meshing technique is
then described. Finally, the efficiency of the combined method is
evaluated by examples of flow past a cylinder, flow in a sudden

enlargement duct, and flow through an orifice.

2. Theoretical Formutation and Solution Procedure
2.1 Governing equations

The fundamental laws used to solve fluid motion in a
general form [12] are the law of: (a) conservation of mass or
continuity equation, (b} conservation of momentum, and (c)
conservation of energy, which constitute a set of coupled,
nonlinear, - partial - differential  equations. = For ' low-speed
incompressible flow, the fluid density and the flow temperature are
assumed constant, and only the continuity equation and the
momentum - ‘equations - are needed for the - analysis. These

differential equations for the two-dimensional steady-state flow are,

U, 4V, = 0 (1a)

YU, +VU,,~0,, — T, =0 {1b)

uv, +vv, —t..—o, =0 ic
x y Xy, x Y.y

where % and v are the velocity components in the x and y
direction, respectively. The stress components g.,0, ad 7,

are defined by

o, :———g+2vu”r {2a) .
Yo

o, =-_7p+2vv,y (2b)

Ty = viu,+v,, {2c)

and where p is the pressure, v is the kinematic viscosity which

can be written in form of the viscosity, & , and density, o ,as,




vV o=— 3)

The differential equations, Eqgs. (1a-c), are to be solved
with appropriate ‘boundary conditions which are either specifying

velocity components along edge S,,

ux,y)=u,xy) (42)

v(x,y)=v,(x,y) (4b)
or suiface tractions along edge S,

I,=o0l+7,m (5a)

T, =t l+o0,m (5b)

where [ and m are the direction cosines of the unit vector normal
to the boundary edge.
2.2 Finite element formulation

The basic unknowns for the two-dimensional viscous
incompressible flow problem corresponding to the continuity Eq.
{(1a) ‘and the two momentum Egs. (ib-c) .are the velocity
components #; v and the pressure p. The six-node triangular
element suggested in Ref. [4] is used in this study. The element
assumes quadratic interpolation for the wvelocity component

distributions and linear interpolation for the pressure distribution

according to their highest derivative orders in the differntial Egs.

{1a-c) as,
u(x,y)=N,u, (6a)
v(x,y)=N_v, (8b)
p(x,y)=H,p, (60)

where @ = 1,2,..6; A= 1, 2, 3; N, and H,are the element

interpolation functions for the velocity and pressure, respectively.
To derive the finite element equations, the method of

weighted residuals [13] is applied to the momentum Egs. (1b<)

and the continuity Eq. (1a),

LN,.(u U, tvu,,~0,, ~7, ) dd=0 (7a)
LNi(uv,,+vv,y——rxy.x-0'y'y)dA:O (7b)
L H(utv,,)dd=0 7c)

where A . is the elément area. Gauss's theorem [13]} is then
applied to “Egs. (7a-b) for generating the element boundary

integrals. The process gives,
[Niuu +vu, ) dd+ [ (N, 0,)dd

+ L(N,.,yr,y)zi»i:: I_zNiﬂdS (8a)

LN,.(uv,x+v v,, ) d4d+ J;(N,.,xrx) dA
+ L(N,._yay) dA = L} NT,dS ()
[ Hitu,+v,, ) da=0 (8c)

By -substifuting the stress components in terms of pressure and
velocity gradients from Egs. {2a<), the above equations {8a-b)
become,
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LN,.u u, dA+ LNivu,y dA — LN,._xﬁdA

+ L2vNi,Iu,di+ LvN,}_vu,y dd + LvNi‘_vv,di

= [ nT.as (%a)
2
‘ P
[Ny das [ Nyv, di- [N, Sad
+ LvNi'xu,y dd+ LVN,-':V,X dA + L2VN,.‘yv,ydA
= [ NT.as (@b)
2 .
From the assumed element velocity components, their derivatives
are,
u,=N, u, u,=N, u, (10a)
V= Na,xva V= Na’yva {10b)

Substituting Egs. (8a-c,10a-b) into Egs. (8c, 9a-b) leads to the

finite element equations that can be written in tensor form as,

7
Kaﬂy’uﬂ u, +Kaﬂy-vvp u, —;)—H(M,p,1 +Saﬂ“uﬂ

+Saﬂ,yvﬂ =0 . (11a)
Kapy’uﬁ v, + Kaﬂy_,vﬂ v, —%Hﬂ.yp,1 + Sap"’uﬁ

+8 w¥s = 0,0 (116)
H uy+H_ ,v,=0 (11c)

where the coefficients in these equations are defined by,
K, .=[N,N,N, a1 (123)
K, = LNa Ny N, dA (12b)
TERS LN[,,,H,I dA (12¢)
b A LNa,sz dA (12d)
S, g = [2VNuxN g dd+ [ W, N, A (126)
S o = L W, N,.dd (120)
S5 = [W_ N ,da (129)
S o & LvNa.,N gxdA+ L2vN”N 5,44 (12h)
Q= NTds | (12)
0, = LN,.Tde {12j)

2;3 Computational procedure
The finite element equations, as shown in Egs. (11a<),
are nonlinear to be solved by an iterative procedure. The Newlon-
Raphson iteration method is selected in this study. The method

requires writing the unbalance values in the form,
1
Fa" = Kﬂh,uﬂ u, + Ka/?y-yvﬂ U, — ;H‘ﬂ,pl1

+Sa,5"uﬂ + Saﬁ’-" V=0 . {13a)



i
F,= Kam,uﬁ v, +Kapy-"v/’ v, —;Hd‘ypl

(13b)

¥

+Saﬂ,,, uy+ Saﬂyy V=@

F,= Hﬂp,uﬂ + Hﬁﬂ_vvﬁ (13c)
Then application of the method leads to a set of algebraic

equations with incremental unknowns in the form,

i
Gaﬁ‘ Laﬁ‘v *;Hd" Auy F,
Laﬂ, Gaﬁ_v - % HW Avy o= Fay (14)
pu u” 0 A‘le Fy
wh;re the coefficients in the abo;e equations. are,
qu* = Kaﬂy,uy + Karﬂ,uy + Kaypyvy +Sap" (15a)
Gaﬂy = Kaﬂﬂ v, + Ka]ﬁy v, + Kayﬁ,uy +Saﬁw {15b)
Laﬂr = Kaﬂr v, + Saﬂ-"’ (15¢)
La'ﬂy = KIWV u, + Saﬁ,_v (15d)

These coefficients which are in form of element matiices can be
evaluated in closed-form for triangular elements ready for computer
programiming. Details of the derivation<for these element matrices

are omitted herein for brevity. In these Egs. (15a-d), U, and vy

are the values of the velocity components at the i"1 iteration. The
iteration process is terminated if the change in percentage of the
overall errors of the nodal unknowns from the previous iteration is
iess than the specified value.

The closed form .of the finite element matrices derived
and the iteration procedure described are used in the development
of a computer program that can be executed on standard personal
computers. The main objectives in development of this computer
program is such .that it follows the formulation-derived, easy fo
understand, and used together with the adaptive - meshing
technique which is explained in the next section. Both the finite
element matrices derived and the computer program developed
have been verified by a number of examples that have exact
solutions prior to applying t6 solve more complex problems.

2.4 Adaptive meshing technigue

The idea behind the adaptive meshing technique
presented herein is to construct a new mesh based on the solution
obtained from the previous mesh. The new mesh will consist small
elements in the regions with large change in solution gradients and
iarge elements-in the other regions where the change in solution
gradients is small. As an example of a flow past‘ a cylinder, small
elements are needed near the cylinder surface to capture detailed
flow field, whereas larger elements can be used in the region far
away from the cylinder because the flow behavior is almost
uniform. To determine proper element sizes at different locations in
the flow field, the solid-mechanics concept of determining the

principal stresses from a given state of stresses at a point is
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employed. Since small elements are needed in the regions of
complex flow behavior, thus the velocity distribution can be used
as an indicator in the determination of proper element sizes.

To . determine - proper element sizes, the second
derivatives of ‘the flow velocity -with respect to the global

coordinates X and ¥ are first computed,

o AW

8x* x8y

o o (18)
éxdy 8y

where. } is the magnitude of the two velocity components u and
v,

V=yul +v° (an
The principal quantities in the principal directions X and Y where

the cross derivatives vanish, are then determined,

2
v
P (18)
0 2
oY

The magnitude of the larger principal quantity is then selected,
( av| |y ]
A = max

ox?
This value is used fo compute proper element size A at that

(19)

2

oY’

iocations - from the conditions [14],

WA =constant =h>, A

iV (20)
where hmm is the specified minimum element size, and lmx is
the maximum principal quantity for the entire model.

Based on the condition shown in Eq. (20), proper element
sizes are generalted according to the given minimum element size

h

excessive number of elements. On the other hand, specifying too

Specifying too small- /2., may result in a model with' an

min *

large &

in ThAY Tesult inadequate solution ‘accuracy or excessive
analysis and remeshing cycles. These factors must be considered

prior to generating a new mesh.

3. Examples

Three examples are presented to evaluate the capability
of the finite element formulation combining with the adaptive
meshing technique for analysis of incompressible flows. The three
examples are flow past a cylinder, flow in a sudden enlargement
duct, and flow through an orifice.” All computations were made on
standard personal computer with Pentium 166 MHz. processor.

3.1 Flow past a cylinder

To demonstrate the capability of the adaptive meshing
technique combining with the finite element method developed for
viscous incompressible flow analysis, the problem of flow past a
cylinder [15] is selected. The flow enters through the left boundary

edge with the Reynolds number of 50 as shown in Fig. 1. Due to



the symmetry of the flow solution, only half of the domain is
analyzed. The adaptive meshing technique starts from creating a
relatively uniform mesh ‘as shown in Fig. 2. This initial mesh
consists of 1,433 elements.. Such a farge number of elements is
needed because, for a given flow problem in general, the flow
solution is not known a priori. A large number of small elements
are normally used to capture meaningful flow behavior. Element
sizes for this problem are small in order to adequately represent
the round surface of the cylinder. The predicted velocity distribution
is shown in Fig. 3. Figure 4 shows the change in the flow
magnitude and direction near the cylinder surface with flow
recircuiation occurs behind the cylinder. These figures suggest that
smaller elements are needed near the cylinder surface to capture
accurate flow behavior. At the same time, larger elements can be
used in the region far away from the cylinder to reduce the total
number of unknowns, the computational time and the computer

memary.

The flow velocity distribution obtained from the initial
mesh as shown in Fig. 3 is then used to determine new element
sizes for generating the second adaptive as described in section
24. The second adaptive mesh consisting of 583 elements is
shown in Fig. 5. The figure shows smaller elements are generated
in the region near the cylinder surface where large change in
velocity gradients occurs. At the same fime, larger elements are
generated in other regions away from the -cylinder. With this
second “adaptive mesh, the finite element analysis is then
performed and the corresponding flow velocity solution is shown in

Fig. 6.

The entire procedure is repeated again to generate the
third adaptive mesh . with 671 elements as shown in Fig. 7. The
corresponding flow solution of velocity distribution is shown in Fig.
8. Detailed flow velocities near the cylinder surface is shown in Fig.
9. The figure shows that the adaptive finite element mesh can
provide improved flow behavior near top cylinder surface including
detailed flow recirculation behind the cylinder as compared to the
resuits from the initial uniform mesh. Figure 10 also l;ighlights the
velocity profile along the section A-A (see Fig. 9) on top of the
cylinder surface. The figure indicates a smooth velocity profile- is
obtained due to small elements are generated in this critical

boundary layer for this adaptive mesh.

3.2 Flow in a sudden enlargement duct
To. demonstrate the -adaplive meshing capability for
viscous incompressible flow, the flow behavior in a sudden
enlargement duct {16] is analysed. The flow enters with a parabolic
profile at Reynolds number of 100 through a channel of a duct with

sudden enlargement as shown in Fig. 11. The first adaptive mesh
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consistiﬁg of 1,490 elements with relatively uniform element
sizes is first generated as shown in Fig. 12. The predicted velocity
distribution from this mesh is shown in Fig.13. With this solution,
the second adaptive mesh is then constructed as shown in Fig. 14.
The mesh consists only 780 elements which is approximately a
half of those used in the first mesh. The corresponding predicted
velocity distribution is shown in Fig. 15. The figure shows improved
resolution of the velocity distribution because smaller elements are
constructed in the region of large change in the velocity gradients
whereas larger elements are generated in the other regions in
order to reduce the computational time and computer memory. The
entire process is repeated to generate the third mesh that consists
of 1,100 elements as shown in Fig. 16. The predicted velocity and
pressure distributions from this third adaptive mesh are shown in
Figs. 17 and 18, respectively. These figures show improved flow
solutions that inciude detailed flow velocity behavior with the region

of flow recirculation beneath the flow inlet.

3.3 Flow through an orifice

To further demonstrate the adaptive meshing capability
for capturing a more complex flow behavior, the problem of flow
through - an -orifice is analysed. The flow enters from the left
boundary of an orifice with the Reynolds number of 50 as shown in
Fig. 19. Due to symmetry of the flow solution, only the upper or
the lower half of the orifice can be analysed. Figure 20 shows the
first adaptive mesh on ‘the upper half that consists of 1,638
elements with- relatively uniform element sizes. The figure also
shows the predicted velocity distribution on the lower half. Detailed
finite element mesh and velocity distributions near the orifice are
shown in Fig. 21 with an enlargement in Fig. 22. With the predicted
velocity distribution from the first mesh, the second adaptive mesh
is constructed and the flow solution is carried out as shown in Fig.
23. This second adaptive mesh consists of only 701 elements with
small elements automatically generated near the orifice where the
large change in velocity gradients occurs. The entire process is
then repeated to generate the third adaptive mesh with 1,620
elements as shown in Fig. 25. Eventhough the total number of
elements generated in this third mesh is about the same as the
first uniform mesh, the corresponding flow solution as shown in
Fig. 25 can provide  detailed flow resolution near  the orifice.
Detailed flow behaviors as shown in Figs. 26-27 indicate the
increased flow . velocity vectors ' that merge with flow  from
recirculation ‘behind the orifice. Figure 28 shows the predicted
pressure distribution from the third adaptive mesh. The predicted
flow solutions from this third adaptive mesh demonstrates the
capability of the combined adaptive meshing technique and the
finite element method that can pravide insight and help analysts to

increase understanding of the complex flow behavior.




4. Concluding Remarks

An adaptive meshing technique is combined with a finite
element  method - for - analysis of viscous -incompressible flow
problems.. The finite element formulation and its computational
procedure s first . described. The = Navier-Stokes  equations
consisting of the conservation of mass and momentums are solved.
The corresponding finite element equations  are derived and a
corresponding computer program that can be executed on standard
personal computers has been developed.: The finite ~element
method is combined with an -adaptive: meshing technique to
improve . the flow solution accuracy. The adaptive = meshing
technique generates an entirely new mesh based on the sclution
obtained frofn a previous mesh. The new mesh consists of
clustered elements in the regions with large change in the velocity
gradients to provide higher solution accuracy. At the same time,
larger elements are generated in the other regions to reduce the
computational time and computer memory.

The efficiency of the combined adaptive finite element
method has been evaluated by the three viscous incompressible
flow problems of flow past cylinder, flow in a sudden enlargement
duct, and flow through an orifice. Results from these examples
demonstrate that the combined method can provide detailed flow

solution behaviors at a reduced computational time and computer

memory.
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Computational Domain

Flow -/—-- Cylinder

Fig. 1 — Flow past a cylinder.
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Fig. 2 — Initial finite element mesh for flow past a cylinder.
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Fig. 3 — Predicted flow velocity distribution from Fig. 4 — Detailed flow behavior near cylinder surface

the initial finite element mesh. (insert A in Fig. 3 the initial mesh).




186

Fig. 5 — The second adaptive finite element mesh for flow pést a cylinder.
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Fig. 6 — Predicted flow velocity distribution from the second adaptive finite element mesh.

- Fig. 7 — The third adaptive finite element mesh for flow past a cylinder.
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Fig. 8 — Predicted flow velocity distribution from the third adaptive finite element mesh.
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Fig. 9 — Detailed flow behavior near cylinder surface (insert B in Fig. 8) for the third adaptive mesh.

Section A-A
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. Fig. 10 ~ Fiow velocity profile along section A-A in Fig. 7.
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Fig. 11 - Flow in a sudden enlargement duct.
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Fig. 12 — First adaptive mesh for flow in a sudden enlargement duct.
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Fig. 13 -~ Predicted velocity distribution from the first adaptive mesh.
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Fig. 14 — Second Adaptive mesh for flow in a sudden enlargement duct.
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Fig. 15 - Predicted velocity distribution from the second adaptive mesh.

Fig. 16 — Third adaptive mesh for flow in a sudden enlargement duct.
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Fig. 17 - Predicted velocity distribution from the third adaptive mesh.
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Fig. 18 — Predicted pressure distribution from the third adaptive mesh

04

IOV W AR KRR KK e




Flow

Fig. 20 — First adaptive mesh and predicted velocity distribution for flow through an orifice.
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Fig. 18 — Flow through an orifice.
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Fig. 22 — Detailed velocity distribution near the orifice of insert B in Fig. 21.
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Fig. 23 - Second adaptive mesh and predicted velocity distribution for flow through an orifice.
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Fig. 24 — Third adaptive mesh and predicted velocity distribution for flow through an orifice.

Fig. 26 — Detailed velocity distribution of insert D in Fig. 25.
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Fig. 27 — Detailed velocity disfribution of insert E in Fig. 26.
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Fig. 28 — Predicted pressure distribution from the third adaptive mesh.
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Abstract

An adaptive cell-centered finite element technique for analysis of high-speed compressible flows is
presented. The analysis formulation and the computational procedure are described. The formulation
is validated by developing a corresponding computer program that can be executed on standard
personal computers. The method is combined with an adaptive meshing technique to increase the
solution accuracy, and at the same time, to minimize the computational time and computer memory
required. The efficiency of the combined method is evaluated by examples of oblique shock reflection
at a wall, Mach 6 flow past an expansion ramp, and Mach 2.6 flow in a channel with compression and

expansion ramps.

Introduction

High-speed compressible flows past a
typical géometry normally include complex
flow characters, such as shock waves, flow
expansions, thin boundary layers, shock-shock
interactions,  and  shock-boundary - layer
interactions [1,2]. In addition, resolution -of
these flow characters is required to accurately
predict aerodynamic pressure and skin friction
distributions as well as aerodynamic heating
rates on the geometry surfaces. These quantities
are important and critical for the design of high-
speed structural configurations. Most of these
flow features are characterized by steep
gradients = that  need  robust  analysis
computational techniques with dense mesh
refinement for high flow-behavior resolution.
These requirements mean that the high-speed
compressible  flow  analysis always involves
large-scale computations with vast amount of
computer time and data storage.

The analysis computational techniques
that have been developed and used in the past
few decades are based on the finite difference
method [3]. Until recently since the past
decade, several finite element algorithms have
been under development to alleviate the
difficulty of the analysis computation due to
complex geometry of the flow field. The
algorithms  include the  Taylor-Galerkin
algorithm [4], the Petrov-Galerkin algorithm

[5], the least-squares algorithm [6], and the
upwind cell-centered algorithm [7].

In this paper, the upwind cell-centered
algorithm is combined with the adaptive
meshing technique [8,9] to improve the finite
element analysis solution accuracy and reduce
the computational time as well as the computer
memory. The upwind cell-centered algorithm is
selected because of its robustness in capturing
shock = with less formulation complexity
compared to other algorithms. The adaptive
meshing technique is applied to place small
elements in the region of large change in the
solution gradients to increase solution accuracy
and, at'the same time, to place larger elements
in the other regions to reduce the computational
time -and memory.. The paper starts by
explaining the theoretical formulation for high-
speed compressible < flow analysis and the
solution procedure that lead to the development
of the computer program. The basic idea
behind the adaptive meshing technique is then
described. Finally, the combined technique is
evaluated by analyzing the problems of high-
speed compressible flows of oblique shock
reflection at a wall, Mach 6 flow past an
expansion ramp, and Mach 2.6 flow in a
channel with compression and expansion ramps.
Results are compared with those obtained from
the  conventional ~ technique that - uses
nonadaptive meshes.



Theoretical  Formulation and  Solution
Procedure
Governing Equations:

The equations for high-speed inviscid
laminar compressible flow are governed by the
conservation of mass, momentum, and energy.
These equations, in two dimensions, are written
in the conservation form [10] as,

0 2 o4 _
E{U} + g;{E} + ‘a‘;{F} =0 m

The  vector {U} = contains  the
conservation variables defined by,

Yo
wh =4, @)

pE

where p is the fluid density, # and v are the
velocity components, and ¢ is the total energy.
The vectors {E} and {F} consist of the inviscid
fluxes in the x and y directions, respectively.
These inviscid flux vectors are given by,

pu pv
2
pu +p puv
{£} = s F =4 3)
puv VP
puE+ pu pPVE+ pv

where p is the pressure. The total energy
consists of the internal energy and the kinetic
energy defined by, ’

£ = e+ é(u2+v2) %)

where e is the internal energy that can be written
in the form,

e = ¢y T (5)

where ¢y, is the specific heat at constant volume,
and T is the temperature.

Analysis Solution Algorithm:

The integral form of the Euler equation,
(1) for an element of domain (2 is first written,
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féa;{ Ulde=- jg‘a;{ £ }de - jga;{ F }d2 (6)

The Gauss divergence theorem is then applied
to the terms on right-hand-side of equation (6)
as,

_I%{E}d_(2~j§;{F}d.Q = -jre{G}.fz dr
(7N

where flux vector {G} is the combination of the
flux vectors, {E} and {F}, and 7 is the unit
vector normal to the element boundary 7.

Equation (7) is evaluated by summing
the normal fluxes from all the sides, I, for each
element. The fluxes normal to the element sides
are then approximated by the numerical inviscid
fluxes, G, which are the average quantities
normal to the element sides, i.e.,

[ {ekaar = 35 G} ®)

where ¢ is the length of element sides and the
summation is performed for all the sides.

By substituting equation (8) into (6), and
applying an explicit time marching algorithm
{11}, equation (6) becomes,

U U ) 4 _
(—'—‘2‘7)—2‘ = -Ys1{G} ©

where U™and U” are the conservation
variables at time steps n+/ and n, respectively,
At is the time step and 4, is the element area.

The basic concept behind the upwind
cell-centered algorithm used in this paper is to
determine the flux across element interfaces by
Roe’s averaging procedure [7]. The average

inviscid flux G is given by,
= 1

G = —Z—[GL +Gp +

Aw,-uy| a0

where the subscripts L and R denote the left and
right elements, respectively. The last term in
equation (10) may be viewed as artificial
diffusion needed for solution stability. This
diffusion is represented by the product of the




*
Jacobian matrix [A ] and the difference

between the left and right element conservation
variables Uy, and Up. The Jacobian matrix

[A*} is defined by,

[A*} = [rl" [l [&] (11

where
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In these matrices,
U = ul+vm 1 V = -um+v¥
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P
a = (2 +v23)/N2 ; B = r=1

where 7 and m are the direction cosines of the

unit vector normal to that side, and y is the
specific heat ratio. Then the increments of the
conservation variables, A U= Um+l _ Um _are

determined from,
)
—_—1 A =
] 2]{ U}
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A
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where [ 1] is the identity matrix.
Adaptive meshing technique:

Adaptive mesh-generation techniques
may be classified into two major categories: 1)
refinement/derefinement, and 2) remeshing. The
first category, the adaptive refinement/
redefinement - technique, can be  further
classified into three subcategories: a) the h
method, b) the p method, and c) the r method. In
the h method, the elements in the initial mesh
are refined into smaller elements or derefined
into larger elements [12]. The p method
maintains the geometry of the elements of the
initial mesh but increases (or decreases) the
order of the polynomials used for the element
interpolation functions [13]. The r method keeps
the number of elements and their connectivities
the same but relocates the nodes [14].

The remeshing technique, the second
adaptive mesh-generation category, generates an
entirely new mesh based on the solution
obtained from an earlier mesh [8,9]. The
technique is combined with the upwind cell-
centered finite element formulation in this paper
to solve for solutions of high-speed
compressible flow problems. The idea is to
construct a new mesh that consists of small
elements in the regions with large change in
solution gradients and large elements in the
other regions where the change in solution
gradients is small. As an example, small
elements are needed in the regions of shock
waves to capture shock resolution, where as
larger elements can be used in the free-stream
regions because the flow behavior is uniform.
To determine proper element sizes at different
locations in the flow field, the solid-mechanics
concept of determining the principal stresses
from a given state of stresses at a point is
employed. Since the fluid density changes
abruptly across the shock waves, thus the
density distribution can be used as an indicator
in the determination of proper element size.

Because small elements must be placed
in the region the shock wave where large
changes in the density gradients occur, thus the
second derivatives of the density at a point with
respect to global coordinates x and y are needed
to compute,



o’p dp
2
o
> 3 (16)
oxdy oy’

Then the principal quantities in the principal
directions X and ¥ where the cross derivatives
vanish, are determined,

o’¢

oy’

o’¢

A =
1 oX’

, A2 = an

These principal quantities are then used to
compute proper element sizes #j and /2 in the
two principal directions using the condition

[15],

hl A = ki Ay = constant = k., Ay
(18)

where hyyjy, is the specified minimum element
size, and Apgy is the maximum principal
quantity for the entire model.

Based on the condition shown in
equation (18), the element size is generated
according to the given minimum element size
hyin - Specifying too small Ay,;;, may result in a
model with an excessive number of elements.
On the other hand, specifying too large A,
may result in inadequate solution accuracy or
excessive analysis and meshing cycles. These
factors must be considered prior to generating a
new mesh. Note that, because the technique
generates an entirely new mesh with different
nodal locations from the old mesh, interpolation
of the solution from the old to the new mesh
should be used to increase the analysis solution
convergence.

Examples

Three examples are presented to
evaluate the capability of the upwind cell-
centered finite element formulation combining
with - the adaptive meshing technique for
analysis of high-speed compressible flows. The
three examples are the oblique shock reflection
at a wall, Mach 6 flow past an expansion ramp,
and Mach 2.6 flow in a channel with
compression and expansion ramps. All
computations were made on standard personal
computer with Pentium 100 MHz processor.
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Oblique shock reflection at a wall:

The problem statement of an oblique
shock reflection at a wall is described in Fig. 1.
The Mach 2.9 and Mach 2.37 flows enter
through the left and the top boundaries of the
computational domain resulting in an oblique
shock wave from the top-left corner. This shock
wave is incident and reflected by the wall as
highlighted in the figure. Figure 2(a) shows a
typical uniform finite element model that
consists of structured mesh with 800 triangular
elements and 451 nodes. With this finite
element model, the computer program
developed was used to carry out for the
solutions. = A typical solution of density
distribution in form of the contour lines is
presented in Fig. 2(b). The figure shows a
shock reflecting from a wall. The computed
shock is not sharp because the elements along
the shock lines are not small enough. Such
solution suggests the use of small elements
clustered along the shock line to provide better
shock resolution.

Small elements along the shock line for
improved shock resolution can be generated by
using the adaptive meshing technique described
in the preceding section. The technique starts
from generating a relatively uniform mesh such
as shown in Fig. 3(a) with 844 elements and 475
nodes. With the first mesh, the fluid analysis is
performed to obtain the corresponding flow
solution as illustrated by the density contours in
Fig. 3(b). Based on this flow solution and the
use of the adaptive meshing technique, the
second mesh is created as shown in Fig. 4(a).
This second mesh consists of 831 elements and
445 nodes with smaller elements clustered along
the shock line and larger elements in the free
stream region. The fluid analysis is then
repeated -to yield a flow solution as illustrated
by the density contours in Fig. 4(b). The entire
process is repeated again to generate a third
adaptive mesh with 845 elements and 444 nodes
and the corresponding flow solution of density
contours as shown in Fig. 5(a) and 5(b),
respectively. The final solution as shown in Fig.
5(b) indicates good solution accuracy for shock
reflection because small elements generated
along the shock line. And since larger elements
are used in the other regions, thus the total CPU
time for fluid analysis is minimized. A typical
analysis requires a total of 900 time steps for a
converged solution with approximately 90 to



180 CPU seconds on standard computer with
Pentium 100 MHz processor.

Mach.6 Flow Past an Expansion Ramp:

The problem statement of a Mach 6 flow
past an expansion ramp is described in Fig. 6.
The flow creates mach waves from an
expansion ramp as highlighted in the figure.
Figure 7(a) shows a nonadaptive finite element
mesh with 1,008 elements and 559 nodes. The
corresponding  predicted density distribution
represented by contour lines is presented in Fig.
7(b).k The figure shows that the resolution of the
computed mach waves from an expansion
corner are not good enough due to the element
sizes are too large. The solution from this initial
study using nonadaptive mesh thus suggests the
need of clustered small elements in the region of
the expansion corner for better solution.

Small elements near the expansion
corner for improving mach wave solution can be
generated by using the adaptive meshing
technique. The technique starts from generating
a relatively uniform mesh such as that shown in
Fig. 8(a) with 1,131 elements and 621 nodes.
The fluid analysis is performed to yield the
corresponding flow solution shown by the
density contours in Fig. 8(b). Based on this
flow solution, the adaptive meshing technique is
then used to generate the second adaptive mesh
with 990 elements and 548 nodes as shown in
Fig. 9(a). The fluid analysis is then repeated to
obtain a flow solution as illustrated by the
density contours in Fig. 9(b). The entire process
is repeated again to generate the third mesh as
shown in Fig. 10(a) with 1,071 elements and
565 nodes. Small elements are clustered around
the expansion corner as can be seen clearly in
this figure. After the fluid analysis is performed
using this third mesh, good quality of flow
resolution with mach wave is obtained as shown
in Fig. 10(b).

Mach 2.6 Flow in a Channel with
Compression and Expansion Ramps:

To further evaluate the upwind cell-
centered finite element formulation combining
with the adaptive meshing technique, the
analysis of Mach 2.6 flow in a channel with
compression and expansion ramps is performed.
The problem statement and the sketch of the
flow behavior are shown in Fig. 11. The flow
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behavior is more complex than those in the
previous examples. The flow creates an oblique
shock from the compression ramp that impinges
at the middle of the upper wall resulting in a
reflecting shock.  The reflecting shock also
intersects with the mach waves generated from
the expansion ramp.

The analysis is first performed by using
a nonadaptive finite element mesh as shown in
Fig. 12(a). The mesh consists of 912 elements
and 507 nodes. The corresponding predicted
density distribution represented by contour lines
is presented in Fig. 12(b). The figure shows that
the computed shock waves are not sharp and
mach wave resolution around the expansion
corner is not good due to the element sizes are
too large. The solution from this initial study
using nonadaptive mesh thus suggests the need
of clustered small elements along shock lines
and at the expansion corner for better shock
resolution. It should be noted that the flow
behavior of intersected zone is not known to the
analyst a priori. The use of the adaptive
meshing technique that will be explained next
can be used to overcome such difficulty.

The combined finite element analysis
and adaptive meshing technique starts from
generating a relatively uniform mesh such as
that shown in Fig. 13(a) with 887 elements and
495 nodes. The fluid analysis is performed to
yield the corresponding flow solution shown by
the density contours in Fig. 13(b). Based on this
flow solution, the adaptive meshing technique is
then used to generate the second adaptive mesh
that consists of 525 elements and 296 nodes as
shown in Fig. 14(a). The flow analysis is then
performed to yield the corresponding flow
solution such as the density contours shown in
Fig. 14(b). The process is repeated again to
generate the third mesh as shown in Fig. 15(a)
with 1,077 elements and 581 nodes. = Small
elements are clustered along the oblique and
reflecting shock and around the expansion
comer as can be seen clearly in this figure.
After the fluid analysis is performed using the
third mesh, good quality of fluid solution with
sharp shock lines and clear mach waves is
obtained as shown in Fig. 15(b). This example
demonstrates the capability of the combined
finite element method and the adaptive meshing
technique that can provide improved flow
solution accuracy for general flow behavior that
are not known a priori.



Concluding Remarks

A finite element method based on an
upwind cell-centered algorithm for analysis of
high-speed inviscid compressible flow is
presented. The method is combined with an
adaptive meshing technique to improve the flow
solution accuracy. The technique generates an
entirely new mesh based on the solution
obtained from the previous mesh. The new
mesh consists of clustered elements in the
regions with large change in solution gradients
to provide high solution accuracy. At the same
time, large elements are generated in the other
regions to minimize the computational time and
computer memory. The finite element
formulation was presented and the basic idea
behind the adaptive meshing technique was
described.

Three  examples  of = high-speed
compressible flows were presented to assess the
effectiveness of the combined method. These
examples are the oblique shock reflection at a
wall, Mach 6 flow past an expansion ramp and
Mach 2.6 flow in a channel with compression
and expansion ramps. = All computations were
performed on standard personal computers.
Depending on the number of unkmowns on
different meshes used in the three examples,
typical analysis requires approximately 90 fo
180 CPU  seconds  on standard personal
computer with Pentium 100 MHz processor.
The three examples demonstrate that the
combined method can provide high solution
accuracy at reduced computational time and
computer memory for analysis of high-speed
compressible flow problems.
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Nomenclature
Ay, = elementarea
*
[A } = Jacobian matrix
e = internal energy

= x inviscid flux
= vy inviscid flux
cy = gpecific heat at constant volume
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{G} = combination of the inviscid flux
vector, { E}and {F}

G = average inviscid flux

hy, hy = element spacing

[7] = identity matrix

I, m = direction cosines

n = -unit normal vector

p = pressure

x, ¥ - = coordinate directions

X, Y = principle directions

u,v = xandy velocity

{U} = conservation variable

I, = element boundary

Q =" element domain

S = length of element sides

£ = total energy

A}, A2 = strain components

yo, = density
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Fig. 2 - Nonadaptive finite element mesh Fig. 4 — Second adaptive finite element mesh
and corresponding density contours and corresponding density contours
for oblique shock reflection at a wall. for oblique shock reflection at a wall.

(a) First adaptive mesh
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(b) Density contours (b) Density contours
Fig. 3 — First adaptive finite element mesh Fig. 5 — Third adaptive ﬁnite elefnent mesh
and corresponding density contours and corresponding density contours

for oblique shock reflection at a wall. for oblique shock reflection at a wall.
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(b) Density contours

Fig. 7 - Nonadaptive finite element mesh
and corresponding density contours for
Mach 6 flow past an expansion ramp.

(b) Density contours

Fig. 9 — Second adaptive finite element mesh
and corresponding density contours for
Mach 6 flow past an expansion ramp.
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(a) Third adaptive mesh

(b) Density contours

Fig. 8 — First adaptive finite element mesh
and corresponding density contours for
Mach 6 flow past an expansion ramp.
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(b) Density contours

Fig. 10 — Third adaptive finite element mesh
and corresponding density contours for
Mach 6 flow past an expansion ramp.
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Fig. 11 - Mach 2.6 flow in a channel with compression and expansion ramps.

(a) Nonadaptive mesh (a) Second adaptive mesh

(b) Density contours (b) Density contours

Fig. 12 - Nonadaptive finite element mesh Fig. 14 — Second adaptive finite element mesh
and corresponding density contours for and corresponding density contours for
Mach 2.6 flow in a channel with Mach 2.6 flow in a channel with
compression and expansion ramps. compression and expansion ramps.
(a) First adaptive mesh (a) Third adaptive mesh

2.
2.0
15
(b) Density contours | | (b) Density contours
Fig. 13 — First adaptive finite element mesh Fig. 15 — Third adaptive finite element mesh
and corresponding density contours for and corresponding density contours for
Mach 2.6 flow in a channel with Mach 2.6 flow in a channel with

compression and expansion ramps. compression and expansion ramps.
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PROGRAM LOWFLOW

A FINITE ELEMENT COMPUTER PROGRAM FOR «SOLVING NAVIER-STOKES
EQUATIONS FOR VISCOUS INCOMPRESSIELE THERMAL FLOWS.
DR. PRAMOTE DECHAUMPHAI
FACULTY OF ENGINEERING
CHULALONGKCRN UNIVERSITY

THE VALUES DECLARED IN THE PARAMETER STATEMENT BELOW SHOULD
BE ADJUSTED ACCORDING TO THE SIZE OF THE PROBLEMS AND TYPES
OF COMPUTERS:

MXPOIV = MAXTMUM NUMBER OF VEL. & TEMP. NODES IN THE MODEL
MXPOIP = MAXIMUM NUMBER OF PRESSURE NODES IN THE MODEL
MXELE = MAXIMUM NUMBER OF ELEMENTS IN THE MODEL

MXFREE = MAXIMUM NUMBER OF OUTFLOW BOUNDARIES

MXFLUX = MAXIMUM NUMBER OF HEATED BOUNDARIES

MXLINK = MAXIMUM NUMBER OF ELEMENTS THAT USE SAME NODES

NMAX = MAXTMUM NUMBER OF NON~ZERQ COEFFICIENTS
ITMAX = MAXIMUM ITERATIONS FOR CONJUGATE GRADIENTS

PARAMETER (MXPQOIV=2000, MXPOIP=500, MXELE=1000, MXFREE=100,
* MXFLUX= 100, MXLINK= 10 }
PARAMETER {NMAX=300000, ITMAX=20000}

PARAMETER {MXNEQ=3*MXPOIV+MXPOIP}

IMPLICIT REAL*8 (A~H,0~-Z)}

DIMENSION COORD(MXPOIV, 2}, TEXT (20}

DIMENSION UVEL{MXPOIV}, VVEL{MXPOIV}, TEMP(MXPOIV), PRES (MXPOIV}

DIMENSION FLUX{MXPOIV)

DIMENSION B{MXNEQ), BN(MXNEQ}, AAS{MXNEQ}
DIMENSION AKELE{21,21,MXELE), RELE(21,MXELE)
DIMENSION ICOUNT (MXPOIV}, IASSEM(MXPOIV,MXLINK)
DIMENSION SOL(MXNEQ), DSOL{MXNEQ)

DIMENSION P{MXNEQ), R{MXNEQ}, Z{MXNEQ), Q(MXNEQ}
DIMENSION SA(NMAX), SB{NMAX), SC(NMAX)
CHARACTER*20 NAMEl, NAMEZ2, NAME3, NAME4

INTEGER IJA{NMAX), IJHB{NMAX}, IJC(NMAX)
INTEGER INTMAT (MXELE, 6), INTOUT (MXFREE,4), INTFLUX(MXFLUX,4)

INTEGER IBCU(MXPOIV), IBCV(MXPOIV), IBCT(MXPOIV), IBCP(MXPOIV)

WRITE (6, 20)

FORMAT({/,' PLEASE ENTER THE INPUT FILE NAME:', /)
READ(5, ' ({A)',ERR=10} NAMEl

OPEN (UNIT=7, FILE=NAMEl, STATUS='OLD', ERR=10)
OPEN (UNIT=9, FILE='CHECK.OUT', STATUS='NEW')

READ TITLE OF COMPUTATION:

aQaoaQ

[eNeNe}

[oNoNe]

READ(7,*) NLINES
DO 30 ILINE=1,NLINES
READ(7,35) TEXT

35 FORMAT (20A4)

30 CONTINUE
READ INPUT DATA:

READ(7,35) TEXT
WRITE (9,45)

45 FORMAT (' NPOIV . NPOIP NELEM NFREE NFLUX  NITER
READ(7, *) NPOIV, NPOIP, NELEM, NFREE, NFLUX, NITER, TOL
WRITE (9,55) NPOIV, NPOIP, NELEM, NFREE, NFLUX, NITER, TOL

55 FORMAT (618, F8.2)

IF (NPOIV.GT.MXPOIV)  WRITE(6,65) NPOIV
65 FORMAT (/,' PLEASE INCREASE THE PARAMETER MXPOIV TO',I5)
IF (NPOIV.GT.MXPOIV) STOP
IF(NPOIP.GT.MXPOIP} WRITE(6,75) NPOIP
75 FORMAT(/,' PLEASE INCREASE THE PARAMETER MXPOIP TO',I5)
IF (NPOIP.GT.MXPOIP) STOP
IF (NELEM.GT.MXELE) WRITE(6,85) NELEM
85 FORMAT(/,' PLEASE INCREASE THE PARAMETER MXELE TO',I5)
IF (NELEM.GT.MXELE) STOP
IF (NFREE.GT.MXFREE) WRITE(6,95) NFREE
95 FORMAT{/,' PLEASE INCREASE THE PARAMETER MXFREE TO',I5)
IF{NFREE.GT.MXFREE) STOP
IF(NFLUX.GT .MXFLUX) WRITE(6,105) NFLUX
105 FORMAT(/,' PLEASE INCREASE THE PARAMETER MXFLUX TO',I5)

IF (NFLUX.GT .MXFLUX) STOP

READ FLUID PROPERTIES:

READ(7,35) TEXT

WRITE (9, 115)
115 FORMAT (*  DENSITY VISCOSITY THERM EXP - SPEC CV',

* ' THERM CON REF TEMP  GRAVITY' )

READ (7, *) DEN, VIS, TEXP, CV, TCON, TREF, GRA

WRITE(9,125) DEN, VIS, TEXP, CV, TCON, TREF, GRA
125 FORMAT (7F10.3)

READ NODAL COORDINATES, BOUNDARY CONDITIONS, THEIR VALUES:

*

READ (7, 35) TEXT

TOL'")

)

WRITE (9,135} NPOIV
135 FORMAT (f NODAL INFORMATION (NODE NO., U-V-T-P BC, X-Y COORD, ‘',
* Uy-v-T-P VALUES): {', I4, ']’
DO 150 IP=1,NPOIV
READ (7, *) I, IBCU(I), IBCV(I), IBCT{I), IBCP(I),

*

{COORD{I,K), K=1,2), UVEL(I), VVEL(I},

voc
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[eEeNe]

a0

> TEMP{I), PRES(I}, FLUX({I)
WRITE(9,145) I, IBCU(I), IBCV(I), IBCT(I), IBCE(I),
* (COORD(I,K), K=1,2), UVEL(I}, VVEL(I),

* TEMP{I}, PRES{I), FLUX(I)

145 FORMAT(I4, 413, 7E10.4)
IF{I.NE.IP} WRITE{6,1535) IP

155 FORMAT(/, ' NODE NO.', I5, ' IN DATA FILE IS MISSING')
IF{I.NE,IP} STOP

150 CONTINUE

READ ELEMENT NODAL CONNECTIONS:

READ(7,35) TEXT
WRITE(9,165) NELEM

165 FORMAT (' ELEMENT NODAL CONNECTIONS: (', I4, '}'")
DO 180 IE=1,NELEM
READ (7, *) I, (INTMAT(I,J}, J=1,6)
WRITE(9,175) I, (INTMAT(I,J), J=1,86)

175 FORMAT (718)
IF(I.NE,1IE) WRITE(6,185) IE

185 FORMAT(/, ' ELEMENT NO.', I5, ' IN DATA FILE IS MISSING')
IF(I.NE.IE) STOP

180 CONTINUE

READ OUTFLOW BOUNDARY INFORMATION:

READ(7,35) TEXT
WRITE({9,195) NFREE
195 FORMAT (' OUTFLOW INFORMATION (NO., 3 NODE NO.): (', I4, ']")
IF (NFREE.NE.0) THEN
DO 210 IB=1,MXFREE
READ(7, *) (INTOUT (IB,J), J=1,4)
WRITE(9,205) (INTOUT(IB,J), J=1,4)
205 FORMAT (418)
IF{INTOUT (IB,1).NE.IB) WRITE(6,215) IB
215 FORMAT{/, ' OUTFLOW INFORMATION NO.', I5, ' IN DATA FILE IS',
* * MISSING')
210 CONTINUE
ENDIF

READ SPECIFIED HEAT FLUX BOUNDARY INFORMATION:

READ (7,35) TEXT
WRITE(9,225) NFLUX
225 FORMAT (* SPECIFIED HEAT.FLUX INFORMATION (NO., 3 NODE NO.): [’,
* 4, '1")
IF (NFLUX.NE.O) THEN
DO 240 1IB=1,MXFLUX
READ{7,*} (INTFLUX (IB,J), J=1,4)
WRITE (9,205) {(INTFLUX{IB,J), J=1,4)

aO0n

(o NoNe]

IF(INTFLUX(IB,1) .NE.IB) WRITE(6,235) IB
235 FORMAT(/, ' SPECIFIED HEAT FLUX INFORMATION NO.', I5, ' IN DATA'
j ' FILE IS MISSING')
240 CONTINUE
ENDIF

WRITE(6,300) NPOIV, NPOIV, NPOIP, NELEM, NFREE, NITER, TOL

300 FORMAT (' THE FINITE ELEMENT MODEL CONSISTS OF:*, /,

* ' NUMBER OF VELOCITY NODES w', 16, /,
% L NUMBER OF TEMPERATURE NODES =*, 16, /,
. ! NUMBER OF PRESSURE NODES =', 16, /,
. ' NUMBER OF ELEMENTS =, 16, /.
% $ NUMBER OF OUTFLOW BOUNDARY =', 16, /,
\ . WITH NUMBER OF ITERATIONS REQUIRED =', I6, /,
h ' OR SPECIFIED STOPPING TOLERANCE =*, F6.2

DO 400 1I=1,NPOIV

SOL(I ) = UVEL(I)

SOL (I+NPOIV) = VVEL({I}

SOL({I+NPOIV+NPOIV) = TEMP(I)
400 CONTINUE

DO 410 I=1,NPOIP

SOL (I+NPOIV+NPOIV+NPOIV) = PRES (I}
410 CONTINUE

NEQ = 3*NPOIV + NPOIP
CALL COUNT {INTMAT, ICOUNT, IASSEM, MXPOIV, MXELE, MXLINK)

ENTER ITERATION LOOP:
DO 500 ITER=1,NITER
RESET ELEMENT AND SYSTEM EQUATIONS:

DO 510 1I=1,21
DO 810 J=1,21
DO 510 K=1,MXELE
AKELE(I,J,K) = 0. '
510 CONTINUE
DO 520 I=1;21
DO 520 J=1,MXELE
RELE(I,J} = 0.
520 CONTINUE
DO 530 I=1,NMAX
SA(T)
SB(I)
SC{I)
TJA(T)
IJB(I)
1JC(I)
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530 CONTINUE
DETERMINE REFERENCE TEMPERATURE:

TMAX = SQL{2*NPOIV+1)
TMIN = TMRX
DO 540 I=2*NPOIV+1,3*NPOIV
IF {SOL(I).GT.TMAX) THEN
TMAX = SOLI{I}
ENDIF
IF (SOL(I).LT.TMIN) THEN
TMIN = SQL({(I}
ENDIF
540 CONTINUE
TREF = (TMAX + TMIN)/2.

WRITE (6,545) ITER

545 FORMAT{/, 3X, ' * PERFORMING COMPUTATION AT ITERATION NUMBER',

* 13' I:l

ESTABLISH ELEMENT MATRICES AND ASSEMBLE ELEMENT EQUATIONS:

WRITE({6,555)
555 FORMAT(8X; ' ESTABLISHING ELEMENT MATRICES AND',

* ' ASSEMBLING ELEMENT EQS.' }
CALL TRI( MXPOIV, MXELE, MXNEQ, DEN, VIS, TEXP,
* cv, TCON, TREF, GRA, COORD, INTMAT,

*  AKELE, RELE, SOL, IBCY, IBCV, IBCT, IBCP)
ASSEMBLE SYSTEM STIFFNESS MATRIX:

IJB(l) = NEQ + 2
K= NEQ + 1

DO 560 IJ=1,MXNEQ

CALL ASSEMA{INTMAT, AKELE, AAS, 1, MXPOIV, MXNEQ, MXELE,
* ICOUNT, IASSEM, 1IJ, MXLINK )
CREAT ROW SPARSE STQRAGE OF A:

CALL SPRSIN{AARS, NEQ, NMAX, K, 1J, SB, IJB)
560 CONTINUE

ASSEMBLE RESIDUAL MATRICES FOR SYSTEM RESIDUALS:

WRITE(6,565)
565 FORMAT{8X, ' ASSEMBLING SYSTEM RESIDUALS VECTOR')

CALL ASSEMR(MXPOIV, MXELE, MXNEQ, INTMAT, RELE, B}

)

[oNONe]

[oNeNe]

570

610

IF (NFREE.NE.Q) THEN

CALL FORCE( B, COORD, INTQUT, PRES, MXPOIV,
- MXNEQ, MXFREE, DEN )
ENDIF

IF (NFLUX.NE.O) THEN

CALL HEATFLUX ( B, COORD, INTFLUX, FLUX, MXPOIV, MXNEQ,
* MXFLUX,  DEN, cv )
ENDIF

SOLVE A SET OF SIMULTANEOUS EQUATIONS FOR NODAL INCREMENTS:

WRITE (6,570}
FORMAT (8%, * SOLVING SET OF SIMULTANEOUS EQS. FOR’,
X ' NODAL INCREMENTS' ) )

DO 580 I=1,NEQ
BN{(I) = 0.0
CONTINUE

CONTINUE

CALL SPRSTM(SB, 1JB, SB, IJB, NMAX, SC, IJC)
CALL SPRSAX{SB, IJB, B, BN, NEQ, NMAX)

APPLY CONJUGATE GRADIENT METHOD TQ NORMAL EQUATION:

WRITE(6,600) MXNEQ

FORMAT {8%, ' ({ TOTAL OF‘', I5,' EQUATIONS TQ BE SOLVED }')
WRITE(6,*) ' APPLYING CONJUGATE GRADIENT METHOD '
CALL PCGNR(NEQ, SC, IJC, BN, MXNEQ, P, R, 2, Q, DSOL,
- ITMAX, NMAX )

CHECK FOR CONVERGENCE:

UP . = 0.

DOWN = 0.

DO 610  I=1;NEQ

ERROR = DSOL (I}

UP | = UP + ABS(ERROR) °
VALUE = SOL{I}

DOWN = DOWN + ABS (VALUE)
CONTINUE

RATIO = UP*100./DOWN
WRITE(6, 615) RATIO

90¢
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615 FORMAT(6X, 'CURRENT SOLUTION HAS GLOBAL ERROR OF',
* F8.2, ' &')
WRITE(9,625) ITER, RATIO
625 FORMAT {6X, 'ITERATION NO.', I5, ' HAS GLOBAL ERROR QF',
* F8.2, ' %'}
IF(RATIO.GT.TOL) GO TO 650

SOLUTION CONVERGED WITHIN THE SPECIFIED TOLERANCE:

WRITE (6, 635)

635 FORMAT(/, 3X, ' *** SOLUTION CONVERGED WITHIN SPECIFIED',

* t TOLERANCE *¥*', //
GO TO 700
650 CONTINUE

UPDATE NODAL SOLUTIONS:

DO 660 I=1,NEQ

SOL(I) = SOL(I) + DSOL(I)
660 CONTINUE
500 CONTINUE

SOLUTION NOT CONVERGED WITHIN THE SPECIFIED TOLERANCE:

WRITE (6, 665)
665 FORMAT (/, 3X, ' ??? SOLUTION NOT CONVERGED WITHIN', *
* ' SPECIFIED TOLERANCE ???°, // )

700 CONTINUE
WRITE({9,705) TREF
705 FORMAT(6X%, 'REFERENCE TEMPERATURE = ', F7.4})

PRINT OUT SOLUTIONS OF NODAL VELOCITIES, TEMPERATURES
AND PRESSURES:

710 WRITE(6,715)

715 FORMAT(* PLEASE ENTER FILE NAME FOR SOLUTIONS:', /)
READ(5, '{A)', ERR=710) NAMEZ
OPEN (UNIT=8, FILE=NAME2, STATUS='NEW', ERR=710)
WRITE(8,725) NPOIV

725 FORMAT{' NODAL SOLUTIONS [', I4,']:%,

)

* //, 2X, °NODE', 6X, 'U-VELOCITY', 6X, V=-VELOCITY',
* 5X, 'TEMPERATURE', 8X, 'PRESSURE', / )
ROFF = 1,E-6

DO 730 IEQ=1,NEQ

VALUE = SOL(IEQ)

1F (ABS (VALUE) . LT.ROFF} SOL(IEQ) = 0,
730 CONTINUE

C
Coe S
c

[oBoNsNoNoNe!

DO 740 IP=1,NPOIP

IEQU = IP

IEQV = NPOIV + IP

IEQT = 2*NPOIV + IP

IEQP = 3*NPOIV + IP

WRITE(8,735) IP, SOL(IEQU}, SOL(IEQV), SOL{IEQT), SOL{IEQP)
735 FORMAT (16, 4E16.6)
740 CONTINUE

DO 750 IP=NPOIP+1,NPOIV

IEQU = IP

IEQV = NPOIV + IP

IEQT = 2#*NPOIV + IP

WRITE(8,755) IP, SOL(IEQU), SOL(IEQV), SOL({IEQT)
755 FORMAT(I6, 3E16.6)
750 CONTINUE

§TOP
END

SUBROUTINE COUNT {INTMAT, ICOUNT, IASSEM, MXPOIV, MXELE, MXLINK)
DIMENSION INTMAT (MXELE,6), ICOUNT(MXPOIV}, IASSEM(MXPOIV,MXLINK)
DO 10 I=1,MXPOIV
ICOUNT(I) = O
10 CONTINUE

DO 100 I=1,MXELE
po 200 J=1,6
N = INTMAT (I,J)
ICOUNT {N) = ICOUNT(N) + 1
IC = ICOUNT (N)
IF(IC.GD.MXLINK) WRITE(*,125) IC

125 FORMAT(/,' PLEASE INCREASE THE PARAMETER MXLINK TO',I5)
IF (IC.GT.MXLINK) STOP
IASSEM(N,IC) = I

200 CONTINUE

100 CONTINUE
RETURN
END

SUBROUTINE APPLYBC(MXPOIV, MXELE, AKELE, RELE, INTMAT,
* IBCp, IBCV, IBCT, IBCP, IE)

APPLY BOUNDARY CONDITIONS BEFORE SOLVING FOR NODAL INCREMENTS
WITH CONDITION CODRES OF¢

0 = FREE TO CHANGE (INCREMENTS COMPUTED)
1 = FIXED AS SPECIFIED (INCREMENTS FIXED AS ZEROQ)
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110

120

100

210

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION AKELE{21,21,MXELE}, RELE{21,MXELE)
DIMENSION INTMAT (MXELE, 6)

INTEGER - IBCU(MXPOIV), IBCV(MXPOIV), IBCT(MXPOIV),
APPLY BOUNDARY CONDITIONS FOR NODAL U-VELOCITIES:

DO 100 IEQ=1,6
IEQU = INTMAT(IE,IEQ)
IF{IBCU (IEQU).EQ.0) GO TO 100

DO 110 IR=1,21
IF{IR.EQ.IEQ) GO TO 110
AKELE (IR, IEQ,IE} = 0.
CONTINUE

DO 120 IC=1,21

AKELE (IEQ, IC, IE) = 0.
CONTINUE

AKELE (IEQ, IEQ, IE) = 1.
RELE (IEQ, IE) = 0.

CONTINUE
APPLY BOUNDARY CONDITIONS FOR NODAL V-VELOCITIES:

DO 200 1IEQ=1,6
IEQV = INTMAT (IE, IEQ)
IF(IBCV(IEQV) .EQ.0) GO TO 200

DO 210 IR=1,21
IF(IR.EQ.IEQ+6) GO TO 210
AKELE (IR, IEQ+6, IE) = 0.
CONTINUE

DO 220 1IC=1,21

AKELE (IEQ+6,IC,IE} = 0.
CONTINUE

AKELE {IEQ+6, IEQ+6,1E) = 1,
RELE (IEQ+6,IE) = 0.

CONTINUE
APPLY BOUNDARY CONDITIONS FOR NODAL TEMPERATURES:

DO 300 IEQ=1,6
IEQT = INTMAT(IE, IEQ)

IBCP (MXPOIV)

Qoo

aaa

IF(IBCT(IEQT).EQ.0} GO TO 300

DO 310 1IR=1,21
IF(IR.EQ.IEQ+12) GO TO 310
BKELE {IR, IEQ+12,IE} = 0.

310 CONTINUE
DO 320 1IC=1,21
AKELE (IEQ+12,IC,IE) = 0.

320 CONTINUE
AKELE (IEQ+12, IEQ+12,IE) = 1,
RELE (IEQ+12,IE) = 0.

300 CONTINUE
APPLY BOUNDARY CONDITIONS FOR NODAL PRESSURES:

DO 400 IEQ=1,3
IEQP = INTMAT(IE,IEQ)
IF (IBCP({IEQP).EQ.0) GO TO 400

DO 410 IR=1,21

IF(IR.EQ.IEQ+18) GO TO 410

AKELE (IR, IEQ+18,IE) = O.
410 CONTINUE

DO 420" IC=1,21
AKELE (IEQ+18, IC,IE) = 0.
420 CONTINUE
AKELE (IEQ+18,IEQ+18,IE}) = 1.
RELE {IEQ+18,IE} = 0.

400 CONTINUE

RETURN
END

SUBROUTINE ASSEMA({INTMAT, A, B, ITYPE, MXPOIV, MXNEQ, MXELE,
* ICOUNT, IASSEM, N, MXLINK )

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION - A(21,21,MXELE), B{MXNEQ)
DIMENSION = INTMAT(MXELE,$), ICOUNT (MXPOIV), IASSEM (MXPOIV,MXLINK}

RESET STIFFNESS MATRICES:

DO 10 I=1,MXNEQ
B(I} = 0.

80¢
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CONTINUE

IF (N.LE.MXPOIV) THEN
Nl = N

NN = 0

ELSE

IF ((N,GT.MXPOIV) .AND, (N.LE.2*MXPOIV})

Nl = N -~ MXPOIV
NN = 1
ELSE

IF {(N.GT.2*MXPOIV).AND, (N,LE.3*MXPOIV)) THEN

Nl = N - 2#*MXPOIV
NN = 2
ELSE
Nl = N - 3*MXPOIV
NN =. 3
ENDIF
ENDIF
ENDIF
IC = ICOUNT(N1)

ASSEMBLE STIFFNESS MATRICES:
IF (ITYPE.EQ.0) THEN
ITYPE = 0; COMPUTE [A]

DO 100 IE=1,IC
IA = IASSEM(N1,IE)
DO 30 I=1,6
II = INTMAT{IA,I}
IF (I1.EQ.N1) THEN

DO 40 J=1,6
JJ =

K =J+ 6
KK = MXPOIV +
L =J+ 12
LL = 2*MXPOIV
B(JJ) = B{JJ)
B{KK) = B(KK)
B(LL) = B(LL)

CONTINUE

Do 50 J=1,3

INTMAT{IA, J)

JJ

+ JJ

+ A{I+6*NN,J, IA)}
+ BA{I+&*NN,K,IA)
+ A(I+&*NN, L, IA)

JJ = INTMAT(IA,J)

K = J + 18

KK = 3*MXPOIV

B(KK}) = B(KK)
CONTINUE

+ JJ
+ A{I+6*NN,K,IA)

THEN

ENDIF
30 CONTINUE
100 CONTINUE

ELSE

DO 200 IE=1,IC
IA = IASSEM(N1, IE}
DO 130 I=1,6
II = INTMAT(IA,I)
IF (II.EQ.N1) THEN

DO 140 J=1,6

JJ = INTMAT(IA,J)
K =J+ 6
KK = MXPOIV + JJ
L =J+ 12

LL = 2*MXPOIV + JJ

B(JJ) = B(JJ} + A(J,I+6%NN,IA)

B(KK} = B(KK) + A{(K,I+6*NN,IA)

B{(LL) = B{(LL) + A{L,I+6*NN,IA)
140 CONTINUE

DO 150 J=1,3
JJ = INTMAT (IR, J}
K =J+ 18
KK = 3*MXPOIV + JJ
B(KK) = B(KK) + A(K,I+6*NN,IA)

150 CONTINUE
ENDIF
130 CONTINUE

200 CONTINUE

ENDIF

RETURN
END

SUBROUTINE ASSEMR(MXPOIV, MXELE, MXNEQ, INTMAT, RELE, B}
ASSEMBLE ELEMENT EQUATIONS FOR SYSTEM EQUATIONS:
IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION RELE(21,MXELE), B(MXNEQ)
DIMENSION INTMAT {MXELE,6)
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RESET SYSTEM LOAD VECTOR:
DO 100 I=1,MXNEQ

B(1) = 0.

CONTINUE

ASSEMBLING SYSTEM LOAD VECTOR:

CONTRIBUTION OF VALUES ASSOCIATED WITH U & V VELOCITIES:

DO 500 IE=1,MXELE

DO 200 1I=l,6

II = INTMAT(IE,I)

K =1+ 6

KK = MXPOIV + II

B(II) = B(II) + RELE(I,IE)
B(KK) = B(KK)} + RELE(K, IE)
CONTINUE

CONTRIBUTION OF VALUES ASSOCIATED WITH TEMPERATURE:

DO 300 1I=1,6
IT = INTMAT{(IE,I}

K = I+ 12

KK = 2*MXPOIV + II

B(KK} = B(KK} + RELE(K,IE)}
CONTINUE

CONTRIBUTION OF VALUES ASSOCIATED WITH PRESSURE:

DO 400 1I=1,3

IT = INTMAT(IE,I)

K =1+ 18

KK = 3*MXPOIV + II

B(KK) = B(KK) + RELE(K, IE)
CONTINUE

CONTINUE

RETURN
END

SUBROUTINE SPRSIN(AAS, N, NMAX, K, IJ, SB, IJB)

IMPLICIT ' REAL*8 (A-H,0-Z)

10

DIMENSION AAS(N), SB(NMAX), IJB(NMAX)

SB(IJ) = AAS(IJ)
DO 10 J=1,N
IF (RBS({ARS(J)).GE.lE~16) THEN
IF {J.NE,IJ) THEN
K=K+ 1
IF (K.GT.NMAX) PAUSE ' NMAX TOO SMALL IN SPRSIN'
SB{K) = = ARS(J)
IJB(K) = J
ENDIF
ENDIF
CONTINUE
IJB(IJ+1l} = K+1
RETURN
END

SUBROUTINE SPRSTM(SA, IJA, SB, IJB, NMAX, SC, IJC)
IMPLICIT REAL*8 (A~H,0-Z)

DIMENSION SA(NMAX), SB{NMAX), SC(NMAX)
DIMENSION IJA(NMAX), IJB(NMAX}, IJC(NMAX)

K =0
IF (IJA(1l).NE.IJB(l)) PAUSE 'SPRSTM SIZES DO NOT MATCH'
K = IJA{1)
1JC({1) = K
DO 14 I=1,IJA(1}-2
DO 13 J=1,IJB{1}~2
IF (I.EQ.J) THEN
SUM = SA(I)*SB(J}
ELSE
SUM = 0,DO
ENDIF
MB = IJB(J)
DO 11 MA=IJA(I},IJA(I+1)-1
IJMA = IJA{MA)
IF (IJMA.EQ.J) THEN
SUM = SUM + SA(MA)*SB(J)
ELSE
IF (MB.LT.IJB(J+1}) THEN
IJMB = IJB(MB}
IF (IJMB.EQ.I) THEN
SUM = SUM + SA(I)*SB(MB)
MB = MB + 1
GOTO 2
ELSE IF(IJMB.LT.IJMA) THEN

oie
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MB = MB + 1
GOTO 2
ELSE IF{IJMB.EQ.IJMA) THEN

SUM = SUM + SA(MA)*SB{MB)

MB = MB + 1
GOTO 2
ENDIF
ENDIF
ENDIF
CONTINUE
DO 12 MBB=MB,IJB(J+1)-1
IF (IJB(MBB).EQ.I) THEN
SUM = SUM + SA(I]}*SB(MBB)
ENDIF
CONTINUE
IF (I.EQ.J} THEN
SC(I) = SUM
ELSE IF (ABS(SUM).GT.lE-16) THEN

IF (K.GT.NMAX) PAUSE "SPRSTM: NMAX TOO SMALL'

SC(K) = SUM
IJC(K) = J
K=K+ 1
ENDIF
CONTINUE
I1JC({I+l) = K
CONTINUE
WRITE (*,*} ' 'K
RETURN
END

SUBROUTINE SPRSAX( SB, IJB, X, B, N, NMAX)
IMPLICIT REAL*8 (A~H,0-Z)

DIMENSION B(N}, SB(NMAX), X(N), IJB(NMAX)

IF(IJB (1} ,NE,N+2) PAUSE 'MISMATCHED VECTOR AND MATRIX IN SPRSAX'

DO 11 I=1,N

B(I) = SB{I}*X{I)

DO 12 K=IJB(I),IJB(I+1)-1
B(I} = B(I)} + SB(K)*X(IJB(K))
CONTINUE

CONTINUE

RETURN

END

*

SUBROUTINE PCGNR(N, SA, IJA, BN, MXNEQ, P, R,

ITMAX, NMAX
IMPLICIT REBL*S (A-H,O0-Z)

DIMENSION SA(NMAX), IJA(NMAX), BN (MXNEQ)

DIMENSION P(MXNEQ}, R{MXNEQ), Q(MXNEQ), X (MXNEQ), Z{MXNEQ)

ITERl = O
TOLl = 1,E-6
DO 140 1I=1,N
X(I) = 0.0
CONTINUE
CALL ATIMES(SA, IJA, X, R, N, NMAX)
DO 150 J=1,N
R{J) = BN({(J) - R{J)

150 CONTINUE

500 IF (ITER1.LE.ITMAX}) THEN

160

170

180

190

200

ITERl = ITER1 + 1
CALL ASOLVE(N, R, Z, SA, NMAX)
BKNUM = 0.0
DO 160 J=1,N

BKNUM = BKNUM + Z(J)*R(J)}
CONTINUE
IF (ITER1.EQ.1) THEN

DO 170 J=1,N

P{J) = Z(J)

CONTINUE
ELSE

BK = BKNUM/BKDEN

DO 180 J=1,N

P(J) = Z{J) + BK*P{J)

CONTINUE
ENDIF
CALL ATIMES{ SA, IJA, P, Q, N, NMAX )
BKDEN = BKNUM
AKDEN = 0.0
DO 190 J=1,N

AKDEN = AKDEN + P(J)*Q(J)
CONTINUE
AK = BKNUM/AKDEN
DO 200 J=1,N

X(J) = X(J) + AK*P[J)

R{J} = R{J) ~ BK*Q(J)
CONTINUE
BNRM = SNRM( N, BN )
ERRL = SNRM{ N, R )/BNRM
FORMAT(' ITER = *,I5,' ERR = *,F14,10)
IF (ERR1.GT,TOL1) GOTO 500

Z, Q,

X,
)

Lie



ENDIF RETURN

END
RETURN c
END (e e 2 T ] 07 T3 o 5 2
i C
—————————————————————————————————————————————————————————————————————— SUBROUTINE TRI(MXPOIV, MXELE, MXNEQ, DEN, Vvis, TEXP,
= v, TCON, TREF, GRA, COORD, INTMAT,
SUBROUTINE ATIMES({ SA, IJA, X, B, N, NMAX ) < AKELE, RELE, S0L, IBCU, IBCV, IBCT, IBCP)
@
IMPLICIT REAL*8 (A-H,0-2} C ESTABLISH ALL ELEMENT MATRICES AND ASSEMBLE THEM TO FORM UP
c SYSTEM EQUATIONS
DIMENSION B(N), X(N), SA(NMAX}, IJA(NMAX) (c/
IF(IJA{1l).NE.N+2) PAUSE *MISMATCHED VECTOR AND MATRIX IN ATIMES' IMPLICIT REAL*8 (A~H,0~Z)
DO 10 I=1,N C
B(I) = 0.0 DIMENSION COORD (MXPOIV, 2}
10 CONTINUE DIMENSION SOL (MXNEQ}
DO 11 1I=1,N DIMENSION. A{6,6), B(6,3), C{6,3), G(3,3), R(6,6), F(6,6,3)
B(I) = SA(I)*X(I) DIMENSION UELE(6), VELE({6), TELE(6), PELE(3)
DO 12 K=IJA{I),IJA{I+1l}-1 DIMENSION SXX(6,6), SXY(6,6), SYX(6,6), SYY(6,6)
B(I} = B(I) + SA(K)*X{(IJA(K}) DIMENSION TXX (6,6}, TYY(6,6), CAB{6,6)
12 CONTINUE DIMENSION HX(3,6), HY(3,6), HXT(6,3), HYT(6,3)
11 CONTINUE DIMENSION ABGXUG(6,6), AGBXUG(6,6), AGBYVG(6,6)
RETURN DIMENSION ABGYVG(6,6), ABGXVG(6,6), ABGYUG(6,6)
END DIMENSION ABGXTG(6,6), ABGYTG(6,6)

DIMENSION CUU(6,6), CVV{6,6), CVU(6,6), CUV(6,6), CTT(6,6)
—————————————————————————————————————————————————————————————————————— DIMENSION AKELE({21,21,MXELE), RELE(21,MXELE)
: DIMENSION FX{6), FY(6), FT(6), FI(3)

SUBROUTINE ASOLVE (N, B, X, SA, NMAX) DIMENSION IBCU(MXPOIV), IBCV(MXPOIV), IBCT{MXPOIV), IBCP (MXPOIV)
’ c
IMPLICIT REAL*8 (A-H,0-2) INTEGER INTMAT (MXELE, 6)
€
DIMENSION B(N), X(N), SA{NMAX) c SET UP [A] MATRIX BASED ON TENSOR NOTATIONS:
DO 10 Is=1,N c
X(I) = B{I})/SA(I) ‘ DO 10 I=1,6
10 CONTINUE DO 10 J=1,6
RETURN A(L,J) = O,
END 10 CONTINUE
A{1,1) = 1.
om0 A(2,2) = 1.
A{3,3) = 1.
FUNCTION SNRM(N, SX) A(d, 1) = 4
c A(5,6) =4,
IMPLICIT REAL*8 (A-H,0-2) A{6,6) = 4.
c A(1,5) = ~1. \
DIMENSION SX(N) A{1,6) = ~1.
SNRM = 0.0 A{2,4) = -1,
DO 10 I=1,N A(2,6) = .-1.
SNRM = SNRM + SX(I}+*SX{(I) A(3,4) = -1,
10 CONTINUE A{3,5) = -1,

SNRM = SQRT{SNRM) C
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COMPUTE KINEMATIC VISCOSITY:
ANEW = VIS/DEN

LOOP OVER THE NUMBER OF ELEMENTS:
pO 500 IE=1,MXELE

FIND ELEMENT LOCAL COORDINATES:

II = INTMAT(IE,1)
JJ = INTMAT(IE,2)
KK = INTMAT(IE,3)
LL = INTMAT(IE,4)
MM = INTMAT (IE,5)
NN = INTMAT(IE, 6)

XGl = COORD(II, 1)

XG2 = COORD(JJ,1)
XG3 = COORD(KK, 1)
YGl = COORD(IX, 2}
¥G2 = COORD({JJ,2)

YG3 = COORD{KK, 2)
AREA= 0,5 (XG2* (YG3-YG1) + XG1*(YG2-YG3) + XG3*(YGl-YG2))
IF(AREA,LE.0.} WRITE(6,5) IE

FORMAT(/,* !!! ERROR !!! ELEMENT NO.', I5,
* ' HAS NEGATIVE OR ZERO AREA ', /,

* ' -~ CHECK F.E. MODEL FOR NODAL COORDINATES',
* * AND ELEMENT NODAL CONNECTIONS -~-')

IF(AREA.LE.O.) STOP

BREA2 = 2,*AREA

Bl = (¥G2 - YG3)}/AREA2
B2 = {YG3 -~ YGl)/AREA2
B3 = {YGl -~ YG2)/AREA2

Cl = (XG3 - XG2}/AREA2
C2 = (XGl1 - XG3)/AREA2
C3 = (XG2 - XGl)/AREA2

SET UP (B] AND [C] MATRICES BASED ON TENSOR NOTATIONS:

DO 30 I=1,6
po 30  J=1,3
B{I,J} = 0.
Cc(1,J) = Q,
CONTINUE
B{l,1) = 2,*Bl
B(2,2) = 2.*B2
B(3,3) = 2.*B3
B(4,2) = B3

[eNeNe]

[eNoNe]

B(4,3) = B2
B(5,1) = B3
B{5,3) = Bl
B{6,1) = B2
B(6,2) = Bl
c{l,1y = 2,*Cl
C{2,2) = 2.*C2
C(3,3) = 2.+C3
C(4,2) = C3
C{4,3) = C2
C(5,1}) = C3
Cc{5,3) = C1
C(6,1) = C2
C{6,2) = C1

SET UP {G] MATRIX:

FAC = AREA/12.
FAC2 = 2,*FAC
G(1,1} = FAC2
G(2,2) = FAC2
G(3,3) = FAC2
G(1,2) = FAC
G(1,3) = FAC
G(2,1} = FAC
G(2,3) = FAC
G{3,1) = FAC
G(3,2) = FAC

SER UB [R} MATRIX:

FAC - = AREA/360,

FACZ = 2.*FAC
FAC4 = 4.*FAC
FAC6 = 6.*FAC
FAC24 = 24.*FRC

R{1,1) = FAC24
R{1,2) = FAC4
R{1,3) = FAC4
R{1,4) = FAC2
R(1,5) = FAC6
R{1,6} = FAC6
R{2,2) = FAC24
R{2,3) = FAC4
R(2,4} = FAC6
R(2,5) = FAC2
R{2,6) = FAC6
R(3,3) = FAC24
R{3,4) = FACS
R{3,5) = FAC6
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R{3,6) = FAC2
R{4,4} = FACY
R(4,5) = FAC2
R{4,6) = FAC2
R(5,5) = FAC4

R{5,6) = FAC2
R(6,6) = FAC4

Do 35 1I=1,6

DO 35 J=1,6

R{J,I) = R{I,J)

CONTINUE -

SET UP (F] MATRIX BASED ON TENSOR NOTATIONS:

FRCTOR = 2.*AREA/5040.
F4q = FACTOR*4.

F6. = FACTOR*6.

F12 = FACTOR*12,

F24 = FACTOR*24,

F120 = FACTOR*120.

F(l,1,1} = F120
F(1,2,1) = F12

F{1,3,1) = F12
F(1,4,1) = F6
F(1,5,1) = F24
F(1,6,1) = F24
F(2,2,1) = F24
F(2,3,1) = F4
F(2,4,1) = F6
F(2,5,1) = P4
F(2,6,1) = F12
F(3,3,1) = F24
F(3,4,1) = F6
F(3,5,1) = F12
F(3,6,1) = F4
F(4,4,1) = F4
F{4,5,1) = F4
F(4,6,1) = F4
F(5,5/1) = F12

F(5,6,1} = F6
F(6,6,1) = F12

DO 40 I=1,6

DO 40 J=I,6
F(J,I,1}) = F(I,J,1)
CONTINUE

F(1,1,2) = F24
F(1,2,2} = Fl2
F(1,3,2) = F4

50

60

F(1,4,2)
F(1,5,2)
F(1,6,2)
F(2,2,2)
F(2,3,2)
F(2,4,2)
F(2,5,2)
F{2,6,2)
F(3,3,2)
F(3,4,2)
F(3,5,2)
F{3,6,2)
F{4,4,2)
F(4,5,2)
F{4,6,2)
F(5,5,2}
F(5,6,2)
F(6,6,2} =
PO 50 I=l,
DO 50 J=I,
F(J,1,2) =
CONTINUE

4 W R B ¥ ¥ @ oM W OB KB OB OR M U A

F{1,1,3)
F(1,2,3)
F{1,3,3)
F{1,4,3)
F(1,5,3)
F(1,6,3)
F(2,2,3)
F({2,3,3)
F(2,4,3)
F{2,5,3)
F(2,6,3)
£(3,3,3)
F(3,4,3)
F({3,5,3)
F(3,6,3)
F(4,4,3)
F{4,5,3)
F{d4,6,3)
F(5,8,3)
F(5,6,3)
F(6,6,3) =
DO 60 I=1,
DO 60 J=I,
F(J,1,3) =
CONTINUE
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EXTRACT ELEMENT NODAL U, V,.

F{1,J,2)

F24
F4
F12
F4
Fl2
F6
F24
Fl2

6
6
F{I,J,3)
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UELE (1}
UELE (2)
UELE {3}
UELE {4)
UELE {5)
UELE (6)
VELE(1)
VELE{2)
VELE (3)
VELE (4)
VELE({5)
VELE (6)
TELE{(1)
TELE (2)
TELE (3)
TELE (4)
TELE (5}
TELE{6)
PELE (1)
PELE(2)
PELE (3)

COMPUTE

DO 110
Do 110
DO 110

SOL{II)

SOL(JJ)

SOL (KK)

SOL (LL)

SOL {MM)

SOL (NN)

SOL {II+MXPOIV)

SOL {JJ+MXPOIV)

SOL {KK+MXPOIV)

SOL (LL+MXPOIV)

SOL {MM+MXPOIV)

SOL {NN+MXPOIV)

SOL {II+MXPOIV+MXPOIV)

SOL (JJ+MXPOIV+MXPOIV)

SOL (KK+MXPOIV+MXPOIV)

SOL { LL+MXPOIV+MXPOIV)

SOL (MM+MXPOIV+MXPOIV)

SOL {NN+MXPOIV+MXPOIV)

SOL {II+MXPOIV+MXPOIV+MXPOIV)
SOL { JJ+MXPOIV+MXPOIV+MXPOIV)
SOL (KK+MXPOIV+MXPOIV+MXPOIV}

B 3 R % & B ¥ OB 8% ¥ @ W o€ OB OH K

[Sxx], tsxy}, [s¥x], [syy], [TXX), [TYY],
{CAB] 'MATRICES:

IA=1,6
IB=1,6

I=1,6
J=1,3
K=1,3
L=1,6

CXX = CXX + A{IA,I)}*B(I,J)*A({IB,L)*B(L,K)*G(J,K)}

CYY = CY

Y + A(IA,I)*C{I,J)*A{IB,L)*C{L,K)*G{J,K)

CXY = CXY + A(IA,I)*C(I,J)*A(IB,L)*B(L,K)*G(J,K}

CYX = CY
CONTINUE
DO 120

DO 120

YTT = YT
CONTINUE
SXX{IA, I
SXY(IA,I
SYX(IA, I
SYY(IA, I

X + A{IA,I)*B(I,J)*A(IB,L)*C(L,K)*G(J,K)

I=1,6
J=1,6
T + A(IA,I})*R(I,J)*A(IB,J)

B} = 2,*ANEW*CXX + ANEW*CYY
B) = ANEW*CXY
B} = ANEW*CYX
B) = ANEW*CXX + 2.*ANEW*CYY

[eNoNe]
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160

170

*

*

TXX (IA,IB) = TCON/DEN/CV*CXX
TYY(IA,IB} = TCON/DEN/CV*CYY
CAB(IA,IB) = ~GRA*TEXP*YTT
CONTINUE

COMPUTE

DO 160
DO 150
CX = 0.
CY = 0.
DO 160
DO 160
CX = CX
CY = CY

[HX] AND [HY] MATRICES:

IA=1,3
IB=1,6

I=1,6
J=1,3
+ A(IB,I)*B(I,J)*G(J,IA)
+ A(IB,I}*C(I,J)*G(J,IA)

CONTINUE
HX{IA,IB) = CX
HY(IA,IB} = CY
CONTINUE

THEN THE CORRESPONDING TWO MATRICES ON THE UPPER RIGHT ARE:

Do 170
DO 170

IA=1,3
IB=1,6

HXT(IB,IA) = -HX{(IA,IB)/DEN
HYT(IB,IA) = ~HY(IA,IB)/DEN
CONTINUE

COMPUTE

DO 200
DO 200
CABGXUG
CAGBXUG
CAGBYVG
CABGYVG
CABGXVG
CABGYUG
CABGXTG
CABGYTG
DO 210
Do 210
Do 210
DO 210
Do 210
CABGXUG

CAGBXUG

CAGBYVG

ALL MATRICES ASSOCIATED WITH THE INERTIA TERMS:

IA=1,6
IB=1,6

= 0.

=0,

0.

0.

0.

0.

=0,

= 0.
I=1,6
J=1,6
K=1,6
L=1,6
M=1,3

= CABGXUG
A{IA,I)*A(IB,J)*A{K,L)*B(L,M)*F(I,J,M)*UELE (K}
CAGBXUG
A{IA,I)*A(K,J)*A(IB,L}*B(L,M}*F{I,J, M) *UELE (K)
CAGBYVG

B+ B+

Gic



* + A(IA,I)*A(K,J)*A(IB,L)*C(L,M)*F(I,J,M)*VELE(K) Do 270 1I=1,3
CABGYVG = CABGYVG . \ DO 270 J=1,6
* + A(IA,I)*A(IB,J)*A(K,L)*C(L,M)*F(I,J,M)*VELE(K) AKELE (I+18,J ,IE) = HX(I,J)
CABGXVG = CABGXVG AKELE (I+18,J+6,IE) = HY(I,J)
* + A(IR,I)*A(IB,J)*A(K,L)*B(L,M)*F(I,J,M)*VELE(K) 270 CONTINUE
CABGYUG = CABGYUG DO 280 1I=1,6
* + A(IA,I)}*A(IB,J)*A(K,L)*C(L,M}*F(I,J,M)*UELE(K) DO 280 J=1,6
CABGXTG = CABGXTG AKELE(I+6,J+12,1IE) = CAB(I,J)
* + A{IA,I)*A(IB,J}*A(K,L)*B(L,M)*F(1,J, M) *TELE(K}" 280 CONTINUE
CABGYTG = CABGYTG DO 290 1I=1,6
* + A(IA,I)*A(IB,J)*A(K,L)*C{L,M)*F(I,J,M)*TELE(K) DO 290 J=1,6

210 CONTINUE AKELE(I+12,J ,IE} = ABGXTG(I,J}
ABGXUG(IA, IB} = CABGXUG AKELE (I+12,J46 ,IE) = ABGYTG(I,J)
AGBXUG(IA, IB) = CAGBXUG AKELE (1+12,J+12,1IE) = CTT{I,J}
AGBYVG(IA,IB) = CAGBYVG 290 CONTINUE
RBGYVG{IA,IB} = CABGYVG (o}

ABGXVG(IA,IB} = CABGXVG c BEGIN COMPUTING THE RESIDUALS ON RHS OF ELEMENT EQS.:
ABGYUG(IA,IB} = CABGYUG C
ABGXTG(IA,IB) = CABGXTG DO 300 I=1,6
ABGYTG{IA, IB) = CABGYTG TERM1 = 0.
200 CONTINUE TERM2 = 0.
. TERM3 = 0,
DO 220 1I=1,6 TERM4 = 0,
DO 220 J=1,6 TERM5 = 0.
CUU{I,J} = ABGXUG(I,J) + AGBXUG(I,J) + AGBYVG(I,J) + SXX(I,J) DO 310 J=1,6
CVV(I,J) = ABGYVG(I,J) + AGBYVG(I,J) + AGBXUG(I,J) + SYY(I,J) TERM1 = TERMl + ABGXUG(I,J)*UELE(J)}
CVU(I,J} = ABGXVG(I,J) + SYX(I,J) TERM2 = TERM2 + ABGYUG(I,J)*VELE(J)
CUV{I,J} = RBGYUG(I,J) + SXY(I,J} - TERM4 = TERM4 + SXX(I,J)*UELE(J)}
CTT(I,J} = AGBXUG(I,J) + AGBYVG{I,J} + TXX(I,J) + TYY(I,J) TERM5 = TERM5 + SXY(I,J)*VELE(J)
220 CONTINUE 310 CONTINUE
DO 320 J=1,3
THEN THE MATRIX (21X21) ON LHS OF THE ELEMENT EQS. IS: TERM3 = TERM3 + HXT(I,J)*PELE(J)
320 CONTINUE
DO 230 1I=1,21 FX(I) = TERM1 + TERM2 + TERM3 + TERM4 + TERMS
DO 230 J=1,21 300 CONTINUE
AKELE{I,J,IE) = 0. C
230 CONTINUE DO 350 I=1,6
TERM1 = 0.
DO 240 1I=1,6 TERM2 = 0.
DO 250 J=1,6 TERM3 = 0.
AKELE(I ,J ,IE) = CUU(I,J)} TERM4 = 0,
AKELE (I+6,J+6,IE) = CVV(I,J) TERM5. = 0.
AKELE(I ,J+6,IE} = CUV(I,J) TERM6 = 0.
ARKELE (I+6,J ,IE) = CVU(I,J)} DO 360 J=1,6 .

250 CONTINUE TERM1 = TERM1 + ABGXVG(I;J)*UELE({(J)
DO 260 J=1,3 TERM2 = TERM2 + BABGYVG(I,J)*VELE(J)
AKELE(I ,J+18,IE} = HXT(I,J)} ' TERM4 = TERM4 + SYX(I,J)*UELE({J)
AKELE {I+6,J+18,IE} = HYT(I,J) TERM5 = TERMS + SYY(I,J)*VELE(J}

260 CONTINUE TERM6 = TERM6 + CAB(I,J)*TELE (J}

240 CONTINUE 360 CONTINUE
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DO 370 J=1,3 ¢
TERM3 = TERM3 + HYT(I,J)*PELE(J) RETURN
370 CONTINUE END
FY(I} = TERM1 + TERM2 + TERM3 + TERM4 + TERMS + TERM6 (c.
350 CONTINUE : (e e e o A T T T
DO 380 1I=4,6 c
FY(I} = FY(I) + GRA*ARER/3.*(1.+TEXP*TREF) SUBROUTINE FORCE { B, COORD, INTOUT, PRES, MXPOILV,
380 CONTINUE * MXNEQ, MXFREE, DEN )
c c
DO 400 1I=l1,6 IMPLICIT REAL*8 (A-H,0-2)
TERM1 = 0. c
TERM2 = 0. DIMENSION B (MXNEQ), PRES (MXPOIV)
TERM3 = 0. DIMENSION COORD {MXPOIV,2), INTOUT (MXFREE, 4)
TERM4 = O, G
DO 41Q J=1,6 DO 10 I=1,MXFREE
TERM1 = TERMl + ABGXTG(I,J)*UELE (J) €
TERM2 = TERM2 + ABGYTG(I,J)*VELE(J)} c FIND BOUNDARY LOCAL COORDINATES:
TERM3 = TERM3 + TXX(I,J)*TELE(J) C
TERM4 = TERM4 + TYY(I,J)*TELE(J)} JJ = INTOUT(I,2)
410 CONTINUE KK = INTOUT(I,3)
FT(I) = TERM1 + TERM2 + TERM3 + TERM{4 LL = INTOUT(I,4)
400 CONTINUE X1 = COORD{JJ, 1)
c : X2 = COORD{LL,1)
DO 450 1I=1,3 Y1 = COORD{JJ,2)
TERM1 = O. Y2 = COORD(LL,2)
TERMZ = 0. ©;
DO 460 J=1,6 c CALCULATE LENGTH OF BOUNDARY:
TERM1 = TERM1 + HX(I,J)*UELE(J) G
TERM2 = TERM2 + HY{(I,J}*VELE(J)} DX = X2 ~ X1
460 CONTINUE DY = Y2 = Y1
FI(I) = TERM1 + TERM2 DL = SQRT(DX*DX + DY*DY)
450 CONTINUE c
c : C CALCULATE FORCE COMPONENTS:
C THUS THE RESIDUAL VECTOR ON RHS OF ELEMENT EQS. IS: c
c IF ((DX.LT.Q.).AND.(DY.GE.Q.)) THEN
DO 420  I=1,6 ) RX1 = ~PRES(JJ}*DY/6.
RELE(I ,IE) = =FX(I) RX2 = —-PRES(LL)*DY/6.
RELE (I+6 ,IE) = -FY{I) RY1 = -PRES(JJ}*DX/6.
RELE {I+12,IE) = -FT(I} RY2 = -~PRES(LL)}*DX/6.
420 CONTINUE ELSE
DO 430 1I=1,3 IF {{DX.LT.O0.).AND.{(DY.LT.0.}) THEN
RELE (I+18,IE) = =FI{I) RX1 = PRES(JJ)*DY/6.
430 CONTINUE RXZ = PRES{LL)*DY/6.
c RY1l = =-PRES{JJ)*DX/6.
c APPLY BOUNDARY CONDITIONS FOR ELEMENT MATRICES: RY2 = =~PRES(LL)}*DX/6.
c ELSE
CALL APPLYBC (MXPOIV, MXELE, AKELE, RELE, INTMAT, IF ((DX.GE.O.).AND.(DY.LT.0.)) THEN
* IBCU, IBCV, IBCT, IBCP, 1B} RX1 = PRES(JJ)*DY/6.
c RX2 = PRES(LL)*DY/6.
500 CONTINUE RY1 = PRES(JJ}*DX/6.

ile



[eNoKe]

o000

RYZ = PRES(LL)*DX/6.

ELSE

IF ((DX.GE.0.).AND.(DY.GE.0.}) THEN
RX1 = ~PRES(JJ)*DY/6.
RX2 = -PRES{LL)*DY/6.
RY1 = PRES{JJ)*DX/6.
RY2 = PRES(LL)*DX/6.

ENDIF

ENDIF

ENDIF

ENDIF

ASSEMBLING FORCE COMPONENTS INTO SYSTEM LOAD VECTOR:

B{JJ} = B{JJ)} + RX1/DEN
B(KK) = B(KK) + 2.*RX1/DEN
B(KK) = B{KK) + 2.*RX2/DEN
B(LL) = B{LL) + RX2/DEN

B(MXPOIV+JJ} = B{MXPOIV+JJ} + RY1/DEN
B (MXPOIV+KK) = B(MXPOIV+KK) + 2.*RY1/DEN
B (MXPOIV+KK) = B(MXPOIV+KK} + 2.*RY2/DEN
B(MXPOIV+LL) = B(MXPOIV+LL) + RY2/DEN
10 CONTINUE
RETURN
END
SUBROUTINE HEATFLUX( B, COORD, INTFLUX, FLUX, MXPOIV,
* MXFLUX, DEN, cv

IMPLICIT REAL*8 (A~H,0-Z})

DIMENSION . B (MXNEQ), FLUX (MXPOIV)
DIMENSION COORD (MXPOIV,2), INTFLUX (MXFLUX, 4)

DO 10 I=1,MXFLUX

FIND

>
&
§ K B & 8 B @

BOUNDARY LOCAL COORDINATES:

INTFLUX(I, 2)
INTFLUX (I, 3)
INTFLUX (I, 4}
COORD(JJ, 1)
COORD(LL, 1)
COORD({JJ, 2)
COORD(LL, 2)

MXNEQ,
)

[eNeNe]

EFOIE)

10

CALCULATE LENGTH OF BOUNDARY:

DX = X2 ~ X1

DY = Y2 ~ Y1

DL = SQRT(DX*DX + DY*DY)

CALCULATE HEAT FLUX THAT FLOW INTO DOMAIN:

Q1 = (FLUX(JJ)*DL/6.}/ (DEN*CV}
Q2 = (FLUX(LL)*DL/6.)/ (DEN*CV}

ASSEMBLING HEAT FLUX INTO SYSTEM LOAD VECTOR:

B{2*MXPOIV+JJ) = B(2*MXPOIV+JJ} + Q1

B (2*MXPOIV+KK) = B(2*MXPOIV+KK) + 2,+*Q1
B(2*MXPOIV+KK) = B(2*MXPOIV+KK} + 2.*Q2
B{2*MXPOIV+LL) = B{2*MXPOIV+LL) + Q2
CONTINUE

RETURN

END
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PROGRAM HIFLOW (INPUT,OUTPUT, TAPES=INPUT, TAPE6=0UTPUT, TAPE7, TAPES)

A HIGH-SPEED COMPRESSIBLE FLOW PROGRAM.
DR. PRAMOTE DECHAUMPHAI
FACULTY OF ENGINEERING
CHULALONGKORN UNIVERSITY

PARAMETER (MXPOl=447, MXELE=859, MXBOU=33, MXSID=1303)
IMPLICIT REAL*8(A~H,0-Z)

DIMENSION COORD(MXPOI,2), UNKNP({MXPOI,4), UNKNPL({MXPOI,4)
DIMENSION UNKNO(MXELE,4), UNKN1(MXELE,4), RSIDO(MXSID,3}
DIMENSION RHSO{MXELE,4), DELTE(MXELE), AREA (MXELE)
DIMENSION AMLP(MXPOI), SIDERX{(MXPOI,3), SIDERY(MXPOI,3)
DIMENSION DNDX(MXELE, 4}, DNDY(MXELE,4), SLEN(MXSID,2}
DIMENSION SUMSQ(4), TEXT{(10}, ASET(10), CSET(10)

INTEGER INTMA(MXELE,4), BSIDO(MXBOQU,4)
INTEGER IDUM1(MXPOI), IDUM2{MXPOI), IDUM3(4*MXELE)
INTEGER = ISIDE(MXSID,4), JESID(MXELE,4)

CHARACTER FILNAM*5, CV*4

OPEN (UNIT= 5,FILE=FILNAM//'.0'//CV, STATUS='OLD')"

OPEN(UNIT= 7,FILE= 'SOL'//CV//'.OUT', STATUS="'UNKNOWN' )
OPEN (UNIT= 8,FILE= *CON'//CV//'.QUT', STATUS='UNKNOWN')
QOPEN{UNIT= 9, FILE= ‘HTFLX'//CV//'.OUT', STATUS="UNKNOWN')
OPEN (UNIT=23, FILE= ‘JUNK'//CV//®.QUT',STATUS="'UNKNOWN'}

NDIMN = 2

NAMAT = NDIMN + 2
NNODE = NDIMN + 2
NBNOR = NDIMN + 1
NBNOI = NDIMN + 2

READ NO. OF TRIANGLES, QUADS, NODES, AND BOUNDARY:
READ(5,1) TEXT

FORMAT (10A8)

READ{5,*} NTRI, NQUAD, NPOIN, NBOUN

NELEM = NTRI + NQUAD

READ GAMMA, CV, EPSLAM, CSAFV

READ(5,1} TEXT
READ(5,*) GAMMA, CV, EPSLAM, CSAFV

READ ASSOCIATED VISCOUS QUANTITIES AMUF, TREFF, S, PR

READ (5,1} TEXT
READ(5,*} AMUF, TREFF, S, PR

Q00 QO Qa0 aQaoO Qa0 leNeXe] (oRoNe X}

aaan

10

20

30

33

READ IVISC, IMP, NODE NUMBER FOR QDOT HISTORY NODEQ, AND
DISSIPATION CODE (1=ON, 0=0FF) FOR QUADS IN BOUDARY LAYER,
AND TOTAL NUMBER OF TIME STEPS NEEDED:

READ(S,1} TEXT
READ(5,*) 1IVISC, IMP, NODEQ, IDISS, NTIME
QDOT = 0.

READ NUMBER OF SETS FOR SAFETY FACTOR

READ (5,1} TEXT
READ(5, *} NSET

READ SAFETY FACTORS

READ(5,1) TEXT

DO 5 Iel,NSET

READ(S5,*) 1II, IST, CSET(I)
ASET (I} = FLOAT(IST)
CONTINUE

ASET(1) = 0.

READ ELEMENT NODAL CONNECTIONS:

READ({5,1) TEXT

DO 10 I=1,NELEM

READ(5,*} IE, (INTMA({I,J), J=1,4)
CONTINUE

READ ELEMENT NODAL COORDINATES:

READ(5,1) TEXT

DO 20 I=1,NPOIN

READ(5,*) N, (COORD(I,J), J=1,2)
CONTINUE

READ NODAL INITIAL CONDITIONS:

READ (5,1} TEXT

DO 30 I=1,NPQIN

READ{5,*} N, (UNKNP(I,J), J=1,4)
CONTINUE

SAVE THESE NODAL INITIAL CONDITIONS

DO 33 J=1,NAMAT

DO 33 1I=1,NPQIN
UNKNP1(I,J) = UNKNP(I,J)
CONTINUE

OBTAIN NODAL CONSERVATION VARIABLES

DO 35 J=2,NAMAT

0ec
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DO 35 I=],NPOIN
UNKNP(I,J) = UNKNP(I,1)*UNKNP(I,J)
CONTINUE

COMPUTE ELEMENT QUANTITIES:

Cli = 1./3.

DO 40 IE=1,NELEM

NCOUNT = 4

FACTOR = 0.25

IL = INTMA(IE,4)
IF{IL.EQ,0) NCOUNT = 3
IF(IL.EQ.0) FACTOR = C13
DO 40 IA=1,NRMAT
UNKNO(IE,IA) = 0.

DO 40 IN=1,NCOUNT

IP = INTMA(IE, IN)
UNKNO(IF, IA) = UNKNO(IE,IA)} + FACTOR*UNKNP(IP, IA}
CONTINUE

READ NODAL BOUNDARY CONDITIONS:
BSIDO(NBOUN,1} =~ 18T NODE ON THE SIDE

BSIDO(NBOUN,2) ~- 2ND NODE ON THE SIDE
BSIDO(NBOUN,3) =~ ELEMENT NO., OF THAT SIDE
BSIDO{(NBOUN,4) =~- B.C., OF THAT SIDE

READ(5,1) - TEXT

DO 50 IB=1,NBOUN

RERD(5,*} (BSIDO(IB,J}, J=1,4)
CONTINUE

WRITE (6, 54)
FORMAT {1X, *READING INPUT DATA COMPLETED')

COMPUTE TOTAL NUMBER OF SIDES:
NSIDE = (3*(NTRI + 2*NQUAD) + NBOUN)/2 - NQUAD

IDENTIFY THE SIDE: . DETERMINE ARRAYS ISIDE(NSIDE,4)
AND JESID(NELEM,4)

CALL SIDE(NELEM, NPOIN, NSIDE, INTMA, ISIDE, IDUM1, IDUMZ,
* IDUM3, NBOUN, NBNOI, BSIDO, JESID )

WRITE (6,55)
FORMAT (1X, 'SUB. SIDE COMPLETED')

COMPUTE COMPONENTS OF UNIT NORMAL VECTOR TO THE SIDE
AND THE SIDE LENGTHS:

PO 70 IS=1,NSIDE
IPI = ISIDE(IS,;1)
IPJ = ISIDE(IS,2)

[pNoNe]
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DX = COORD(IPJ,1} - COORD{IPI,1}
DY = COORD({IPJ,2} =~ COORD(IPI,2}
DL = SQRT{DX*DX + DY*DY)
RSIDO{IS,1) = DY/DL
RSIDO(IS,2) = ~DX/DL
RSIDO(IS,3) = DL

70 CONTINUE

COMPUTE ELEMENT AREAS AND ALL ELEMENT MATRICES NEEDED
CALL GETMAT ( NDIMN, NAMAT, NELEM, NPOIN, INTMA,

* COORD, AMLP, AREA, DNDX, DNDY )
DETERMINE REPRESENTATIVE ELEMENT LENGTHS FOR LOCAL TIME STEP
COMBUTATION
CALL ELELEN ( NDIMN, NNODE, NSIDE, NPOIN, NELEM,

* INTMA, COORD, ISIDE, JESID, SLEN )
WRITE (9, 93)

93 FORMAT( 44H HEAT FLUX COMPUTATION USING 2-PT DIFFERENCE, /,
* 8H ELEMENT, 3X, BHPRESSURE, 3X, OHHEAT FLUX,
* X, 2HXI, 10X, 2HYI, 10X, 2HXJ, 10X, 2HYJ }

PERFORM TIME STEP ITERATIONS:

DO 5000° ITIME=1,NTIME

STORE ELEMENT UNKNOWNS IN UNKN1 (NELEM,NAMAT)
DO 510 IA=1l,NPMAT

DO 510 IE=l,NELEM

UNKNL (IE,IA) = UNKNO(IE,IA)
510 CONTINUE

COMPUTE CURRENT SAFETY FACTOR
IDONE = 0

ATIME = FLOAT (ITIME)

DO 515 I=1,NSET

IF( (ATIME.LE.ASET(I}).AND, (IDONE.EQ.0}} THEN
IDONE = 1
DIFF = ASET(I) - ASET{I-l}
CSAFE = (ASET(I)~ATIME)*CSET(I~1}/DIFF

& + (ATIME~ASET(I-1))*CSET(I)/DIFF

ENDIF

515 CONTINUE .
CSAFE = 0.5
COMPUTE NODAL DERIVATIVES OF U, V, T WRT. X &Y

520 CONTINUE
IF{IVISC.EQ.1)
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*CALL NDER/{

* NTRI, NQUAD,
* GBAMMA, cv,
* SIDERX, SIDERY
IF(IMP,EQ.0)

*CALL ADVNCE {

* NBNOR, NPOIN,
* ISIDE, JESID,
* AREA, BMLP,
0 CSAFE, GAMMA,
* IVISC, EPSLAM,

n

NODEQ, QDOT,

NDIMN, NNODE, NAMAT,
NELEM, INTMA, COORD,
UNKNP, AREA, DNDX,

NDIMN, NNODE, NAMAT,
NTRI, NQUAD, NELEM,
RSIDO, BSIDO, UNKNO,
DNDX, DNDY,SIDERX,
cv, PR, BAMUF,
DELTE, SLEN, ITIME,
Iniss

IF{(IMP.EQ.1) .AND. (CSAFE.LT.0.5))

*CALL ADVNCE({
* - NBNOR, NPOIN,

* ISIDE, JESID,
* AREA, AMLP,
* CSAFE, GAMMA,
* IVISC,EPSLAM,
*

NODEQ, QDOT,

NDIMN, NNODE, NAMAT,
NTRI, NQUAD, NELEM,
RSIDO, BSIDO, UNKNO,
DNDX, DNDY,SIDERX,
o, PR, AMUF,
DELTE, SLEN, ITIME,
1DISS

IF((IMP.EQ.1).AND, (CSAFE.GE.0.5))

*CALL ADVNCI (

NBNOR, NPOIN,
ISIDE, JESID,
BAREA, BAMLP,
CSAFE, GAMMA,
IVISC, EPSLAM,
NODEQ, QDOT,

+ & % % * K

COMPUTE RESIDUALS:

DO 550 1A=1,NAMAT
SUMSQ(IA) = 0.

DO 560 1IE=1,NELEM
DIFF = UNKNO(IE,IA)

NDIMN, NNODE, NAMAT,
NTRI, NQUAD, NELEM,
RSIDO, BSIDO, UNKNO,
DNDX, DNDY, SIDERX,
cv, PR, AMUF,
DELTE, SLEN, ITIME,
IDISS

~ UNKN1(IE,IA)

SUMSQ(IA} = SUMSQ(IA) + DIFF*DIFF

CONTINUE

SUMSQ(IA) = SQRT (SUMSQ(IA))

CONTINUE

SUML = SUMSQ(1)

SUMLOG = LOGL0 (SUML)

WRITE(8,1050) ITIME, (SUMSQ(IA}, IA=1,4), QDOT, SUMLOG

WRITE (6,1050) ITIME, (SUMSQ(IA}, IA=l,4), QDOT, SUMLOG

FORMAT (18, 6E12.5)
CONTINUE

CONVERT ELEMENT QUANTITIES TO NADAL QUANTITIES:

DO 95 IA=l,NAMAT

NBOUN,
UNKNO,
DNDY,

NSIDE,
INTMA,
UNKNI1,
SIDERY,
TREFF,
NTIME,

NSIDE,
INTMA,
UNKN1,

SIDERY,
TREFF,
NTIME,

NSIDE,
INTMA,
UNKN1,

SIDERY,
TREFF,
NTIME,

NPOIN,
BSIDO,
AMLP,

NBOUN,
COORD,
UNKNP,

RHSO,

Sy
CSAFV,

NBOUN,
COORD,
UNKNP,

RHSO,

’
CSAFV,

NBOUN,
COORD,
UNKNP,

RHSO,

S,
CSAFV,

QOO0
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110
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120

DO 95 IP=1,NPOIN
UNKNP{IP,IA) = 0.
CONTINUE

DO 97 1P=1,NPOIN
IDUM1 (IP) = 0
CONTINUE

DO 100 IE=1,NELEM

DO 101 = IN=1,NNODE

IP = INTMA{IE,IN)
IF(IP.EQ.0}) GO TO 103
IDUM1(IP) = IDUM1(IP) + 1
DO 102 IA=1,NAMAT
UNKNE(IP,IA} = UNKNP(IP,IA) + UNKNO(IE,IA)
CONTINUE

CONTINUE

CONTINUE

CONTINUE

DO 105 = IA=1,NAMAT

DO 105 IP=1,NPOIN

UNKNP (1P, IA) = UNKNP (IP,IA)/FLOAT (IDUML(IP)})
CONTINUE

TRANSFORM CONSERVATION VARIABLES BACK TO PRIMATIVE VARIABLES:

DO 110 IP=1,NPOIN

DO 110 IA=2,NAMAT

UNKNB (IP, IA) = UNKNE(IP,IA)/UNKNP(IP,1)
CONTINUE

CONSTRAINT SOME NODAL QUANTITIES DEPENDING ON BOUNDARY CONDITIONS
(A) INLET {FIXED) CONDITIONS

DO 120 IB=1,NBOUN

IBC = BSIDO(IB,4)
IF(IBC.NE.1) GO TO 120

TI = BSIDO(IB,1)

JJ = BSIDO(IB,2)

DO 125 IA=1,NAMAT

UNKNP (II,IA) = UNKNP1(II,IA)
UNKNP (JJ, IA) = UNKNP1(JJ, IA}
CONTINUE

CONTINUE

(B} SPECIFIED WALL® TEMPERATURES

IF{IVISC.NE,1) GO TO 131
DO 130 IB=1,NBOUN

IBC = BSIDO(IB,4)
IF{IBC,NE.4) GO TO 130

[444
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OO0

QOO0

c

135
130
131

1000

150
1100

1010

1011

1012

160

1013

1014

1015
170

2000

11 = BSIDO(IB,1)

JJ. = BSIDO(IB,2)

DO 135 IA=2,NAMAT
UNKNP({II,IA} = UNKNPLl(II,IA}
UNKNP (JJ, IA) = UNKNP1(JJ, IA}

CONTINUE

CONTINUE

CONTINUE

PRINT OUT SOLUTION:

NNl = 1

NN2 = 2

WRITE(7,1000)

FORMAT {4X, 4HNODE, 9X, 3HRHO, 14X, 1HU, 15X, 1HV, 15X, 1HE)
DO 150 IP=1,NPOIN

WRITE(7,1100) 1IP, (UNKNP{IP,IA), IA=1,NAMAT)
CONTINUE

FORMAT (I8, 4E16.8)

PREPARE DATA FOR PLOTTING BY PROGRAM FEPLOT:

WRITE (23,1010}

FORMAT ('  NPOIN = NELEM NVAR')

WRITE (23,1011} NPOIN, NTRI, NAMAT

FORMAT (318)

WRITE(23,1012) MXPOI

FORMAT (' NODAL COORDINATES & SOLUTIONS [*, I5, ']')
DO 160 IP=1,NPOIN

WRITE(23,1013) IP, (COORD(IP,J),J=1,2), (UNKNP{IP,IA), IA=1,NAMAT)
CONTINUE

FORMAT (16, 6E13.5)

WRITE(23,1014) NTRI

FORMAT (* ELEMENT NODAL CONNECTIONS {', I5, '1*)

DO 170 IE=1,NTRI

WRITE (23,1015} IE, (INTMA(IE,J), J=1,3)}

FORMAT (418)

CONTINUE

COMPUTE CONSISTENT NODAL HEAT FLUXES IF NEEDED:
IF(IVISC.EQ.0) GO TO 2000

CALL HTFLX{ NDIMN, NNODE, NAMAT, NSIDE, NBOUN,
* NBNOR, NPOIN, NTRI, NQUAD, NELEM, INTMA, COORD,
* BSIDO, UNKNP,UNKNPl, GAMMA, cv, PR, AMUF,
* TREFF, S, SIDERX, SIDERY )
CONTINUE

STOP

END

SUBROUTINE ADVNCE( NDIMN, NNODE, NAMAT, NSIDE, NBOUN,
* NBNOR, NPOIN, NTRI, NQUAD, NELEM, INTMA, COORD,

* ISIDE, JESID, RSIDO, BSIDO, UNKNO, UNKN1l, UNKNP,

OO0 QOO0 QOO0 OO0 O
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20
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AREA, AMLP, DNDX, DNDY,SIDERX,SIDERY, RHSO,
CSAFE, GAMMA, cv, PR, AMUF, TREFF, s,
IVISC,EPSLAM, DELTE, SLEN, ITIME, NTIME, CSAFV,
NODEQ, QDOT, IDISS }

IMPLICIT REAL*8(A-H,0-Z)

DIMENSION COORD{NPOIN,NDIMN), RHSO(NELEM, NAMAT)

DIMENSION UNKNO({NELEM,NAMAT), UNKNI1(NELEM, NAMAT}

DIMENSION RSIDO(NSIDE,NBNOR), DELTE(NELEM), AREA(NELEM)
DIMENSION AMLP(NPOIN), SIDERX{NPOIN,3), SIDERY (NPOIN,3)
DIMENSION DNDX(NELEM,4), DNDY(NELEM,4), UNKNP(NPOIN,NAMAT)
DIMENSION SLEN({NSIDE,2)

DIMENSION RLAM{4}, R(4,4), RI(4,4}, DU(4])

DIMENSION DISS(4), FSUM(d), FLUX{(4), AVROE(4,4), VFLUX(4}

INTEGER - INTMA (NELEM, NAMAT), BSIDO(NBOUN,4)
INTEGER ISIDE(NSIDE,4), JESID(NELEM,4)

GAM1 = GAMMA ~ 1.

INITIALIZE ELEMENT TIME STEPS:
DO 20 IE=1,NELEM

DELTE(IE) = 1.E+10

CONTINUE

INITIALIZE RHSO VECTOR:

DO 30 . IA=1,NAMAT

DO 30 IE=1,NELEM

RHSO {IE,IA) = 0,

CONTINUE

LOOP OVER THE SIDES:

DO 8888 I8=1,NSIDE

IDENTIFY THE LEFT AND RIGHT ELEMENT NUMBERS:

IEL = ISIDE(IS,3)
IER = ISIDE(IS,4)

GET COMPONENTS OF NORMAL VECTOR FOR THE SIDE CONSIDERED:
RNX = = RSIDO(IS,1)

RNY = RSIDO(IS,2) ®

RLEN = RSIDO(IS,3)

COLLECT THE "LEFT" ELEMENT VALUES:

RHOL = UNKNO{IEL,1)
UXL = UNKNOQ(IEL,2)/RHOL
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VYL = UNKNO(IEL,3j/RHOL

TEL = UNKNO(IEL,4)/RHOL

PRESL= GAM1*(UNKNO(IEL,4) =~ 0.5*RHOL¥* (UXL*UXL+VYL*VYL))
IF(IVISC.EQ.1) TEMPL = (TEL - 0.5* (UXL*UXL+VYL*VYL))/CV

“"LEFT" NORMAL AND TANGENTIAL VELOCITIES AND TOTAL ENTHALPY:

UNL = UXL*RNX + VYL*RNY
VTL = ~UXL*RNY + VYL*RNX
ULZ = UNL*UNL + VTL*VTL
HL = GAMMA*TEL - 0.5*GAM1*UL2

IS THIS SIDE ON THE ACTUAL FLOW BOUNDARY ?
IF({IER.GT.0) GO TO 100
APPLY BOUNDARY CONDITIONS:

IF{IER.EQ.~1) GO TO 110
IF(IER.EQ.-2) GO TO 120
IF{IER.EQ.-3) GO TO 130
IF(IER,EQ.-4) GO TO 140
GO TO 100

SUPERSONIC INFLOW:

CONTINUE

IT = ISIDE(IS, 1)

JJ = ISIDE(IS,2)

RHOR = 0.5%{ UNKNP{II,1l} + UNKNP (JJ, 1)}
UXR = 0.5%{UNKNP(II,2)/UNKNP(II,1) + UNKNP(JJ,2)/UNKNP(JJ,1}}
VYR = 0.5%{UNKNP(II,3)/UNKNP(II,1) + UNKNP(JJ,3)/UNKNP(JJ, 1))
TER = 0.5*{UNKNP{II,4)/UNKNP{II,1) + UNKNP{JJ,4)/UNKNP(JJ, 1))
PRESR= GAM1* (RHOR*TER - 0.5*RHOR* {UXR*UXR+VYR*VYR))
IF(IVISC.EQ.1) TEMPR = (TER -~ 0.5% (UXR*UXR+VYR*VYR}}/CV

GO TO 200

SUPERSONIC OUTFLOW:

CONTINUE

RHOR = RHOL

UXR = UXL

VYR = VYL

TER = TEL

PRESR= PRESL

IF(IVISC.EQ.1) TEMPR = (TER - 0.5* (UXR*UXR+VYRWVYR))/CV
GO TO 200

INVISCID WALL
CONTINUE

RHOR = RHOL
UXR - ==RNX*UNL - RNY*VTL

[eXeNe]
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VYR =~RNY*UNL + RNX*VTL

PRESR= PRESL

TER = (PRESR/(GAM1*RHOR)) + 0.5* {UXR*UXR+VYR*VYR)
IF{IVISC.EQ.1}) TEMPR = (TER - 0.5* (UXR*UXR+VYR*VYR))/CV
GO TO 200

VISCOUS WALL WITH SPECIFIED TEMPERATURE

CONTINUE

II = ISIDE (IS, 1)

JJ = ISIDE(IS,2)

PRESR = PRESL

UXR =-UXL

VYR =-VYL

TEWALL = 0,5% (UNKNP(II,4)/UNKNP(II,1} + UNKNP(JJ,4)/UNKNP(JJ, 1))
TER = TEWALL

IF(TER.LE.0.) WRITE{23,4321) IEL

IF(TER.LE,0.) WRITE({ 6,4321) IEL

FORMAT (' *** WARNING *** COMPUTED WALL TEMP. NEXT TO ELEMENT', IS,
& * IS NEGATIVE', /, ‘ TRY ANOTHER STATEMENT COMMENTED IN CODE'}
RHOR = PRESR/{GAM1*(TER -~ 0,5* (UXR*UXR+VYR*VYR}})

IF(IVISC.EQ.1) TEMPR = TER/CV

GO TO 200

THE RIGHT SIDE IS CONNECTED TO ACTUAL ELEMENT:

CONTINUE

RHOR = UNKNO(IER, 1)

UXR = UNKNO(IER,2)/RHOR

VYR = UNKNO(IER,3)/RHOR

TER = UNKNO(IER,4}/RHOR

PRESR= GAM1* (UNKNO({IER,4) =~ 0,5*RHOR* (UXR*UXR+VYR*VYR]})
IF(IVISC.EQ.1) TEMPR = {TER - 0,5% (UXR*UXR+VYR*VYR}}/CV

CONTINUE

YRIGHT" NORMAL AND TANGENTIAL VELOCITIES AND TOTAL ENTHALPY:
UNR = UXR*RNX + VYR*RNY

VTR = -~UXR*RNY + VYR*RNX

UR2 = UNR*UNR + VTR*VTR

HR = GAMMA*TER ~ 0.5*GAM1*UR2

ALSO COMPUTE AVERAGE VALUES OF VISCOUS FLUXES IF NEEDED

IF{IVISC.EQ.0) GO TO 230

II = ISIDE(IS,1) .
JJ ISIDE(IS,2)

DUML = TEMPL/TREFF

BAMUL = SQRT (DUML*DUML*DUML)

AMUL = AMUF*AMUL*DUML

DUML = (TREFF+S)/ (TEMPL+S}
DUMR = TEMPR/TREFF
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AMUR = SQRT (DUMR*DUMR*DUMR)

DUMR = (TREFF+S)/ (TEMPR+8S)

AMUR = AMUF*AMUR*DUMR

AMU = 0.5*{AMUL+AMUR}

TK = GAMMA*CV*AMU/PR

UVEL = 0.5* (UXL+UXR)

VVEL = 0.5*{VYL+VYR}

DUDX = 0,5* {SIDERX(II, 1) + SIDERX(JJ,1))
DUDY = 0,5*{SIDERY(II,1) + SIDERY(JJ,1))
DVDX = 0.5%(SIDERX(II,2) + SIDERX(JJ,2))
DVDY = 0,5* (SIDERY(II,2) + SIDERY(JJ,2))
DTDX = 0,5%*(SIDERX(II,3) + SIDERX({JJ,3))
DTDY = 0,5* {SIDERY(II,3) + SIDERY{JJ,3))
SXX = {2,/3.)*RAMU*(2.*DUDX - DVDY}

SXY = BMU™* ( DUDY + DVDX}

SYY = (2./3.)*AMU*(2.*DVDY ~ DUDX)

QX = ~TK*DTDX

QY = ~TK*DIDY

VFLUX{1) = O,

VFLUX(2) = =SXX*RNX - SXY*RNY

VFLUX{3) = =SXY*RNX - SYY*RNY

VFLUX {4} = ~{UVEL*SXX + VVEL*SXY - QX)*RNX
& ~{UVEL*SXY + VVEL*SYY - QY)*RNY

STORE HEATING RATE AT NODE NODEQ} FOR CONVERGENCE CHECK

IF(IER.NE.-4) GO TO 225
IF({{II.EQ.NODEQ).OR. (JJ.EQ.NODEQ))
* QDOT = (QX*RNX + QY*RNY)

225 CONTINUE

PRINT OUT WALL HEATING RATE IF NEEDED

IF{(ITIME.EQ.NTIME) .AND. (IER.EQ.~4)) THEN
QWALL = (QX*RNX + QY*RNY)

WRITE(9,1111) IEL, PRESL, QWALL,
& COORD(II, 1), COORD(II,2}, COORD{JJ, 1), COORD(JJ,2}

1111 FORMAT(IB, 6E12.5)

ENDIF
230 CONTINUE
COMPUTE INTERFACE VALUES

BI = SQRT{RHOR/RHOL)
Al = 1./{1.+BI)
Ul = (BI¥*UXR + UXL}*AT
VI = (BI*VYR + VYL)*AI
KI = (BI*HR <+ HL )*AI
CI2= GAM1*{HI ~ 0,5* (UI*UI+VI*VI))
IF(CI2.LT,0.} WRITE(6,222) IER, IEL
222 FORMAT {2X, 'NEGATIVE SOUND. SPEED BETWEEN ELEMENTS', 2I5)
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CI = SQRT{CI2)}

UCAP' = UI*RNX + VI*RNY
VCAP =~UI*RNY + VI*RNX

CcX = CI*RNX

cY = CI*RNY

ALP = 0.5*(UI*UI + VI*VI)

COMPUTE THE FOUR ABSOLUTE EIGENVALUES:

RLAM({1) = ABS(UCAP)
RLAM (2} = ABS(UCAP)
RLAM(3) = ABS (UCAP+CI)
RLAM(4) = ABS(UCAP-CI)

RESET THESE EIGENVALUES SO THAT THE RANGE IS FROM ZERO TO ONE

EIGMAX = ABS(UCAP) + CI
DO 245 IR=1,4

RLAM(IR) = RLAM(IR)/EIGMAX
CONTINUE

EPSACT = EPSLAM

SET EPSLAM TO BE VERY SMALL FOR ALL QUADS WITH SIDES PARALLEL
TO THE WALL IF NEEDED

IF(IDISS.NE.0) - GO TO 444
LLL = INTMA(IEL,4)
IF( LLL.EQ.0) GO TO 444

NNI = INTMA(IEL,1)
NNJ = INTMA(IEL, 2}
NNK = INTMA(IEL,3)
NNL = INTMA(IEL,4)
II = ISIDE{IS,})

JJ = ISIDE(IS,2)

IF((NNI,EQ.II).AND. (NNJ.EQ.JJ)} - EPSACT = 0.00l*EPSLAM
IF((NNI,EQ.JJ).AND, (NNJ,EQ.II}) EPSACT = 0.001*EPSLAM
IF( (NNK.EQ.II).AND. (NNL.EQ.JJ)} EPSACT = 0.001*EPSLAM
IF({ (NNK.EQ.JJ) .AND, (NNL.EQ.II)}) EPSACT = 0.001*EPSLAM
CONTINUE

RESET THESE EIGENVALUES IF THEY ARE LESS THAN EPSLAM:

Do 250 IR=1,4

IF (RLAM(IR) .GE.EPSACT) GO TO 250

RLAM(IR) = 0.5%(RLAM(IR)*RLAM(IR)/EPSACT + EPSACT)
CONTINUE

[}

RESET BACK THE CORRECT (DIMENSION} EIGENVALUES

DO 247 1IR=1,4
RLAM(IR) = RLAM({IR)*EIGMAX
CONTINUE
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COMPUTE ELEMENT TIME STEP ASSOCIATED WITH THIS SIDE:

REPLEN = SLEN(IS,1) + SLEN(IS,2)

EIGMAX = ABS(UCAP) + CI

AUX = 0.

IF(IVISC.EQ.0) GO TO 255

RHOAVG = 0.5* (RHOL+RHOR)

AUX w CSAFV*2.*AMU/ (RHOAVG* PR*EIGMAX*REPLEN)
CONTINUE

DTL = CSAFE* (REPLEN/EIGMAX)/{1. + AUX)
DELTE(IEL} = MIN(DELTE(IEL},DTL)
IF{IER.LE.0) GO TO 260

DELTE (IER) = MIN(DELTE(IER},DTL)

CONTINUE

COMPUTE [R}] MATRIX:

R(1,1) = ALP*GAM1l - CI2
R{1,2) = ~GAM1*UI

R{1,3) = ~GAM1*VI

R(1,4} = GAMI
R{2,1) = -VCAP

R{2,2} = =RNY

R{2,3) = RNX

R(2,4) = O,

R(3,1) = ALP*GAM1 - UCAP*CI
R(3,2) = CX ~ GAM1*UI
R{3,3} = CY = GAM1*VI
R({3,4) = GAMI

R{4,1) = ALP*GAM1 + UCAP*CI
R(4,2) = ~CX - GAM1*UI
R{4,3) = -GY - GAM1*VI
R{4,4) = GAML

COMPUTE [R] MATRIX INVERSE:

RI(1,1) = ~1,/CI2

RI{1,2) = 0.

RI(1,3) = 0.5/CI2

RI(1,4) = 0.5/CI2

RI(2,1) = ~UI/CI2

RI{2,2) = ~RNY

RI(2,3) = (UI+CX)/(2.%CI2)

RI(2,4) = (UI-CX)/{(2.*CI2)

RI{3,1) = ~VI/CI2

RI(3,2) = RNX

RI(3,3) = (VI+CY)/(2.*CI2)

RI{3,4) = (VI-CY)/{2.,*C12)

RI{4,1)} = -ALP/CI2

RI(4,2) = VCAP

RI(4,3} = (ALP+UCRAP*CI)/(2.*CI2) + 1./(2.*GAM1)
RI{4,4) = (ALP-UCAP*CI)/(2.*CI2) + 1./{(2,*GAM1)

o
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COMPUTE (AS] =. [RI] [EIG} ([R] :

DO 300 1I=1,4

DO 300 J=1,4

R(I,J) = RLAM(I)*R{I,J)
300 CONTINUE

DO 310 I=1,4

DO 310 Jwl,4

AVROE(I,J) = 0,

DO 310 L=1,4

AVROE(I,J) = AVROE(I,J) + RI{I,L}*R{L,J}
310 CONTINUE

COMPUTE THE DIFFERENCE OF THE CONSERVATION VARIABLES
BETWEEN THE RIGHT AND THE LEFT ELEMENTS:

DU(1) = RHOR - RHOL

DU{2} = RHOR*UXR -~ RHOL*UXL
DU({3} = RHOR*VYR - RHOL*VYL
DU{4) = RHOR*TER - RHOL*TEL

COMPUTE DISS = [AS] UR-UL :

DO 320 I=1,4

DISS(I) = O.

DO 320 J=1,4

DISS (I} = DISS{I) + AVROE{I,J)*DU{J}
320 CONTINUE

COMPUTE SUM OF THE LEFT AND THE RIGHT FLUXES:

RHOL*UNL + RHOR*UNR

FSUM({1l) =
FSUM{2) = RNX* (PRESL+PRESR)

& + RHOL*UXL*UNL + RHOR*UXR*UNR
FSUM(3) = RNY* (PRESL+PRESR)

& + RHOL*VYL*UNL + RHOR*VYR*UNR
FSUM(4) = (RHOL*TEL.+ PRESL)*UNL

& + {RHOR*TER + PRESR) *UNR

THE INVISCID FLUX ON RHS OF THE EQ. IS:

DO 330 I=1,4
FLUX(I) = 0.5*(FSUM(I) - DISS(I})
330 CONTINUE

ADD VISCOUS FLUX COMPONENTS FOR VISCOUS ANALYSIS

IF(IVISC.EQ.0) GO TO 335

DO 333 1I=1,4

FLUX(I) = FLUX{I} + VFLUX{I)
333 CONTINUE
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335 CONTINUE

CONTRIBUTION OF THIS FLUX TO THE "LEFT" ELEMENT:

DO 340 1I=1,4

RHSO(IEL,I) = RHSO(IEL,I) - RLEN*FLUX{I)
340 CONTINUE

CONTRIBUTION QF THIS FLUX TO THE "RIGHT" ELEMENT:

IF(IER.LT.0) GO TO 355

DO 350 I=1,4

RHSO({IER,I) = RHSO(IER,I) + RLEN*FLUX(I)
350 CONTINUE
355 CONTINUE

END LOOP OVER ALL THE SIDES
8888 CONTINUE

SOLVE FOR NODAL INCREMENT AND UPDATE CONSERVATION VARIABLES:

DO 7777 IE=1,NELEM ~

DO 7777 IA=1,NBAMAT

UNKNO({IE,IA} = UNKN1{IE, IA)

& + DELTE (IE)*RHSO(IE,IA)/AREA(IE)
7777 CONTINUE

RETURN

END |

SUBROUTINE ADVNCI( NDIMN, NNODE, NAMAT, NSIDE, NBOUN,

* NBNOR, NPOIN, NTRI, NQUAD, NELEM, INTMA, COORD,

* ISIDE, JESID, RSIDO, BSIDO, UNKNO, UNKN1, UNKNP,

* ARER, AMLP, DNDX, DNDY,SIDERX,SIDERY, RHSOQ,

* CSAFE, GAMMA, cv, PR, AMUF, TREFF, s,

* IVISC,EPSLAM, DELTE, SLEN, ITIME, NTIME, CSAFV,

* NODEQ, @QDOT, IDISS )

IMPLICIT REAL*8{A-H,0-Z)

DIMENSION COORD{NPOIN,NDIMN), RHSO(NELEM,NAMAT)

DIMENSION UNKNO {NELEM,NAMAT), UNKN1(NELEM, NAMAT)

DIMENSION RSIDO(NSIDE,NBNOR}, DELTE(NELEM), AREA(NELEM)

DIMENSION AMLP{NPOIN), SIDERX({NPOIN,3), SIDERY (NPOIN,3)

DIMENSION DNDX(NELEM,4), DNDY(NELEM,4), UNKNP(NPOIN,NAMAT)

DIMENSION SLEN(NSIDE,2)

DIMENSION RLAM(4}, R{4,4), RI(4,4), DU(4)})

DIMENSION DISS(4), FSUM(4), FLUX(4), AVROE(4,4), VFLUX(4)

DIMENSION - ALHS{4,4), BLHS{4,4), BRHS(4)

INTEGER = INTMA {NELEM, NAMAT), BSIDO{NBOUN, 4}

INTEGER ISIDE (NSIDE,4), JESID{NELEM,4)
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GAM1 = GAMMA - 1,
INITIALIZE ELEMENT TIME STEPS:

DO 20 IE=1,NELEM
DELTE (IE) = 1,E+10
CONTINUE

LOOP OVER NUMBER OF ELEMENTS: 1 ~> NELEM AND NELEM -> 1

ISW = ITIME - (ITIME/2)*2
IF(ISW.EQ.0) GO TO 11
Il =1

I2 = NELEM

I3 = 1

GO TO 12

CONTINUE

I1 = NELEM

I2 =1

I3 = -1

CONTINUE

DO 7777 IE=I1,12,1I3
INITIALIZE RHSO VECTOR:

DO 30 IA=l,NAMAT
DO 30 IN=1,NELEM
RHSO(IN, IA) = 0.
CONTINUE

DO 35 I=1,4
DO 35 J=1,4
ALHS(I,J) = 0,
CONTINUE

LOOF OVER ALL SIDES SURRQUNDING THIS ELEMENT:

NCOUNT = 4
LLL = INTMA(IE, 4)
IF(LLL.EQ.0) NCOUNT = 3

DO 8888 ISD=1,NCOUNT

INODE = ISD

JNODE = INODE+1
IF{INODE.EQ.NCOUNT} JNODE=1

IDENTIFY THE LEFT AND RIGHT ELEMENT NUMBERS:
IS & JESID(IE, INODE)

IEL = ISIDE(IS, 3)
IER = ISIDE(IS,4)
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GET COMPONENTS OF NORMAL VECTOR FOR THE SIDE CONSIDERED:

RNX = RSIDO(IS, 1)
RNY = RSIDO(IS,2}
RLEN = RSIDO{IS, 3)
II = ISIDE (IS, 1)
JJ - = ISIDE(IS,2)
SIGN = 1.0

CHECK THE CURRENT ELEMENT IS 'RIGHT' OR 'LEFT' ELEMENT

IF(IEL,EQ.IE) GO TO 40
IESAVE = IEL
IEL = JER

IER = IESAVE
IISAVE = II

II = JJ

JJ = JISAVE
SIGN = ~1.0
CONTINUE

COLLECT THE "LEFT" ELEMENT VALUES:

RHOL = UNKNO(IEL,1)

UXL = UNKNO{IEL,2)/RHOL

VYL - = UNKNO(IEL,3)/RHOL

TEL. = UNKNO(IEL,4)/RHOL

PRESL= GAM1* (UNKNO(IEL,4) - 0.S5*RHOL* (UXL*UXL+VYL*VYL})
RHOLO = URKN1{IEL,1)

UXLO = UNKN1(IEL,Z2}/RHOLO

VYLO. = UNKN1(IEL,3)/RHOLO

TELO = UNKN1{IEL,4)/RHOLO

PRESLO= GAM1+* (UNKN1(IEL,4) -~ 0,5*RHOLO* (UXLO*UXLO+VYLO*VYLO))
IF{IVISC.EQ.1)}) TEMPLO = PRESLO/ (GAM1*RHOLO*CV)

"LEFT" NORMAL AND TANGENTIAL VELOCITIES AND TOTAL ENTHALPY:

UNL = UXL*RNX + VYL*RNY

VTL = ~UXL*RNY + VYL*RNX

UL2 = UNL*UNL + VTL*VTL

HL = GAMMA*TEL - 0.5*GAM1*UL2
UNLO = UXLO*RNX + VYLO*RNY
VTLO = ~UXLO*RNY + VYLO*RNX
UL20 = UNLO*UNLO + VTLO*VTLO

1S THIS SIDE ON THE ACTUAL FLOW BOUNDARY ?
IF(IER.GT.0) GO TO 100
APPLY BOUNDARY CONDITIONS:

IF(IER.EQ.-1} GO TO 110
IF{IER.EQ.~2) GO TO 120

[eXe e
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IF(IER.EQ.~3} GO TO. 130
IF(IER,EQ.~4) GO TO 140
GO TO 100

SUPERSONIC INFLOW:

CONTINUE
RHOR = 0,5*(
UXR = 0,5* (UNKNP{II,2)/UNKNP{II,1) + UNKNP(JJ,2)/UNKNP(JJ,1))
VYR = 0,5* (UNKNP(II,3)/UNKNP(II,1) + UNKNP(JJ,3)/UNKNP(JJ, 1))
TER = 0.5* {UNKNP{II,4)/UNKNP{II,1} + UNKNP(JJ,4)/UNKNP(JJ,1})
PRESR= GAM1*{RHOR*TER = 0.5*RHOR* (UXR*UXR+VYR*VYR)}

RHORO = RHOR

UXRO: = UXR

VYRO = VYR

TERO = TER

PRESRO= PRESR

IF(IVISC.EQ.1) TEMPRO = (TERO - 0.5* (UXRO*UXRO+VYRO*VYRO)}/CV
GO TO 200

UNKNP({II, 1) + UNKNP (JJ, 1)}

SUPERSONIC OUTFLOW:

CONTINUE

RHOR = RHOL

UXR = UXL

VYR = VYL

TER = TEL

PRESR= GAM1* (RHOR*TER - 0,5*RHOR* (UXR*UXR+VYR*VYR))
RHORC = RHOLO
UXRO = UXLO
VYRO = VYLO
TERO - = TELO
PRESRO= GAM1* (RHORO*TERO - 0.5*RHORO* {UXRO*UXRO+VYRO*VYRO} ]
IF(IVISC.EQ.1) TEMPRO = PRESRO/ (GAM1*RHORO*CV)

GO TO 200

INVISCID WALL

CONTINUE

RHOR = RHOL

UXR  =-RNX*UNL - RNY*VTL

VYR =~RNY#UNL + RNX*VTL

PRESR= PRESL

TER = (PRESR/(GAM1*RHOR)) + 0.5* (UXR*UXR+VYR*VYR]
RHORO = RHOLO

UXRO = =RNX*UNLO =~ RNY*VTLO

VYRO = .=-RNY*UNLO + RNX*VTLO

PRESRO= PRESLO y

TERO. = (PRESRO/(GAM1*RHORO)) + 0.5* {(UXRO*UXRO+VYRO*VYRO)
IF(IVISC.EQ.1) TEMPRO = PRESRO/ {GAM1*RHORO*CV)

GO TO 200

VISCOUS WALL WITH SPECIFIED TEMPERATURE
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CONTINUE

PRESR = PRESL

UXR =~UXL

VYR =-VYL

TEWALL = 0.5* (UNKNP(II,4)/UNKNP(II,1) + UNKNP(JJ,4)/UNKNP(JJ,1})
TER = TEWALL

IF({TER.LE.O.} WRITE{23,4321} IEL

IF(TER.LE.O.) WRITE{ 6,4321} IEL

FORMAT (* *** WARNING *** COMPUTED WALL TEMP. NEXT TO ELEMENT',6I5,
& ' I8 NEGATIVE', /, ' TRY ANOTHER STATEMENT COMMENTED IN CODE')
RHOR = PRESR/ (GAM1* (TER =~ 0.5* (UXR*UXR+VYR*VYR} )}

PRESRO =~ PRESLO

UXRO  =-~UXLO

VYRO  =-VYLO

TEWALLO= TEWALL

TERO = TEWALLO

RHORQO = PRESRO/ (GAM1* (TERO -~ 0.5* (UXRO*UXRO+VYRO*VYRO)})

TEMPRO = PRESRO/ {GAM1*RHORO*CV)

GO TO 200

THE RIGHT SIDE IS CONNECTED TO ACTUAL ELEMENT:

CONTINUE

RHOR = UNKNO(IER,1}

UXR = UNKNO(IER,2)/RHOR

VYR = UNKNO{IER,3)/RHOR

TER = UNKNO(IER,4)/RHOR

PRESR= GAM1* {UNKNO(IER,4} - 0,5*RHOR* {(UXR*UXR+VYR*VYR})
RHORO = UNKN1{IER,1l)

UXRO = UNKN1(IER,2)/RHORO

VYRO = UNKNI1 (IER, 3) /RHORO

TERO = UNKN1{IER,4)/RHORO

PRESRO= GAM1* (UNKN1(IER,4) = 0.5*RHORO* (UXRO*UXRO+VYRO*VYRO) )
IF(IVISC.EQ.1} TEMPRO = PRESRO/(GAM1*RHORO*CV)

CONTINUE

"RIGHT" NORMAL AND TANGENTIAL VELOCITIES AND TOTAL ENTHALPY:

UNR = UXR*RNX + VYR*RNY
VTR = ~UXR*RNY + VYR*RNX
UR2 = UNR*UNR + VTR*VTR
HR = GAMMA*TER - 0.5*GAM1*UR2

ALSO COMPUTE AVERAGE VALUES OF VISCOUS FLUXES IF NEEDED

IF(IVISC.EQ.0) GO TO 230

IF(TEMPLO,LT.0.}) WRITE(23,207) IEL, IER
FORMAT {215, ' LEFT ELEMENT TEMP IS NEGATIVE')
IF{TEMPLO.LT.0.} TEMPLO = 0.

DUML = TEMPLO/TREFF

AMUL = SQRT (DUML*DUML*DUML)
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DUML = (TREFF+S)/(TEMPLO+S)

AMUL = AMUF*AMUL*DUML

IF(TEMPRO.LT.0.) WRITE(23,208} IEL, IER
FORMAT (215, ' RIGHT ELEMENT TEMP IS NEGATIVE')
IF{TEMPRO.LT.0.) TEMPRO = 0.

DUMR = TEMPRO/TREFF

BMUR = SQRT {DUMR*DUMR*DUMR}

DUMR = (TREFF+S}/(TEMPRO+S)

AMUR = AMUF*AMUR*DUMR

AMU = 0,5*% (AMUL+AMUR)

TK = GAMMA*CV*AMU/PR

UVEL = 0.5* {(UXLO+UXRO)

VVEL = 0.5*% (VYLO+VYRO)

DUDX = 0.5*(SIDERX(II,1) + SIDERX(JJ, 1))
DUDY = 0,5*(SIDERY{II,1) + SIDERY(JJ,1}}
DVDX = 0.5* (SIDERX(II,2) + SIDERX(JJ,2}}
DVDY = 0.5*(SIDERY(II,2} + SIDERY{JJ,2})
DTDX = 0.5* (SIDERX(II,3) + SIDERX(JJ,3))
DTDY = 0.5*{SIDERY(II,3) + SIDERY{JJ, 3}
SXX = (2./3.)*AMU*{2,*DUDX =~ DVDY)

SXY = AMU* { DUDY + DVDX}

SYY = (2,/3.)*AMU*(2.*DVDY ~ DUDX)

QX = ~TK*DTDX

QY = ~TK*DTDY

VFLUX({1l} = 0.

VELUX(2) = SIGN* (=SXX*RNX - SXY*RNY}
VFLUX {3} = SIGN* {~SXY*RNX = SYY*RNY)
VFLUX{4) = SIGN*(-(UVEL*SXX + VVEL*SXY - QX)*RNX
& ~(UVEL*SXY + VVEL*SYY -~ QY)*RNY)

STORE HEATING RATE AT NODE NODEQ FOR CONVERGENCE CHECK

IF(IER.NE,-4) GO TO 220
IF(({II.EQ.NODEQ).OR. {JJ.EQ.NODEQ)})
3 QDOT = (QX*RNX + QY*RNY}
CONTINUE

PRINT QUT WALL HEATING RATE IF NEEDED

IF({(ITIME.EQ.NTIME) .AND. (IER.EQ.-4)} THEN

QWALL = (QX*RNX + QY*RNY)

WRITE{9,1111) 1IEL, PRESL, QWALL,

& COORD{II, 1), COORD(II, 2}, COORD{JJ,1), COORD{JJ,2)

1111 FORMAT (I8, 6E12.5])

ENDIF
ALSO COMPUTE QUANTITIES ﬁEQUIRED FOR IMPLICIT VISCOUS [B] MATRIX

BISTAR = DNDX{IE, INODE)/AMLP{II}
BJSTAR = DNDX{IE, JNODE)/AMLP {JJ)
CISTAR = DNDY(IE,INODE}/AMLP(II}
CJSTAR = DNDY (IE,JNODE} /AMLP {JJ}
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BSE = SIGN*0.5* (BISTAR + BJSTAR)

CSE = SIGN*(Q,5*{CISTAR + CJSTAR)

PHI1 = AMU*RLEN*{ 4,*RNX*BSE/3. + RNY*CSE )
PHI2 = AMU*RLEN¥ {~2.*RNX*CSE/3. + RNY*BSE )
PHI3 = AMU*RLEN* { RNX*CSE - 2.*RNY*BSE/3.)
PHI4 = AMU*RLEN*{ RNX*BSE + 4,*RNY*CSE/3.)
PHI5 = UVEL*PHI1 + VVEL*PHI3

PHI6 = UVEL*PHI2 + VVEL*PHI4

PHI7 = AMU¥RLEN*GAMMA*CV* {RNX*BSE + RNY*CSE)/FR
CONTINUE

COMPUTE INTERFACE VALUES

IF{(RHOR.LE,0.) .OR, (RHOL.LE.O.}) WRITE(6,217) IEL, IER
FORMAT( ' NEGATIVE DENSITY BETWEEN ELEMENTS', 2I5)

BI = SQRT (RHOR/RHOL)

Al = 1./(1.+4BI)

Ul = (BI*UXR + UXL)*AI

VI = {BI*VYR + VYL}*AI

HI = (BI*HR + HL )*AI

CI2= GAM1*(KI - 0.5* (UI*UI+VI*VI))

IF{CI2.LT.Q.)  WRITE(6,222) IEL, IER
FORMAT {2X, 'NEGATIVE SOUND SPEED. BETWEEN ELEMENTS', 2I5)
IF(CI2,LT.0.) CI2 = O,

CI = SQRT(CI2)

UCAP = UI*RNX + VI*RNY

VCAP w=~UI*RNY + VI*RNX

CX = CI*RNX

cY = CI*RNY

ALP = 0.5%(UI*UL + VI*VI)

COMPUTE THE FOUR ABSOLUTE EIGENVALUES:

RLAM (1) = ABS(UCAP)
RLAM(2} = ABS{UCAP)
RLAM (3) = ABS{UCAP+CI)
RLAM (4) = ABS(UCAP-CI)

RESET THESE EIGENVALUES SO THAT THE RANGE IS FROM ZERO TO ONE
EIGMAX = BABS{UCAP) + CI

DO 245 1IR=1,4

RLAM{IR) = RLAM{IR)/EIGMAX

CONTINUE

EPSACT = EPSLAM

SET EPSLAM TO BE VERY SMALL FOR ALL QUADS WITH SIDES PARALLEL
TC THE WALL IF NEEDED

IF{IDISS,NE.0) GO TO 444

(o No Xy [eXeNe]
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IF{ LLL.EQ.0) GO .TO 444

NNI = INTMA(IE,1)

NNJ = INTMA(IE,2)

NNK = INTMA(IE,3)

NNL = INTMA(IE,4)

IF((NNI.EQ.II).AND, (NNJ.EQ.JJ)) EBSACT
IF({NNI.EQ.JJ}.AND, (NNJ.EQ.II)). EPSACT
IF{ (NNK,EQ.II).AND, (NNL.EQ.JJ)) EPSACT
IF{ (NNK.EQ.JJ) .AND, (NNL,EQ.II)) EPSACT
CONTINUE

0.001*EPSLAM
0.001*EPSLAM
0,001*EPSLAM
0.001*EPSLAM

48 0

RESET THESE EIGENVALUES IF THEY ARE LESS THAN EPSLAM:

DO 250 IR=1,4 .

IF (RLAM(IR).GE.EPSACT) GO TO 250

RLAM (IR} = 0.5*(RLAM{IR)*RLAM(IR}/EPSACT + EPSACT)
CONTINUE

RESET BACK THE CORRECT (DIMENSION) EIGENVALUES

DO 247 1IR=1,4
RLAM(IR) = RLAM(IR)*EIGMAX
CONTINUE

COMPUTE ELEMENT TIME STEP ASSOCIATED WITH THIS SIDE:

REPLEN = SLEN(IS,1) + SLEN{IS,2)

EIGMAX = ABS(UCAP) + CI

AUX =0,

IF(IVISC.EQ.0) GO TO 255

RHOAVG = 0.5* (RHOL+RHOR)

AUX = CSAFV*2.,*AMU/ (RKOAVG* PR*EIGMAX*REPLEN)
CONTINUE

DTL = CSAFE* {REPLEN/EIGMAX)/ {1, + AUX)
DELTE(IE) = MIN{(DELTE(IE},DTL}

COMPUTE [R] MATRIX:

R(1,1) = ALP*GAMl - CI2
R(1,2) = =~GAM1*UI

R(1,3) = -GRAM1*VI

R(1,4) = GAM]

R(2,1) = -VCAP

R(2,2) = ~RNY

R(2,3) = RNX

R{2,4) = 0.

R(3,1) = ALP*GAM1 - UCARXCI
R(3,2) = CX - GAM1*UI
R(3,3) = CY - GAM1+*VI
R{3,4) = GAM1

R(4,1} = ALP*GAMLl + UCARPR*CI
R(4,2) = =CX - GAM1*UI
R{4,3} = ~CY - GAMI*VI
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R{4,4) = GAM1

COMPUTE [R} 'MATRIX INVERSE:

RI{1,1) = ~1./CI2

RI{1,2) = O.

RI(1,3) = 0.5/CI2

RI(l,4) =  0.5/CI2

RI{2,1} = -UL/CI2

RI{(2,2) = =RNY

RI(2,3) = (UI+CX)/(2.*CI2)}

RI(2,4} = {(UI-CX)/{2.*%*CI2)

RI(3,1) = -VI/CI2

RI{3,2) = RNX

RI(3,3) = (VI+CY)/{2.*C12)

RI(3,4) = (VI-CY}/(2.*CI2}

RI(4,1) = ~ALP/CI2

RI(4,2} = VCAP

RI{4,3) = (ALP+UCAP*CI)/(2.*CI2} + 1./(2.*GAM])
RI{4,4) = (ALP-UCAP*CI}/(2,%*CI2) + 1./{2.*GAMl)

COMPUTE [AS} - = [RI] [EIG) (R} :

DO 300 1I=1,4

DO 300 J=1,4

R{I,J) = RLAM{I)*R(I,J)
CONTINUE

DO 310 1I=1,4

DO 310 J=1,4

AVROE(I,J) = 0.

DO 310 L=1,4

AVROE{I,J} = AVROE(I,J) + RI(I,L)*R(L,J)
CONTINUE

COMPUTE THE DIFFERENCE OF THE CONSERVATION VARIABLES
BETWEEN THE RIGHT AND THE LEFT ELEMENTS:

DU (1)
DU {2}
DU (3)
DU (4)

SIGN* (RHOR - RHOL)

SIGN* (RHOR*UXR -~ RHOL*UXL)
SIGN* (RHOR*VYR = RHOL*VYL)
SIGN* (RHOR*TER - RHOL*TEL)

COMPUTE DISS = [AS] UR-~UL :

DO 320 I=1,4

DISS(I) = 0.

DO 320 J=1,4

DISS(I}y = DISS(I) + AVROE(I,J)*DU(J)
CONTINUE

COMPUTE SUM OF THE LEFT AND THE RIGHT FLUXES:

[eXeNe]
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FSUM(1) = SIGN* (RHOL*UNL + RHOR*UNR}
FSUM(2) = SIGN* (RNX* (PRESL+PRESR]
& + RHOL*UXL*UNL + RHOR*UXR*UNR)
FSUM{3) = SIGN* (RNY* (PRESL+PRESR)
& + RHOL*VYL*UNL + RHOR*VYR*UNR)
FSUM{4) = SIGN*{ (RHOL*TEL + PRESL)*UNL
& + (RHOR*TER + PRESR}*UNR}

THE INVISCID FLUX ON RHS OF THE EQ. IS:

" DO 330 I=1,4
FLUX{I} = 0.5%(FSUM{I) ~ SIGN*DISS{I})
330 CONTINUE

ADD VISCOUS FLUX COMPONENTS FOR VISCOUS ANALYSIS

IF(IVISC.EQ.0) GO TO 335
DO 333 I=1,4
FLUX{I) = FLUX(I) + VFLUX(I)
333 CONTINUE
335 CONTINUE

CONTRIBUTION OF THIS FLUX TO RHS OF EQS.:

DO 340 I=1,4
RHSO(IE,I) = RHSO(IE,I) - RLEN*FLUX(I)
340 CONTINUE

CONTRIBUTION TO THE LHS OF EQS.:

DO 350 I=1,4,

DO 350 J=1,4

ALHS(I,J) = ALHS(I,J) + RLEN*AVROE(I,J)
350 CONTINUE

IF(IVISC.EQ.0) GO TO 359

COMPUTE ELEMENT (B} MATRIX ON LHS

BLHS(1,1) = 0.

BLHS(1,2) = 0.

BLHS({1,3) = O.

BLHS(1,4) = O,

BLHS{2,1) = (PHI1*UXL + PHI2*VYL)/RHOL
BLHS(2,2) = ~PHI1/RHOL

BLHS(2,3) = ~PHI2/RHOL

BLHS{2,4)} = 0.

BLHS(3,1) = (PHI3*UXL + PHI4*VYL)/RHOL
BLHS(3,2) = ~PHI3/RHOL

BLHS(3,3) = -PHI4/RHOL

BLHS (3,4} = 0.

BLHS{4,1) = PHIS*UXL/RHOL + PHI6*VYL/RHOL
& = PHI7T*{UXL*UXL + VYL*VYL - TEL)/(RHOL*CV)
BLHS(4,2) = =PHI5/RHOL + PHI7*UXL/{(RHOL*CV)
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BLHS(4,3) = ~PHI6/RHOL + PHI7*VYL/(RHOL*CV}
BLHS{4,4} = -PHI7/(RHOL*CV})

DO 355 1I=1,4

DO 355 J=1,4

ALHS({I,J} = ALHS(I,J) - 2.*BLHS(I,J)
CONTINUE

CONTINUE

END LOOP OVER ALL ELEMENT SIDES
CONTINUE

DO 360 I=1,4

DO 360 J=1,4

ALHS(I,J) = 0.5*DELTE(IE)*ALHS(I,J}/AREA(IE)}
CONTINUE

THE FINAL ELEMENT EQS. ON LHS ARE:

DO 370 I=1,NAMAT

ALHS(I,I) = ALHS(I,I) + 1.

CONTINUE

THE FINAL ELEMENT EQS. ON RHS ARE:

DO 380 I=1,NAMAT

BRHS(I) = DELTE(IE)*RHSO(IE,I)/AREA(IE)
CONTINUE

SOLVE 4*4 SIMULTANEOUS EQS. FOR THIS ELEMENT:

SOLUTION OF UNKNOWN ELEMENT INCREMENTS RETURN IN BRHS(I).

CALL GSOLVE{ALHS(1,1), RLHS(1,2), ALHS(1,3), ALHS(1,4),
ALHS(2,1), ALHS(Z,2), ALHS{2,3), ALHS5(Z,4},

ALHS (3,1), ALHS(3,2), ALHS(3,3), ALHS(3,4},

ALHS(4,1), ALHS(4,2), ALHS(4,3}, ALHS(4,4],

BRHS (1}, BRHS (2), BRHS(3), BRHS (4} )

oo

UPDATE ELEMENT CONSERVATION VARIABLES:
DO 390 IA=1,NAMAT

UNKNO(IE,IA) = UNKN1(IE,IA) + BRHS(IA)
CONTINUE

END LOOP OVER NUMBER OF ELEMENTS
CONTINUE

RETURN

END
SUBROUTINE ELELEN( NDIMN, NNODE, NSIDE, NPOIN, NELEM,

o000 an

(o]

anao
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*

INTMA, COORD, ISIDE, JESID, SLEN )

DETERMINE REPRESENTATIVE *ELEMENT LENGTHS' FOR TIME STEP
COMPUTATION.

ON BOTH SIDES) TO THE SIDE CONSIDERED.
IMPLICIT REAL*8(A~H,0~Z)

DIMENSION COORD(NPOIN,NDIMN), SLEN(NSIDE,2)
DIMENSION X(4), Y{4)

INTEGER
INTEGER

INTMA {NELEM, NNODE}
ISIDE(NSIDE,4), JESID(NELEM,4)

TOL = 1.E-10
LOOP OVER NUMBER OF ELEMENTS:

DO 1000 IE=1,NELEM
LNODE = INTMA({IE,4)
IF(LNODE,NE.O) GO TO 500

TRIANGULAR ELEMENT:

XC = 0.0

YC = 0.0

DO 110 1IN=1,3

IP = INTMA({IE,IN)

XC = XC + COORD(IP,1)

YC = YC +-COORD(IP,?2)

CONTINUE

XC = XC/3.

YC = YC/3.

DO 200 IN=1,3

IS = JESID(IE, IN})

IL = ISIDE(IS,1)

IR = ISIDE(IS, 2}

IF(IL.EQ.INTMA(IE,IN)) THEN
IES=1

ENDIF
XL = COORD(IL, 1)
YL = COORD{IL,2)
XR = COORD(IR,1)
YR = COORD(IR,2) .
IF {ABS (YR~YL) ,LT,TOL) THEN
DIST = ABS(YC-YL)
ELSE
IF(ABS (XR-XL),GT,.TOL} THEN
RM = (YR~YL)/(XR-XL)
C = YL - RM*XL

THERE ARE 2 VALUES FOR EACH SIDE, EACH REPRESENTS
THE NORMAL DISTANCE FROM THE ELEMENT CENTROIDS { 2 ELEMENTS
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RM1 =-1.0/RM
COMPUTE INTERSECTION POINT

XP = (YC « RM1*XC - C)/(RM - RM1)
YP = RM1¥%{XP ~ XC) + YC
DIST= SQRT{(XP-XC)*{XP-XC) + {YP=YC)*{YP-YC))
ELSE
DIST = ABS({XC~XL)
ENDIF
ENDIF
SLEN{IS,1ES) = DIST

DEAL WITH BOUNDARY ELEMENT LENGTHS

IEL = ISIDE{IS,3)

IER = ISIDE{IS,4)
IF{IEL.GT.0) GO TO 120
SLEN (IS,1} = SLEN(IS,2)
GO TO 130

IF(IER.GT.0) GO TO 130
SLEN({IS,2) = SLEN(IS,1)
CONTINUE

WRITE (23,998) 1S, IEL, IER, SLEN(IS,1l), SLEN(IS,2)
FORMAT (315, 2E15.7)

CONTINUE

GO TO 1000

QUADRILATERAL ELEMENT:

CONTINUE

DO 510 1IN=1,4

IP = INTMA{IE, IN)
X({IN) « COORD(IP,1)
Y (IN} = COORD(IP,2}
CONTINUE

FIRST TRIANGLE

X21 = X{3} - X{1)

X3l = X{4) - X(1)

Y21 = ¥{3) - Y(1)

Y31 = Y(4) = Y(1)

AREAl = 0,5*%(X21*Y31 - X31*Y21)
XCG1 = (X{1} + X{3) + X{4))/3.0
YCGL = (Y{1) + Y(3) + Y(4)}/3.0

SECOND TRIANGLE
X21 = X{2} - X{1)

X31 = X(3) - X{(1)
Y21 = Y(2) - Y(1)

[eXeXe]
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Y31 = Y(3) - Y{1)

AREA2 = 0,5%{X21*Y31 - X31*Y21)
XCG2 = (X{1) + X{2) + X(3))/3.0
YCG2 = {Y({1) + Y(2) + Y{(3))/3.0

COORDINATE OF CENTROID

AREA = AREAl + AREA2
XC = (AREA1*XCGl + AREA2*XCG2)/AREA
YC = (AREAl*YCGl + AREA2*YCG2)/AREA

LOOP OVER ELEMENT SIDES

DO 600 < IN=1,4
IS = JESID{IE,IN)
IL = ISIDE(IS,1)
IR = ISIDE(IS,2)
IF(IL.EQ.INTMA(IE, IN} ) THEN
IES=1
ELSE
IES=2
ENDIF
XL = COORD{IL,1)
YL = COORD(IL,2)
XR = COORD(IR,1)
YR = COORD(IR,2)
IF{ABS{YR-YL).,LT.TOL} THEN
DIST = ABS{YC~YL)
ELSE
IF (ABS (XR-XL) .GT.TOL) THEN
RM = {YR = YL)/(XR - XL)
C = YL - RM*XL
RM1 =~1,0/RM

COMPUTE INTERSECTION POINT

XP = (YC - RM1¥XC - C)/(RM -~ RM1)
YP = RM1¥{XP -~ XC) + YC
DIST= SQRT((XP-XC)*{XP-XC} + (YP-YC}*{YP-YC})
ELSE
DIST = ABS (XC-XL)
ENDIF
ENDIF
SLEN{IS,IES) = DIST

DEAL WITH BOUNDARY ELEMENT LENGTHS
IEL = ISIDE(1S,3) !
IER = ISIDE(IS,4)
IF(IEL.GT.0) GO TO 520
SLEN (IS, 1) = SLEN(IS,2)
GO TO 530
520 IF(IER.GT.0} GO TO 530
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SLEN(IS,2) = SLEN(IS,1)
CONTINUE
CONTINUE

CONTINUE

RETURN

END

SUBROUTINE GETMAT( NDIMN, NAMAT, NELEM, NPOIN, INTMA,
COORD, AMLP, AREA, DNDX, DNDY )

COMPUTE ALL ELEMENT AREAS AND MATRICES
IMPLICIT REAL*8(A-H,0~-Z})

DIMENSION COORD (NPOIN,NDIMN}, AMLP(NPOIN), AREA(NELEM)
DIMENSION DNDX(NELEM,4), DNDY(NELEM,4)
DIMENSION  X(4), Y(4), AML(4)

INTEGER - INTMA (NELEM, NAMAT)

DO. 10 IP=1,NPOIN

AMLP(IP) = 0.

CONTINUE

LOOP OVER ALL ELEMENTS:

DO 1000 IE=1l,NELEM

IL = INTMA(IE,4)

IF{IL.NE.0} GO TO 500

TRIANGULAR ELEMENT:

DO 110 1IA=1,3

N = INTMA(IE,IA}

X(IA) = COORD(N, 1}
Y (IA} = COORD(N,2}

CONTINUE

Bl = Y(2) - Y(3)
B2 = Y(3} ~ Y{1)
B3 = Y(1) - Y(2)
Cl = X(3}) - X(2)
€2 = X(1} ~ X{(3)
C3 = X(2) ~ X{1)

AREA(IE) = 0.5*(X(1)*Bl + X(2}*B2 + X(3)}*B3)
AMLT = RREA(IE)/3.

DO 120 1IA=1,3

N = INTMA{IE,IAR)

AMLP (N} = BMLP(N} + AMLT

CONTINUE

[eXoNe] (o]
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DNDX{IE,1) = 0.5*Bl
DNDX (IE,2) = 0.5*B2
DNDX (IE,3) = 0.5*B3
DNDX{IE,4) = Q.
DNDY (IE,1) = 0.5*Cl
DNDY (IE,2) = 0.5%C2
DNDY (IE,3) = 0.5*C3
DNDY (IE,4) = 0.

GO TO 1000

QUADRILATERAL ELEMENT:

CONTINUE

DO 510 1IA=1,4

N = INTMA(IE,IA)
X(IA) = COORD(N,1)
Y (IA) = COORD({(N,2)

CONTINUE

X21 = X(2) - X(1)

Y41l = Y({4) = Y(1)

X41 = X{4) - X(1)

Y21 = Y(2} - Y(1)

Y32 = Y(3) - Y(2)

X32 = X(3) - X{(2)

Y43 = Y(4) =~ Y(3)

X43 = X(4) -~ X(3)

V1 = 0.25*(X21*Y41l - X41*Y21)
V2 = 0.25*%({X21*Y32 ~ X32*Y21)
V3 = 0,25*(X32*Y43 ~ X43*Y32)
V4 = 0.25% (X41*Y43 ~ X43*Y41)

AREA({IE) = V1 + V2 + V3 + V4

AML(1) = {2.*V4+V3+2,%*V2+4.%V1) /9.
BML(2) = (V4+2,*V3+4,*V2+2.*V1}/9,
AML(3) = (2.*V4+4,*V3+2,%V2+V1)/9.
AML{4) = (4.*V4+2.*V3+V2+2.*V1}/9,

DO 520  IA=1,4

N = INTMA(IE,IA)

BMLP{N) = AMLP(N) + AML(IA)
CONTINUE

COMPUTE INTEGRAL OVER ARE% OF DNDX & DNDY:

DNDX{IE,1) = -0,5%(Y{4)=-Y{2))}
DNDX{IE,2} = 0.5*(Y{3)=-Y(1)}
DNDX {IE,3) = ~DNDX(IE,1)
DNDX(IE,4) = ~-DNDX(IE, 2}

DNDY (IE,1) = 0.5%(X(4)=X{2)

vee



DNDY (IE,2) = -~0.5%(X(3)-X(1})
DNDY (1E, 3) -DNDY (IE, 1)
DNDY{IE,4) = -DNDY(IE,2)

CONTINUE

RETURN

END

SUBROUTINE GSOLVE (All,A12,A13,A14,A21,A22,A23,A24,
* A31,A32,A33,A34,A41,A42,A43,A44,
* Bl ,B2 ,B3 ,B4 )

IMPLICIT REAL*8(A~H,0-~Z)

Al1SAVE=All
Al2SAVE=Al2
Al13SAVE=A13
R145AVE=n14
A21SAVE=A21
A22SAVE=A22
A23S5AVE=A23
A24SAVE=A24
A31SAVE=A31
A32SAVE=A32
A33SAVE=A33
A34SAVE=A34
A4{1SAVE=A4l
A42SAVE=R42
RA43SAVE=R43
A44SAVE=A44

C=all
Al2=Al2/C
Al13=A13/C
Al4=A14/C
BlwBl/C

C=A21
A22=p22-C*Al2
A23=A23-C*Al13
A24=A24-C*Al4
B2=B2-C*Bl
C=A31
A32=A32~C*Al2
A33=A33-C*Al3
A34=A34-C*Al4
B3=B3-C*Bl
C=p4l
A42=Rn42-C*R12
A43=RA43-C*Al3
A44=Ad44~-C*Al4
B4{=B4-C*B1

[eNoNe!

C=A22
A23=A23/C
A24=p24/C
B2=B2/C

C=A32
A33=A33-C*A23
A34=A34-C*A24
B3=B3~C*B2
C=A42
A43=A43-C*A23
Ad4=RA44-C*A24
B4=B4-C*B2

C=A33
A34=R34/C
B3=B3/C

C=A43
R44=A44~-C*A34
B4=B4~-C*B3
B4=B4/A44

APPLY BACK SUBSTITUTION PROCESS

B3=B3-A34*B4
B2=B2-A23*B3-A24*B4
Bl=Bl1~Al2*B2~Al3*B3-Al4*B4

Al1=Al1SAVE
Al2=A125AVE
Al3=A13SAVE
Al4=P148AVE
A21=A21SAVE
A22=A228AVE
A23=A23SAVE
A24=A24SAVE
A31=A31SAVE
A32=A32SAVE
A33=A33SAVE
A34=A345AVE
A41=A41SAVE
A42=R425AVE
A43=RA435AVE
A44=A445AVE

RETURN

END ¢

SUBRQUTINE HTFLX{ NDIMN, NNODE, NAMAT, NSIDE, NBOUN,
* NBNOR, NPOIN, NTRI, NQUAD, NELEM, INTMA, COORD,
* BSIDG, UNKNP, DUMY, GAMMA, cv, PR, AMUF,
* TREFF, S, SIDERX, SIDERY )

gec
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COMPUTE AERODYNAMIC HEATING USING CONSISTENT FORMULATION

IMPLICIT REAL*8 (A-H,0-2)

DIMENSION COORD{NPOIN, NDIMN)
DIMENSION UNKNP(NPOIN,NAMAT), DUMY(NPOIN,4)
DIMENSION SIDERX{NPOIN, 3), SIDERY(NPOIN,3)

DIMENSION DXMAT(4,4), DYMAT(4,4), QX{4), QY{4), TK{4)
DIMENSION X(4}, Y{4), T(4), DOWN(4}, DTDX{4), DTDY(4)
DIMENSION U(4), V{(4), DUDX(4), DUDY(4), DVDX(4), DVDY(4)
DIMENSION SXX(4), SYY(4), SXY{4), AMU(4}, EF(4), FF(4)

INTEGER: INTMA(NELEM,NAMAT), BSIDO(NBOUN,4)

DO 5 1I=1,4

DO 5 J=1,NPOIN
DUMY (J, I} = 0.
CONTINUE

LOOP OVER NO. OF BOUNDARY & IDENTIFY SOLID BOUNDARY

DO 1000 IBOUN=1,NBOUN
IT = BSIDO(IBOUN,1)

JJ = BSIDO{IBOUN,2)

IE = BSIDO(IBOUN, 3}

IBC= BSIDO{IBQUN,4)
IF{IBC.NE.4) - GO TO 1000

COMPUTE MATRICES DXMAT AND DYMAT

DO 10 I=1,4

N = INTMA(IE,I)

X{I} = COORD(N,1)

Y(I) = COORD(N,2}

CONTINUE

IF(INTMA(IE,1) .NE.II)} WRITE(6,1100) IE
IF(INTMA(IE,2) .NE.JJ) WRITE(6,1100) IE

FORMAT {36H CONFLICT NODE NUMBERING FOR ELEMENT, IS,
* 45H ON ELEMENT NODAL CONNECTIVITY AND SOLID B.C.

DXMAT (1,1) = ~(Y(4)-¥(2})/6.0

DXMAT (1,2) = =(Y(4)+Y(3}=2*Y(2))/12.0
DXMAT (1,3} = ~{(Y(4)-Y(2))/12.0
DXMAT{1,4} = -{2*Y{4)~Y(3)~-Y(2))/12.0
DXMAT(2,1) = (Y(4)+Y(3)=2*Y(1}}/12.0
DXMAT (2,2} = ({Y(3}-Y(1)}/6.0

DXMAT (2,3} = ={Y{4)-2*Y(3)+Y{1))/12.0
DXMAT (2,4) = (Y{3)-Y(1))/12.0

DXMAT {3,1) =. {Y{4}-Y(2})/12.0
DXMAT{3,2) = {Y{4)=-2*Y(2}+Y(1})/12.0
DXMAT (3,3) =  {Y(4)-¥(2)}/6.0

DXMAT (3,4) = (2*Y(4)-Y{2)-Y(1)}/12.0

DXMAT{4,1} = ={Y(3)+Y(2)~-2*Y(1))/12.0

/y
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DXMAT {4,2) = ={Y(3)~-Y{1))/12.0
DXMAT (4,3) = -({2*Y(3)~-Y(2)~Y(1)}/12.0
DXMAT (4,4) = ~{Y(3)~¥{1))/6.0

DYMAT (1,1) = (X{4)-X(2}))/6.0

DYMAT (1,2) = (X{4)+X(3)-2*X(2})/12.0
DYMAT (1,3) = (X(4)-X(2))/12.0

DYMAT (1,4) = ({2*X(4)~X(3)-X{2})/12.0
DYMAT(2,1) = ~(X{4)+X(3)~2*X(1})})/12.0
DYMAT (2,2} = ={X{3)=X{1))/6.0
DYMAT(2,3) = (X{4)-2*X(3}+X(1})}/12.0
DYMAT (2,4} = —{X{3)-X(1)}/12.0

DYMAT {3,1) = ~{X(4)-X(2))/12.0

DYMAT (3,2) = =(X(4)=2*X{2)+X(1)}/12.0
DYMAT(3,3) = -(X(4)=-X(2))/6.0

DYMAT (3,4) = =(2¥X(4)~-X(2}~-X{1)}/12.0
DYMAT (4,1) = (X(3)+X(2)-2*X(1)}/12.0
DYMAT {4,2) = {X(3)-X{1))/12.0

DYMAT (4,3) = (2*X{3}-X{2)-X{1}}/12.0
DYMAT (4,4) = (X(3}=-X(1})/6.0

DO 20 1I=1,4

NN = INTMA(IE,I)

U(I)= UNKNF (NN, 2)

V(I)= UNKNP (NN, 3}

EK = UNKNP (NN, 4)

T{I})= (EK -~ 0.5*%* (UK*UK + VK*VK}}/CV
DUM = T{Il)/TREFF

AMM = SQRT (DUM*DUM*DUM)

DUM = (TREFF+S)/(T(I)+5)
AMU(I) = AMUF*AMM*DUM

TK(I) = GAMMA*CV*AMU(I)/PR

CONTINUE

DOWN (1) = (X(2)-X{1))*Y(4) + (X(1)-X(4))*Y(2)
DOWN (2} = (X (2)=X{1})*Y (3} + (X{(1}-X{3))*Y(2)}
DOWN (3) = (X{3)-X{2})*Y{4) + (X(2)-X{4))}*Y(3)
DOWN{4) = (X(3)-X(1))*Y (4} + (X(1)~-X{4))*Y(3)

DUDX{1l) = ((U{2)=U(1))*Y(4) + (U(1)-U{4})*Y(2)
+  (U(4)-U{2))*Y(1l}) / DOWN(1)}

DUDX(2) = ((U{2)=U{1}}*¥(3) + (U({1)-U{(3))*Y(2)
+  {U{3)-U{2)}*Y{1))} / DOWN(2)

DUDX (3} = {({U{(3)}-U{2))*Y {4} + {(U{2}-U{4))*Y(3)
+ {U(4)=U(3))1*Y(2)} / DOWN(3}

DUDX{4) = ({U{3)=U{1))*Y {4} + {U(1)~-U(4))*Y(3)

t (U4)=U3))*Y(L)) / DOWN {4}

DUDY (1} =={{(U{2)=U(1))*X(4) + (U({1)=-U{4})*X(2)
+ {U{4)-U(2))*X(1}) / DOWN(1)

DUDY (2) =={{U(2)=U{1})}*X(3) + (U{1)~U(3})*X(2}
+  (U(3)-U(2)}*X(1)) / DOWN(2)

DUDY (3) =={{U{3)=U(2})*X(4) + (U(2)-U{4))*X(3)

+ + + +

(X{4)-X{2))*Y (1)
(X(3)-X(2))*Y (1)
(X{4)-X(3))*Y(2)
(X{4)-X(3))*Y (1)

9ge
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&
DUDY (4}
&

DVDX{1)
&
DVDX (2}
&
DVDX {3}
&
DVDX (4}
&

DVDY (1)
&
DVDY (2}
&
DVDY (3)
&
DVDY (4)
&

DTDX{1)
&
DTDX (2)
&
DTDX {3}
&
DTDX (4}
&
DTDY {1}
&
DTDY (2}
&
DTDY {3)

&
DTDY {4)
&

COMPUTE RHS VECTOR FROM AVERAGE NODAL QUANTITIES

DO 25

+  (U(4)~U(3))*X(2)) / DOWN(3}
== ({U(3)-U(1))*X(4) + (U(1)-U{4})*X(3)
+ (U(4)-U(3))*X(1}) / DOWN(4)

= ((V{2)=V(1))*Y(4) + (V(1)=V(4))*¥(2)
+  (V(4)-V(2))*Y(1}) / DOWN(1)

= ((V(2)=V{1))*Y(3) + (V(1)=-V(3))*Y(2)
+ (V{3)-V{(2))*Y(1)] / DOWN(2)

= ((V(3)=V(2))*Y(4) + (V(2)-V(4))*Y(3)
+ (V(4)-V{3))*Y(2)) / DOWN(3)

= ({(V(3)=V(1))*Y{4] + (V{1)-V(4))*Y(3)

+  (V{4)-V{3)})*Y (1)} / DOWN(4)

me ((V(2)-V(1))*X(4) + (V{1)=V(4))*X(2)
+  (V{4)~V{2})*X(1}) / DOWN{1)

== ((V{2)=V(1})*X(3) + (V(1)-V(3))*X(2)
+  (V{3)~V(2))*X(1)) / DOWN(2}

a= ((V(3}-V{2))*X(4) + (V(2)=V{4))*X(3)
¢ (V(4)~V(3))*X(2)) / DOWN(3)

== {({(V(3)=V({1))*X({4) + (V{1)~V(4))*X(3)
+ (V(4)=V({3))*X(1)) / DOWN(4)

= ((T{2)-T(1))*¥{4) + (T{1)-T(4))*Y(2)
+  [T(4)=T(2))*Y{1)) / DOWN{(1)

= ({T(2)~-T(1))*Y(3} + {T(1)-T(3))*Y(2)
+ (T(3)=T(2})*Y (1)} / DOWN(2}

= ((T(3)~=T(2))*Y(4) + (T(2)-T(4)}*¥Y(3)
+  {T(4)-T(3))*Y(2)) / DOWN(3)

= ((T(3)-T(1))*Y(4) + (T(1)-T(4))*¥(3)
4+ (T(4)-T(3))*Y(1)) / DOWN(4)

== ((T{2)=T{1))*X{4) + (T(1)-T{4))*X(2)
+ (T({4}~T(2)})*X(1)) / DOWN(1}

me ((T(2)=T{1Y)*X(3) + (T{1)=T(3))*X(2)
4+ {T(3)-T{2))*X{1)) / DOWN{2)

== ((T{3}=T(2))*X{4) + (T(2)=T(4}))*X(3)
+ (T{4)-T(3))*X(2)) / DOWN(3)

== ({T(3) =T (1)) *X (4} + (T(1)~T({4))*X(3)
+ (T(4)~-T(3})*X(1)) / DOWN({4)

I=1,4

SXX({I) = (2,/3.}*AMU(I)*{2.*DUDX(I} - DVDY(I}}
SYY(I) = {2./3.}*AMU(I)*{2.*DVDY(I) = DUDX(I))

SXY(I) =

AMU(I) *{ DUDY (I) + DVDX(I))

CONTINUE

DO 30

I=1,4

QX (I} = -TK(I)*DTDX(I)
QY (I} = -TK(I}*DTDY (I}
30 CONTINUE
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35

40

55

60

65

70

DO 35 1I=1,4 ‘
EF{I} = U{I)*SXX(I) + V(I)*SXY(I) - QX(I)
FE(I) = U(I}*SXY(I) + V(I)*SYY(I) - QY(I}
CONTINUE

RI = 0.

RJ = O.

DO 40 1I=1,4

RI = RI - DXMAT(1,I)*EF(I) = DYMAT(1,I}*FF(I}
RJ = RJ - DXMAT(2,I)*EF(I) - DYMAT{Z2,I)*FF(I}
CONTINUE

OBTAIN SYSTEM RHS VECTOR

DUMY (II,2) = DUMY(II,2} + RI
DUMY (JJ,2) = DUMY(JJ,2) + RJ

COMPUTE RHS VECTOR DIRECTLY FROM NODAL TEMPERATURE GRADIENTS
WHICH HAVE BEEN COMPUTED INTERNALLY

DO 55 I=1,4

N = INTMA(IE,I)

SXX(I) = (2./3.)*AMU(I)*{2,*SIDERX(N,1) - SIDERY(N,2})
SYY(I) = (2./3,)*AMU(I)*(2,*SIDERY(N,2} - SIDERX(N,1})
SXY (I} = AMU(L} * { SIDERY (N, 1} + SIDERX(N,2)}
CONTINUE

DO 60 1I=1,4

N = INTMA(IE,I)

QX(I) = -TK(I)*SIDERX(N,3)
QY (I) = ~TK{I)*SIDERY (N,3)
CONTINUE

DO 65 1I=1,4

EF(I) = U{I)*SXX(I) + V(I)*SXY(I} - QX(I)
FE(I)} = U(I}*SXY(I) + V(I)*SYY(I) « QY{I)
CONTINUE

RI = 0.

R = 0.

Do 70 I=1,4

RI = RI - DXMAT(1,I)*EF(I) = DYMAT(1,I}*FF(I}
RJ = RJ - DXMAT(2,I)*EF{I) ~ DYMAT{2,I)*FF(I)
CONTINUE

OBTAIN ANOTHER SYSTEM RHS VECTOR

DUMY (II,3) = DUMY(II,3) +°RI
DUMY (JJ,3) = DUMY(JJ,3) + RJ

DX = COORD({II,1} -~ COORD{JJ,1}
DY = COORD{II,2} = COORD{JJ,2}
XL = SQRT{DX*DX + DY*DY)

L€
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C OBTAIN SYSTEM LHS VECTOR
c
DUMY(II,1) = DUMY(II,1l) + XL/2.
DUMY {JJ,1) = DUMY(JJ,1} + XL/2.
C

1000 CONTINUE

SOLVE FOR NODAL HEAT FLUXES AND PRINT OUT

[eXoXe]

WRITE (9,1200)

1200 FORMAT(/, 44H NODAL HEAT FLUXES USING CONSISTENT APPROACH, /,
¥ 44H (BASED ON AVERAGE NODAL QUANTITIES) r L
* 4X, 4HNODE, 15X, 1HX, 15X, 1HY, 14X, 2HON )
DO 110  N=1,NPOIN
IF(DUMY(N,1}.LE.0.) GO TO 110
QN = DUMY (N, 2)}/DUMY (N, 1)
WRITE(9,1300} N, COORD{N,1), COORD(N,2), ON

1300 FORMAT (I8, 3E16.5)

110 CONTINUE
o}

WRITE(9,1400)

1400 FORMAT(/, 44H NODAL HEAT FLUXES USING CONSISTENT APPROACH, /,
* 44H (BASED ON PRE~COMPUTED NODAL DERIVATIVES) , /,
* 4X, 4HNODE, 15X, 1HX, 15X, 1HY, 14X, 2HQN )
DO 120 N=1,NPOIN
IF(DUMY(N,1}.LE.0.} GO TO 120
QN = DUMY (N, 3)/DUMY (N, 1)
WRITE{9,1300) N, COORD({N,1), COORD(N,2}, ON

120 CONTINUE

C

RETURN

END

SUBROUTINE NDER( NDIMN, NNODE, NAMAT, NBOUN, NPOIN,

* NTRI, NQUAD, NELEM, INTMA, COORD, UNKNO, BSIDO,

* GAMMA, , UNKNP, AREA, DNDX, DNDY, RAMLP,

* SIDERX, SIDERY )
c
c COMPUTE NODAL DERIVATIVES OF U, V, T WRT X & Y
o .

IMPLICIT - REAL*8 (A-H,0-2)
c

DIMENSION COORD(NPOIN,NDIMN), UNKNO({NELEM, NAMAT)

DIMENSION AREA(NELEM), DNDX(NELEM,4), DNDY (NELEM, 4)

DIMENSION AMLP(NPOIN), SIDERX(NPOIN,3), SIDERY (NPOIN,3)

DIMENSION - UNKNP(NPOIN,NAMAT}, VAR(3)
c

INTEGER ~ INTMA (NELEM, NAMAT}), BSIDO{NBOUN, 4)
C
c ZERO QUT THESE NODAL DERIVATIVES
C

DO 10 1IV=l1,3
DO 10 1IP=1,NPOIN

[eNeReNeoNe]

OO0
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10

120
110
100

SIDERX (IP,IV) = 0.
SIDERY(IP,IV} = O.
CONTINUE

COMPUTE INTEGRAL OVER AREA TERMS
LOOP OVER NUMBER OF ELEMENTS

DO 100 IE=1,NELEM

VAR (1) = UNKNO(IE,2)/UNKNO(IE,1)

VAR (2) = UNKNO({IE,3)/UNKNO(IE,1)}

VEL2 = VAR(1)*VAR(1l} + VAR(2)*VAR(2)
TOTALE = UNKNO{IE,4)/UNKNO(IE, 1)
VAR(3) = (TOTALE - 0.5*VEL2)/CV

DO 110 IN=1,NNODE
IP = INTMA(IE,IN)

IF(IP.EQ.0) GO TO 110

DO 120 IVal,3

SIDERX(IP,IV) = SIDERX(IP,IV) ~ VAR(IV)*DNDX(IE,IN)
SIDERY (IP,IV) = SIDERY(IP,IV) - VAR(IV)*DNDY(IE,IN)
CONTINUE

CONTINUE

CONTINUE

COMPUTE INTEGRAL OVER BOUNDARY TERMS

DO 200 1IS=1,NBOUN
II = BSIDO(IS,1)
JJ = BSIDO(IS,2)
IE = BSIDO(IS,3)

IB = BSIDO(IS,4)

DX = COORD(JJ,1} - COORD(II,1)}
DY = COORD(JJ,2) - COORD(II, 2}
DL = SQRT(DX*DX + DY*DY)

RNX= DY/DL

RNY=~DX/DL

THE QUANTITIES U, V, T 1IN THIS BOUNDARY INTEGRAL DEPEND ON
THE TYPES OE BOUNDARY

IF(IB.EQ.1) GO TO 210
IF(IB.EQ.2) GO TO 220
IF(IB.EQ.3} GO TO 230
IF(IB.EQ.4) GO TO 240

SUPERSONIC INFLOW .

CONTINUE

VAR(1) = 0.5*% (UNKNP(II,2)/UNKNP(II,1) + UNKNP(JJ,2)/UNKNP(JJ,1)
VAR(2) = 0.5* (UNKNP(II,3)/UNKNP(II,1) + UNKNP(JJ,3)/UNKNP({JJ,1)
VEL2 = VAR(1}*VAR(1} + VAR({2)*VAR(2}

TOTALE = 0.5% (UNKNP{II,4)/UNKNP(II, 1} + UNKNP{JJ,4)/UNKNP(JJ,1)

g8¢e¢



VAR{3} = (TOTALE - 0.5*VEL2)/CV 300 CONTINUE
GO TO 250 ! C
C RETURN
(o SUPERSONIC OUTFLOW END
c SUBROUTINE SIDE (NELEM,NPOIN,NSIDE, INTMA, ISIDE, LWHER, LHOWM,
220 CONTINUE EJ ICONE, NBOUN, NBNOT, BSIDO, JESID}
VAR(1) = UNKNO(IE,2)/UNKNO(IE, 1) C
VAR{2} = UNKNO{IE,3)/UNKNO(IE,1} IMPLICIT REAL*8{A-H,0-Z)
VEL2 = VAR(1)*VAR(1l) + VAR(2)*VAR(2) C
TOTALE = UNKNO{IE,4)/UNKNO(IE,1) DIMENSION INTMA (NELEM,4),ISIDE (NSIDE,4)
VAR(3) = (TOTALE - 0.5*VEL2}/CV DIMENSION LWHER {NPOIN),LHOWM(NPOIN), ICONE (4*NELEM)
GO TO 250 DIMENSION JESID(NELEM,4)
c ©
C INVISCID (INSULATED) - OR SYMMETRY BOUNDARY INTEGER BSIDO (NBOUN, NBNOI)
c C
230 CONTINUE C FILL IN LHOWM : NR, OF ELEMENTS PER NODE
UXL = UNKNO(IE,2)/UNKNO(IE,1) € !
VYL = UNKNO(IE, 3) /UNKNOQ{IE, 1) DO 1480 IS=1,NSIDE
UNL = 0, ISIDE(IS,3)=0
VTL ==-UXL*RNY + VYL*RNX ISIDE(IS, 4)=0
VAR(1l) = UNL*RNX - VTL*RNY 1480 CONTINUE
VAR (2} = UNL*RNY + VTL*RNX (©]
" VEL2 = UNL*UNL + VTL*VTL DO 1490 IP=1,NPOIN
TOTALE = UNKNO(IE,4)/UNKNO(IE, 1) LHOWM (IR} =0
VAR{3) = (TOTALE - 0,5*VEL2)/CV 1490 CONTINUE
GO TO 250 C
C DO 1500 IE=1,NELEM
C VISCOUS WITH SPECIFIED WALL TEMPERATURE IPE=INTMA(IE, 4)
C IF(IPE.EQ.0) THEN
240 CONTINUE NCOUNT=3
VAR(1) = 0. ELSE
VAR(2) = 0. NCOUNT:=4
TOTALE = 0,5% [UNKNP{II,4)/UNKNP{II,1) + UNKNP(JJ,4)/UNKNP(JJ,1}) ENDIF
VAR (3) = TOTALE/CV DO 1500 IN=1,NCOUNT
‘ c IP=INTMA(IE, IN}
| 250 CONTINUE LHOWM (IP)=LHOWM (IP)+1
~ C 1500 CONTINUE
DO 260 1IN=1,2 ©
IP = BSIDO(IS,IN} © FILL IN LWHER : LOCATION OF EACH NODE INSIDE ICONE
DO 270 1IV=1,3 O
SIDERX{IP,IV) = SIDERX(IP,IV) + 0.5*RNX*DL*VAR (IV) LWHER (1) =0
SIDERY (IP,IV) = SIDERY (IP,IV) + O.S*RNY*DL*VAR(IV) DO 1600 IP=2,NPOIN
270 CONTINUE LWHER {(IP)=LWHER {IP~1) +LHOWM{IF~1)
260 CONTINUE 1600 CONTINUE
200 CONTINUE o
C & FILL IN ICONE : ELEMENTS IN EACH NODE
c DIVIDE THRU BY LUMPED MASS AT NODES c
C DO 1690 IP=1,NPOIN i
DO 300 IP=1,NPOIN LEOWM(IP)=0
DO 310 Iv=1,3 1690 CONTINUE
SIDERX{IP,IV} = SIDERX{IP,IV)/AMLP(IP) DO 1700 IE=1,NELEM
SIDERY (IP, IV} = SIDERY (IP,IV)/AMLP(IP} IPE=INTMA{IE, 4)
310 CONTINUE . IF{IPE.EQ.0) THEN

6EC
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1700

3091
3092

NCOUNT=3

ELSE

NCOUNT=4
ENDIF
DO 1700 IN=1,NCOUNT
IP=INTMA{IE, IN)
LHOWM (IP)=LHOWM(IP)+1
JLOCA=LWHER (IF} +LHOWM (1P}
ICONE (JLOCA)=IE
CONTINUE

LOOP OVER THE NODES
ILOCA=0

DO 3000 IP=1,NPOIN
ILOC1=ILOCA
IELE=LHOWM (IP)
IF(IELE.EQ.0) GOTO 3000

IWHER=LWHER (IP)
LOOP OVER ELEMENTS SURROUNDING THE POINT IP

IPl=IP
DO 3080 IELw=l,IELE
IE=ICONE (IWHER+IEL)
IPE=INTMA(IE, 4)
IF({IPE.EQ.0) THEN
NCOUNT=3
ELSE
NCOUNT=4
ENDIF

FIND OUT POSITION OF IP IN THE CONNECTIVITY MATRIX

DO 3091 IN=1,NCOUNT
IN1=IN

IPT=INTMA (IE, IN}
IF{IPT.EQ.IP} GOTO 3092
CONTINUE

CONTINUE

J=0

DO 3100 JNOD=1,NCOUNT-~1,NCOUNT-2
J=J+1

IN2=IN1+JNOD

IF(IN2.GT,NCOUNT) IN2=IN2~NCOUNT
IP2=INTMA (IE, IN2)

IF(IP2.LT.IP1) GOTO 3100

CHECK THE SIDE EITHER NEW OR OLD

5600
7304

aao

[eXoNe]

7303
3012

3100

3090

9] [eXoNe] (o]

8000

3000

aaoa aQaQ

IF(ILOCA.EQ.ILOCl) GOTO 7304

DO 5600 IS=ILOCl+1l,ILOCA
JLOCA=IS

IF(ISIDE(IS,2).EQ.IP2) GOTO 7303
CONTINUE

CONTINUE

NEW SIDE

ILOCA=ILOCA+1
ISIDE{ILOCA, 1} =IP1
ISIDE (ILOCA, 2)=1P2
ISIDE(ILOCA, 2+J)=IE
GOTO 3012

OLD SIDE
CONTINUE
ISIDE (JLOCA, 2+J)=1E
CONTINUE

CONTINUE

END LOOP OVER ELEMENTS SURROUNDING POINT IP

CONTINUE

DO 8000 IS=ILOC1+1, ILOCA
IF(ISIDE(IS,3).NE,D) GOTO 8000
ISIDE(IS,3)=ISIDE (IS, 4}

ISIDE (IS, 4)=0
ISIDE(IS,1)=ISIDE(IS,2)
ISIDE(IS,2)=IP1

CONTINUE

END LOOP OVER POINTS
CONTINUE
NOW RESET THE BOUNDARY MARKERS

DO 9000 IS=1,NSIDE
IF(ISIDE(IS,4).NE.0)GO TO 9000
IL=ISIDE(IS,1)
IR=ISIDE (IS, 2)
IE=ISIDE (IS, 3)

DO 9100 IB=1,NBOUN
IBE=BSIDO (1B, 3)
IF(IBE.NE.IE)}GO TO 9100
ILB=BSIDO (1B, 1)
IRB=BSIDO(IB;2)
IF(ILB.NE.IL.OR.IRB.NE,IR)GO TO 9100
ISIDE (IS, d)=-BSIDO(IB, 4)

ove
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GO TO 9000
8100 CONTINUE
9000 CONTINUE

FORM THE ELEMENT/SIDES CONNECTIVITY ARRAY

DO 9200 IS=1,NSIDE
IEL=ISIDE (IS, 3}
IER=ISIDE (IS, 4)
INODE=ISIDE (IS,1)
JNODE=ISIDE (IS, 2)
IPE=INTMA (IEL, 4}
IF(IPE.EQ.0)THEN
NCOUNT=3
ELSE
NCOUNT=4
ENDIF
DO 9300 IN=1,NCOUNT
I1=INTMA(IEL,IN)
IN1=IN+1
IF{IN1,GT.NCOUNT) IN1=1
12=INTMA (IEL, IN1)
IF (INODE.EQ.I1.AND.JNODE.EQ.I2)
1 JESID(IEL, IN)=IS
9300 CONTINUE
IF{IER.GT.0} THEN
IPE=INTMA (IER, 4)
IF(IPE.EQ.0)THEN
NCOUNT=3
ELSE
NCOUNT=4
ENDIF
PO 9310 IN=1,NCOUNT
I1l=INTMA{IER, IN})
INl=IN+1
IF({IN1,GT.NCOUNT)IN1=1
I12=INTMA (IER,IN1}
IF (INODE,EQ.I2.AND.JNODE.EQ.TI1)
1 JESID(IER, IN)=IS
9310 CONTINUE
ENDIF

o}
9200 CONTINUE
[o}

RETURN
END

ive
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PROGRAM HEAT

A FINITE ELEMENT THERMAL ANALYSIS PROGRAM.
DR. PRAMOTE DECHAUMPHAI
FACULTY OF ENGINEERING
CHULALONGKORN UNIVERSITY

PARAMETER (MXPOI=4000, MXELE=8000, MXHBW=2000)

IMPLICIT REAL*8 (A-H,0-~Z)

DIMENSION COORD{MXPOI,2), TEMP(MXPOI}, TEXT(20)
DIMENSION SYSK(MXPOI,MXHBW), SYSQ(MXPOI)
CHARACTER*20 ~ NAMEl, NAMEZ, NAME3

INTEGER INTMAT (MXELE,3), IBC(MXPOI), LTYPE(MXPOI,3)

WRITE(6,20)

FORMAT (/, * PLEASE ENTER THE INPUT FILE NAME:')
READ(5, ‘(A})', ERR=10) NAMEl

OPEN (UNIT=7, FILE=NAMEl, STATUS='OLD’', ERR=10)

READ TITLE OF COMPUTATION:

READ(7,*) NLINES

DO 100 ILINE=1,NLINES
READ(7,1) TEXT

FORMAT (20A4)

CONTINUE

READ INPUT DATA:

READ(7,1) = TEXT

READ({7,*) NPOIN, NELEM

IF (NPOIN.GT.MXPOI) WRITE(6,110) NPOIN

FORMAT{/, ' PLEASE INCREASE THE PARAMETER MXPOI TO ', I5)
IF {NPOIN.GT.MXPOI} STOP

IF(NELEM,GT.MXELE) WRITE(6,120) NELEM

FORMAT (/,* PLEASE INCREASE THE PARAMETER MXELE TO ', I5)
IF(NELEM.GT.MXELE) STOP

READ(7,1) TEXT

READ(7,*) TK, H, Q, QS, TI, THICK

READ(7,1) TEXT

DO 130 IP=1,NPOIN

READ({?,*) I, IBC(I), (COORD{I,K), K=1,2), TEMP(I)
IF(I,NE.IP) WRITE(6,135) 1IP

FORMAT {/, * NODE NO.*, I5, ' IN DATA FILE IS MISSING')
IF(I.NE.IP) STOP

CONTINUE

LTl = 0

LT2 = 0

LT3 = 0

READ(?7,1) TEXT

DO 140 1IE=1,NELEM

00

oXpNe]

140

160

170

180
190

300

410

400

430

435

READ{7,*) I, (INTMAT(I,J), J=1,3), (LTYPE(I,K), K=1,3)
IF(I.NE.IE} WRITE{6,150) IE

FORMAT {/, ' ELEMENT NO.', I5, ' IN DATA FILE IS MISSING')
IF(I,NE.IE) STOP

IF(LTYPE(I,1).EQ.1) LTl =1

IF(LTYPE(I,2).EQ.1) LT2 = 1

IF(LTYPE(I,3).EQ.1) LT3 =1

CONTINUE

WRITE{6,160)

FORMAT(/,*' THE F.E. MODEL INCLUDES THE FOLLOWING',
% ! HEAT TRANSFER MODE(S}):',

b /0" == HEAT CONDUCTION ')
IF(LT1.EQ.1) WRITE(6,170)

FORMAT{ == INTERNAL HEAT GENERATION ')
IF{LT2.EQ.1). WRITE(6,180)

FORMAT{ ' -- SPECIFIED SURFACE HEATING ')
IF(LT3.EQ.1} WRITE(6,190}

FORMAT{ ' == SURFACE CONVECTION ')

NEQ - = NPOIN

DO 300 1I=1,NEQ
SYSQ(I) = 0.
CONTINUE

COMPUTE HALF-BANDWIDTH:

NHBW = 0

DO 400 1IE=1,NELEM

MIN = 100000

MAX = O

DO 410 1IN=1,3

IT1 = INTMAT(IE, IN)
IF(II.GT.MAX) MAX = II
IF(II.LT.MIN) MIN = II
CONTINUE

NDIF = MAX - MIN + 1
IF(NDIF.GT.NHBW) NHBW = NDIF
CONTINUE

IF{NHBW,.GT .MXHBW) WRITE(6,420) NHBW
FORMAT {/,' PLEASE INCREASE THE FARAMETER MXHBW TO ', I5)
IF (NHBW.GT ,MXHBW) STOP

DO 430" I=1,NEQ

DO 430 J=1, NHBW

SYSK(I,J} = 0,

CONTINUE \

WRITE (6,435) NPOIN, NELEM

FORMAT(/,' *** THE FINITE ELEMENT MODEL CONSISTS OF', I5,
* ' NODES AND', I5,' ELEMENTS *%%')

ESTABLISH ALL ELEMENT MATRICES ASSOCIATED WITH THE SPECIFIED
HEAT TRANSFER MODES AND ASSEMBLE THEM FOR SYSTEM MATRICES IN

eve



c THE FORM NEEDED FOR MINIMUM MEMORY REQUIREMENT: 650 FORMAT (* ELEMENT NODAL CONNECTIONS [*, I5, ']:')
c DO 660 IE=1,NELEM
WRITE (6, 440) WRITE(9,670) IE, (INTMAT(IE,J}, J=1,3)
440 FORMAT{/,* *+** ESTABLISHING ELEMENT MATRICES AND', 670 FORMAT (418)
* ' ASSEMBLING ELEMENT EQUATIONS #***! ) 660 CONTINUE
CALL TRI(NELEM, INTMAT, COORD, TK, H, 0, c i
* QS, TI, THICK, LTYPE, SYSK, SYSQ, STOP
4 MXPOI, MXELE, MXHBW ) END
C Ic
WRITE (6, 450) (oo 1 e 7
450 FORMAT(/,' *** APPLYING BOUNDARY CONDITIONS OF NODAL', () .
» ! TEMERATURES #%+' ) SUBROUTINE APPLYBC{ NHBW, NPOIN, IBC, TEMP, SYSK, SYSQ,
CALL APPLYBC (NHBW, NPOIN, IBC, TEMP, SYSK, SYSQ, MXPOI, MXHBW) * MXPOI, MXHBW )
c c
WRITE(6,460) G APPLY TEMPERATURE BOUNDARY CONDITIONS WITH CONDITION CODES OF:
460 FORMAT(/,' *+** SOLVING A SET OF SIMULTANEOUS EQUATIONS', c 0 = FREE TO CHANGE (TO BE COMPUTED)
M * FOR TEMPERATURE SOLUTIONS **+* ) C 1 = FIXED AS SPECIFIED
WRITE{6,465} NEQ, NHBW o
465 FORMAT (5X,'{ TOTAL OF', I5,' EQUATIONS WITH HALF~-BANDWIDTH OF', IMPLICIT REAL*8 (A-H,0-Z)
* 4, ' )°*) DIMENSION SYSK(MXPOI,MXHBW), SYSQ(MXPOI)}, TEMP (MXPOI)
CALL SOLVE (NEQ, NHBW, SYSK, SYSQ, MXPOI, MXHBW) c
c INTEGER IBC (MXPOI)
o PRINT OUT NODAL TEMPERATURE SOLUTIONS: c
c DO 100 IEQ=1,NPOIN
470 WRITE (6,480} IF{IBC(IEQ).EQ.0}) GO TO 100
480 FORMAT{/, ' PLEASE ENTER FILE NAME FOR TEMPERATURE' C
* ' SOLUTIONS:' ) IF(IEQ.EQ.1} GO TO 300
READ(5, '(A}', ERR=470) NAME2 DO 200 N=1,IEQ-1
OPEN (UNIT=8, FILE=NAME2, STATUS='NEW', ERR=470}) IROW = IEQ - N
WRITE (8,490} NPOIN ICOL = N + 1
490 FORMAT{' NODAL TEMPERATURE SOLUTIONS ([*, I5,%):', IF{ICOL.GT.NHBW) GO TO 300
* //, 2%, NODE', 3X, 'TEMPEARTURE", / ) SYSQ{IROW} = SYSQ{IROW) - SYSK{IROW,ICOL)*TEMP(IEQ)
DO 500 IP=1,NPOIN SYSK(IROW,ICOL) = 0.
WRITE(8,510) IP, SYSQ(IP) 200 CONTINUE
510 FORMAT{I6, E14.6) 300 CONTINUE
500 CONTINUE c
o DO 400 ICOL=2,NHBW
C CREATE FILE FOR 2~D CONTQUR PLOTTING PROGRAM: IL = IEQ + ICOL ~ 1
C IF({IL.GT.NPOIN) GO TO 500
550 WRITE{6,560) : SYSQ(IL) = SYSQ(IL) ~ SYSK(IEQ,ICOL}*TEMP(IEQ)
560 FORMAT({/, ' PLEASE ENTER FILE NAME FOR GRAPHIC DISPLAY:') SYSK(IEQ,ICOL) = 0.
READ(5, '(A}', ERR=550) NAME3 400 CONTINUE
OPEN (UNIT=9, FILE=NAME3, STATUS='NEW', ERR=550) 500 CONTINUE
NVAR = 1 o
600 WRITE(9,610) NPOIN, NELEM, NVAR SYSQ(IEQ) = TEMP{IEQ}
610 FORMAT(' NPOIN  NELEM NVAR'®, /, 318} SYSK(IEQ,1) = 1.
WRITE (9, 620) NPOIN c .
620 FORMAT (' NODAL COORDINATES & SOLUTIONS (', IS5, *]:'} 100 CONTINUE
DO 630 I=1,NPOIN c
WRITE (9,640} I, (COORD(I,J), J=1,2}, SYSQ(I) RETURN
640 FORMAT (IB, S5E12.5) END
630 CONTINUE c
WRITE (9, 650} NELEM (i om0 e B 1 0 2 e =

e



c DIMENSION GSTIF (MXPOI,MXHBW), XL (MXPOI}
SUBROUTINE ASSMBLE ( IE, INTMAT, AKE, QE, SYSK, 8YSQ, c
* MXPOI, MXELE, MXHBW ) NR=NROW
C NC=NHBW
c ASSEMBLE ELEMENT EQUATIONS INTO SYSTEM EQUATIONS C
[of c DIAGONALIZATION THE MATRIX:
IMPLICIT REAL*8 (A-H,0-Z) C
DIMENSION AKE(3,3), QE(3) DO 10 I=1,NR
DIMENSION SYSK{(MXPOI,MXHBW), SYSQ(MXPOI) PIVOT1=GSTIF(I, 1)
C IF(ABS(PIVOT1).LT.10,E~10) THEN
INTEGER INTMAT (MXELE, 3) WRITE (6,1025) I, PIVOT1 !
C 1025 FORMAT({' EQ. NO.', I5, ' HAS NEARLY ZERO PIVOT OF', El4,6,
NNODE = 3 & ¢ *xx GTOP **', //,
NDF = = 1 * ' w%* CHECK NODE AND ELEMENT NUMBERING IN F.E. MODEL ***')
C STOP
DO 100 NR=],NNODE ENDIF
NODR = INTMAT {IE,NR) C
DO 100 MR=1,NDF XL (I)=XL(I)/PIVOT1
c DO 20 J=1,NC
C DENOTE: NSR = ROW POSITION IN THE SYSTEM EQS. 20 GSTIF{I,J)=GSTIF(I1,J)/PIVOT1
C NER = ROW POSITION. IN THE ELEMENT EQS. MM=0
c DO 30 II=I+1,NR
NSR = (NODR-1)*NDF + MR MMa=MM+1
NER = (NR =1)*NDF + MR IF {(MM+1.GT.NC} GOTO 30
SYSQ(NSR} = SYSQ(NSR) + QE(NER} PIVOTZ2=GSTIF (I, MM+1)*PIVOT1
c XL{II)=XL(II)«~XL{I)*PIVOT2
DO 200 NC=1,NNODE DO 40 JJ=1,NC
NODC = INTMAT (IE,NC) JJJ=JJ+MM
DO 200 MC=1,NDF IF{JJJ.LE.NC)
C & GSTIF{II,JJ)=GSTIF(II,JJ)~GSTIF(I,JJJ)*PIVOT2
C DENOTE: NSC = COLUMN POSITION IN THE SYSTEM EQS. 40 CONTINUE
c (AFTER ROTATION - READY FOR BANDED SOLVER) 30 CONTINUE
C NEC = COLUMN POSITION.IN THE ELEMENT EQS. 10 CONTINUE
c ©
NSC = (NODC-1}*NDF + MC -~ NSR + 1 c BACK SUBSTITUTION:
NEC = (NC =1)*NDF + MC C
IF(NSC.GT.0) DO 70 I=NR-1,1,-1
& SYSK (NSR,NSC) = SYSK(NSR,NSC) + AKE (NER,NEC) II=1
200 CONTINUE DO 80 J=I+1,NR
c . II=II+1
100 CONTINUE IF(II.LE.NHBW) XL{I})=XL(I)~GSTIF(I,II)*XL{J}
o 80 CONTINUE
RETURN 70 CONTINUE
END c
C RETURN
o o e e 0 7 1 e 2 —— Catutn bl (b g END
c o]
SUBROUTINE SOLVE (NROW, NHBW, GSTIF, XL, MXPOI, MXHBW) i e T e e e R > e e e
C [of
c SOLVE A SET OF SIMULTANEQOUS EQUATIONS USING GAUSS ELIMINATION SUBROUTINE TRI (NELEM, INTMAT, COORD, TK, H, Q,
c % Qs, TI, THICK, LTYPE, SYSK, SYSQ,
IMPLICIT REAL*B(A-H,0-Z} ] MXPOI, MXELE, MXHBW }
c c

Sve
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ESTABLISH ELEMENT MATRICES ACCORDING TO THE SPECIFIED HEAT
TRANSFER MODES AND ASSEMBLE THEM FOR SYSTEM EQUATIONS

IMPLICIT REAL*8 (A-H,0~Z)

DIMENSION COORD(MXPOI,2), SYSK(MXPOI,MXHBW), SYSQ(MXPOI)
DIMENSION AKC(3,3}, AKH(3,3), QQ(3), QS5(3), QH(3)
DIMENSION AKE(3,3), QE(3}), B{2,3), BT(3,2)

INTEGER INTMAT (MXELE,3), LTYPE(MXPOI,3)
LOOP OVER THE NUMBER OF ELEMENTS:

DO 5000 IE=1,NELEM

FIND ELEMENT LOCAL COORDINATES:

II = INTMAT(IE,1)
JJ = INTMAT (IE, 2)
KK = INTMAT({(IE,3)

XGl = COORD(II, 1)

XG2 = COORD(JJ, 1)

XG3 = COORD(KK, 1)

YG1l = COORD(II,2)

YGZ = COORD({JJ,2)

YG3 = COORD (KK, 2)

AREA= 0.5% (XG2* (YG3-YGLl) + XG1*(YG2-YG3) + XG3*(YG1l-YG2))
IF(AREA.LE.0.) WRITE(6,5) IE

FORMAT(/,* !!! ERROR !!! ELEMENT NO.', IS5,
* ' HAS NEGATIVE OR ZERO AREA *, /,
* ! == CHECK F.E. MODEL FOR NODAL COORDINATES',

*

AND ELEMENT NODAL CONNECTIONS ~-=' )
IF(AREA.LE.O.) STOP

¥G2
YG3
YGl
XG3 XG2
XG1 XG3
XG2 -~ XG1

YG3
YG1
YG2

Bl
B2
B3
cl
c2
[ok]

LI I

#8888
1

Do 10 1I=1,2
DO 10 J=1,3
B{I,J} = 0.
CONTINUE

B(1,1) = Bl
B(1,2) = B2
B(1,3) = B3
B(2,1) = Cl
B(2,2) = C2
B(2,3) = C3

[eXeXe]

[eNeNe)
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30
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50
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260
300

DO 20 I=1,
DO 30 J=1,

B(I,J) = B(I,J)/(2.*AREA)
BT (J,I) = B(IL,J)}

CONTINUE

CONTINUE

2
3
(

ZERO ALL COEFFICIENTS OF THE FINAL ELEMENT MATRICES:

Do 50 I=1,3
QE(I) = 0,

Do 50 J=1,3
ARE(I,J} = O.
CONTINUE

ELEMENT CONDUCTION MATRIX:

DO 100 I=1,3

DO 100 J=1,3

AKC({I,J) = 0.

Do 110 K=1,2

AKC(I,J) = AKC(I,J} + BT(I,K)*B(K,J}
CONTINUE

AKC(I,J) = TK*AREA*THICK*AKC(I,J)
CONTINUE

po 120 1I=1,3

DO 120 J=1,3

AKE(I,J) = RKE(I,J) + AKC(I,J)
CONTINUE

ELEMENT CONVECTION MATRICES:

IF(LTYPE (IE,3) .NE,1) GO TO 300
FAC = H*AREA/12,

DO 230 1I=1,3

DO 230 J=1,3

AKH(I,J) = EAC

CONTINUE

DO 240 1I=1,3

BAKH(I,I) = 2.*FAC

CONTINUE

FAC = H*AREA*TI/3.

DO 250 I=1,3

QH(I) = FAC

CONTINUE

DO 260 I=1,3

QE(I) = QE(I) + QH(I)

DO 260 J=1,3

AKE{I,J) = AKE(I,J} + RKH(I,J)
CONTINUE

CONTINUE

ELEMENT HEAT LOAD DUE TO INTERNAL HEAT GENERATION:

2} 74



IF(LTYPE(IE,1).NE.1) GO TO 400
FAC = Q*AREA*THICK/3.
po 310 1I=1,3
QQ(I) = FAC
310 CONTINUE
DO 320 1I=1,3
QE(I) = QE(I} + QQ{I)
320 CONTINUE :
400 CONTINUE

ELEMENT HEAT LOAD DUE TO SPECIFIED SURFACE HEATING:

aaon

IF(LTYPE(IE,2}.NE.1} GO TO 500
FAC = QS*AREA/3,
DO 410 I=1,3
QS8S{1) = FAC
410 CONTINUE
DO 420 I=1,3
QE(I) = QE(I) + QSS(I)
420 CONTINUE
500 CONTINUE

ASSEMBLE THESE ELEMENT MATRICES TO FORM SYSTEM EQUATIONS:

[eXe Nyl

CALL ASSMBLE ( IE, INTMAT, AKE, QFE, SYSK, SYSQ,
* MXPOI, MXELE, MXHEW )

C
5000 CONTINUE
C
RETURN
END

e
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PROGRAM - STRESS

A FINITE ELEMENT MECHANICAL/THERMAL STRESS ANALYSIS PROGRAM
DR. PRAMOTE DECHAUMPHAI
FACULTY OF ENGINEERING
CHULALONGKORN UNIVERSITY

PARAMETER (MXPOI=5000, MXELE=10000, MXHBW=3000)

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION COORD(MXPOI,2), TEMP(MXPOIL), TEXT(20)
DIMENSION SYSK(MXPOI*2,MXHBW}, SYSF(MXPOI*2)}

DIMENSION SXX(MXPOI), SYY(MXPOI), SXY(MXPOI), ONE(MXPOI)
CHARACTER*20 NAMEl, NAMEZ2, NAME3, NAME4

INTEGER INTMAT(MXELE, 3}, IBC(MXPOI,2)

WRITE(6,15)

FORMAT {/, * PLEASE ENTER THE INPUT FILE NAME:')
READ{5, '(A}', ERR=10) NAMEl

OPEN (UNIT=7, FILE=NAMEl, STATUS='QLD‘, ERR=10)}

READ TITLE OF COMPUTATION:

READ(7,*) NLINES

DO 100 ILINE=1,NLINES
READ({7,1} TEXT

FORMAT (20A4)

CONTINUE

READ INPUT DATA:

READ{7,1} TEXT

READ(7,*) NPOIN, NELEM, NFORCE

IF{NPOIN.GT.MXPOI} WRITE(6,110) NPOIN

FORMAT (/,' PLEASE INCREASE THE PARAMETER MXPOI TO ', I5)
IF{NPOIN,.GT.MXPOI) STOP

IF (NELEM.GT.MXELE) WRITE(6,120) NELEM

FORMAT (/,' PLEASE INCREASE THE PARAMETER MXELE TO ', I5)
IF(NELEM.GT.MXELE) STOP

READ(7,1)} TEXT

READ(7,*) ELAS, PR, ALPHA, TREF, THICK

READ (7,1} TEXT

DO 130 IPF=1,NPOIN

READ(7,*) I, (IBC(IL,J), J=1,2), (COORD(I,K), K=1,2), TEMP(I)
IF(I.NE.IP) WRITE(6,135) 1IP

FORMAT(/, ' NODE NO.', I5, * IN DATA FILE IS MISSING')
IF{I.NE.IP} STOP

CONTINUE

READ (7,1} TEXT

DO 140 I1E=1,NELEM

READ(7,*) I, (INTMAT(I,J), J=1,3)

IF({I.NE,IE} WRITE(6,150) IE

[eNoNe)

OO0

140

310

410

400

430

435

440 FORMAT(/ ' %%+ ESTABLISHING ELEMENT MATRICES AND'
! ASSEMBLING ELEMENT EQUATIONS #w*'

FORMAT (/, ' ELEMENT NO.', IS; t IN DATA FILE IS MISSING')

IF({I.NE,IE} STOP
CONTINUE

NDF = 2

NDOF = 6

NEQ = NPOIN*NDF

DO 300 I=1,NEQ
SYSF{I) = O.
CONTINUE

READ(7,1) TEXT

DO 310 II=1,NFORCE
READ(7,*) N, FX, FY
IEQ = (N-1)*NDF
SYSF(IEQ+1) = FX
SYSF (IEQ+2) = FY
CONTINUE

COMPUTE HALF-BANDWIDTH:

NHBW = 0

DO 400 1IE=1,NELEM

MIN = 100000

MAX = 0

DO 410 1IN=1,3

II = INTMAT(IE,IN)
IF{II.GT.MAX) MAX = II
IF(II.LT.MIN} MIN = II
CONTINUE

NDIF = MAX -~ MIN + 1
IF(NDIF.GT.NHBW) NHBW = NDIF
CONTINUE

NHBW = NHBW*NDF
IF(NHBW.GT .MXHEW) WRITE(6,420)

FORMAT (/,* PLEASE INCREASE THE PARAMETER MXHBW TO *, 15)

IF (NHBW,GT .MXHBW) STOP

DO 430 1I=1,NEQ

DO 430 J=1,NHBW

SYSK(I,J} = 0.

CONTINUE

WRITE({6,435) NPOIN, NELEM

FORMAT(/ * ##* THE FINITE ELEMENT MODEL CONSISTS OF', I5,
! NODES AND', I5,' ELEMENTS ***')

LOOP OVER ALL ELEMENTS TO COMPUTE ELEMENT MATRICES AND ASSEMBLE
THEM FOR SYSTEM MATRICES IN THE FORM NEEDED FOR MINIMUM MEMORY

REQUIREMENT:

WRITE(6,440)

6¥2
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[eRoNe]

[eXeKe]

CALL CST{(NELEM, INTMAT, COORD, ELAS, PR, ALPHA, THICK,
* TREF, TEMP, SYSK, SYSF, MXPOI, MXELE, MXHBW)

WRITE(6,450)
450 FORMAT(/,' *** APPLYING BOUNDARY CONDITIONS **#*')
CALL APPLYBC (NHBW, NPOIN, IBC, SYSK, SYSF, MXPOI, MXHBW)

WRITE(6,460)

460 FORMAT(/,' *** SOLVING A SET OF SIMULTANEOUS EQUATIONS',
* * FOR DISPLACEMENT SOLUTIONS *t*! )
WRITE(6,465) NEQ, NHBW

465 FORMAT(5X,'{ TOTAL OF', I5,' EQUATIONS WITH HALF-BANDWIDTH OF',
k4 I4l A )l)
CALL SOLVE (NEQ, NHBW, SYSK, SYSF, MXPOI, MXHBW)

PRINT OUT NODAL DISPLACEMENT SOLUTIONS:

470 WRITE(6,480)

480 FORMAT{/, ' PLEASE ENTER FILE NAME FOR DISPLACEMENT'
* ' AND STRESS SOLUTIONS:® )
READ(5, *'(A)', ERR=470) NAME2
OPEN (UNIT=8, FILE=NAMEZ2, STATUS='NEW', ERR=470)
WRITE (8,490} NPOIN

490 FORMAT(' NODAL DISPLACEMENT SOLUTIONS (', I5,%'1:',
* //, 2X, 'NODE', 13X, ‘Uf, 13X, ‘V*', / )

I1 =1
DO 500 IP=1,NPOIN
I2 = IP*NDF

WRITE(8,510) 1IP, (SYSF(I), I=I1,IZ2)
510 FORMAT(I6, 2E14.6)

Il = I2 +1
500 CONTINUE

COMPUTE NODAL STRESSES:

550 WRITE(6,560)

560 FORMAT{/, ' PLEASE ENTER FILE NAME FOR GRAPHIC DISPLAY:')
READ(5, '(A}', ERR=550) NAME3
OPEN{UNIT=9, FILE=NAME3, STATUS='NEW', ERR=550)
CALL STRESS(NPOIN, NELEM, INTMAT, COORD, SYSF, ELAS, PR,
* ALPHA, TREF, TEMP, SXX, SYY, SXY, ONE,
* MXEOI, MXELE )

CREATE FILE FOR 2-D CONTOUR. PLOTTING PROGRAM:

IDEF = 0
NVAR = 3
IT = 9
600 WRITE(IT, 610} NPOIN, NELEM, NVAR
610 FORMAT ("' NPOIN NELEM NVAR®, /, 3I8)
WRITE(IT, 620} NPOIN
620 FORMAT (' NODAL COORDINATES & SOLUTIONS (', I5, ']:')
DO 630  I=1,NPOIN

Qa0

640
630

670
660

700

710
720

WRITE(IT,640) I, (COORD(I,J}, J=1,2), SXX({I}, SYY(I), SXY(I)
FORMAT (I8, S5E12.5)

CONTINUE

WRITE (IT,650) NELEM

FORMAT (' ELEMENT NODAL CONNECTIONS [*, I5, '):')

DO 660 IE=1,NELEM

WRITE (IT,670) 1E, (INTMAT(IE,J), J=1,3)

FORMAT (418)

CONTINUE

IF(IDEF.EQ.1) STOP

WRITE (6,700}

FORMAT (/, ' CREATE A PLOT FILE WITH DEFORMED SHAPE ?%, /,
* " (1= YES, O =NO ' )
READ(5,*) IDEF

IF(IDEF.NE.1) STOP

WRITE {6, 720)

FORMAT (/, ' PLEASE ENTER PLOTTING FILE NAME WITH DEFORMED SHAPE:'
READ({5, '(A}', ERR=710} NAME4

IT = 10

OPEN (UNIT=IT, FILE=NAME4, STATUS='NEW', ERR=710}

DISMAX = O,

DO 730. IP=1,NPOIN*2

DISP = SYSF{IP)

DISP = ABS (DISP)

IF(DISP.GT.DISMAX) DISMAX = DISP

CONTINUE

XMIN = 1.E20

XMAX = ~XMIN

YMIN = XMIN

YMAX = ~YMIN

DO. 740 IP=1,NPOIN
IF(COORD (IP,1) .GT.XMAX) XMAX
IF(COORD{IP,1}.LT.XMIN) XMIN
IF(COORD(IP,2} .GT.YMAX) YMAX
IF(COORD(IP,2) .LT,YMIN} YMIN
CONTINUE

XL = XMAX =~ XMIN

YL = YMAX = YMIN

AL = XL

IF(YL.GT.AL) AL = YL

B

COORD(IP, 1}
COORD{IP,; 1}
COORD (1P, 2}
COORD(IP, 2)

ASSIGN MAXIMUM PLOTTING DEFORMATION 10% OF MAXIMUM SHAPE:

FAC = 0,1*AL/DISMRX
DO 750 1IP=1,NPOIN
Jl = 2%IP - 1

J2 = Jl +1

COORD{IP,1) = COORD(IP,1) + FAC*SYSF(J1)
COORD{IP,2) = COORD(IP,2} + FAC*SYSF(J2)
CONTINUE

GO TO 600

L)
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400
450

200
100

STOP
END

SUBROUTINE APPLYBC (NHBW, NPOIN, IBC, SYSK, SYSF, MXPOI, MXHBW)

APPLY DISPLACEMENT BOUNDARY CONDITIONS WITH CONDITION CODES OF:
0 = FREE TO MOVE
1 = FIXED

IMPLICIT REAL*8 (A-H,0-2)
DIMENSION SYSK({MXPOI*2,MXHBW), SYSF(MXPOI*2)

INTEGER IBC(MXPOI,2)

NDF = 2

DO 100 IN=1,NPOIN

DO 200 ID=1,NDF
IF(IBC(IN,ID}.NE.1} GO TO 200

IEQ =" {IN~1}*NDF + ID
SYSF({IEQ) = Q.

SYSK(IEQ,1) = 1,
DO 300 I=2,NHEW
SYSKI(IEQ,I) = 0.
CONTINUE

IF(IEQ.EQ.1) GO TO 450

DO 400 N=1,IEQ-1

IROW = IEQ - N

ICOL = N+ 1
IF(ICOL.GT.NHBW) GO TO 450
SYSK{IROW,ICOL) = 0,
CONTINUE

CONTINUE

CONTINUE
CONTINUE

RETURN
END

SUBROUTINE ASSMBLE { 1E, INTMAT, SGBL, FGBL, SYSK, SYSF,
MXPOI, MXELE, MXHBW )

ASSEMBLE ELEMENT EQUATIONS INTO SYSTEM EQUATIONS

IMPLICIT REAL*8 (A-H,0~Z)
DIMENSION SGBL{6,6), FGBL(&)

[eReNoNe]

oNeNeoNeNe]

nNnno

DIMENSION SYSK(MXPOI*2,MXHBW), SYSF(MXPOI*2)
INTEGER INTMAT (MXELE, 3)

NNODE = 3
NDF = 2

DO 100 NR=1,NNODE
NODR = INTMAT (IE,NR}
DO 100 MR=1,NDF

DENOTE: NSR = ROW POSITION IN THE SYSTEM EQS.
NER = ROW POSITION IN THE ELEMENT EQS.

NSR = (NODR-1}*NDF + MR
NER = (NR -1} *NDF + MR
SYSF (NSR) = SYSF{NSR) + FGBL{NER)

DO 200 NC=1,NNODE
NODC = INTMAT {IE,NC}
DO 200 MC=1,NDF

DENOTE: = NSC = COLUMN POSITION IN THE SYSTEM EQS.
(AFTER ROTATION - READY FOR BANDED SOLVER)
NEC = COLUMN POSITION IN THE ELEMENT EQS.

NSC = (NODC-1)*NDF + MC - NSR + 1
NEC = (NC ~1)*NDF + MC
IF (NSC.GT.0)
3YSK(NSR,NSC) = SYSK{NSR,NSC) + SGBL(NER,NEC)

200 CONTINUE

100 CONTINUE

RETURN
END

SUBROUTINE CST(NELEM, INTMAT, COORD, ELAS, PR, ALPHA, THICK,
TREF, TEMP, SYSK, SYSF, MXPOI, MXELE, MXHBEW)

COMPUTE ELEMENT MATRICES AND ASSEMBLE ‘-THEM FOR SYSTEM EQUATIONS
IMPLICIT REAL*8 (A-H,0=2)

DIMENSION COORD(MXPOI,2), TEMP(MXPOI)

DIMENSION SYSK(MXPOI*2,MXHBW), SYSF(MXPOI*2)

DIMENSION SCST(6,6), Fcst(e), c(3,3), B(3,6), BT(6,3)
DIMENSION DUMA(3,6), DUMB(3), AL({3)

INTEGER. INTMAT (MXELE, 3)

LOOP OVER THE NUMBER OF ELEMENTS:

LGe
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DO 5000 1E=1,NELEM

FIND ELEMENT LOCAL COORDINATES:

I = INTMAT(IE,1}
JJ = INTMAT(IE,2)
KK = INTMAT(IE,3)

XGl = COORD(II, 1}

XG2 = COORD(JJ, 1)

XG3 = COORD({KK, 1)

YGl = COORDI(II,2)

YG2 = COORD(JJ, 2}

YG3 = COORD (KK, 2)

AREA= 0,5*% (XG2* (YG3~YG1l) + XG1l*(YG2-YG3) + XG3*(YGl-YGZ2))
IF(AREA,LE.0.) WRITE(6,5) IE

5 FORMAT(/,* !!! ERROR !!! ELEMENT NO.', I5,

*
*
*

Bl
B2
B3
C1
c2
C3

DO
DO

10
10

* HAS NEGATIVE OR ZERO AREA ‘', /,
! ww- CHECK F.E. MODEL FOR NODAL COORDINATES',
AND ELEMENT NODAL CONNECTIONS -~-' )

1)
IF(AREA,LE.0.) STOP

YG3
YG1
¥G2
XG2
XG3
XG1

YG2
YG3
YGl
XG3
XGl
XG2

LI T T B A |

I=1,3
J=1,6

B(I,J} = 0.
10 CONTINUE

B(l,1) = Bl

B{1,3)
B(1,5)
B{2,2}
B(2,4)
B(2,6)
B(3,1)
B(3,2)
B(3,3)
B{(3,4)
B(3,5)
B{3,6)

DO
DO

20
30

B2
B3
Cl
cz
c3
Cl
Bl
c2
B2
c3
B3

@ ¥ 8 B A g 88 A

I=1,3
J=1,86

B(I,J) = B(I,J)/(2.*AREA)
BT(J,I} = B{I,J)
30 CONTINUE

(eNoXe]

[eXo X!

20

200
100

700
600

CONTINUE
ELASTICITY MATRIX:
FAC = ELAS/(1.-PR*PR}

C{1,1) = FAC
C(1,2) = FAC*PR

C(1,3) = 0.

C({2,1} = C(1,2)

C{2,2) = C(1,1)

Cc(2,3) = 0.

Cc(3,1) = 0.

C{3,2) = 0.

C(3,3) = FAC*(l.-PR}/2,

ELEMENT STIFFNESS MATRIX:

DO 100 1I=1,3

DO 100 J=1,6

DUMA(I,J) = O,

DO 200 K=1,3

DUMA(I,J} = DUMA(I,J} + C{(I,K)*B(K,J)
CONTINUE

CONTINUE

DO 300 1I=1,
DO 300 J=1,
SCST(I,J) = 0.

DO 400 K=1,3

SCST(I,J} = SCST(I,J) + BT(I,K)*DUMA(K,J}
CONTINUE

CONTINUE

6
6

DO 500 1I=1,6

DO 500 J=1,6

SCS8T(I,J) = SCST(I,J)*THICK*AREA
CONTINUE

ELEMENT NODAL FORCE DUE TO IN~PLANE THERMAL EXPANSION:

AL{l) = ALPHA
AL(2) = ALPHA

AL(3) = 0.
DO ‘600 1I=1,3
DUMB{I} = 0,

DO 700 J=1,3

DUMB(I) = DUMB(I) + C(I,J)*AL(J)
CONTINUE

CONTINUE

DO 800 1I=1,6
FCST(I) = 0.
DO 900 J=1,3

A4



900
800

Q00

1000

[oReoNe]

C
5000
o

[eNeXe]

1025

*

FCST(I) = FCST(I) + BT(I,J)*DUMB(J)

CONTINUE
CONTINUE
AVERAGE ELEMENT TEMPERATURE:
TAVG = (TEMP(II} + TEMP(JJ} + TEMP(KK))/3.
FAC = {TAVG - TREF)*THICK*AREA
DO 1000 1I=1,6
FCST (1) = FCST{I)*FAC
CONTINUE :
ASSEMBLE THESE ELEMENT EQUATIONS INTO THE SYSTEM EQUATIONS:
CALL ASSMBLE( IE, INTMAT, SCST, FCST, SYSK, SYSF,
MXPOI, MXELE, MXHBW )
CONTINUE
RETURN
END
C ____________________________ 1 . o e i i e 5 7k S e e s o R D % b e e 3 S B )
SUBROUTINE SOLVE (NROW, NHBW, GSTIF, XL, MXPOI, MXHBW)
IMPLICIT REAL*8(A-H,0-2)
DIMENSION GSTIF(MXPOI*2,MXHBW), XL (MXPOI*2)
NR=NROW
NC=NHBW
- DIAGONALIZATION THE MATRIX:
DO 10 I=1,NR
PIVOT1=GSTIF(I, 1)
IF (ABS{PIVOT1),LT.10.E~10) THEN
WRITE(6,1025} I, PIVOT1
FORMAT (' EQ. NO.', I5, * HAS NEARLY ZERO PIVOT OF', El4.6,
* 1 *% STOP t*l’ //'
* t +#% CHECK NODE AND ELEMENT NUMBERING IN F.E. MODEL ***’
STOP
ENDIF
XL{I)=XL(I)/PIVOT1
DO 20 J=1,NC
GSTIF{I,J)=GSTIF(I,J}/PIVOT1

20

MM=0

DO 30 II=I+1,NR
MM=MM+1

IF{MM+1.GT.NC) GOTO 30

-

Qoo

aQaO

Qoo

[o¥oNe]

PIVOT2=GSTIF({I,MM+1)*PIVOT1

XL(II}=XL{II)~-XL{I)}*PIVOT2

DO 40 JJ=1,NC

JJJ=J J+MM

IF(JJJ.LE.NC}

& GSTIF(II,JJ)=GSTIF(II,JJ)=GSTIF({I,JJJ)*PIVOT2
40 CONTINUE
30 CONTINUE
10 CONTINUE

BACK SUBSTITUTION:

DO 70 I=NR-1,1,-1

IT=1

DO 80 J=I+1,NR

II=IT+1

IF(II.LE.NHBW) XL{I)}=XL(I}-GSTIF(I,II)*XL(J)
80 CONTINUE
70 CONTINUE

RETURN
END
SUBROUTINE STRESS (NPOIN, NELEM, INTMAT, COORD, DISP, ELAS, PR,
* ALPHA, TREF, TEMP, SXX, SYY, SXY, ONE,
* MXPOI, MXELE ]

COMPUTE NODAL STRESS COMPONENTS FOR CST ELEMENTS

IMPLICIT REAL*B (A~H,0-2Z)

DIMENSION COORD (MXPOI, 2}, TEMP(MXPOI)
DIMENSION DISP(MXPOI*2), ONE(MXPOI}

DIMENSION SXX(MXPOI), SYY(MXPOI), SXY(MXPOI)
DIMENSION C(3,3), B(3,6), EPS(3), UG(3), VG(3)

INTEGER INTMAT (MXELE, 3)
DO 10 1I=1,NPOIN
SXX{I) = 0,
SYY(I} = 0.
SXY(I) = 0.
ONE(I} = 0.
10 CONTINUE
LOOP OVER THE NUMBER OF ELEMENTS:
DO 1000 IE=1,NELEM
FIND ELEMENT LOCAL CQORDINATES:

II = INTMAT(IE,1l)
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JJ = INTMAT(IE,2) : C{3,3) = FAC*{1,-PR}/2.
KK = INTMAT{IE, 3) c
C GATHER ELEMENT NODAL DISPLACEMENTS:
XG1 = COORD(II,1) c
XG2 = COORD{JJ, 1)} DO 200 Jl1=1,3
XG3 = COORD (KK, 1) 11 = INTMAT{IE,Jl)
YG1 = COORD{II,?2) IEQ = (I1-1)*2 + 1
YG2 = COORD(JJ,2) UG{J1l) = DISP(IEQ )
YG3 = COORD(KK, 2} VG{J1} = DISP{IEQ+1)
ARER= 0,5* (XG2* {YG3~YGl) + XG1*(YG2-YG3) + XG3*(YGl-YG2)) 200 CONTINUE
C
Bl = YG2 ~ YG3 (C COMPUTE THE TOTAL STRAINS:
B2 = YG3 - YG1 (&
B3 = YG1 - ¥G2 DO 220 1I=1,3
Cl = XG3 -~ XG2 EPS(I) = O.
C2 = XGl - XG3 DO 230 .J=1,3
C3 = XG2 - XG1 J1l = {J=1)*2 + 1
J2 = J1 + 1
DO 110 1I=1,3 EPS(I) = EPS({I) + B(I,J1)*UG(J)} + B{I,J2)*VG(J)}
DO 110 J=1,6 230 CONTINUE
B(I,J) = 0. 220 CONTINUE
110 CONTINUE c
c COMPUTE THERMAL STRAINS USING AVERAGE ELEMENT NODAL TEMPERATURES:
B(1,1) = Bl € :
B{1,3) = B2 TAVG = (TEMP(II) + TEMP(JJ) + TEMP(KK))/3.
B(1,5) = B3 &
B(2,2) = Cl € COMPUTE THE NET STRAINS:
B(2,4) = C2 c
B{2,6) = C3 EPS(1} = EPS{1l) - ALPHA*{TAVG - TREF)
B(3,1) = Cl ' EPS{2) = EPS(2) - ALPHA*{TAVG - TREF)
B{3,2) = Bl [ .
B{3,3) = C2 c COMPUTE THE ELEMENT STRESSES:
B(3,4) = B2 @
B(3,5) = C3 SXXE = C(1,1)*EPS{1} + C(1,2J*EPS(2} + C(1,3)*EPS(3)
B(3,6) = B3 SYYE = C{2,1)*EPS{1) + C(2,2)}*EPS{2) + C{2,3)*EPS(3)
SXYE = C{3,1}*EPS({1) + C(3,2)*EPS{2} + C(3,3)*EPS(3)
DO 120 1I=1,3 ©
DO 130 J=1,6 G COMPUTE NODAL STRESSES FROM ELEMENT STRESSES:
B(I,J) = B(I,J)/(2.*AREA) c
130 CONTINUE SXX(II) = SXX(II)}) + SXXE
120 CONTINUE SXX(JJ} = SXX(JJ) + SXXE
SXX (KK) = SXX{KK) + SXXE
ELASTICITY MATRIX: SYY(IT} = SYY(II} + SYYE
SYY(JJ} = SYY(JJ} + SYYE
FAC = ELAS/(1,-PR*PR) SYY (KK} = SYY(KK) + SYYE
C{l,1) = FAC SXY(IT) = SXY{II} + SXYE
C(1,2) = FAC*PR SXY (JJ) = SXY{JJ) + SXYE
C{1,3} = 0. SXY (KK) = SXY (KK) + SXYE °
c{2,1) = C(1,2) ONE(II) = ONE{II} + 1.
c{2,2) = C(1,1} ONE (JJ) = ONE(JJ) + 1.
C{2,3) = 0. ONE (KK} = ONE (KK) + 1,
C(3,1) = 0. ‘ c
Cci{3,2) = 0. 1000 CONTINUE
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C

C

1200

1100

1300

PRINT OUT THESE NODAL STRESSES:

DO 1100 1I=1,NPOIN

IF(ONE(I).EQ.0.) WRITE(6,1200) I

FORMAT (' *** WARNING *** NO STRESS CONTRIBUTION AT NODE',
IF(ONE(I).EQ.0.) ONE(I) = 1.

SKX(I) = SXX{IJ/ONE(I}

SYY(I) = SYY(I}/ONE(I)

SXY(I) = SXY({(I)/ONE(I)

CONTINUE

WRITE (8,1300) NPOIN

FORMAT (///, ' NODAL STRESS SOLUTIONS (', I5,'1:', //,
* 2%, 'NODE', 11X, 'Sxx’, 11X, 'SYYy*, 11X, 'SxY’, /}

DO 1400 I=1,NPOIN
WRITE(8,1500) T, SXX{I), SYY(I}, SXY(I)

1500 FORMAT(I6, 3E14.6)
1400 CONTINUE

RETURN
END

15)

§5Ge



	ปกนอก
	ปกใน
	กิตติกรรมประกาศ
	บทคัดย่อภาษาไทย
	บทคัดย่อภาษาอังกฤษ
	สารบัญ
	สารบัญภาพ
	คำอธิบายสัญญลักษณ์
	บทที่ 1 บทนำ
	บทที่ 2 ระบบสมการเชิงอนุพันธ์ย่อยนาเวียร์-สโตกส์
	บทที่ 3 การประยุกต์ระเบียบวิธีไฟไนต์เอลิเมนต์กับการไหลแบบหนืดแต่ไม่อัดตัว
	บทที่ 4 ไฟไนต์เอลิเมนต์โปรแกรมคอมพิวเตอร์สำหรับการไหลแบบหนืดแต่ไม่อัดตัว
	บทที่ 5 ผลจากการใช้โปรแกรมคอมพิวเตอร์สำหรับการไหลแบบหนืดแต่ไม่อัดตัวที่ประดิษฐ์ขึ้นกับปัญหาต่างๆ
	บทที่ 6 การไหลความเร็วสูงแบบอัดตัวได้
	บทที่ 7 ไฟไนต์เอลิเมนต์โปรแกรมคอมพิวเตอร์สำหรับการไหลความเร็วสูงแบบอัดตัวได้
	บทที่ 8 ระเบียบวิธีการปรับขนาดเอลิเมนต์โดยอัตโนมัติ
	บทที่ 9 การประยุกต์การจัดเอลิเมนต์โดยอัตโนมัติเข้ากับปัญหาการไหล
	บทที่ 10 ระเบียบวิธีไฟไนต์เอลิเมนต์กับปัญหาการถ่ายเทความร้อนและความเค้นจากอุณหภูมิ
	บทที่ 11 การประยุกต์การจัดเอลิเมนต์โดยอัตโนมัติเข้ากับปัญหาการถ่ายเทความร้อนและความเค้นจากอุณหภูมิ
	บทที่ 12 บทสรุปและวิจารณ์
	บรรณานุกรม
	บทความที่เกิดจากงานวิจัยนี้
	A Finite Element Method for Viscous Incompressible Flow Analysis
	Transient Finite Element Thermal Analysis Using Adaptive Mesh Movement
	Adaptive Finite Element Technique for High-Speed Compressible Flows
	A Finite Element Method for Viscous Incompressible Thermal Flows
	Adaptive Finite Element Technique for Viscous Flow Analysis      
	Adaptive Cell-centered Finite Element Techique for Compressible Flows

	ภาคผนวก

