CHAPTER III

A FINITE INVERSE BIPREFIX CODE WHOSE

M.P. Schiitzenbergér ce-14] st u e dva.prefix code C' whose syntactic

monoid M (C*) is a group” Lt 3 that (G *V*he only one D - class.

Now, we refer to t \ ed by K. Jantarakhajorn
(see[2]): |
For a given n > 3, let A = T 4Ot/ an alphabet and let

C= { QiQip1 A, r
- =

Cg = { ;i1 y ‘. ‘

4

and C; ={ aja;.. an2a3 . Op_1,An0203 . anagag

Theorem 3. ﬂru&l agy &%Ic‘i M’Lﬂ Divefscoe.
Pmof'ﬁfﬁﬁ'] AINIUURIINYIGY  °

In [2]'! K. Jantarakhajorn labelled the tree representation of C* as follows:
The top and the end points of the tree are labelled 1.
Foreachi€ {1,2,...,n—1}, j ¢ {1,2,...,n =1} with i < j,

the node associated with a;a:,1 ... a; is labelled

(n—2)i+j— (n—3).

- lUn—1,0n0203 . ..0n-101,0203 . .

By b
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Foreachi€ {2,3,...,n-1}, je{1,2,...,i—-1},
the node associated with a;a;1; . ..a,_10105. .. a; is labelled
(n—2)i+j+2.

Since each of the remaining unlabelled nodes has the same subtree as one of the

above labelled nodes, they have the same néue . Hence PC,) has been constructed

The corresponding syntaetic mon %) senerated by

Notations:

(i) For each 4, let A; dend
V; dengt

(ii) For each i € { 2,3,..

AG) = {|
B(i) =

and qi;‘_-

H ]
We have a few re 'J s on the code defined above.

e ﬂﬂﬂ’ﬁ"ﬂ‘ﬁl}ﬂﬁ’w 81173

Ai={1}UAG)UB®G) dorall i>2.

o ARTANNIUURTIIT g8

Vi=2li forall i€{23,...,n-1}.

It follows that
Dom 7(a;i0i11...a5) =2 and Im Ty .. » 03) =V

forall i,5€{1,2...,.n—1}and i<j.



(i) 7(a;)’ s are defined as follows :

o EMEANINSIHAN. ..
A RINRINN INENALL

Proof. Letie {2,3,...,n—1}.
Suppose A(1) N[A(i) U B(i)] # @.
Let s € A(1) N[A() U B()]. There are two cases to be considered :

Case'1:s € A(1) N A(i). Then

s=M—-2k+2 and s=(n—2)(kp—1)+i

15



16

for some k; € { 1,2,...,n—1}, kye {1,2,...,i—1}.
This yields ’

i=(n—2)(k —ky+1)+2.

By considering all possibilities of k; and k,, we get a contradiction.

Case 2 : s € A(1) N B(3).

Ifi = n—1, then B(i) = A(l), s = (n—2)k;+2 for

some k; €{1,2,...,n

and so k; = n, which

Assume that 7 # n — 1

for some ky € { 4,i+

mescnppe AN NSNYING

Lemma 3.4. L%lt i,7€{23,...,n& 1} be suc hethat i # j. Thewrthe following

smemwammtuumw A

(1) A(Z) NA@) =

(i) B()NB3)=o.
(iii) A®)NB(j) =2

Moreover, [A(i) U B(i)] N [A(§) UB(j)] = @
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Proof. Let 4,5 € {2,3,...,n—1 } be such that i # j. Without loss of generality,
we may assume that ¢ < 7 and let j = 7 + [ for some [ eN.

To prove (i), assume on the contrary that s € A(i) N A(j).
Then

s=mn-2k+@GE—-1)—(n f s=n—-2)ka+(j—1)—(n-23)

for some k; € { 1,2,...,

This yields

This contradicts to the
Hence A1) N A(j) =
(ii) Similar to the stateme
) = A@E) N B(i +1).

To prove (iii), assume ¢ J

Then

s=(n-—2 Z=3 3 .i kr+i+i+1

—1, 2 €11 ,z+l+1 “,n—1}

ﬂUEl’JVIEW]‘ﬁWEl’”ﬂ’i

8 = (n ‘2)k2+z+l

wwmnﬁmmw Y18 Y

> (n—2)k; +1

for some k; € { 1,2,.

Consider

>(n—2)k +i—(n-2)

= S.

This is a contradiction.

From (i)-(iii), we get [A(3) UB(®)] N[A(j)UB(G)| = 2. | O
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Proposition 3.5. (i) For each j € { 1,2,...,n },

Ay tf j=m or =1,

{1} otherwise.

(i) For eachi,j€{1,2,....,n} andi#n—1,

Proof. (i) It follows fromh
(ii) Lets,je{1,2,.
Since V,, =V, V, N4 _ . 5 0 prove,only the case i # n.
If j =i+ 1, then by Regllrid
Assume that j #4i+ 1. I
But by Lemma 3.3 and Ler 34 v N 1 } =2, thus V; N A; =

{1}. O

|

Proposition 3.6. Foreach o € M(C*), ranka =n  or ranka =1. Moreowver,

e g NN TR A 2o

Proof. Let o ="Haaias, .. a,) fogsome i € { 1,2, ...,n}, anddye N.
RN I NN INEA E

rank 7(a;a;,) #1 and rank 7(a;a;,,) # 1

forallle {1,2,...,k—1}.
Thus

IViﬂA,-l |>1 and lV,-,ﬂAiHl I>1

*If i=n,theni+1=2.

¢
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forallle {1,2,...,k—1} (since rank f = (Im a N Dom B)a~? ).

By Proposition 3.5,

ViNly = Ay, Vi NA;

U+1

= N3

141

. a;, is one of these forms :

forallle {1,2,...,k—1}, and a;a;,a;, ..

(1) @iiy1...a; for somes,

(ll) AiQit1 ... Ap—1U1090

j€{23,.

for some s € N, for some

In any cases, we ha

for some 4,5 € { 1,2,.

Therefore, rank o = n.

- vl
Before proving t y:'; : ollowing lemma.
|
d

..I
i

¥

o AT NEIA T

n € M(C*) suc”'lthat 157 == &,

@ T@mwm vnw YN Y

L=

1

Proof. (i) Letie {1,2,...,n } and assume that s € A;. There are two cases to
be considered :
Caselii=1.

Set § = T(a1az...a,_1).
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By Remark 3.2, Dom d = A; and Im § = V,,_; = A,.
In [2], § is a cycle of rank n. Since 1 € A; = Dom d and s € Ay = Im 6, there
exists [ € N such that 16! = s.

Case 2 : 7 # 1.

Set 9/,, = T(a1a2 asie a,-_l).

By Remark 3.2, Dom 6; = /\y a

: [y -r.r' A
Since s € A; =Im 6;, the & exists 51 &uch that s16; = s.

Y ‘?ﬁ Tﬁifﬂm ’IfT*i -
AR i e

Proposition 3.8. Leta,8 € M (c*).
aDB  if and only if rank o = rank .

Proof. The sufficient part follows from Corollary 2.2.
For the necessary part, assume that rank o = rank B = r. Then, by Proposi-

tion 3.5, there are two cases to be considered:



21

Casel:r=n.

Let Im a = A; and Dom 8 = A, for some 4,5 € { 1,2,...,n | 8
By Remark 3.2, Dom 7(a;a;y1. .. an-1) = Di, Im7(0i@541 . . . an_1) = Vioy = 4y,
Dom 7(aias...a;-;) = A; and Im (0105 o Bj—y) = Vja = Ly

Hence

and

Case 2:r=1.

Let o = 'SgGAj,tleAk,tQEA[.
So n

By Lemma 3.7, the v 3

— -
-

P 4 sy and 1n, = t,.

{11}
4
i¥

il
Again ,by Lemma 3.7 ydet =

AU NN
QRN TN NG

By Theorem 2.1, aRvy and vLg. Therefore, aDg. a
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Theorem 3.9. The syntactic monoid of C*, M(C*), has ezactly two nonzero

D - classes.

Proof. The theorem is obtained directly from Proposition 3.6 and Proposition 3.8.

a
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