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º··Õè1

º·¹íÒ

ã¹¡ÒÃÈÖ¡ÉÒ¡ÒÃáÂ¡Ê̂Ç¹¢Í§¡ÃÒ¿ã¹ÇÔ·ÂÒ¹Ô¾¹ Œ̧©ºÑº¹Õé¨ÐàÃÔèÁ ‰́ÇÂ¡ÒÃáÂ¡Ê̂Ç¹·Õèà¡ÕèÂÇ¢‰Í§¡Ñº¡ÃÒ¿
ÅÙ¡ºÒÈ¡Œ ¡ÃÒ¿ÊÍ§Ê̂Ç¹ºÃÔºÙÃ³Œ áÅÐ¡ÃÒ¿µ‰¹äÁ‰ â´Âã¹»• ¾.È.2533 John Frederick Fink [3] ä´‰
áÊ´§ÇˆÒ ¨ÐÁÕ¡ÒÃáÂ¡ÊˆÇ¹¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn à»“¹¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹·Õè¶Í´áºº¡Ñ¹ µ̂ÍÁÒã¹»•
¾.È.2539 Saad El-Zanati áÅÐ Charles Vanden Eynden [1], [2] ä´‰áÊ´§¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿
ÊÍ§ÊˆÇ¹ºÃÔºÙÃ³Œà»“¹¡ÃÒ¿ÅÙ¡ºÒÈ¡Œ·Õè¶Í´áºº¡Ñ¹ áÅÐã¹»•¾.È.2542 ä´‰áÊ´§ãË‰àËç¹¶Ö§à§×èÍ¹ä¢·Õè¨íÒ
à»“¹áÅÐà¾ÕÂ§¾Í ·Õè¨Ð·íÒãË‰àÃÒÊÒÁÒÃ¶áÂ¡ÊˆÇ¹»ÃÐ¡Íº¡ÃÒ¿ÊÍ§Ê̂Ç¹ºÃÔºÙÃ³Œà»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂
ä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹ä ‰́ áÅÐ¨Ò¡¼Å§Ò¹·Õèä´‰ÃÇºÃÇÁÁÒ àÃÒä´‰¢ÂÒÂ§Ò¹¢Í§ John Frederick Fink

[3] ¨Ò¡¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn à»“¹ ¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹·Õè¶Í´áºº¡Ñ¹ à»“¹¡ÒÃáÂ¡
ÊˆÇ¹¢Í§¡ÃÒ¿ k -ÊˆÇ¹ n -ÅÙ¡ºÒÈ¡Œ Qk

n à»“¹ ¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹·Õè¶Í´áºº¡Ñ¹ áÅÐ¢ÂÒÂ§Ò¹¢Í§
Saad El-Zanati áÅÐ Charles Vanden Eynden [2] ¨Ò¡¡ÒÃÊÃ‰Ò§à«µ¢Í§ÊÑº¡ÃÒ¿·Õèá¼̂ä»·ÑèÇª¹Ô´
¶Í´áºº¡Ñ¹ ·Õèà»“¹¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ Km,n à»“¹¡ÒÃÊÃ‰Ò§à«µ¢Í§ÊÑº¡ÃÒ¿·Õèá¼̂ä»·ÑèÇ
ª¹Ô´¶Í´áºº¡Ñ¹ ·Õèà»“¹¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K1,m,m(m−1)

ÇÔ·ÂÒ¹Ô¾¹ Œ̧©ºÑº¹Õéáº̂§ÍÍ¡à»“¹Ë‰Òº· â´ÂÁÕº·¹íÒ¹Õéà»“¹º··Õè1
º··Õè2 à»“¹¡ÒÃãË‰º·¹ÔÂÒÁ ¤ÇÒÁÃÙ‰¾×é¹°Ò¹ µÅÍ´¨¹µÑÇÍÂ̂Ò§»ÃÐ¡Íº à¾×èÍà»“¹¾×é¹°Ò¹ÊíÒËÃÑº

¡ÒÃÈÖ¡ÉÒÇÔ·ÂÒ¹Ô¾¹ Œ̧¹Õé
º··Õè3 ã¹ËÑÇ¢‰ÍáÃ¡à»“¹¡ÒÃàÊ¹Í§Ò¹¢Í§ John Frederick Fink [3] à¡ÕèÂÇ¡Ñº¡ÒÃáÂ¡ÊˆÇ¹¢Í§

¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn à»“¹¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹·Õè¶Í´áºº¡Ñ¹ í̈Ò¹Ç¹ 2n−1 µ‰¹ áÅÐã¹ËÑÇ¢‰Í·ÕèÊÍ§



2

à»“¹¡ÒÃãË‰¹ÔÂÒÁ¢Í§¡ÃÒ¿ k -ÊˆÇ¹ n -ÅÙ¡ºÒÈ¡Œ Qk
n áÅ‰ÇáÊ´§¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ k -ÊˆÇ¹

n -ÅÙ¡ºÒÈ¡Œ Qk
n à»“¹¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹·Õè¶Í´áºº¡Ñ¹ í̈Ò¹Ç¹ kn µ‰¹

º··Õè4 ã¹ËÑÇ¢‰ÍáÃ¡à»“¹¡ÒÃàÊ¹Í§Ò¹¢Í§ Saad El-Zanati áÅÐ Charles Vanden Eynden

[2] à¡ÕèÂÇ¡Ñº¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ Km,n àÁ×èÍ m + n − 1 | mn à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»
·ÑèÇ·Õè¶Í´áºº¡Ñ¹ ¨íÒ¹Ç¹ mn

m + n − 1
µ‰¹ ã¹ËÑÇ¢‰Í·ÕèÊÍ§à»“¹¡ÒÃáÊ´§¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§

¡ÃÒ¿ K1,m,m(m−1) à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹ ¨íÒ¹Ç¹ m µ‰¹ áÅÐã¹ËÑÇ¢‰ÍÊØ´·‰ÒÂ
ÈÖ¡ÉÒà¡ÕèÂÇ¡Ñº¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m à»“¹ÊÑº¡ÃÒ¿·Õèá¼̂ä»·ÑèÇ·Õè
¶Í´áºº¡Ñ¹
áÅÐº··Õè5 «Öè§à»“¹º·ÊØ´·‰ÒÂ à»“¹¡ÒÃàÊ¹Í§Ò¹¢Í§ Saad El-Zanati áÅÐ Charles Vanden

Eynden [1] «Öè§ÈÖ¡ÉÒ¶Ö§¡ÒÃáÂ¡Ê̂Ç¹¢Í§¡ÃÒ¿ÊÍ§Ê̂Ç¹ºÃÔºÙÃ³Œ Kt,t à»“¹¡ÃÒ¿ d -ÅÙ¡ºÒÈ¡Œ Qd ·Õè
¶Í´áºº¡Ñ¹ í̈Ò¹Ç¹ q ÅÙ¡ºÒÈ¡Œ àÁ×èÍ t = 2d−1 = dq



º··Õè2

¤ÇÒÁÃÙ‰¾×é¹°Ò¹

ã¹º·¹ÕéàÃÒ¨Ðá¹Ð¹íÒº·¹ÔÂÒÁáÅÐ¤ÇÒÁÃÙ‰¾×é¹°Ò¹à¡ÕèÂÇ¡Ñº·ÄÉ®Õ¡ÃÒ¿à·ˆÒ·Õè¨íÒà»“¹ à¾×èÍãª‰ã¹¡ÒÃ
ÈÖ¡ÉÒÇÔ·ÂÒ¹Ô¾¹ Œ̧©ºÑº¹Õé â´Â¡ÃÒ¿·Õè¨Ð¡ÅˆÒÇ¶Ö§ã¹ÅíÒ´Ñºµ̂Íæä»¨ÐËÁÒÂ¶Ö§à©¾ÒÐ¡ÃÒ¿·ÕèÁÕ Ø̈´ÂÍ´
¨íÒ¹Ç¹ í̈Ò¡Ñ´·ÕèäÁˆÁÕÇ§Ç¹(loop)ËÃ×Í´‰Ò¹¢¹Ò¹(parallel edges) à·̂Ò¹Ñé¹

º·¹ÔÂÒÁ 2.1. ¡ÒÃáÂ¡Ê̂Ç¹ (decomposition) ¢Í§¡ÃÒ¿ GGG ËÁÒÂ¶Ö§ à«µ {H1,H2, . . . , Ht}

«Öè§ H1,H2, . . . , Ht à»“¹ÊÑº¡ÃÒ¿·ÕèµˆÒ§¡Ñ¹ t ªØ´¢Í§ G â´Â·Õèáµ̂ÅÐ´‰Ò¹¢Í§ G ÍÂÙˆã¹ÊÑº¡ÃÒ¿
H1,H2, . . . , Ht à¾ÕÂ§¡ÃÒ¿à´ÕÂÇà·̂Ò¹Ñé¹ áÅÐ¨Ðá·¹¡ÃÒ¿ G ´‰ÇÂ H1 + H2 + · · · + Ht

¶‰Ò H1,H2, . . . , Ht à»“¹ÊÑº¡ÃÒ¿·Õè¶Í´áºº¡ÑºÊÑº¡ÃÒ¿ H à´ÕÂÇ¡Ñ¹ ¨Ðà¢ÕÂ¹á·¹ ‰́ÇÂ G = tH

µÑÇÍÂ̂Ò§ 2.1. ¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ G

= +
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f g
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a a

b b

c c
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e e

d d
G H 1 H 2

ÃÙ»·Õè 2.1: ¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ G = H1 + H2
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ËÃ×Í

= +
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f
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H 4 H 5 H 6 H 7

+

ÃÙ»·Õè 2.2: ¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ G = H1 + H2 + H3 + H4 + H5 + H6 + H7

ËÁÒÂàËµØ ¡ÒÃáÂ¡Ê̂Ç¹¢Í§¡ÃÒ¿ÁÕä ‰́ËÅÒÂáºº

µÑÇÍÂ̂Ò§ 2.2. ¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ G

¶‰ÒàÃÒãË‰ H á·¹¡ÃÒ¿µ‰¹äÁ‰ 3 ´‰Ò¹µ̂Íä»¹Õé

ÃÙ»·Õè 2.3: ¡ÃÒ¿µ‰¹äÁ‰ 3 ´‰Ò¹ H

¨Ðä´‰ÇˆÒ H1
∼= H2

∼= H3
∼= H4

∼= H ´Ñ§¹Ñé¹ G = 4H



5

= +

a b
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ÃÙ»·Õè 2.4: ¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ G = H1 + H2 + H3 + H4

ËÃ×Í ¶‰ÒãË‰ P2 á·¹ÇÔ¶ÕÂÒÇ 1 ¨Ðä´‰ÇˆÒ G = 12P2
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e

b

d

e

bf

g

G H 1

g
h

g

e

H 3

+

g

c

dH 5 H 6

+ +

H 2 H 4

a

c
+

+ + + + + +f
a

d

h

c

b

f h

H 7 H 8 H 9 H 10 H 11 H 12

ÃÙ»·Õè 2.5: ¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ G = 12P2 àÁ×èÍ P2 ¤×ÍÇÔ¶ÕÂÒÇ 1

º·¹ÔÂÒÁ 2.2. ÊÑº¡ÃÒ¿ F à»“¹ ÊˆÇ¹»ÃÐ¡Íº (factor) ¢Í§¡ÃÒ¿ G ËÁÒÂ¶Ö§ F à»“¹ÊÑº¡ÃÒ¿·Õè
á¼̂ä»·ÑèÇ G ¹Ñè¹¤×Í F à»“¹ÊÑº¡ÃÒ¿·Õè V (F ) = V (G)
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º·¹ÔÂÒÁ 2.3. ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº (factorization) ¢Í§¡ÃÒ¿ GGG ËÁÒÂ¶Ö§ à«µ {F1, F2, . . . , Ft}

·Õèà»“¹¡ÒÃáÂ¡ÊˆÇ¹¢Í§ G áÅÐáµ̂ÅÐÊÑº¡ÃÒ¿ F1, F2, . . . , Ft à»“¹Ê̂Ç¹»ÃÐ¡Íº¢Í§ G

µÑÇÍÂ̂Ò§ 2.3. ¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ G

a b

cd

a a

d d

b b

c c

= +

G F 1 F2

ÃÙ»·Õè 2.6: ¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ G = F1 + F2

ËÃ×Í
a b

cd

a a

d d

b b

c c

= +

G F 1 F2

ÃÙ»·Õè 2.7: ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº·Õè¶Í´áºº¡Ñ¹¢Í§¡ÃÒ¿ G = 2P4 àÁ×èÍ P4 ¤×ÍÇÔ¶ÕÂÒÇ 3

µÑÇÍÂ̂Ò§ 2.4. ¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ G

= +

a a

b b

c cd d

e e

F 1 F 2

a

b

cd

e

G

ÃÙ»·Õè 2.8: ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº·Õè¶Í´áºº¡Ñ¹¢Í§¡ÃÒ¿ G = 2C5 àÁ×èÍ C5 ¤×ÍÇÑ¯ Ñ̈¡ÃÂÒÇ 5



7

º·¹ÔÂÒÁ 2.4. ¡ÃÒ¿ n-ÅÙ¡ºÒÈ¡Œ (n-cube) á·¹´‰ÇÂ QnQnQn ËÁÒÂ¶Ö§ ¡ÃÒ¿·ÕèÁÕà«µ¢Í§¨Ø´
ÂÍ´ V (Qn) = Z

n
2 = {(a1, a2, . . . , an)| ai ∈ {0, 1}, i ∈ {1, 2, . . . , n}} áÅÐ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´

ÂÍ´ (a1, a2, . . . , an) ¡Ñº Ø̈´ÂÍ´ (b1, b2, . . . , bn) ¨Ðà¡Ô´¢Öé¹¡çµˆÍàÁ×èÍ ÁÕ¨íÒ¹Ç¹àµçÁ k «Öè§
k ∈ {1, 2, . . . , n} à¾ÕÂ§µÑÇà´ÕÂÇ·Õè·íÒãË‰ ak �= bk ¹Ñè¹¤×Í (a1, a2, . . . , an) − (b1, b2, . . . , bn) ∈

{(0, 0, . . . , 0, 1), (0, 0, . . . , 1, 0), . . . , (0, 1, . . . , 0, 0), (1, 0, . . . , 0, 0)}

µÑÇÍÂ̂Ò§ 2.5.

(0,1) (1,1)

(0,0) (1,0)
Q 2

(1,1,1)

(0,0,1)

(0,0,0) (1,0,0)

(1,1,0)(0,1,0)

(1,0,1)

(0,1,1)

Q 3

ÃÙ»·Õè 2.9: ¡ÃÒ¿ 2-ÅÙ¡ºÒÈ¡Œ Q2 áÅÐ 3-ÅÙ¡ºÒÈ¡Œ Q3

º·¹ÔÂÒÁ 2.5. ¡ÃÒ¿ k-ÊˆÇ¹ (k-partite graph) ËÁÒÂ¶Ö§ ¡ÃÒ¿ G ·ÕèÊÒÁÒÃ¶áº̂§¡Ñé¹à«µ¢Í§
¨Ø´ÂÍ´¢Í§ G ÍÍ¡à»“¹ k à«µ·ÕèäÁˆãªˆà«µÇ̂Ò§ ¡Å̂ÒÇ¤×Í V (G) = V1

⋃
V2

⋃
. . .

⋃
Vk â´Â·Õè

Vi

⋂
Vj = φ ÊíÒËÃÑº·Ø¡ i �= j áÅÐ´‰Ò¹ã¹ G à»“¹ ‰́Ò¹·Õèàª×èÍÁ Ø̈´ÂÍ´ã¹ Vi ä»ÂÑ§ Ø̈´ÂÍ´ã¹ Vj àÁ×èÍ

i �= j â´Â·Õè i áÅÐ j à»“¹ í̈Ò¹Ç¹àµçÁã¹à«µ {1, 2, . . . , k}

àÃÕÂ¡ (V1, V2, . . . , Vk) ÇˆÒ à«µáºˆ§¡Ñé¹¢Í§ G

¡Ã³Õ k = 2 ¨ÐàÃÕÂ¡¡ÃÒ¿ G ÇˆÒ ¡ÃÒ¿ÊÍ§Ê̂Ç¹ (bipartite graph)

µÑÇÍÂ̂Ò§ 2.6. áÊ´§¡ÃÒ¿ÊÍ§ÊˆÇ¹áÅÐ¡ÃÒ¿ÊÒÁÊ̂Ç¹
u 0

u
1

u
2

u3

v0

v1

v2

v3

v4

v5

ÃÙ»·Õè 2.10: ¡ÃÒ¿ÊÍ§ÊˆÇ¹
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u
0

u
1

u
2

v0

v1

v2

v3

w
0

ÃÙ»·Õè 2.11: ¡ÃÒ¿ÊÒÁÊ̂Ç¹

º·¹ÔÂÒÁ 2.6. ¡ÃÒ¿ k-ÊˆÇ¹ºÃÔºÙÃ³Œ (complete k-partite graph) ËÁÒÂ¶Ö§ ¡ÃÒ¿ G ·Õèà»“¹
¡ÃÒ¿ k -ÊˆÇ¹ ·ÕèÁÕ (V1, V2, . . . , Vk) à»“¹à«µáºˆ§¡Ñé¹ áÅÐÁÕÊÁºÑµÔÇˆÒÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ i áÅÐ j

·ÕèµˆÒ§¡Ñ¹ã¹à«µ {1, 2, . . . , k} ¶‰Ò u ∈ Vi áÅÐ v ∈ Vj áÅ‰Ç¨ÐÁÕ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ u áÅÐ v àÊÁÍ
¡Ã³Õ |Vi| = 1 ·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ i ·Õè i ∈ {1, 2, . . . , k} àÃÕÂ¡¡ÃÒ¿ G ÇˆÒ ¡ÃÒ¿ºÃÔºÙÃ³Œ á·¹
´‰ÇÂ Kk

¡Ã³Õ |Vi| = pi ·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ i ·Õè i ∈ {1, 2, . . . , k} ¨Ðá·¹ G ´‰ÇÂ Kp1,p2,...,pk

µÑÇÍÂ̂Ò§ 2.6. áÊ´§¡ÃÒ¿ºÃÔºÙÃ³Œ K5 áÅÐ¡ÃÒ¿ÊÍ§Ê̂Ç¹ºÃÔºÙÃ³Œ K2,3

a

b

cd

e

ÃÙ»·Õè 2.12: ¡ÃÒ¿ºÃÔºÙÃ³Œ K5
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u
0

u
1

v0

v1

v2

ÃÙ»·Õè 2.13: ¡ÃÒ¿ÊÍ§ÊˆÇ¹ºÃÔºÙÃ³Œ K2,3



º··Õè3

¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿n-ÅÙ¡ºÒÈ¡ŒQn

áÅÐ¡ÃÒ¿ k-ÊˆÇ¹n-ÅÙ¡ºÒÈ¡ŒQk
n

à»“¹¡ÃÒ¿µ‰¹äÁ‰n´‰Ò¹·Õè¶Í´áºº¡Ñ¹

àÃÒ¨ÐàÃÔèÁº·¹Õé´‰ÇÂ¡ÒÃ¡ÅˆÒÇ¶Ö§¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn à»“¹¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹ ·Õè
¶Í´áºº¡Ñ¹ ¨íÒ¹Ç¹ 2n−1 µ‰¹ «Öè§à»“¹¼Å§Ò¹¢Í§ Frederick Fink [3] µÒÁ ‰́ÇÂ¡ÒÃãË‰¹ÔÂÒÁ¡ÃÒ¿
k -ÊˆÇ¹ n -ÅÙ¡ºÒÈ¡Œ Qk

n (k -ary n -cube) áÅÐáÊ´§ÇˆÒ ¡ÃÒ¿¹ÕéÊÒÁÒÃ¶áÂ¡ÊˆÇ¹à»“¹¡ÃÒ¿µ‰¹äÁ‰ n
´‰Ò¹ ·Õè¶Í´áºº¡Ñ¹ í̈Ò¹Ç¹ kn µ‰¹ ä ‰́àª̂¹¡Ñ¹

3.1 ¡ÒÃáÂ¡Ê̂Ç¹¢Í§¡ÃÒ¿ n-ÅÙ¡ºÒÈ¡Œ Qn à»“¹¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹

·Õè¶Í´áºº¡Ñ¹
¨Ò¡¹ÔÂÒÁ¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn ¨Ðä´‰¢‰ÍÊÑ§à¡µÇˆÒ
1. ¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn ÁÕn2n−1 ´‰Ò¹ áÅÐ 2n ¨Ø´ÂÍ´ â´Â·Õèáµ̂ÅÐ¨Ø´ÂÍ´ÁÕ´Õ¡ÃÕ n à·̂Ò¡Ñ¹
2. ¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn à»“¹¡ÃÒ¿ÊÍ§ÊˆÇ¹ ·ÕèÁÕ (V0, V1) à»“¹à«µáº̂§¡Ñé¹¢Í§ Qn â´Â V0 à»“¹à«µ
¢Í§ n ÊÔè§ÍÑ¹ Ñ́º (n -tuples) ·ÕèÁÕ 1 »ÃÒ¡¯ÍÂÙˆà»“¹ í̈Ò¹Ç¹¤Ùˆ áÅÐ V1 à»“¹à«µ¢Í§ n ÊÔè§ÍÑ¹ Ñ́º·ÕèÁÕ 1
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»ÃÒ¡¯ÍÂÙˆà»“¹ í̈Ò¹Ç¹¤Õè ·íÒãË‰ |V0| = |V1| = 2n−1

3. ÊíÒËÃÑºáµ̂ÅÐ α ∈ V (Qn) ¶‰ÒãË‰ ϕα : V (Qn) → V (Qn) ¡íÒË¹´â´Â ϕα(v) = v + α ¨Ðä´‰ÇˆÒ ϕα

à»“¹¿’§¡ŒªÑ¹ÊÁ¹ÑÂË¹Öè§µ̂ÍË¹Öè§¨Ò¡ Qn ä»·ÑèÇ¶Ö§ Qn

·ÄÉ®Õº· 3.1.1. [3] ãË‰ T à»“¹¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹ ¨Ðä´‰ÇˆÒ ÁÕ¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ
Qn à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õè¶Í´áºº¡Ñº T ¨íÒ¹Ç¹ 2n−1 µ‰¹ àÁ×èÍ n à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè n ≥ 2

¾ÔÊÙ¨¹Œ. áº̂§¡ÒÃ¾ÔÊÙ¨¹Œà»“¹ÊÍ§¢Ñé¹µÍ¹ ã¹¢Ñé¹µÍ¹áÃ¡à»“¹¡ÒÃ¡íÒ¡Ñº T ãË‰à»“¹ÊÑº¡ÃÒ¿¢Í§¡ÃÒ¿
n -ÅÙ¡ºÒÈ¡Œ Qn áÅ‰ÇÊÃ‰Ò§¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹ ¨íÒ¹Ç¹ 2n−1 µ‰¹ «Öè§µ̂Ò§à»“¹ÊÑº¡ÃÒ¿¢Í§¡ÃÒ¿
n -ÅÙ¡ºÒÈ¡Œ Qn ·Õè¶Í´áºº¡Ñº T áÅÐã¹¢Ñé¹µÍ¹·ÕèÊÍ§¨ÐáÊ´§ÇˆÒà«µ¢Í§ÊÑº¡ÃÒ¿µ‰¹äÁ‰·ÕèÊÃ‰Ò§¢Öé¹
à»“¹¡ÒÃáÂ¡Ê̂Ç¹¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn

¢Ñé¹µÍ¹áÃ¡ ¡íÒË¹´ãË‰ n ´‰Ò¹¢Í§ T á·¹´‰ÇÂ n ÊÔè§ÍÑ¹ Ñ́º µ̂Íä»¹Õé
e1 = (1, 0, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0), . . . , en = (0, . . . , 0, 0, 1) ÍÂ̂Ò§äÃ¡çä´‰
àª̂¹ ¡Ã³Õ n = 4 ãË‰ T à»“¹¡ÃÒ¿µ‰¹äÁ‰ ´Ñ§ÃÙ»

ÃÙ»·Õè 3.1: ¡ÃÒ¿µ‰¹äÁ‰ T

àÃÒÊÒÁÒÃ¶¡íÒ¡Ñº ‰́Ò¹¢Í§ T ä´‰´Ñ§ÃÙ»

(1,0,0,0) (0,0,1,0)

(0,0,0,1)

e  =
1 2

e  =4

(0,1,0,0)e  = e  =
3

ÃÙ»·Õè 3.2: ¡ÒÃ¡íÒ¡Ñº ‰́Ò¹¢Í§¡ÃÒ¿µ‰¹äÁ‰ T
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àÅ×Í¡¨Ø´ÂÍ´ã´æã¹ T ÁÒË¹Öè§ Ø̈´ ãË‰ª×èÍÇ̂Ò v0 á·¹ v0 ´‰ÇÂ (0, 0, 0, . . . , 0)

(1,0,0,0) (0,0,1,0)

(0,0,0,1)

(0,1,0,0)

(0,0,0,0)

v0

ÃÙ»·Õè 3.3: ¡ÒÃ¡íÒ¡Ñº Ø̈´ÂÍ´ v0

ãË‰ x à»“¹ Ø̈´ÂÍ´ã´æ ã¹ T ·Õè x �= v0 à¾ÃÒÐÇ̂Ò v0 áÅÐ x à»“¹ Ø̈´ÂÍ´·ÕèµˆÒ§¡Ñ¹¢Í§ T «Öè§à»“¹
¡ÃÒ¿µ‰¹äÁ‰ ´Ñ§¹Ñé¹ ¨ÐÁÕÇÔ¶Õ·Õèàª×èÍÁ Ø̈´ x áÅÐ v0 à¾ÕÂ§ªØ´à´ÕÂÇ ãË‰ª×èÍÇ̂Ò Px

¡íÒË¹´ λ(x) à»“¹¡ÒÃ¡íÒ¡Ñº Ø̈´ÂÍ´ x â´Â λ(x) =
∑

ei∈Px

ei àÁ×èÍ ei á·¹¡ÒÃ¡íÒ¡Ñº ‰́Ò¹º¹ÇÔ¶Õ Px

àª̂¹

(0,0,0,0) (1,0,0,0) (1,1,0,0)

(1,1,0,1)

(1,1,1,0)

v 0

ÃÙ»·Õè 3.4: ¡ÒÃ¡íÒ¡Ñº Ø̈´ÂÍ´¢Í§¡ÃÒ¿µ‰¹äÁ‰ T

ÊÑ§à¡µÇˆÒ¶‰Ò u áÅÐ v à»“¹ Ø̈´ÂÍ´ã´æ¢Í§ T ·Õè u �= v ¨ÐÁÕÇÔ¶Õ Pu áÅÐ Pv·ÕèµˆÒ§¡Ñ¹ ·íÒãË‰ä´‰ÇˆÒ
λ(u) �= λ(v) áÅÐÊíÒËÃÑº Ø̈´ÂÍ´ u′ áÅÐ v′ ¢Í§ T ·Õè»ÃÐªÔ´¡Ñ¹ ¨Ðä ‰́ÇˆÒ λ(u′) áÅÐ λ(v′) à»“¹
n ÊÔè§ÍÑ¹ Ñ́º ·ÕèµˆÒ§¡Ñ¹Ë¹Öè§µíÒáË¹̂§ Ñ́§¹Ñé¹ ¨Ò¡¹ÔÂÒÁ¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn ä´‰ÇˆÒ T à»“¹ÊÑº
¡ÃÒ¿¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn

à¾ÃÒÐÇ̂Ò¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn à»“¹¡ÃÒ¿ÊÍ§Ê̂Ç¹ ãË‰ A á·¹à«µ¢Í§¨Ø´ÂÍ´ã¹¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ
Qn ·Õè n ÊÔè§ÍÑ¹ Ñ́º ÁÕ 1 »ÃÒ¡¯ÍÂÙˆà»“¹ í̈Ò¹Ç¹¤Ùˆ ´Ñ§¹Ñé¹ |A| = 2n−1

·Ø¡ α ∈ A ¡íÒË¹´ãË‰ Tα = ϕα(T ) «Öè§¤×ÍÀÒ¾¢Í§ T ÀÒÂãµ‰ ϕα ·Õè¹ÔÂÒÁµÒÁ¢‰ÍÊÑ§à¡µ·Õè 3.
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àª̂¹ àÁ×èÍ α = (1, 1, 0, 0) ¨Ðä´‰ Tα ´Ñ§ÃÙ»

(1,1,0,0) (0,1,0,0) (0,0,0,0)

(0,0,0,1)

(0,0,1,0)

ÃÙ»·Õè 3.5: áÊ´§¡ÃÒ¿ Tα àÁ×èÍ α = (1, 1, 0, 0)

ÊíÒËÃÑº Ø̈´ÂÍ´ u áÅÐ v ¢Í§ T ·Õè»ÃÐªÔ´¡Ñ¹ ¨Ðä ‰́ÇˆÒ λ(u) áÅÐ λ(v) à»“¹ n ÊÔè§ÍÑ¹ Ñ́º·ÕèµˆÒ§¡Ñ¹
Ë¹Öè§µíÒáË¹̂§ áÅÐÊíÒËÃÑºáµ̂ÅÐ α ∈ A ¨Ðä´‰ÇˆÒ ϕα(λ(u)) = λ(u) + α áÅÐ ϕα(λ(v)) = λ(v) + α

·íÒãË‰ λ(u) + α áÅÐ λ(v) + α «Öè§à»“¹ Ø̈´ÂÍ´¢Í§ Tα à»“¹ n ÊÔè§ÍÑ¹ Ñ́º·ÕèµˆÒ§¡Ñ¹Ë¹Öè§µíÒáË¹ˆ§
¨Ò¡¹ÔÂÒÁ¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn ä´‰ÇˆÒ Tα à»“¹ÊÑº¡ÃÒ¿¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn

à¾ÃÒÐÇ̂Ò ϕα à»“¹¿’§¡ŒªÑ¹ÊÁ¹ÑÂË¹Öè§µ̂ÍË¹Öè§áÅÐÂÑ§¤§äÇ‰«Öè§¤ÇÒÁà»“¹ ‰́Ò¹ ¨Ö§ä ‰́ÇˆÒ Tα ¶Í´áºº¡Ñº
T ·Ø¡ α ∈ A

´Ñ§¹Ñé¹ Tα à»“¹ÊÑº¡ÃÒ¿µ‰¹äÁ‰¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn ·Õè¶Í´áºº¡Ñº T ·Ø¡ α ∈ A

¢Ñé¹µÍ¹·ÕèÊÍ§ ãË‰ C = { Tα| α ∈ A } ¨Ð¾ÔÊÙ¨¹ŒÇˆÒ C à»“¹¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn

¨Ò¡ |A| = 2n−1 ´Ñ§¹Ñé¹ |C| = 2n−1 áÅÐáµ̂ÅÐ α ∈ A ¨Ðä´‰ |E(Tα)| = n ´Ñ§¹Ñé¹
∑

α∈A

|E(Tα)| = n2n−1 «Öè§à·̂Ò¡Ñº í̈Ò¹Ç¹ ‰́Ò¹¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn ´Ñ§¹Ñé¹ã¹¡ÒÃ¾ÔÊÙ¨¹Œ
ÇˆÒ C à»“¹¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn ¨Ö§à¾ÕÂ§¾Í·Õè¨ÐáÊ´§à¾ÕÂ§Ç̂Ò ÊíÒËÃÑº Tα áÅÐ
Tβ ·Õè α, β ∈ A áÅÐ α �= β ¨ÐäÁˆÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹
ãË‰ α, β ∈ A â´Â·Õè α �= β ÊÁÁµÔãË‰ Tα ÁÕ ‰́Ò¹«íÒ‰¡Ñº Tβ ÍÂ̂Ò§¹‰ÍÂË¹Öè§ ‰́Ò¹ ¹Ñè¹¤×Í ÁÕ ‰́Ò¹
{v, v + ek} ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ k ºÒ§µÑÇ·Õè k ∈ {1, 2, . . . , n} «Öè§à»“¹ ‰́Ò¹ã¹ T ·Õè·íÒãË‰
{v+α, v+ek +α} à·̂Ò¡Ñº ‰́Ò¹ {v+β, v+ek +β} ´Ñ§¹Ñé¹ v+α = v+β ËÃ×Í v+α = v+ek +β

¡Ã³Õ·Õè1. v + α = v + β

¹Ñè¹¤×Í α = β «Öè§¢Ñ´áÂ‰§¡ÑºÊÁÁµÔ°Ò¹ Ñ́§¹Ñé¹ ¡Ã³Õ·Õè1. äÁˆà¡Ô´¢Öé¹
¡Ã³Õ·Õè2. v + α = v + ek + β

¹Ñè¹¤×Í α = ek + β ´Ñ§¹Ñé¹ α + β = ek à¹×èÍ§¨Ò¡ α, β ∈ A ´Ñ§¹Ñé¹ α + β ∈ A áµ̂ ek à»“¹
n ÊÔè§ÍÑ¹ Ñ́º ·ÕèÁÕ 1 »ÃÒ¡¯ÍÂÙˆã¹µíÒáË¹̂§·Õè k à¾ÕÂ§µíÒáË¹̂§à´ÕÂÇ Ñ́§¹Ñé¹¡Ã³Õ·Õè2. äÁˆà¡Ô´¢Öé¹
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´Ñ§¹Ñé¹ÊíÒËÃÑº α, β ∈ A ¨Ðä´‰ÇˆÒ Tα áÅÐ Tβ ¨ÐäÁˆÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹ ¹Ñè¹¤×Í¨ÐÊÒÁÒÃ¶áÂ¡Ê̂Ç¹
¡ÃÒ¿ n -ÅÙ¡ºÒÈ¡Œ Qn à»“¹¡ÃÒ¿µ‰¹äÁ‰ ·Õè¶Í´áºº¡Ñº T ¨íÒ¹Ç¹ 2n−1 µ‰¹ä ‰́

3.2 ¡ÒÃáÂ¡Ê̂Ç¹¢Í§¡ÃÒ¿ k-ÊˆÇ¹ n-ÅÙ¡ºÒÈ¡Œ Qk
n

à»“¹¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹ ·Õè¶Í´áºº¡Ñ¹
º·¹ÔÂÒÁ 3.2.1. ¡ÃÒ¿ k-ÊˆÇ¹ n-ÅÙ¡ºÒÈ¡Œ (k-ary n-cube) á·¹´‰ÇÂ Qk

nQk
nQk
n àÁ×èÍ k áÅÐ n

à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè k ≥ 3 ËÁÒÂ¶Ö§¡ÃÒ¿ G ·ÕèÁÕ V (G) = Z
n
k = {(a1, a2, . . . , an)| ai ∈

{0, 1, ..., k − 1}, i ∈ {1, 2, . . . , n}} áÅÐ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ (u1, u2, . . . , un) ¡Ñº Ø̈´ÂÍ´
(v1, v2, . . . , vn) ¨Ðà¡Ô´¢Öé¹¡çµˆÍàÁ×èÍ (u1, u2, . . . , un) − (v1, v2, . . . , vn) ∈ {(0, 0, . . . , 0, 1),

(0, 0, . . . , 1, 0), . . . , (0, 1, . . . , 0, 0), (1, 0, . . . , 0, 0), (0, 0, . . . , 0, k − 1), (0, 0, . . . , k − 1, 0), . . . ,

(0, k − 1, . . . , 0, 0), (k − 1, 0, . . . , 0, 0)}

·Õè¨ÃÔ§àÃÒÊÒÁÒÃ¶Í Ô̧ºÒÂ¡ÃÒ¿ Qk
n ´‰ÇÂ¤ÇÒÁÊÑÁ¾Ñ¹ Œ̧àÇÕÂ¹ºÑ§à¡Ô´ â´ÂÍÒÈÑÂ¹ÔÂÒÁ¢Í§¼Å¤Ù³¤ÒÃŒ

·Õà«ÕÂ¹¢Í§¡ÃÒ¿ä ‰́´Ñ§¹Õé
Qk

1 = Ck

Qk
n = Qk

n−1 × Ck àÁ×èÍ n ≥ 2

= Ck × Ck × · · · × Ck︸ ︷︷ ︸ = (Ck)n

n ªØ´
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(0) (1) (2)

(2,0) (2,1) (2,2)

(1,0) (1,2)(1,1)

(0,0) (0,2)(0,1)

ÃÙ»·Õè 3.6: ¡ÃÒ¿ÅÙ¡ºÒÈ¡Œ Q3
1 = C3 áÅÐ¡ÃÒ¿ÅÙ¡ºÒÈ¡Œ Q3

2 = Q3
1 × C3 = C3 × C3
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(0,1,0)

(0,0,0)

(0,2,0)

(0,0,2)(0,0,1)(0,2,1)

(0,1,1)

(0,1,2)

(0,2,2)

(1,1,0) (1,2,0)

(1,0,0)

(1,0,1)

(1,1,1)

(1,2,1)
(1,0,2)

(1,2,2)

(1,1,2)

(2,1,1) (2,2,2)

(2,1,2)(2,0,2)
(2,0,1)

(2,2,1)

(2,2,0)(2,1,0)

(2,0,0)

ÃÙ»·Õè 3.7: ¡ÃÒ¿ÅÙ¡ºÒÈ¡Œ Q3
3 = Q3

2 × C3 = C3 × C3 × C3
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(4,0)

(3,0)

(2,0)

(1,0)

(0,0) (0,1)

(1,1)

(2,1)

(3,1)

(4,1) (4,2) (4,3) (4,4)

(3,2) (3,3) (3,4)

(2,2) (2,3) (2,4)

(1,2) (1,3) (1,4)

(0,2) (0,3) (0,4)

(0) (1) (2) (3) (4)

Q 2

5

Q 1

5

ÃÙ»·Õè 3.8: ¡ÃÒ¿ÅÙ¡ºÒÈ¡Œ Q5
1 = C5 áÅÐ Q5

2 = C5 × C5



18

ËÁÒÂàËµØ 1. ¡ÃÒ¿ Qk
n àÁ×èÍ k áÅÐ n à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè k ≥ 3 à»“¹¡ÃÒ¿·ÕèÁÕ nkn ´‰Ò¹ áÅÐkn

¨Ø´ÂÍ´â´Â·Õèáµ̂ÅÐ¨Ø´ÂÍ´ÁÕ´Õ¡ÃÕ 2n à·̂Ò¡Ñ¹
2. ÊíÒËÃÑºáµ̂ÅÐ α ∈ V (Qk

n) ¶‰ÒãË‰ ϕα : V (Qk
n) → V (Qk

n) ¡íÒË¹´â´Â ϕα(v) = v + α ¨Ðä´‰ÇˆÒ ϕα

à»“¹¿’§¡ŒªÑ¹ÊÁ¹ÑÂË¹Öè§µ̂ÍË¹Öè§¨Ò¡ Qk
n ä»·ÑèÇ¶Ö§ Qk

n

·ÄÉ®Õº· 3.2.2. ãË‰ T à»“¹¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹ ¨Ðä ‰́ÇˆÒ ÁÕ¡ÒÃáÂ¡Ê̂Ç¹¢Í§¡ÃÒ¿ k -ÊˆÇ¹
n -ÅÙ¡ºÒÈ¡Œ Qk

n à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õè¶Í´áºº¡Ñº T ¨íÒ¹Ç¹ kn µ‰¹ àÁ×èÍ n áÅÐ k à»“¹ í̈Ò¹Ç¹àµçÁ
ºÇ¡·Õè n ≥ 2 áÅÐ k ≥ 3

¾ÔÊÙ¨¹Œ. áº̂§¡ÒÃ¾ÔÊÙ¨¹ŒÍÍ¡à»“¹ÊÍ§¢Ñé¹µÍ¹ â´Â¨ÐàÃÔèÁ´‰ÇÂ¡ÒÃ¡íÒ¡Ñº T ãË‰à»“¹ÊÑº¡ÃÒ¿¢Í§ Qk
n

áÅ‰ÇÊÃ‰Ò§¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹ í̈Ò¹Ç¹ kn µ‰¹ «Öè§µ̂Ò§à»“¹ÊÑº¡ÃÒ¿¢Í§ Qk
n ·Õè¶Í´áºº¡Ñº T ÊˆÇ¹

¢Ñé¹·ÕèÊÍ§¨ÐáÊ´§ÇˆÒà«µ¢Í§ÊÑº¡ÃÒ¿µ‰¹äÁ‰·ÕèÊÃ‰Ò§¢Öé¹à»“¹¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ Qk
n

¢Ñé¹µÍ¹áÃ¡ ãË‰ S = {(0, 0, . . . , 0, 1), (0, 0, . . . , 1, 0), . . . , (0, 1, . . . , 0, 0), (1, 0, . . . , 0, 0),

(0, 0, . . . , 0, k − 1), (0, 0, . . . , k − 1, 0), . . . , (0, k − 1, . . . , 0, 0), (k − 1, 0, . . . , 0, 0)}

¡íÒË¹´ãË‰ n ´‰Ò¹¢Í§ T á·¹´‰ÇÂ n ÊÔè§ÍÑ¹ Ñ́º µ̂Íä»¹Õé
e1 = (1, 0, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0), . . . , en = (0, . . . , 0, 0, 1) ÍÂ̂Ò§äÃ¡çä´‰
àª̂¹ ¡Ã³Õ n = 3 áÅÐ k = 3 ãË‰ T à»“¹¡ÃÒ¿µ‰¹äÁ‰ ´Ñ§ÃÙ»

(1,0,0) (0,1,0) (0,0,1)e  =
31

e  =
2

e  =

ÃÙ»·Õè 3.9: ¡ÃÒ¿µ‰¹äÁ‰ T

àÃÒÊÒÁÒÃ¶¡íÒ¡Ñº ‰́Ò¹¢Í§ T ä´‰ ´Ñ§ÃÙ»

(1,0,0) (0,1,0) (0,0,1)e  =
31

e  =
2

e  =

ÃÙ»·Õè 3.10: ¡ÒÃ¡íÒ¡Ñº ‰́Ò¹¢Í§ T
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àÅ×Í¡¨Ø´ÂÍ´ã´æã¹ T ÁÒË¹Öè§ Ø̈´ ãË‰ª×èÍÇ̂Ò v0 áÅÐá·¹ v0 ´‰ÇÂ (0, 0, . . . , 0)

àª̂¹

(0,0,0)

(1,0,0) (0,1,0)v 0 (0,0,1)

ÃÙ»·Õè 3.11: ¡ÒÃ¡íÒ¡Ñº Ø̈´ÂÍ´ v0

ãË‰ x à»“¹ Ø̈´ÂÍ´ã´æã¹ T ·Õè x �= v0 ¨Ò¡ T à»“¹¡ÃÒ¿µ‰¹äÁ‰ ´Ñ§¹Ñé¹¨ÐÁÕÇÔ¶Õ Px à¾ÕÂ§ÇÔ¶Õà´ÕÂÇ·Õè
àª×èÍÁ x ¡Ñº v0 ¡íÒË¹´ãË‰ λ(x) à»“¹¡ÒÃ¡íÒ¡Ñº Ø̈´ÂÍ´ x â´Â λ(x) =

∑
ei∈Px

ei

àÁ×èÍ ei á·¹¡ÒÃ¡íÒ¡Ñº ‰́Ò¹º¹ÇÔ¶Õ Px

àª̂¹
(0,0,0) (1,0,0) (1,1,0) (1,1,1)

v 0

ÃÙ»·Õè 3.12: ¡ÒÃ¡íÒ¡Ñº Ø̈´ÂÍ´¢Í§¡ÃÒ¿µ‰¹äÁ‰ T

ÊíÒËÃÑº Ø̈´ÂÍ´ u áÅÐ v ã´æ ¢Í§ T ·Õè u �= v ¨ÐÁÕÇÔ¶Õ Pu áÅÐ Pv ·ÕèµˆÒ§¡Ñ¹ «Öè§·íÒãË‰ä´‰ÇˆÒ
λ(u) �= λ(v) áÅÐÊíÒËÃÑº Ø̈´ÂÍ´ u′ áÅÐ v′ ¢Í§ T ·Õè»ÃÐªÔ´¡Ñ¹ ¨Ðä ‰́ÇˆÒ λ(u′) − λ(v′) ∈ S

´Ñ§¹Ñé¹ ¨Ò¡¹ÔÂÒÁ¢Í§ Qk
n ä´‰ÇˆÒ T à»“¹ÊÑº¡ÃÒ¿¢Í§ Qk

n

ÊíÒËÃÑº α ∈ V (Qk
n) ¡íÒË¹´ãË‰ Tα = ϕα(T ) «Öè§¤×ÍÀÒ¾¢Í§ T ÀÒÂãµ‰ ϕα µÒÁËÁÒÂàËµØ·Õè 2.

àª̂¹ àÁ×èÍ α = (1, 0, 0) ¨Ðä´‰¡ÃÒ¿ Tα ´Ñ§ÃÙ»

(1,0,0) (2,0,0) (2,1,0) (2,1,1)

ÃÙ»·Õè 3.13: áÊ´§¡ÃÒ¿ Tα àÁ×èÍ α = (1, 0, 0)
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ÊíÒËÃÑº Ø̈´ÂÍ´ u áÅÐ v ã´æ ¢Í§ T ·Õè»ÃÐªÔ´¡Ñ¹ ¨Ðä´‰ÇˆÒ λ(u) − λ(v) ∈ S áÅÐáµ̂ÅÐ α ∈ V (Qk
n)

¨Ðä´‰ÇˆÒ ϕα(λ(u)) = λ(u) + α áÅÐ ϕα(λ(v)) = λ(v) + α ·íÒãË‰ (λ(u) + α) − (λ(v) + α) ∈ S ¨Ò¡
¹ÔÂÒÁ¢Í§ Qk

n ä´‰ÇˆÒ Tα à»“¹ÊÑº¡ÃÒ¿¢Í§ Qk
n à¾ÃÒÐÇ̂Ò ϕα à»“¹¿’§¡ŒªÑ¹ÊÁ¹ÑÂË¹Öè§µ̂ÍË¹Öè§ áÅÐÂÑ§

¤§äÇ‰«Öè§¤ÇÒÁà»“¹ ‰́Ò¹ Ö̈§ä´‰ÇˆÒ Tα ¶Í´áºº¡Ñº T ·Ø¡ α ∈ V (Qk
n)

´Ñ§¹Ñé¹ Tα à»“¹ÊÑº¡ÃÒ¿µ‰¹äÁ‰¢Í§ Qk
n ·Õè¶Í´áºº¡Ñº T ·Ø¡ α ∈ V (Qk

n)

¢Ñé¹·ÕèÊÍ§ ãË‰ C = { Tα| α ∈ V (Qk
n) } ¨Ð¾ÔÊÙ¨¹ŒÇˆÒ C à»“¹¡ÒÃáÂ¡ÊˆÇ¹¢Í§ Qk

n

à¾ÃÒÐÇ̂Ò |V (Qk
n)| = kn áÅÐáµ̂ÅÐ α ∈ V (Qk

n) ä´‰ÇˆÒ |E(Tα)| = n ·íÒãË‰
∑

α∈V (Qk
n)

|E(Tα)| = nkn = |E(Qk
n)| ´Ñ§¹Ñé¹ã¹¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒ C à»“¹¡ÒÃáÂ¡ÊˆÇ¹¢Í§ Qk

n ¨Ö§à¾ÕÂ§¾Í

·Õè¨ÐáÊ´§à¾ÕÂ§Ç̂ÒÊíÒËÃÑº α, β ∈ V (Qk
n) ·Õè α �= β ¡ÃÒ¿ Tα áÅÐ Tβ äÁˆÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹

ãË‰ α, β ∈ V (Qk
n) ·Õè α �= β ÊÁÁµÔãË‰ Tα áÅÐ Tβ ÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹ÍÂˆÒ§¹‰ÍÂË¹Öè§ ‰́Ò¹ ´Ñ§¹Ñé¹¨ÐÁÕ ‰́Ò¹

{v, v + ep} ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁ p ºÒ§µÑÇã¹à«µ {1, 2, ..., n} ·Õè·íÒãË‰ {v + α, v + ep + α} à·̂Ò¡Ñº ‰́Ò¹
{v + β, v + ep + β}

¡Ã³Õ·Õè1. v + α = v + β áÅÐ v + ep + α = v + ep + β

¹Ñè¹¤×Í α = β «Öè§¢Ñ´áÂ‰§¡ÑºÊÁÁµÔ°Ò¹ Ñ́§¹Ñé¹ ¡Ã³Õ·Õè1. äÁˆà¡Ô´¢Öé¹
¡Ã³Õ·Õè2. v + α = v + ep + β áÅÐ v + ep + α = v + β

¹Ñè¹¤×Í v + α + v + β = v + ep + β + v + ep + α ´Ñ§¹Ñé¹ α + β = (ep + ep) + (α + β)

¨Ò¡ ep ∈ S ¨Ðä´‰ÇˆÒ ep + ep �= (0, 0, . . . , 0) ´Ñ§¹Ñé¹¡Ã³Õ·Õè2. äÁˆà¡Ô´¢Öé¹ ¹Ñè¹¤×ÍÊíÒËÃÑº α, β ∈ V (Qk
n)

·Õè α �= β ¨Ðä´‰ÇˆÒ Tα áÅÐ Tβ äÁˆÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹
´Ñ§¹Ñé¹¨ÐÊÒÁÒÃ¶áÂ¡Ê̂Ç¹¢Í§¡ÃÒ¿ Qk

n àÁ×èÍ k áÅÐ n à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè k ≥ 3 áÅÐ n ≥ 2

à»“¹¡ÃÒ¿µ‰¹äÁ‰ n ´‰Ò¹·Õè¶Í´áºº¡Ñ¹ ¨íÒ¹Ç¹ kn µ‰¹ä ‰́
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µÑÇÍÂ̂Ò§ 3.2.2. ¡ÒÃáÂ¡Ê̂Ç¹¢Í§ Q3
2 à»“¹¡ÃÒ¿µ‰¹äÁ‰ 2 ´‰Ò¹

(2,0) (2,1) (2,2)

(1,0) (1,2)(1,1)

(0,0) (0,2)(0,1)

(1,1)

(0,1) (0,2)

(1,0)

(0,0) (0,1)

(1,2)

(0,0) (0,2)

(2,2)

(1,0) (1,2)

(2,0) (2,2)

(0,2)

(2,0) (2,1)

(0,0)

(2,1) (2,2)

(0,1)

(2,0)

(1,0) (1,1)

(2,1)

(1,1) (1,2)

=

+

+

+

+

+

+

+ +

Q
2

3

T(0,0) T(0,1)

T(1,0) T(1,1)

T(0,2) T(1,2)

T(2,0) T(2,1) T(2,2)

ÃÙ»·Õè 3.14: ¡ÒÃáÂ¡Ê̂Ç¹¢Í§¡ÃÒ¿ Q3
2 = 9T àÁ×èÍ T ¤×Í¡ÃÒ¿µ‰¹äÁ‰ 2 ´‰Ò¹



º··Õè4

¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§
¡ÃÒ¿ k-ÊˆÇ¹ºÃÔºÙÃ³Œà»“¹
¡ÃÒ¿µ‰¹äÁ‰·Õèá¼ˆä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹

àÃÒ¨ÐÈÖ¡ÉÒ¶Ö§¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ k -ÊˆÇ¹ºÃÔºÙÃ³Œà»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ «Öè§áº̂§
ÍÍ¡à»“¹ 3 ËÑÇ¢‰ÍÂ̂ÍÂ ã¹ËÑÇ¢‰ÍáÃ¡ à»“¹¡ÒÃ¹íÒàÊ¹Í§Ò¹¢Í§ Sadd El-Zanati áÅÐ Charles Vanden

Eynden [2] àÃ×èÍ§¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ÊÍ§Ê̂Ç¹ºÃÔºÙÃ³Œ Km,n àÁ×èÍ m + n − 1 | mn

à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹ ¨íÒ¹Ç¹ mn

m + n − 1
µ‰¹ ã¹ËÑÇ¢‰Í·ÕèÊÍ§ à»“¹¡ÒÃ¢ÂÒÂ§Ò¹

¢Í§ËÑÇ¢‰ÍáÃ¡¤×ÍÈÖ¡ÉÒ¶Ö§¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ 3-ÊˆÇ¹ºÃÔºÙÃ³Œ K1,m,m(m−1) à»“¹¡ÃÒ¿
µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹ í̈Ò¹Ç¹ m µ‰¹ áÅÐã¹ËÑÇ¢‰ÍÊØ´·‰ÒÂ¨ÐÈÖ¡ÉÒ¶Ö§¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº
¢Í§¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m ä»à»“¹ÊÑº¡ÃÒ¿·Õèá¼̂ä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹
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4.1 ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ÊÍ§Ê̂Ç¹ºÃÔºÙÃ³Œ Km,n

à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ ·Õè¶Í´áºº¡Ñ¹
à¹×èÍ§¨Ò¡¡ÃÒ¿ÊÍ§Ê̂Ç¹ºÃÔºÙÃ³Œ Km,n à»“¹¡ÃÒ¿·ÕèÁÕ mn ´‰Ò¹ áÅÐÁÕ Ø̈´ÂÍ´ m + n ¨Ø´
áÅÐ¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ Km,n ¨íÒà»“¹µ‰Í§ÁÕ Ø̈´ÂÍ´ m + n ¨Ø´ áÅÐ ‰́Ò¹ m + n − 1 ´‰Ò¹
¾Í´Õ ¶‰ÒàÃÒÊÒÁÒÃ¶áÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ Km,n à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇä´‰áÅ‰Ç¨Ðä ‰́ÇˆÒ
(m + n − 1) | mn

·ÄÉ®Õº·»ÃÐ¡Íº 4.1.1. [2] ãË‰ m áÅÐ n à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡ ¶‰Òm + n − 1 | mn áÅÐ
j = gcd(m, n − 1) áÅÐ k = gcd(m − 1, n) áÅ‰Ç¨Ðä ‰́ÇˆÒ m + n − 1 = jk

¾ÔÊÙ¨¹Œ. ÊÑ§à¡µÇ̂Ò j | m áÅÐ k | m − 1 ´Ñ§¹Ñé¹ gcd(j, k) = 1

à¾ÃÒÐÇ̂Ò j | m + n − 1 áÅÐ k | m + n − 1 ¨Ö§ä ‰́ÇˆÒ jk | m + n − 1

¹Ñè¹¤×Í ÁÕ í̈Ò¹Ç¹àµçÁ y ºÒ§µÑÇ·Õè·íÒãË‰ m + n − 1 = yjk (4.1)

µ‰Í§¡ÒÃáÊ´§Ç̂Ò y = 1 à¾ÃÒÐÇ̂Ò j = gcd(m, n − 1) áÅÐ (m + n − 1) | mn ¨Ðä´‰ÇˆÒÁÕ í̈Ò¹Ç¹àµçÁ
m0 áÅÐ b ºÒ§µÑÇ·Õè·íÒãË‰ m = jm0 áÅÐ n − 1 = jb áÅÐÁÕ í̈Ò¹Ç¹àµçÁ x ºÒ§µÑÇ·Õè·íÒãË‰

mn = x(m + n − 1) (4.2)

â´Â (4.1) áÅÐ (4.2) ä´‰ÇˆÒ mn = xyjk «Öè§·íÒãË‰ m0n = xyk

à¹×èÍ§¨Ò¡ jm0n = x(jm0 + jb) ËÃ×Í m0(n − x) = xb ´Ñ§¹Ñé¹ m0 | xb áµ̂ gcd(m0, b) = 1

´Ñ§¹Ñé¹ m0 | x ãË‰ x = um0 ÊíÒËÃÑººÒ§ í̈Ò¹Ç¹àµçÁ u ºÒ§µÑÇ ä´‰ÇˆÒ m0n = um0yk ¹Ñè¹¤×Í y | n

ã¹·íÒ¹Í§à´ÕÂÇ¡Ñ¹ ¨ÐáÊ´§ä´‰ÇˆÒ y | m ·íÒãË‰ y | m + n − yjk ¹Ñè¹¤×Í y | 1 ËÃ×Í y = 1 ´Ñ§¹Ñé¹
m + n − 1 = jk

·ÄÉ®Õº· 4.1.2. [2] ãË‰ m áÅÐ n à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè m + n − 1 | mn ¨Ðä´‰ÇˆÒ ÁÕ¡ÒÃáÂ¡Ê̂Ç¹
»ÃÐ¡Íº¢Í§¡ÃÒ¿ Km,n à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹ ¨íÒ¹Ç¹ mn

m + n − 1
µ‰¹

¾ÔÊÙ¨¹Œ. àÃÔèÁ´‰ÇÂ¡ÒÃÊÃ‰Ò§ÊÑº¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ Km,n ·Õè¶Í´áºº¡Ñ¹ í̈Ò¹Ç¹ mn

m + n − 1
µ‰¹

áÅ‰ÇáÊ´§ãË‰àËç¹Ç̂Òà«µ¢Í§ÊÑº¡ÃÒ¿·ÕèÊÃ‰Ò§¢Öé¹¹Õé à»“¹¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ Km,n

ã¹¢Ñé¹áÃ¡ â´ÂäÁˆàÊÕÂ¹ÑÂ·ÑèÇä» ÊÁÁµÔãË‰ m ≤ n áÅÐ j = gcd(m, n − 1) áÅÐ k = gcd(m − 1, n)

â´Â·ÄÉ®Õº·»ÃÐ¡Íº·Õè 4.1.1 ¨Ðä´‰ÇˆÒ m + n − 1 = jk
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ãË‰ (U, V ) à»“¹à«µáº̂§¡Ñé¹¢Í§ Km,n ·Õè |U | = m áÅÐ |V | = n áÅÐãË‰ u0, u1, . . . , um−1 à»“¹ Ø̈´
ÂÍ´ã¹ U áÅÐ v0, v1, . . . , vn−1 à»“¹ Ø̈´ÂÍ´ã¹ V áÅÐ¨Ðãª‰ÊÑ-ÅÑ¡É³Œ (a, b) á·¹ {ua, vb} «Öè§¤×Í
´‰Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ ua ¡Ñº vb àÁ×èÍ¤Ô´ a áÅÐ b ã¹ÁÍ Ù́âÅ m áÅÐ n µÒÁÅíÒ´Ñº
áµ̂ÅÐ¨íÒ¹Ç¹àµçÁ x áÅÐ y «Öè§ 0 ≤ x <

m

j
áÅÐ 0 ≤ y <

n

k

ÊÃ‰Ò§ÊÑº¡ÃÒ¿·Õèá¼̂ä»·ÑèÇ T (x, y) ¢Í§ Km,n â´ÂÁÕ ‰́Ò¹ Ñ́§¹Õé
(jx, ky) + (i, i) ; 0 ≤ i ≤ m − 1 (4.3)

(jx, ky + 1) + (i, i) ; 0 ≤ i ≤ n − 2 (4.4)

àª̂¹ ¡Ã³Õ m = 6 áÅÐ n = 10 ¶‰Ò x = y = 0 ¨Ðä´‰¡ÃÒ¿ T (0, 0) ´Ñ§ÃÙ» 4.1

u0

u1

u2

u3

u4

u5

v0

v1

v2

v3

v4

v5

v6

v7

v8

v9

ÃÙ»·Õè 4.1: ¡ÃÒ¿ T (0, 0)

àÃÒ¨ÐáÊ´§Ç̂Ò T (0, 0) ¶Í´áºº¡Ñº T (x, y) ·Ø¡¨íÒ¹Ç¹àµçÁ x áÅÐ y ·Õè 0 ≤ x <
m

j

áÅÐ 0 ≤ y <
n

k

ãË‰ Φ : V (T (0, 0)) → V (T (x, y)) ¡íÒË¹´â´Â Φ(ui) = ui+jx áÅÐ Φ(vi) = vi+ky àËç¹ä ‰́ªÑ´ÇˆÒ
Φ à»“¹¿’§¡ŒªÑ¹ÊÁ¹ÑÂË¹Öè§µ̂ÍË¹Öè§ µ̂Íä»¨ÐáÊ´§ÇˆÒ ÊíÒËÃÑº {ua, vb} ·Õèà»“¹ ‰́Ò¹ã¹ T (0, 0) ¨Ðä´‰ÇˆÒ
{Φ(ua),Φ(vb)} ¨Ðà»“¹ ‰́Ò¹ã¹ T (x, y)

ãË‰ {ua, vb} «Öè§á·¹´‰ÇÂ (a, b) à»“¹ ‰́Ò¹ã¹ T (0, 0) ´Ñ§¹Ñé¹ (a, b) à¡Ô´¨Ò¡ (4.3) ËÃ×Í (4.4)

¡Ã³Õ·Õè1. (a, b) à»“¹ ‰́Ò¹¢Í§ T (0, 0) ·Õèà¡Ô´¨Ò¡ (4.3) ´Ñ§¹Ñé¹¨ÐÁÕ í̈Ò¹Ç¹àµçÁ i ºÒ§µÑÇ·Õè
0 ≤ i ≤ m − 1 ·Õè·íÒãË‰ (i + j0, i + k0) = (a, b) ¹Ñè¹¤×Í (i, i) = (a, b) ËÃ×Í a = b = i ·íÒãË‰ä´‰ÇˆÒ
{Φ(ua),Φ(vb)} = {ua+jx, va+ky} = (a + jx, a + ky) = (jx, ky) + (a, a) ¨Ò¡ 0 ≤ a ≤ m − 1

´Ñ§¹Ñé¹ {Φ(ua),Φ(vb)} à»“¹ ‰́Ò¹¢Í§ T (x, y) ·Õèà¡Ô´¨Ò¡ (4.3)
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¡Ã³Õ·Õè2. (a, b) à»“¹ ‰́Ò¹¢Í§ T (0, 0) ·Õèà¡Ô´¨Ò¡ (4.4) ´Ñ§¹Ñé¹¨ÐÁÕ í̈Ò¹Ç¹àµçÁ i ºÒ§µÑÇ·Õè
0 ≤ i ≤ n−2 ·Õè·íÒãË‰ (i+j0, i+k0+1) = (i, i+1) = (a, b) ¹Ñè¹¤×Í a = i áÅÐ b = a+1 ·íÒãË‰ä´‰ÇˆÒ
{Φ(ua),Φ(vb)} = {ua+jx, vb+ky} = (a+jx, b+ky) = (a+jx, a+ky+1) = (jx, ky+1)+(a, a) ¨Ò¡
0 ≤ a ≤ n − 2 ´Ñ§¹Ñé¹ {Φ(ua),Φ(vb)} à»“¹ ‰́Ò¹¢Í§ T (x, y) ·Õèà¡Ô´¨Ò¡ (4.4)

´Ñ§¹Ñé¹ T (0, 0) ¶Í´áºº¡Ñº T (x, y) ·Ø¡¨íÒ¹Ç¹àµçÁ x áÅÐ y ·Õè 0 ≤ x <
m

j
áÅÐ 0 ≤ y <

n

k

¢Ñé¹µ̂Íä»¨ÐáÊ´§Ç̂Ò T (0, 0) à»“¹ÊÑº¡ÃÒ¿µ‰¹äÁ‰¢Í§ Km,n â´ÂáÊ´§Ç̂Ò T (0, 0) à»“¹¡ÃÒ¿àª×èÍÁ
âÂ§ä´‰áÅÐÁÕ í̈Ò¹Ç¹ ‰́Ò¹¹‰ÍÂ¡Ç̂Ò¨íÒ¹Ç¹ Ø̈´ÂÍ´ÍÂÙˆË¹Öè§ Ø̈´àÊÁÍ
ÊÑ§à¡µÇˆÒ´‰Ò¹·Õèà¡Ô´¨Ò¡ (4.3) áÅÐ (4.4) ¢Í§ T (0, 0) ¹Ñé¹äÁ̂«íÒ‰¡Ñ¹àÅÂ ´Ñ§¹Ñé¹ T (0, 0) ÁÕ ‰́Ò¹·Ñé§ËÁ´
m + n − 1 ´‰Ò¹áÅÐ Ø̈´ÂÍ´·Ø¡¨Ø´¢Í§ Km,n à»“¹ Ø̈´ÂÍ´¢Í§ T (0, 0)

¨Ò¡ (0, 0), (1, 1), . . . , (m − 1,m − 1) à»“¹ ‰́Ò¹¢Í§ T (0, 0) ·Õèà¡Ô´¨Ò¡ (4.3) áÅÐ
(0, 1), (1, 2), (2, 3), . . . , (m − 2,m − 1) à»“¹ ‰́Ò¹¢Í§ T (0, 0) ·Õèà¡Ô´¨Ò¡ (4.4) ·íÒãË‰¨Ø´
ÂÍ´ÊÍ§ Ø̈´ã´æ ã¹à«µ {u0, u1, . . . , um−1, v0, v1, . . . , vm−1} ÊÒÁÒÃ¶àª×èÍÁâÂ§ä ‰́ ´‰ÇÂÇÔ¶Õ
v0(0, 0)u0(0, 1)v1(1, 1)u1, ..., um−2(m − 2,m − 1)vm−1(m − 1,m − 1)um−1

àª̂¹ ÊíÒËÃÑº m = 6, n = 10 ·Ø¡ÊÍ§¨Ø´ÂÍ´ã´æ ã¹à«µ {u0, u1, . . . , u5, v0, v1, . . . , v5} ¢Í§¡ÃÒ¿
T (0, 0) ÊÒÁÒÃ¶àª×èÍÁâÂ§ä ‰́´‰ÇÂÇÔ¶Õ v0(0, 0)u0(0, 1)v1(1, 1)u1(1, 2)v2(2, 2)u2(2, 3)v3(3, 3)u3(3, 4)v4(4, 4)

u4(4, 5)v5(5, 5)u5 ´Ñ§ÃÙ»

u 0

u
1

u
2

u3

u4

u
5

v0

v1

v2

v3

v4

v5

v6

v7

v8

v9

(0,0)

(0,1)

(1,1)

(1,2)

(2,2)

(2,3)

(3,3)

(3,4)

(4,4)

(4,5)

(5,5)

ÃÙ»·Õè 4.2: áÊ´§¡ÒÃàª×èÍÁâÂ§¢Í§¨Ø´ÂÍ´ u0, u1, . . . , u5, v0, v1, . . . , v5 ¢Í§¡ÃÒ¿ T (0, 0)
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áÅÐ¨Ò¡ (4.4) ä´‰ÇˆÒ ¨Ðµ‰Í§ÁÕ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ vm, vm+1, ..., vn−1 ¡Ñº Ø̈´ÂÍ´ºÒ§ Ø̈´ã¹ U

àª̂¹ ¨Ò¡ÃÙ» 4.2 ¨ÐÁÕ ‰́Ò¹ (5,6) (0,7) (1,8) áÅÐ(2,9)·Õèà¡Ô´¨Ò¡ (4.4) «Öè§·íÒãË‰¡ÃÒ¿ T (0, 0) à»“¹
¡ÃÒ¿àª×èÍÁâÂ§ä ‰́ ´Ñ§ÃÙ»

u 0

u
1

u
2

u3

u4

u
5

v0

v1

v2

v3

v4

v5

v6

v7

v8

v9

(0,0)

(0,1)

(1,1)

(1,2)

(2,2)

(2,3)

(3,3)

(3,4)

(4,4)

(4,5)

(5,5)

(0,7)

(1,8)

(2,9)

(5,6)

ÃÙ»·Õè 4.3: áÊ´§¡ÒÃàª×èÍÁâÂ§¢Í§·Ø¡¨Ø´ÂÍ´¢Í§¡ÃÒ¿ T (0, 0) ¡Ã³Õ m = 6,m = 10

´Ñ§¹Ñé¹ Ø̈´ÂÍ´ÊÍ§ Ø̈´ã´æ ã¹à«µ {u0, u1, ..., um−1, v0, v1..., vn−1} ÊÒÁÒÃ¶àª×èÍÁâÂ§ää ‰́
¹Ñè¹¤×Í T (0, 0) à»“¹¡ÃÒ¿àª×èÍÁâÂ§ä ‰́
¨Ò¡ |E(T (0, 0))| = |V (T (0, 0))| − 1 ·íÒãË‰ä´‰ÇˆÒ T (0, 0) à»“¹ÊÑº¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ Km,n

¹Ñè¹¤×Í T (x, y) à»“¹ÊÑº¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ Km,n ·Ø¡¨íÒ¹Ç¹àµçÁ x áÅÐ y ·Õè 0 ≤ x <
m

j
áÅÐ

0 ≤ y <
n

k

ãË‰ C = {T (x, y)| 0 ≤ x <
m

j
, 0 ≤ y <

n

k
}

¨ÐáÊ´§Ç̂Ò C à»“¹¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§ Km,n ¨Ò¡ |E(T (x, y))| = m + n − 1 áÅÐ |C| =
mn

jk

´Ñ§¹Ñé¹¼ÅÃÇÁ¢Í§ |E(T (x, y))| ·Ø¡¨íÒ¹Ç¹àµçÁ x áÅÐ y ·Õè 0 ≤ x <
m

j
áÅÐ 0 ≤ y <

n

k
¤×Í

(m + n − 1)
mn

jk
= mn «Öè§à·̂Ò¡Ñº í̈Ò¹Ç¹ ‰́Ò¹¢Í§ Km,n ´Ñ§¹Ñé¹ã¹¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒ C à»“¹¡ÒÃáÂ¡ÊˆÇ¹

»ÃÐ¡Íº¢Í§ Km,n ¨Ö§à¾ÕÂ§¾Í·Õè¨ÐáÊ´§à¾ÕÂ§Ç̂Ò T (x, y) ·Ø¡¨íÒ¹Ç¹àµçÁ x áÅÐ y ·Õè 0 ≤ x <
m

j

áÅÐ 0 ≤ y <
n

k
äÁˆÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹àÅÂ

ÊÁÁµÔãË‰ T (x, y) áÅÐ T (X,Y ) ÁÕ ‰́Ò¹«íÒ‰¡Ñ¹ÍÂˆÒ§¹‰ÍÂË¹Öè§ ‰́Ò¹ ª×èÍÇ̂Ò e
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¡Ã³Õ·Õè1. e à»“¹ ‰́Ò¹·Õèà¡Ô´¨Ò¡ÊÁ¡ÒÃ (4.3) ¢Í§·Ñé§ T (x, y) áÅÐ T (X,Y ) ´Ñ§¹Ñé¹ (xj, yk) + (i, i) =

(Xj, Y k) + (I, I) ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁ i áÅÐ I ºÒ§µÑÇ ·Õè 0 ≤ i ≤ m− 1 áÅÐ 0 ≤ I ≤ m− 1 ´Ñ§¹Ñé¹
(x−X)j ≡ I− i(mod m) (4.5)

áÅÐ (y−Y )k ≡ I− i(mod n) (4.6)

¨Ò¡ (4.5) áÅÐ (4.6) ¨Ðä´‰ÇˆÒ j | I − i áÅÐ k | I − i à¾ÃÒÐÇ̂Ò gcd(j, k) = 1 ´Ñ§¹Ñé¹ jk | I − i

ËÃ×Í m + n − 1 | I − i ÍÂ̂Ò§äÃ¡çµÒÁ |I − i| ≤ m − 1 ·íÒãË‰ä´‰ÇˆÒ I = i ´Ñ§¹Ñé¹ m | (x − X)j áÅÐ
n | (y − Y )k áµ̂ |x − X| <

m

j
áÅÐ |y − Y | <

n

k
´Ñ§¹Ñé¹ x = X áÅÐ y = Y

¡Ã³Õ·Õè2. e à»“¹ ‰́Ò¹·Õèà¡Ô´¨Ò¡ (4.4) ¢Í§·Ñé§ T (x, y) áÅÐ T (X,Y )

ÊÒÁÒÃ¶¾ÔÊÙ¨¹Œä´‰ã¹·íÒ¹Í§à´ÕÂÇ¡Ñº¡Ã³ÕáÃ¡ «Öè§¨Ðä ‰́ÇˆÒ x = X áÅÐ y = Y

¡Ã³Õ·Õè3. e à»“¹ ‰́Ò¹·Õèà¡Ô´¨Ò¡ (4.3) ¢Í§ T (x, y) áÅÐà¡Ô´¨Ò¡ (4.4) ¢Í§ T (X,Y ) ´Ñ§¹Ñé¹
(xj, yk) + (i, i) = (Xj, Y k + 1) + (I, I) ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁ i áÅÐ I ºÒ§µÑÇ·Õè 0 ≤ i ≤ m − 1 áÅÐ
0 ≤ I ≤ n − 2 ´Ñ§¹Ñé¹

(x−X)j ≡ I − i(mod m) (4.7)

áÅÐ (y − Y )k ≡ I − i + 1(mod n) (4.8)

¨Ò¡ (4.7) áÅÐ (4.8) ·íÒãË‰ä´‰ÇˆÒ i− I ≡ 0(mod j) áÅÐ i− I ≡ 1(mod k) ´Ñ§¹Ñé¹ i− I ≡ m(mod j)

áÅÐ i − I ≡ m(mod k) ´Ñ§¹Ñé¹
m ≡ i− I(mod jk) (4.9)

ÊÑ§à¡µÇˆÒ 2 − n ≤ i − I ≤ m − 1 ¹Ñè¹¤×Í −1 ≤ m − (i − I) ≤ m + n − 2 < jk «Öè§¢Ñ´áÂ‰§¡Ñº (4.9)

´Ñ§¹Ñé¹ T (x, y) ·Ø¡¨íÒ¹Ç¹àµçÁ x áÅÐ y ·Õè 0 ≤ x <
m

j
áÅÐ 0 ≤ y <

n

k
äÁˆÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹ Ö̈§·íÒãË‰ä´‰

ÇˆÒ C à»“¹¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§ Km,n

´Ñ§¹Ñé¹ ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ m áÅÐ n ·Õè m + n − 1 | mn ¨Ðä´‰ÇˆÒ ÁÕ¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº
¢Í§¡ÃÒ¿ Km,n à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹ ¨íÒ¹Ç¹ mn

m + n − 1
µ‰¹
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µÑÇÍÂ̂Ò§ 4.1.1. ¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K6,10 à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹
ã¹·Õè¹Õé m = 6, n = 10 ·íÒãË‰ j = 3, k = 5 áÅÐ x = 0, 1 áÅÐ y = 0, 2
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v0
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v6
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v8

v9T(0,0)

ÃÙ»·Õè 4.4: ¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K6,10
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4.2 ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ 3-ÊˆÇ¹ºÃÔºÙÃ³Œ K1,m,m(m−1)

à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ ·Õè¶Í´áºº¡Ñ¹
ÊÑ§à¡µÇˆÒ¡ÃÒ¿ K1,m,n à»“¹¡ÃÒ¿·ÕèÁÕ m + n + mn ´‰Ò¹ áÅÐÁÕ m + n + 1 ¨Ø´ÂÍ´ áÅÐÊÑº¡ÃÒ¿
µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ K1,m,n ÁÕ Ø̈´ÂÍ´ m + n − 1 ¨Ø´ÂÍ´ áÅÐ m + n ´‰Ò¹
´Ñ§¹Ñé¹¶‰Ò m = n áÅÐÁÕ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K1,m,m à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇà¡Ô´¢Öé¹
áÅ‰Ç ¨Ðä´‰ÇˆÒ 2m | m2 + 2m ËÃ×Í 2 | m

µÑÇÍÂ̂Ò§ 4.2.1. ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K1,2,2 áÅÐ K1,6,6 à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ·Õè
¶Í´áºº¡Ñ¹

1u 1u

v

v v

1 1v

2 2

w

w w

w1 1

22

ÃÙ»·Õè 4.5: ¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K1,2,2
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v

v
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v

v

v
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v
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ÃÙ»·Õè 4.6: ¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K1,6,6
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·ÄÉ®Õº· 4.2.1. ÊíÒËÃÑº í̈Ò¹Ç¹à©¾ÒÐ p áÅÐ¨íÒ¹Ç¹àµçÁºÇ¡ a ¶‰ÒÁÕ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§
¡ÃÒ¿ K1,p,a à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇà¡Ô´¢Öé¹áÅ‰Ç ¨Ðä ‰́ÇˆÒ a = p(p − 1)

¾ÔÊÙ¨¹Œ. ÊÁÁµÔÇˆÒàÃÒÊÒÁÒÃ¶áÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K1,p,a à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇä´‰ ´Ñ§¹Ñé¹
p + a | pa ãË‰ p + a = k ´Ñ§¹Ñé¹ pa = kp − p2 ¹Ñè¹¤×Í k | kp − p2 ´Ñ§¹Ñé¹ k(p − l) = p2 ÊíÒËÃÑº
¨íÒ¹Ç¹àµçÁºÇ¡ l ºÒ§µÑÇ ¹Ñè¹¤×Í k | p2 ´Ñ§¹Ñé¹ p + a | p2 ¨Ò¡ a ≥ 1 ¨Ðä´‰ÇˆÒ p + a = p2 ¹Ñé¹¤×Í
a = p(p − 1)

·ÄÉ®Õº· 4.2.2. ãË‰ m à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè m ≥ 2 ¨Ðä´‰ÇˆÒ ÁÕ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿
K1,m,m(m−1) à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹ í̈Ò¹Ç¹ m µ‰¹

¾ÔÊÙ¨¹Œ. ãË‰ (U, V,W ) à»“¹à«µáºˆ§¡Ñé¹¢Í§ K1,m,m(m−1)

áÅÐ U = {u1}

V = {v1, v2, . . . , vm}

W = {w1, w2, . . . , wm(m−1)}

àÃÒ¨Ðáºˆ§à«µ¢Í§ W ÍÍ¡à»“¹ m − 1 ¡ÅØˆÁ´Ñ§¹Õé
ãË‰ M1 = {w1, w2, . . . , wm}

M2 = {wm+1, wm+2, . . . , w2m}

M3 = {w2m+1, w2m+2, . . . , w3m}
...

Mm−1 = {wm2−2m+1, wm2−2m+2, . . . , wm(m−1)}

ÊíÒËÃÑºáµ̂ÅÐ¨íÒ¹Ç¹àµçÁºÇ¡ i ·Õè i ∈ {1, 2, . . . ,m} ÊÃ‰Ò§ Ti à»“¹ÊÑº¡ÃÒ¿·Õèá¼̂ä»·ÑèÇ K1,m,m(m−1)

â´ÂÁÕ ‰́Ò¹¡íÒË¹´ Ñ́§¹Õé
¡. ´‰Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ u1 ¡Ñº vi (4.10)

¢. ´‰Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ u1 ¡Ñº wk àÁ×èÍ k ≡ i(mod m) áÅÐ 1 ≤ k ≤ m(m − 1) (4.11)

¤. ´‰Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ vi+l ¡Ñº Ø̈´ÂÍ´·Ø¡¨Ø´ã¹ Ml ·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ l ·Õè
l ∈ {1, 2, . . . ,m − 1} â´Â¶‰Ò a ≡ b(mod m) áÅ‰Ç va = vb (4.12)
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¡ÅˆÒÇ¤×Í E(Ti) = {{u1, vi}} ∪ {{u1, wk} / k ≡ i(mod m), 1 ≤ k ≤ m(m − 1)}

∪ {{vi+l, w} / w ∈ Ml, l ∈ {1, 2, . . . ,m − 1}}

àª̂¹ ¡Ã³Õ m = 3 ¨ÐÊÃ‰Ò§¡ÃÒ¿ T1, T2 áÅÐ T3 ä´‰´Ñ§ÃÙ»
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ÃÙ»·Õè 4.7: áÊ´§¡ÃÒ¿ T1
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u 1

v
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w1
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w3

w4
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M1
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ÃÙ»·Õè 4.9: áÊ´§¡ÃÒ¿ T3

àÃÒ¨ÐáÊ´§Ç̂Ò T1 ¶Í´áºº¡Ñº Ti ·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ i ·Õè i ∈ {1, 2, . . . ,m}

ÊÃ‰Ò§ Φ : V (T1) → V (Ti)

¡íÒË¹´â´Â Φ(u1) = u1

Φ(va) = va+i−1 ·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ a ·Õè a ∈ {1, 2, . . . ,m}

áÅÐÊíÒËÃÑºáµ̂ÅÐ¨íÒ¹Ç¹àµçÁºÇ¡ c ·Õè c ∈ {1, 2, . . . ,m(m − 1)} ¶‰Ò wc ∈ Ml

ãË‰ Φ(wc) =

⎧⎪⎪⎨
⎪⎪⎩

wc+i−1 ¶‰Ò c + i − 1 ≤ ml

wc+i−1−m ¶‰Ò c + i − 1 > ml

àËç¹ä ‰́ªÑ´ÇˆÒ¨Ø´ÂÍ´áµ̂ÅÐ¨Ø´ã¹ T1 ¶Ù¡¿’§¡ŒªÑ¹ Φ Êˆ§ä»à»“¹ Ø̈´ÂÍ´ã¹ Ti ·ÕèµˆÒ§¡Ñ¹ áÅÐ¨Ò¡
|V (T1)| = |V (Ti)| ·íÒãË‰ä´‰ÇˆÒ Φ à»“¹¿’§¡ŒªÑ¹ÊÁ¹ÑÂË¹Öè§µ̂ÍË¹Öè§
µˆÍä»¨ÐáÊ´§ÇˆÒ ÊíÒËÃÑº {a, b} ·Õèà»“¹ ‰́Ò¹¢Í§ T1 ¨Ðä´‰ÇˆÒ {Φ(a), Φ(b)} à»“¹ ‰́Ò¹¢Í§ Ti

ãË‰ {a, b} à»“¹ ‰́Ò¹¢Í§ T1

¡Ã³Õ·Õè1. {a, b} à»“¹ ‰́Ò¹¢Í§ T1 ·Õèà¡Ô´¨Ò¡ (4.10)

ãË‰ a = u1 áÅÐ b = v1 ´Ñ§¹Ñé¹ {Φ(u1), Φ(v1)} = {u1, vi} «Öè§à»“¹ ‰́Ò¹ã¹ Ti ·Õèà¡Ô´¨Ò¡ (4.10)

¡Ã³Õ·Õè2. {a, b} à»“¹ ‰́Ò¹¢Í§ T1 ·Õèà¡Ô´¨Ò¡ (4.11)

ãË‰ a = u1 áÅÐ b = wd «Öè§à»“¹ÊÁÒªÔ¡¢Í§ Ml ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁ d áÅÐ l ºÒ§µÑÇ·Õè
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d ≡ 1(mod m) áÅÐ l ∈ {1, 2, . . . ,m − 1} ¨Ò¡ Ml = {w(l−1)m+1, w(l−1)m+1, . . . , w(l−1)m+m}

´Ñ§¹Ñé¹ d = (l − 1)m + 1 ·íÒãË‰ d + i − 1 ≤ ml ¨Ö§ä ‰́ÇˆÒ {Φ(u1), Φ(wd)} = {u1, wd+i−1} áÅÐ¨Ò¡
d + i − 1 ≡ i(mod m) ·íÒãË‰ {u1, wd+i−1} à»“¹ ‰́Ò¹¢Í§ Ti ·Õèà¡Ô´¨Ò¡ (4.11)

¡Ã³Õ·Õè3. {a, b} à»“¹ ‰́Ò¹¢Í§ T1 ·Õèà¡Ô´¨Ò¡ (4.12)

ãË‰ a = v1+l ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁ l ºÒ§µÑÇ·Õè l ∈ {1, 2, . . . ,m − 1} ¨Ò¡ Ml =

{w(l−1)m+1, w(l−1)m+2, . . . , w(l−1)m+m} ãË‰ b = w(l−1)m+t ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁ t ºÒ§µÑÇ·Õè
t ∈ {1, 2, . . . ,m}

¶‰Ò (l − 1)m + t + i − 1 ≤ ml ¨Ðä´‰ÇˆÒ {Φ(v1+l), Φ(w(l−1)m+t)} = {vi+l, w(l−1)m+t+i−1} ¨Ò¡
t + i − 1 ≤ m ´Ñ§¹Ñé¹ w(l−1)m+t+i−1 ∈ Ml ¹Ñè¹¤×Í {vi+l, w(l−1)m+t+i−1} à»“¹ ‰́Ò¹¢Í§ Ti ·Õèà¡Ô´
¨Ò¡ (4.12)

¶‰Ò (l − 1)m + t + i − 1 > ml ¨Ðä´‰ÇˆÒ {Φ(v1+l), Φ(w(l−1)m+t)} = {vi+l, w(l−1)m+t+i−1−m} ¨Ò¡
t ≤ m áÅÐ i ≤ m ·íÒãË‰ t + i − 1 − m ≤ m − 1 ¹Ñè¹¤×Í w(l−1)m+t+i−1−m ∈ Ml ´Ñ§¹Ñé¹
{vi+l, w(l−1)m+t+i−1−m} à»“¹ ‰́Ò¹¢Í§ Ti ·Õèà¡Ô´¨Ò¡ (4.12)

´Ñ§¹Ñé¹ T1 ¶Í´áºº¡Ñº Ti ·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ i ·Õè i ∈ {1, 2, ...,m} à¹×èÍ§¨Ò¡¡ÒÃ¶Í´áºº¡Ñ¹
¢Í§¡ÃÒ¿ÁÕÊÁºÑµÔ¶ˆÒÂ·Í´ ¨Ö§ä´‰ÇˆÒ¡ÃÒ¿ Ti áÅÐ Tj ¶Í´áºº¡Ñ¹·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ i áÅÐ j ·Õè
i, j ∈ {1, 2, ...,m}

à¹×èÍ§¨Ò¡ ÊíÒËÃÑºáµ̂ÅÐ¨íÒ¹Ç¹àµçÁºÇ¡ i ·Õè i ∈ {1, 2, . . . ,m} ¡ÃÒ¿ Ti ÁÕ ‰́Ò¹·Õèà¡Ô´¨Ò¡ (4.11)

¨íÒ¹Ç¹ 1 ´‰Ò¹ ÁÕ´‰Ò¹·Õèà¡Ô´¨Ò¡ (4.12) ¨íÒ¹Ç¹ m − 1 ´‰Ò¹ áÅÐÁÕ ‰́Ò¹·Õèà¡Ô´¨Ò¡ (4.13) ¨íÒ¹Ç¹
m(m − 1) ´‰Ò¹ Ñ́§¹Ñé¹ |E(Ti)| = m2

µˆÍä»¨ÐáÊ´§Ç̂Ò T1 à»“¹¡ÃÒ¿µ‰¹äÁ‰â´Â¨ÐáÊ´§Ç̂Ò T1 à»“¹¡ÃÒ¿àª×èÍÁâÂ§ä ‰́·ÕèÁÕ í̈Ò¹Ç¹ Ø̈´ÂÍ´
ÁÒ¡¡ÇˆÒ¨íÒ¹Ç¹ ‰́Ò¹ÍÂÙˆË¹Öè§ Ø̈´àÊÁÍ
à¹×èÍ§¨Ò¡¤ÇÒÁàª×èÍÁâÂ§¢Í§ Ø̈´ÂÍ´ÁÕÊÁºÑµÔ¶ˆÒÂ·Í´ Ñ́§¹Ñé¹ Ö̈§à¾ÕÂ§¾Í·Õè¨Ð¾ÔÊÙ¨¹ŒÇˆÒ
1. ÁÕ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ u1 ¡Ñº Ø̈´ÂÍ´ v1+l ·Ø¡¨íÒ¹Ç¹àµçÁ l ·Õè l ∈ {0, 1, . . . ,m}

2. ÁÕ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ u1 ¡Ñº Ø̈´ÂÍ´ wj ·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ j ·Õè j ∈ {1, 2, . . . ,m(m − 1)}

ãË‰ l à»“¹ í̈Ò¹Ç¹àµçÁ·Õè l ∈ {0, 1, . . . ,m} ¶‰Ò l = 0 àËç¹ä ‰́ªÑ´ÇˆÒÁÕ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ u1

¡Ñº Ø̈´ÂÍ´ v1 ¶‰Ò l > 0 â´Â (4.12) ¨Ðä´‰ÇˆÒ ÁÕ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ v1+l ¡Ñº Ø̈´ÂÍ´ w(l−1)m+1 áÅÐ
â´Â (4.11) ä´‰ÇˆÒÁÕ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ w(l−1)m+1 ¡Ñº Ø̈´ÂÍ´ u1 ´Ñ§¹Ñé¹ÁÕ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ u1
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¡Ñº Ø̈´ÂÍ´ v1+l

ãË‰ j à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè j ∈ {1, 2, . . . ,m(m − 1)} ¶‰Ò j ≡ 1(mod m) â´Â (4.11) àËç¹ä ‰́ªÑ´ÇˆÒÁÕ
´‰Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ u1 ¡Ñº Ø̈´ÂÍ´ wj ¶‰Ò j �≡ 1(mod m) à¹×èÍ§¨Ò¡ wj ∈ Ml ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁ
ºÇ¡ l ºÒ§µÑÇ·Õè l ∈ {1, 2, . . . ,m − 1} ´Ñ§¹Ñé¹ â´Â (4.12) ä´‰ÇˆÒ¨Ðµ‰Í§ÁÕ´‰Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ v1+l ¡Ñº
¨Ø´ÂÍ´ wj áÅÐã¹·íÒ¹Í§à´ÕÂÇ¡Ñº¢‰Ò§µ‰¹ ä ‰́ÇˆÒÁÕ ‰́Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ u1 ¡Ñº Ø̈´ÂÍ´ v1+l ´Ñ§¹Ñé¹ÁÕ
´‰Ò¹ÃÐËÇ̂Ò§¨Ø´ÂÍ´ u1 ¡Ñº Ø̈´ÂÍ´ wj ¹Ñè¹¤×Í T1 à»“¹¡ÃÒ¿àª×èÍÁâÂ§ä ‰́
à¹×èÍ§¨Ò¡ |E(T1)| = m2 áÅÐ¨Ò¡ T1 à»“¹ÊÑº¡ÃÒ¿·Õèá¼̂ä»·ÑèÇ K1,m,m(m−1) ¨Ö§ä ‰́ÇˆÒ
|E(T1)| = |V (T1)| − 1

´Ñ§¹Ñé¹ T1 à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ áÅÐ¨Ò¡ T1 ¶Í´áºº¡Ñº Ti ·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ i ·Õè
i ∈ {1, 2, . . . ,m} ¨Ö§·íÒãË‰ Ti à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ i ·Õè i ∈ {1, 2, . . . ,m}

ãË‰ C = {Ti| i ∈ {1, 2, . . . ,m}} ¨Ð¾ÔÊÙ¨¹ŒÇˆÒ C à»“¹¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§ K1,m,m(m−1)

à¾ÃÒÐÇ̂Ò m∑
i=1

|E(Ti)| = m3 = |E(K1,m,m(m−1))| ´Ñ§¹Ñé¹ã¹¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒ C à»“¹¡ÒÃáÂ¡ÊˆÇ¹
»ÃÐ¡Íº¢Í§ K1,m,m(m−1) ¨Ö§à¾ÕÂ§¾Í·Õè¨ÐáÊ´§à¾ÕÂ§Ç̂ÒÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ i áÅÐ j ·Õè
i, j ∈ {1, 2, . . . ,m} áÅÐ i �= j ¡ÃÒ¿ Ti áÅÐ Tj äÁˆÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹
ÊÁÁµÔãË‰¡ÃÒ¿ Ti áÅÐ Tj ÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹ÍÂˆÒ§¹‰ÍÂË¹Öè§ ‰́Ò¹ãË‰ª×èÍÇ̂Ò {a, b} â´ÂäÁ̂àÊÕÂ¹ÑÂ·ÑèÇä»
ÊÒÁÒÃ¶áº̂§ä´‰à»“¹ 6 ¡Ã³Õ
¡Ã³Õ·Õè1. {a, b} à»“¹ ‰́Ò¹¢Í§ Ti áÅÐ Tj ·Õèà¡Ô´¨Ò¡ (4.10)

¡Ã³Õ·Õè2. {a, b} à»“¹ ‰́Ò¹¢Í§ Ti ·Õèà¡Ô´¨Ò¡ (4.10) à»“¹ ‰́Ò¹¢Í§ Tj ·Õèà¡Ô´¨Ò¡ (4.11)

¡Ã³Õ·Õè3. {a, b} à»“¹ ‰́Ò¹¢Í§ Ti ·Õèà¡Ô´¨Ò¡ (4.10) à»“¹ ‰́Ò¹¢Í§ Tj ·Õèà¡Ô´¨Ò¡ (4.12)

¡Ã³Õ·Õè4. {a, b} à»“¹ ‰́Ò¹¢Í§ Ti ·Õèà¡Ô´¨Ò¡ (4.11) à»“¹ ‰́Ò¹¢Í§ Tj ·Õèà¡Ô´¨Ò¡ (4.12)

«Öè§·Ñé§ 4 ¡Ã³Õ¹Õé àËç¹ä ‰́ªÑ´ÇˆÒà¡Ô´¢‰Í¢Ñ´áÂ‰§
¡Ã³Õ·Õè5. {a, b} à»“¹ ‰́Ò¹¢Í§ Ti áÅÐ Tj ·Õèà¡Ô´¨Ò¡ (4.11)

´Ñ§¹Ñé¹ {u1, wk1} = {u1, wk2} ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ k1 áÅÐ k2 ·Õè k1 ≡ i(mod m) áÅÐ
k2 ≡ j(mod m) «Öè§·íÒãË‰ä´‰ÇˆÒ i ≡ j(mod m) à¡Ô´¢‰Í¢Ñ´áÂ‰§ ´Ñ§¹Ñé¹¡Ã³Õ¹ÕéäÁˆà¡Ô´¢Öé¹
¡Ã³Õ·Õè6. {a, b} à»“¹ ‰́Ò¹¢Í§ Ti áÅÐ Tj ·Õèà¡Ô´¨Ò¡ (4.12)

¨Ò¡ {a, b} à»“¹ ‰́Ò¹¢Í§ Ti áÅÐ Tj ·Õèà¡Ô´¨Ò¡ (4.12) ´Ñ§¹Ñé¹ {a, b} = {vi+l1 , w(l1−1)m+t1} =

{vj+l2 , w(l2−1)m+t2} ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ t1, t2, l1 áÅÐ l2 ºÒ§µÑÇ·Õè t1, t2 ∈ {1, 2, . . . ,m} áÅÐ
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l1, l2 ∈ {1, 2, . . . ,m − 1}

´Ñ§¹Ñé¹ã¹¡ÒÃ¾ÔÊÙ¨¹Œ¡Ã³Õ¹Õé à¾ÕÂ§¾Í·Õè¨ÐÊÁÁµÔÇˆÒ i + l1 ≡ j + l2(mod m) ¨Ò¡ w(l1−1)m+t1 ∈ Ml1

áÅÐ w(l2−1)m+t2 ∈ Ml2 ·íÒãË‰ä´‰ÇˆÒ Ml1 = Ml2 áµ̂ i �= j ·íÒãË‰ l1 �≡ l2(mod m) ´Ñ§¹Ñé¹
Ml1 ∩ Ml2 = φ à¡Ô´¢‰Í¢Ñ´áÂ‰§·íÒãË‰¡Ã³Õ¹ÕéäÁˆà¡Ô´¢Öé¹
´Ñ§¹Ñé¹ ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ i áÅÐ j ºÒ§µÑÇ·Õè i, j ∈ {1, 2, . . . ,m} ·Õè i �= j ¡ÃÒ¿ Ti áÅÐ Tj äÁˆ
ÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹
¹Ñè¹¤×Í ÁÕ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K1,m,m(m−1) à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ·Õè¶Í´áºº¡Ñ¹

¨íÒ¹Ç¹ m µ‰¹
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µÑÇÍÂ̂Ò§ 4.2.2. àÃÒÊÒÁÒÃ¶áÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K1,4,12 à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇª¹Ô´¶Í´
áºº¡Ñ¹ ¤×Í T1, T2, T3 áÅÐ T4 ´Ñ§ÃÙ»
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ÃÙ»·Õè 4.13: ¡ÃÒ¿µ‰¹äÁ‰ T4

´Ñ§¹Ñé¹ C = {T1, T2, T3, T4} à»“¹¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K1,4,12
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4.3 ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ p-ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m

à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ
ã¹ËÑÇ¢‰Í¹Õé¨Ð¾Ô¨ÒÃ³Òà©¾ÒÐ¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ·ÕèÁÕ í̈Ò¹Ç¹ Ø̈´ã¹áµ̂ÅÐÊˆÇ¹à·̂Ò¡Ñ¹ ¡ÅˆÒÇ¤×Í¨Ð
¾Ô¨ÒÃ³Òà©¾ÒÐ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m à»“¹¡ÃÒ¿µ‰¹äÁ‰
·Õèá¼̂ä»·ÑèÇ â´Â·Õè p ≥ 2

ËÁÒÂàËµØ ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ p ·Õè p ≥ 2 ¨íÒ¹Ç¹ ‰́Ò¹¢Í§¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m ¤×Í
p(p − 1)m2

2

·ÄÉ®Õº· 4.3.1. ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ m áÅÐ p ·Õè m, p ≥ 2 àÃÒäÁ̂ÊÒÁÒÃ¶áÂ¡ÊˆÇ¹»ÃÐ¡Íº
¢Í§¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇä´‰

¾ÔÊÙ¨¹Œ. ãË‰ m áÅÐ p à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè m, p ≥ 2 ÊÁÁµÔÇˆÒàÃÒÊÒÁÒÃ¶áÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§
¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇä´‰
¨Ò¡ ¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m ÁÕ ‰́Ò¹·Ñé§ËÁ´ p(p − 1)

2
m2 ´‰Ò¹ áÅÐÊÑº¡ÃÒ¿¢Í§¡ÃÒ¿

p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m ·Õèà»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ¨ÐÁÕ ‰́Ò¹ pm − 1 ´‰Ò¹
·íÒãË‰ pm − 1 | p(p − 1)

2
m2 ¹Ñè¹¤×Í ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ k ºÒ§µÑÇ

p(p − 1)
2

m2 = (pm−1)k (4.10)

ãË‰ Q = gcd (p, p(p−1)
2 ) ´Ñ§¹Ñé¹ k

m
= Q(

pk

Q
− p(p − 1)

2Q
m) (4.11)

¨Ò¡ pk

Q
− p(p − 1)

2Q
m à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡ ·íÒãË‰ k

m
∈ {Q, 2Q, 3Q, . . .}

¨ÐáÊ´§Ç̂Ò k

m
> Q ÊÁÁµÔãË‰ k

m
= Q ´Ñ§¹Ñé¹ ¨Ò¡ (4.11) ¨Ðä´‰ÇˆÒ

pk

Q
= 1 +

p(p − 1)
2Q

m (4.12)

¨Ò¡ (4.10) ¨Ðä´‰ÇˆÒ p

Q
(
p(p − 1)

2
m2) = (pm− 1)

pk

Q
(4.13)

¨Ò¡ (4.12) áÅÐ (4.13) ¨Ðä´‰ÇˆÒ p

Q
(
p(p − 1)

2
m2) = (pm − 1)(1 +

p(p − 1)
2Q

m)

=
p2(p − 1)

2Q
m2 + pm − p(p − 1)

2Q
m − 1

=
p

Q
(
p(p − 1)

2
m2) + (p − p(p − 1)

2Q
)m − 1
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¹Ñè¹¤×Í p − p(p − 1)
2Q

=
1
m
«Öè§¢Ñ´áÂ‰§¡Ñº¡ÒÃ·Õè p − p(p − 1)

2Q
à»“¹ í̈Ò¹Ç¹àµçÁ

à¾ÃÒÐÇ̂Ò Q = gcd (p,
p(p − 1)

2
) ´Ñ§¹Ñé¹ k

m
> Q

¨Ò¡ (4.10) ¨Ðä´‰ÇˆÒ p(p − 1)
2

m = pk − k

m

ËÃ×Í p =
p(p − 1)

2
m

k
+

1
m

(4.14)

¨Ò¡ m

k
<

1
Q
·íÒãË‰ p(p − 1)

2
m

k
<

p(p − 1)
2

1
Q

(4.15)

¡Ã³Õ·Õè1. p à»“¹ í̈Ò¹Ç¹¤Ùˆ
¨Ðä´‰ÇˆÒ gcd(p,

p(p − 1)
2

) =
p

2

¨Ò¡ (4.15) ·íÒãË‰ p(p − 1)
2

m

k
< p − 1 áµ̂ 1

m
< 1

´Ñ§¹Ñé¹ p(p − 1)
2

m

k
+

1
m

< p «Öè§¢Ñ´áÂ‰§¡Ñº (4.14) ·íÒãË‰¡Ã³Õ·Õè1. äÁˆà¡Ô´¢Öé¹
¡Ã³Õ·Õè2. p à»“¹ í̈Ò¹Ç¹¤Õè
¨Ðä´‰ÇˆÒ gcd(p,

p(p − 1)
2

) = p

¨Ò¡ (4.15) ·íÒãË‰ p(p − 1)
2

m

k
<

p − 1
2

< p − 1 áµ̂ 1
m

< 1

´Ñ§¹Ñé¹ p(p − 1)
2

m

k
+

1
m

< p «Öè§¢Ñ´áÂ‰§¡Ñº (4.14) ·íÒãË‰¡Ã³Õ·Õè2. äÁˆà¡Ô´¢Öé¹
¹Ñè¹¤×Í ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ m áÅÐ p ·Õè m, p ≥ 2 àÃÒäÁ̂ÊÒÁÒÃ¶áÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§

¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇä´‰

ËÁÒÂàËµØ ¶‰Ò m = 1 ¨Ðä´‰ÇˆÒ ¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m
∼= Kp

·ÄÉ®Õº·µˆÍä» à»“¹·ÄÉ®Õº·à¡ÕèÂÇ¡Ñº¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ K2n+1 «Öè§à»“¹·ÕèÃÙ‰¨Ñ¡¡Ñ¹´Õ ¨Ö§¢Í¹íÒÁÒ
áÊ´§äÇ‰â´ÂäÁˆ¾ÔÊÙ¨¹Œ

·ÄÉ®Õº· 4.3.2. [5] ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ n ã´æ ¨ÐÁÕ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K2n+1

à»“¹¡ÃÒ¿ÇÑ¯ Ñ̈¡ÃÂÒÇ 2n + 1 ¨íÒ¹Ç¹ n ÇÑ¯ Ñ̈¡Ã ¹Ñè¹¤×Í K2n+1 = nC2n+1
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µÑÇÍÂ̂Ò§ 4.3.1. ÊíÒËÃÑº n = 3 ¨ÐÊÒÁÒÃ¶áÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K7 à»“¹¡ÃÒ¿ÇÑ¯ Ñ̈¡Ã¨íÒ¹Ç¹
3 ÇÑ¯ Ñ̈¡Ãä´‰´Ñ§ÃÙ»

1v

2v

3v

4v

5v

6v

0v

K7

1v

2v

3v

4v

5v

6v

0v

C7

=

+

1v

2v

3v

4v

5v

6v

0v

C7

+

1v

2v

3v

4v

5v

6v

0v

C 7

ÃÙ»·Õè 4.14: ¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K7 = 3C7 àÁ×èÍ C7 ¤×ÍÇÑ¯ Ñ̈¡ÃÂÒÇ 7

·ÄÉ®Õº· 4.3.3. ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ n ã´æ ¨ÐÁÕ¡ÒÃáÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K2n à»“¹
¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ ¨íÒ¹Ç¹ n µ‰¹

¾ÔÊÙ¨¹Œ. ãË‰ n à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡ã´æ ãË‰ v0, v1, v2, . . . , v2n à»“¹ Ø̈´ÂÍ´¢Í§ K2n+1 â´Â·ÄÉ®Õ
º· 4.3.2. àÃÒÊÒÁÒÃ¶áÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K2n+1 à»“¹¡ÃÒ¿ÇÑ¯ Ñ̈¡ÃÂÒÇ 2n + 1 ¨íÒ¹Ç¹ n

ÇÑ¯ Ñ̈¡Ãä´‰
ãË‰ {C1, C2, . . . , Cn} à»“¹¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§ K2n+1 àÁ×èÍ Ci à»“¹¡ÃÒ¿ÇÑ¯ Ñ̈¡Ã ·Ø¡¨íÒ¹Ç¹
àµçÁºÇ¡ i ·Õè i ∈ {1, 2, . . . , n}
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¨ÐáÊ´§Ç̂Ò C = {Ci � {v0}| i = 1, 2, . . . , n} à»“¹¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§ K2n

áµ̂ÅÐ¨íÒ¹Ç¹àµçÁºÇ¡ i ·Õè i ∈ {1, 2, . . . , n} ¨Ðä´‰ÇˆÒ |V (Ci � {v0})| = 2n áÅÐ
|E(Ci � {v0})| = 2n− 1 ´Ñ§¹Ñé¹ m∑

i=1

|E(Ci � {v0})| = n(2n− 1) «Öè§à·̂Ò¡Ñº í̈Ò¹Ç¹ ‰́Ò¹¢Í§ K2n

¨Ò¡ {C1, C2, . . . , Cn} à»“¹¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§ K2n+1 ´Ñ§¹Ñé¹ÊíÒËÃÑºáµ̂ÅÐ¨íÒ¹Ç¹àµçÁºÇ¡ i

áÅÐ j ·Õè i, j ∈ {1, 2, . . . , n} áÅÐ i �= j¨Ðä´‰ÇˆÒ Ci äÁˆÁÕ ‰́Ò¹«íÒ‰¡Ñº Cj

¹Ñè¹¤×Í Ci � {v0} äÁˆÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñº Cj � {v0} áµ̂ Ci à»“¹ÇÑ¯ Ñ̈¡Ã·ÕèÁÕ 2n + 1 ¨Ø´ÂÍ´ ¨Ðä´‰ÇˆÒ
Ci � {v0} à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ K2n ·íÒãË‰ C à»“¹¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K2n

ÊÑ§à¡µÇˆÒ ¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇ ¤×Í ÇÔ¶Õ P2n ·ÕèÂÒÇ 2n − 1

ËÁÒÂàËµØ ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ m ã´æ ¶‰ÒàÃÒÊÒÁÒÃ¶áÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ Km à»“¹
¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇä´‰áÅ‰Ç ¨Ðä´‰ÇˆÒ m à»“¹ í̈Ò¹Ç¹¤Ùˆ
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µÑÇÍÂ̂Ò§ 4.3.2. àÃÒÊÒÁÒÃ¶áÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K6 à»“¹ÇÔ¶ÕÂÒÇ 5 ä´‰ â´Â¨Ò¡ÃÙ» 4.14

¨ÐàËç¹Ç̂Ò¡ÃÒ¿ K7 = 3C7 áÅÐàÁ×èÍ¾Ô¨ÒÃ³ÒÇˆÒ V (K6) = V (K7) � {v0} ¨Ðä´‰ÇˆÒàÃÒÊÒÁÒÃ¶áÂ¡
ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K6 à»“¹ÇÔ¶ÕÂÒÇ 5 ä´‰´Ñ§ÃÙ»

1v

2v

3v

4v

5v

6v

K6

1v

2v

3v

4v

5v

6v

P6

=

+

1v

2v

3v

4v

5v

6v

P6

+

1v

2v

3v

4v

5v

6v

P6

ÃÙ»·Õè 4.15: ¡ÒÃáÂ¡ÊˆÇ¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ K6 = 3P6 àÁ×èÍ P6 ¤×ÍÇÔ¶ÕÂÒÇ 5

´Ñ§¹Ñé¹ ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ m, p ã´æ ¶‰Ò m ≥ 2 áÅÐ p ≥ 2 ¨Ðä´‰ÇˆÒ àÃÒäÁ̂ÊÒÁÒÃ¶áÂ¡ÊˆÇ¹
»ÃÐ¡Íº¢Í§¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ Km,m,...,m à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇä´‰
áÅÐ¶‰Ò m = 1 áÅÐ p à»“¹ í̈Ò¹Ç¹¤Ùˆ ¨Ðä´‰ÇˆÒ àÃÒÊÒÁÒÃ¶áÂ¡Ê̂Ç¹»ÃÐ¡Íº¢Í§¡ÃÒ¿ p -ÊˆÇ¹ºÃÔºÙÃ³Œ
Km,m,...,m à»“¹¡ÃÒ¿µ‰¹äÁ‰·Õèá¼̂ä»·ÑèÇä´‰



º··Õè5

¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ÊÍ§Ê̂Ç¹ºÃÔºÙÃ³Œ
Kt,t à»“¹¡ÃÒ¿ÅÙ¡ºÒÈ¡Œ·Õè¶Í´áºº¡Ñ¹

ã¹º·¹ÕéàÃÒ¨ÐÈÖ¡ÉÒ¶Ö§¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ÊÍ§Ê̂Ç¹ºÃÔºÙÃ³Œ Kt,t à»“¹¡ÃÒ¿ d -ÅÙ¡ºÒÈ¡Œ Qd

·Õè¶Í´áºº¡Ñ¹ ¨íÒ¹Ç¹ q ÅÙ¡ºÒÈ¡Œ àÁ×èÍ t = 2d−1 = dq ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ d ã´æ µÅÍ´º·
¹Õé¡íÒË¹´ãË‰ (V0, V1) à»“¹à«µáº̂§¡Ñé¹¢Í§ Kt,t ·Õè V0 à»“¹à«µ¢Í§ d ÊÔè§ÍÑ¹ Ñ́º·ÕèÁÕ 1 »ÃÒ¡¯ÍÂÙˆà»“¹
¨íÒ¹Ç¹¤Ùˆ áÅÐ V1 à»“¹à«µ¢Í§ d ÊÔè§ÍÑ¹ Ñ́º·ÕèÁÕ 1 »ÃÒ¡¯ÍÂÙˆà»“¹ í̈Ò¹Ç¹¤Õè

·ÄÉ®Õº·»ÃÐ¡Íº 5.1. [1] ãË‰ d à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡ áÅÐ t = 2d−1 áÅÐ A ⊆ V1 ãË‰ G(A) à»“¹ÊÑº
¡ÃÒ¿¢Í§ Kt,t â´Â ‰́Ò¹¢Í§ G(A) ¤×Í {v, v + a} àÁ×èÍ v ∈ V0 áÅÐ a ∈ A ¶‰Ò A à»“¹°Ò¹¢Í§ Z

d
2

áÅ‰Ç G(A) ¨Ð¶Í´áºº¡Ñº Qd

¾ÔÊÙ¨¹Œ. ãË‰ A = {a1, a2, . . . , ad} à»“¹°Ò¹¢Í§ Z
d
2 ·Õè A ⊆ V1

¡íÒË¹´ãË‰ M à»“¹àÁ·ÃÔ¡«Œ¢¹Ò´ d × d â´Â·Õè mij ¤×Í àÅ¢·Õè»ÃÒ¡¯ã¹µíÒáË¹ˆ§·Õè j ¢Í§

d ÊÔè§ÍÑ¹ Ñ́º ai ¡ÅˆÒÇ¤×Í M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

a2

...

ad

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

ãË‰ f : V (Qd) → V (G(A)) ¡íÒË¹´â´Â f(x) = xM à¹×èÍ§¨Ò¡ {a1, a2, ..., ad} à»“¹à«µ
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ÍÔÊÃÐàªÔ§àÊ‰¹ ·íÒãË‰ M à»“¹àÁ·ÃÔ¡«ŒäÁˆàÍ¡°Ò¹ ´Ñ§¹Ñé¹ f à»“¹¿’§¡ŒªÑ¹ÊÁ¹ÑÂË¹Öè§µ̂ÍË¹Öè§·Õèà»“¹¡ÒÃ
á»Å§àªÔ§àÊ‰¹ ÊÑ§à¡µÇ̂Ò ÊíÒËÃÑº x, y ∈ V0 ¨Ðä´‰ÇˆÒ x + y ∈ V0 ÊíÒËÃÑº x, y ∈ V1 ¨Ðä´‰ÇˆÒ
x + y ∈ V0 áÅÐÊíÒËÃÑº x ∈ V0, y ∈ V1 ¨Ðä´‰ÇˆÒ x + y ∈ V1 áÅÐàÁ×èÍ¡íÒË¹´ ei á·¹ d ÊÔè§ÍÑ¹ Ñ́º
·ÕèµíÒáË¹̂§ i à»“¹ 1 áÅÐµíÒáË¹̂§Í×è¹æà»“¹ 0 ¨Ðä´‰ÇˆÒ f(ei) = ai ´Ñ§¹Ñé¹ÊíÒËÃÑº x ·Õèà»“¹ÊÁÒªÔ¡¢Í§
à«µ V0 ¨Ðä´‰ÇˆÒ f(x) à»“¹ÊÁÒªÔ¡¢Í§ V0

â´ÂäÁˆàÊÕÂ¹ÑÂ·ÑèÇä» ãË‰ {v, v + ei} à»“¹ ‰́Ò¹¢Í§ Qd â´Â·Õè v ∈ V0 áÅÐ i à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè
i ∈ {1, 2, . . . , d} àËç¹ä ‰́ªÑ´ÇˆÒ f(v) ∈ V0 à¹×èÍ§¨Ò¡ f(v+ei) = (v+ei)M = vM +eiM = f(v)+ai

áÅÐ ai ∈ A ´Ñ§¹Ñé¹ {f(v), f(v + ei)} à»“¹ ‰́Ò¹¢Í§ G(A) ¹Ñè¹¤×Í G(A) ¶Í´áºº¡Ñº Qd

·ÄÉ®Õº· 5.2. [4] ãË‰ k à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡ áÅÐ S à»“¹ÊÑºà«µ¢Í§»ÃÔÀÙÁÔàÇ¡àµÍÃŒ ÊíÒËÃÑºÊÑºà«µ
¨íÒ¡Ñ´ T ¢Í§ S ¶‰Ò |T | ≤ k · rank(T ) ¨Ðä´‰ÇˆÒ S ¨ÐÁÕà«µáºˆ§¡Ñé¹ k à«µ â´Â·Õèáµ̂ÅÐà«µà»“¹à«µ
ÍÔÊÃÐàªÔ§àÊ‰¹

·ÄÉ®Õº·»ÃÐ¡Íº 5.3. [1] ãË‰ d áÅÐ q à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè 2d−1 = dq ¨Ðä´‰ÇˆÒ V1 ¨ÐÁÕà«µáºˆ§
¡Ñé¹ q à«µ â´Â·Õèáµ̂ÅÐà«µà»“¹°Ò¹¢Í§ Z

d
2

¾ÔÊÙ¨¹Œ. ãË‰ T à»“¹ÊÑºà«µã´æ ¢Í§ V1 ÊÁÁµÔãË‰ rank(T ) = m ¨ÐáÊ´§ÇˆÒ |T | ≤ qm

¡Ã³Õ·Õè1. m = d à¾ÃÒÐÇ̂Ò |T | ≤ 2d−1 ´Ñ§¹Ñé¹ |T | ≤ qm

¡Ã³Õ·Õè2. m < d ¨Ò¡ rank(T ) = m ãË‰ {b1, b2, . . . , bm} à»“¹à«µÍÔÊÃÐàªÔ§àÊ‰¹·ÕèäÁˆàÅç¡¡ÇˆÒã¤Ã·Õè
{b1, b2, . . . , bm} ⊆ T ´Ñ§¹Ñé¹ {b1, b2, . . . , bm} à»“¹°Ò¹¢Í§ < T > ·íÒãË‰ä´‰ÇˆÒ | < T > | = 2m áÅÐ
à¹×èÍ§¨Ò¡ T ⊆ V1 ´Ñ§¹Ñé¹ |T | ≤ 2m−1 ¨Ö§à¾ÕÂ§¾Í·Õè¨Ð¾ÔÊÙ¨¹ŒÇˆÒ 2m−1 ≤ qm ËÃ×Í 2m−1

m
≤ 2d−1

d

ÊÑ§à¡µÇˆÒ 2m−1

m
à»“¹¿’§¡ŒªÑ¹äÁ̂Å´ã¹µÑÇá»Ã m áÅÐ¨Ò¡ m < d ´Ñ§¹Ñé¹ Ö̈§à¾ÕÂ§¾Í·Õè¨Ð¾ÔÊÙ¨¹ŒÇˆÒ

2d−2

d − 1
≤ 2d−1

d

¡Ã³Õ·Õè1. d ≤ 5 àËç¹ä ‰́ªÑ´ÇˆÒ 2d−2

d − 1
≤ 2d−1

d

¡Ã³Õ·Õè2. d > 5

2d−1

d
− 2d−2

d − 1
=

(d − 2)(2d−2)
d(d − 1)

>
(d − 2)(d + 2)

d(d − 1)

=
(d2 − 4)
d2 − d

> 1
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´Ñ§¹Ñé¹ ¨Ò¡·Ñé§ÊÍ§¡Ã³ÕÊÃØ»ä´‰ÇˆÒ |T | ≤ qm ¹Ñè¹¤×Í V1 ¨ÐÁÕà«µáºˆ§¡Ñé¹ q à«µ â´Â·Õèáµ̂ÅÐà«µà»“¹
à«µÍÔÊÃÐàªÔ§àÊ‰¹ ¨Ò¡ dim(Zd

2) = d áÅÐ |V1| = dg ´Ñ§¹Ñé¹ Ö̈§·íÒãË‰ä´‰ÇˆÒáµ̂ÅÐà«µáº̂§¡Ñé¹¢Í§ V1 ¨Ð
ÁÕ í̈Ò¹Ç¹ÊÁÒªÔ¡à·̂Ò¡Ñ¹ áÅÐà·ˆÒ¡Ñº d «Öè§·íÒãË‰áµ̂ÅÐà«µáº̂§¡Ñé¹¢Í§ V1 à»“¹°Ò¹¢Í§ Z

d
2

·ÄÉ®Õº· 5.4. [1] ãË‰ d, táÅÐq à»“¹ í̈Ò¹Ç¹àµçÁºÇ¡·Õè t = 2d−1 = dq ¨Ðä´‰ÇˆÒ ÁÕ¡ÒÃáÂ¡Ê̂Ç¹¢Í§
¡ÃÒ¿ Kt,t à»“¹¡ÃÒ¿ d -ÅÙ¡ºÒÈ¡Œ Qd ·Õè¶Í´áºº¡Ñ¹ í̈Ò¹Ç¹ q ÅÙ¡ºÒÈ¡Œä´‰ ¹Ñè¹¤×Í Kt,t = qQd

¾ÔÊÙ¨¹Œ. â´Â·ÄÉ®Õº·»ÃÐ¡Íº 5.3. ãË‰ A1, A2, . . . , Aq µˆÒ§à»“¹°Ò¹¢Í§ Z
d
2 ·Õèà»“¹à«µáºˆ§¡Ñé¹¢Í§

V1 â´Â·ÄÉ®Õº·»ÃÐ¡Íº 5.1. ä´‰ÇˆÒ G(Ai) ¶Í´áºº¡Ñº¡ÃÒ¿ d -ÅÙ¡ºÒÈ¡Œ ·Ø¡¨íÒ¹Ç¹àµçÁºÇ¡ i ·Õè
i ∈ {1, 2, . . . , q}

ãË‰ C = {G(Ai)/i ∈ {1, 2, . . . , q}} ¨Ð¾ÔÊÙ¨¹ŒÇˆÒ C à»“¹¡ÒÃáÂ¡ÊˆÇ¹¢Í§ Kt,t

ÊÑ§à¡µÇˆÒ |E(Kt,t)| = t2 áÅÐ
q∑

i=1

|E(G(Ai))| = qd2d−1 = t2 ´Ñ§¹Ñé¹ã¹¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒ C à»“¹¡ÒÃáÂ¡
ÊˆÇ¹¢Í§ Kt,t ¨Ö§à¾ÕÂ§¾Í·Õè¨ÐáÊ´§à¾ÕÂ§Ç̂Ò ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ i áÅÐ j ·Õè i, j ∈ {1, 2, . . . , q}

áÅÐ i �= j ¡ÃÒ¿ G(Ai) áÅÐ¡ÃÒ¿ G(Aj) äÁˆÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹
ÊÁÁµÔãË‰¡ÃÒ¿ G(Ai) áÅÐ¡ÃÒ¿ G(Aj) ÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹ÍÂˆÒ§¹‰ÍÂË¹Öè§ ‰́Ò¹
ãË‰ {x, x + ai} à»“¹ ‰́Ò¹¢Í§ G(Ai) áÅÐ {y, y + aj} à»“¹ ‰́Ò¹¢Í§ G(Aj) ·Õè {x, x + ai} à·̂Ò¡Ñº
´‰Ò¹ {y, y + aj}

¡Ã³Õ·Õè1. x = y áÅÐ x + ai = y + aj ¹Ñè¹¤×Í ai = aj áµ̂ Ai ∩ Aj = φ ·íÒãË‰ à¡Ô´¢‰Í¢Ñ´áÂ‰§
¡Ã³Õ·Õè2. x = y + aj áÅÐ y = x + ai ¨Ò¡ x ∈ V0 áµ̂ y + aj ∈ V1 ·íÒãË‰ à¡Ô´¢‰Í¢Ñ´áÂ‰§
¹Ñè¹¤×ÍÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ i áÅÐ j ·Õè i, j ∈ {1, 2, . . . , q} ·Õè i �= j ¡ÃÒ¿ G(Ai) áÅÐ¡ÃÒ¿
G(Aj) äÁˆÁÕ ‰́Ò¹·Õè«íÒ‰¡Ñ¹
´Ñ§¹Ñé¹ C à»“¹¡ÒÃáÂ¡Ê̂Ç¹¢Í§ Kt,t ¹Ñè¹¤×Í Kt,t = qQd
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µÑÇÍÂ̂Ò§ 5.1. ¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ Kt,t à»“¹¡ÃÒ¿ d -ÅÙ¡ºÒÈ¡Œ Qd ¨íÒ¹Ç¹ q ÅÙ¡ºÒÈ¡Œà¹×èÍ§¨Ò¡
t = 2d−1 = dq ´Ñ§¹Ñé¹ d = 2r ÊíÒËÃÑº í̈Ò¹Ç¹àµçÁºÇ¡ r ºÒ§µÑÇ
ÊíÒËÃÑº d = 4 ¨Ðä´‰ÇˆÒ K8,8 = 2Q4 ´Ñ§ÃÙ»

(1,0,1,0)

(0,0,0,0)

(0,1,0,0) (1,1,0,0)

(1,1,1,0)(0,1,1,0)
(1,0,0,0)

(0,0,1,0) (1,0,1,1)

(0,0,0,1)

(0,1,0,1) (1,1,0,1)

(1,1,1,1)(0,1,1,1)
(1,0,0,1)

(0,0,1,1)

(1,0,1,0)

(0,0,0,0)

(1,0,1,1) (1,1,0,0)

(0,0,0,1)(0,1,1,0)

(0,1,1,1)

(1,1,0,1) (0,1,0,0)

(1,1,1,0)

(0,1,0,1) (0,0,1,0)

(1,1,1,1)(1,0,0,0)
(1,0,0,1)

(0,0,1,1)

(0,0,0,0)

(0,0,1,1)

(0,1,1,0)

(0,1,0,1)

(1,0,0,1)

(1,0,1,0)

(1,1,0,0)

(1,1,1,1)

(0,0,0,1)

(0,0,1,0)

(0,1,0,0)

(1,0,0,0)

(1,1,1,0)

(0,1,1,1)

(1,0,1,1)

(1,1,0,1)

=

+

K 8,8

Q4

Q4

ÃÙ»·Õè 5.1: ¡ÒÃáÂ¡ÊˆÇ¹¢Í§¡ÃÒ¿ K8,8 = 2Q4
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¹ÔÂÒÁ 1. ÊíÒËÃÑº¡ÃÒ¿ G1 áÅÐ G2 ã´æ ¼Å¤Ù³¤ÒÃŒ·Õà«ÕÂ¹ (cartesian product) ¢Í§¡ÃÒ¿ G1

áÅÐ G2 á·¹´‰ÇÂ G1 × G2 ËÁÒÂ¶Ö§¡ÃÒ¿·ÕèÁÕ V (G1 × G2) = V (G1) × V (G2) =

{(u, v)/u ∈ V (G1), v ∈ V (G2)} â´Â·ÕèÊíÒËÃÑº ÃÐËÇ̂Ò§¨Ø´ÂÍ´ (u1, u2), (v1, v2) ¢Í§ V (G1 × G2)

¨ÐÁÕ ‰́Ò¹¡çµˆÍàÁ×èÍ 1. u1 = v1 áÅÐ {u2, v2} ∈ E(G2) ËÃ×Í
2. u2 = v2 áÅÐ {u1, v1} ∈ E(G1)

µÑÇÍÂ̂Ò§ 1. ¼Å¤Ù³¤ÒÃŒ·Õà«ÕÂ¹¢Í§¡ÃÒ¿ G1 áÅÐ G2

u1

v1

w22u 2v

G1

G1

G2

G2
x

( )u1 2 v  ,
1 2( )u u  ,

1 2( )u w  ,

1 2( )v u  ,
1 2( )v v  ,

1 2( )v w  ,

·ÄÉ®Õº· 2. ãË‰ Gà»“¹¡ÃÒ¿ã´æ ¨Ðä´‰ÇˆÒ G à»“¹¡ÃÒ¿µ‰¹äÁ‰ ¡çµˆÍàÁ×èÍ G à»“¹¡ÃÒ¿àª×èÍÁâÂ§ä ‰́·Õè
|E(G)| = |V (G)| − 1

·ÄÉ®Õº· 3. ãË‰ Gà»“¹¡ÃÒ¿ã´æ ¨Ðä ‰́ÇˆÒ G à»“¹¡ÃÒ¿µ‰¹äÁ‰ ¡çµˆÍàÁ×èÍ Ø̈´ÂÍ´ÊÍ§ Ø̈´ã´æ ¢Í§ G

àª×èÍÁâÂ§¡Ñ¹ä ‰́´‰ÇÂÇÔ¶Õà¾ÕÂ§ÇÔ¶Õà´ÕÂÇ

¹ÔÂÒÁ 4. ãË‰ V à»“¹»ÃÔÀÙÁÔàÇ¡àµÍÃŒàË¹×ÍÊ¹ÒÁ F ãË‰ S à»“¹ÊÑºà«µ í̈Ò¡Ñ´¢Í§ V ¤ˆÒÅíÒ´ÑºªÑé¹¢Í§SSS
(rankS)(rankS)(rankS) ËÁÒÂ¶Ö§ í̈Ò¹Ç¹¢Í§ÊÁÒªÔ¡¢Í§ÊÑºà«µ·Õèà»“¹à«µÍÔÊÃÐàªÔ§àÊ‰¹ ·ÕèäÁˆàÅç¡¡ÇˆÒÊÑºà«µã´·Õèà»“¹
à«µÍÔÊÃÐàªÔ§àÊ‰¹¢Í§ S
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