CHAPTER IV

MATRIX SEMIGROUPS

with matrix semigroups.

First, we recall the : r any field F and for

Mn(F) n x n matrices over F,

Gn(F) = n nonsingular matrices

Un(F)[Ln(F)] = n x n upper [lower]
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There are two ma ’E? phe first one is to show

that if F has a proper dense subsgroup untﬁ' its multiplication,
¢ o

then so eaclﬁw T]W The second one is
to show that Qf F is a f:uute ield, en none ofihe above matrix
“““'g'ﬂ“ﬁ"’l mﬁ‘m: $ATINY Ei 4

The following lemma give a general property of matrices.:
Lemma 4.1. -Let A and B be n x n nonsingular matrices over a field F.

If det A = det B, then there exists an n x n matrix C over F such that

"A = BC and det C = 1.

310205\6¥
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Proof : Assume that det A = det B. Then det(B-1A) = 1.

Since B_1A is nonsingular, there is an n x n matrix D over F such

that DB 'a° = I where I is the n x n identity matrix over F. Then

A= BD-1, and 1 = det In = (det D)(det(B-1A))' = det D which implies

Chae dat B = T, "

To prove the fi

y)e need the following lemma.
J‘}
Lemma 4.2. Let (M : 514 ‘_ ?atrix semigroup over F

(i) {det

(ii) For A if A ¥s monsingular) then A" € S.

siich that S & Mn(F).

Let U be'a'p ‘»“ e semigroup (F,*).

since F~1{0} is a mbgroup of (F," VazY Theo , i 3

Y OIS e
then U is a | semi o:a: e group ( 0}, %)) 8 F = pom(U,F)

cp q .1]) W tti W i ony m Under th

S Dom W ]5 ’ﬂ Q}ﬂ: a nder the
multiplication QF, we have by Theorem 1.2 that Dom(10),F) = {0} # r.

This implies that UN(F~{0}) # #. Hence {A e S | et A e Ul # ¢

Dom(F ~ {0} »F

since F~{0} € {det A | A € S} by assumption. Let
U=1{aes | det aceul.

If A and B ¢ S are such that det A, det B € U, then AB e:-S and

det(AB) = (det A)det B)e U, so AB € U. Since U& F, there is an
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element a € F~U. Then a € F~{0} € {det A | A € S}. " Hence there is
a matrix C € S such that det C = a ¢ U. Thus C € S~U. Hence U is
a proper subsemigroup of S.

We claim that U is dense in S. To prove the claim, let A ¢ S.

If det A € U, then A € U € Dom(U,S). Assume that det A g U. Since U

.is dense in (F,*), there are -, XqoXoseesXn VasYor--

SRR A% € F such that

det A

Since det A ¢ U, 4 of uo,u1,...,u2m,

x1,x2,¢.¢) xm) -?I—_—*-— - .{“ 0}. But
it

) B . d 1C ‘! BO,B1,-..,BZm, C1,C2,..

F~{0} € {dget a | &

-+» C» D;uD ,..., D¢ in S such thats

Eﬂlﬂﬂmﬂ..,’]ﬂ‘i
q W’]E{Qﬂjﬁﬂj@ﬂ’h fE1aY

1L ) e e

Then all of BO,B1,...,Bzm, C1,C2,...,Cm, D1’D2"”’Dm are nonsingular,

BysB,s---sBy € U and
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det A

det(BoD1),

= det(Cc,B,D,), det B, = det(C,B,) ,

0
= det(C1BZD2)s det(B1D1) = det(BzDz):

= det(czBBDz), det(C1Bz) = det(C2B3);

. - . - e ® & = e e o . . e . - - - -

(Cm-‘lBZm-—Z) = det(CmBZm-1

D) = det(B, ).
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, by Lemma 4.1, there are

X Y € M_(F) suc 1 B, 3,%, and det X, = det Y,
= 1. But for eac - - /T ; det(C, By, det(c1+1 21+1)

so for each i e {1 },~there is X . M_(F) such that

det Xi+1 = 1 and C, he assumption (ii), we

see that xi, Y &

1 ‘ Since for each

W1 %) = 90t By

or all i € {0,1,...,m-1}.

i € {0,1,...,“\-1}, Bzi

u2i+1 e U, we Qave

Now, we have that =
W,

'BD1

E ﬂu_EJ’JVlEJVﬁWEJ\’lﬂi

1 1’

q W‘}Mﬂ‘?ﬁu*ﬁmﬂ%m ey

e U g1 = 0 q [FRI— | 7Yy .

A 1

21+1 1+1

Since det(B1x1D1Y1) = det(B D ) = det(B ). there exists Y2 € Mn(F)

such that det Y2 = 1 and B1X1D1Y1 = BZDZY2 It follows from the

assumption (ii) that Y2 € S. Because det(BBXZDZYZ) = det(B D, ) =

= det(B4D3), there exists Y., € Mn(F) such that det Y ‘= 1 and

3 3
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B3x2D2Y2 = B,D3Y,. Then Y; € S by the assumption (ii). By this

process, we have that there are Y1,Y2,...,Ym in S such that

X.D, Y E

By a X B = BoiliniYie v 10 VB

.
et B2 , there exists Y € Mn(F)

4By assumption (ii), Y € S.

Since det(Bsz) =d ) 1\‘\ at B Y € U. Hence we
have Y ¢ S and ' ‘}F

B, e 1%mPmY .5,’J D R R E R (4)

Since det(B X DY) s
-T"mmm

such that det Y = 1

Thus, we have from

A=BO(D1Y1): om. (1)),

= ¢,(Bx ) (DY), BE T , By = C,(B,X,) (from (2)),

= BZDZYZ (from (3)),

CZ(B3X2) (from (2)),

= B4D3Y3 (from (3)),

= C182(D )

X
= C, (B X B Yo I ko et

= CZB4(D3YIB B4 o

- SUBANNTHIAL

(from (3)),

ama,gnmm:mm’lé“;wm

(from (2)),

= Cm(BZmY)’ Bsz e U, (BZm-1xm)(DmYm) = Bsz (from (4)).

Thus by Theorem 1.1, A & Dom(U,S).
This proves that Uis a broper dense subsemigroup of S, as

required. #
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Let F be a field and n a positive integer. It is clearly el
seen that the matrix semigroups Mn(F) and Gn(F) satisfy the properties

(i) and (ii) of Lemma 4.2. If for x ¢ F~{0}, the n x n matrix

is an element of Dn of U F F')] whose determinant is
x. Hence the ma [Ln(F)] satisfy the
ﬁroperty (i) of L diagonal matrix which is
nonsingular, then i j 1 lf\ agona. trix. It was proved in
[5], page 410 that if A % fJ : Ly angular matrix which is
nonsingular, then A tr Hence D _(F) and
U (F) [Ln(F)] sar:: 2 4.2.

Therefor h‘_{, SV h ‘: {j bllowing theorem.

) —

Theorem Let F‘%ﬂ‘?,+,-) be afifield and n a positive integer.

o) mF'J L2 A I BN AT ce o macei
:::;@;;wﬁm iR 3PY eE (120

Theorem 4.3 and the lemma given below show that all matrix
semigroups mentioned above over the field of real numbers or the

field of complex numbers always have proper dense subsemigroups.
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Lemma 4.4. The multiplicative semigroup of real numbers, (R,+) and

the multiplicative semigroup of complex numbers, (C,+) have proper

dense subsemigroups.

Proof : Let S be any one of (R,+) or (€,¢), and let
U =
Then U is a proper subse ] 1 € U. To show that U is

dense in S, let x ¢ . t}/@m(u,s). Assume that

x ¢ U. Then |x| >

which implies by =M that - ( #
= 4 ‘ nnkh e »

i of the matrix

Xl

ﬁ E )) Ln(R), Ln(C))
D (R), D (€C) has a roper dense subsem:.group.

ﬂ‘NEJVWIEJVlﬁWEJ’lﬂ‘E

In thé| last part of th:.s c apter , we shall show that over any

B LA E LR

U (F), (F) has no proper dense subsemigroup for every positive

Theorem 4.5.

semigroups M (R) ,

integer n.

If F is a finite field and n is a positive integer, then
G_(F) is a finite group, so by Theorem 2.5, it has no proper dense

subsemigroup.
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Theorem 4.6. For any positive integer n, if F is a finite field,

then the matrix group Gn(F) has no proper dense subsemigroup.

To prove the theorem for the case of Mn(F) , we need the two

following lemmas. The first one is also used to prove the theorems

.

for the cases of Dnu,‘)"Un( AT

Lemma 4.7. Let n f:.eld and S = Mn(F)’

Dn(F), Un(F) or Ln(F) emlgroup of S. Then

UnGn(F) # @, and i c U,

Proof : e set {A € S | A is singular}

is an ideal of S, \ Chapter I, page 9).

Then, if U does not ‘\ matrices, then

vc {ae s | ais singilaghi s U dense in S. Thus UNG (F)# 4.
Then UnG (F) is subsemigrou group G (F).

" -Bem RIS T )n S.

Claim Vf (UG (F)i ‘.’ Let

Ae G (FINS. If Ee s om(UNG_(F).G_(FINS).

Assume that A ¢ U. ?1 ce U is dens in S, there are BO’B1”"’BZm € U,

oo BB IR NS
q W'\a;‘m‘;mum;nwmaﬂ

C.B.D., B.D. ="B:l

152 2 14 - 2

C2B3D2, C1B2 = CZB3’

- s e . e - e e e e o e

cmBZm- 1 Dm ! Cm- 132m-2 - cmBZm— 12

C Bons B, Dy = By -
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The nonsingularity of A implies that each of BO,B.1, ""BZm’ C1,C2,..
"’Cm’ D1’D2""’Dm is nonsingular. Then by Theorem 1.1, we have_
that A ¢ Dom(Ul\Gn(F){ Gn(Fir\S); Hence we have the claim.

It is clear that In € S. It is known that for a nonsingular

matrix A € Mn(F), if A is diagonal, then so is A-1, and if A is upper

subgroup of G (F). b S
Assume that "2 finite -er .Gn(F)nS is a finite
group which implies g | s of the group Gn(F)n S.

Therefore by Theor = UnGn(F). But it

was proved that Do )N S, so we have

UnGn(F) = Gn(F)ﬂS as required. i
For an n x n matrix er a field and for i & W, 25500 b,
the notation Ai. i “ e the 'element (entry) of A in ith row

and jth column.

Lemma 4.8. Let F be a fleld and n a pos:l.tlve integer. Let S be a

subsemgroupﬁfﬁﬁﬁ ﬂsﬂﬂﬁ wsﬂﬂﬂﬂ: G (F)gs. IfsS

contains a ma iX in M (F) of‘t‘ank k w1th k < n, then S contains all

e U S P AR} o« o

in M (F) of rank n-1, then S M (F).

Proof : Let A ¢ S be such that rank (A) =k, k £ n-1. If
Be Mn(F) is such that rank (B) = k, then B = PAQ for some P,Q € Gn(F),
so we have that B € S since' Gn(F) € S and A € S. Thus S contains all
matrices in Mn(F) of rank k. If k = 0, we-have nothing to do. Assume

k > 1. Let C and D be matrices in Mn(l-‘) defined by
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1 i1 = &k’
L p s =
1]
0 otherwise
and
| if2<i=j§k+1
Dl =
1]

Then rank (C) = rank (D) Let E = CD. Then E € S

and

/[ Re athe
Thus rank (E) = k-1. B, @ of 'k k-1, then B = PEQ for

\

\

us S contains all

some P, Q € Gn(F) which im
matrices in Mn(F) of ra 3

contains all matrices in

Theorem 4.9. s a finite field,

then the matrix semigroup M#(F) has no propeﬂense subsemi group.

‘o Q/
Bl U BN TR T, 5 teme
a n
4.7, G (?)g U. We shall prove that U coptains a matrix in Mn(F) of
o 2 AR IR O WIBA RALIQER v o
rank n-1. Let A ¢ Mn(l-‘) of rank n-1. Then A ¢ U. Since U is dense
m

in Mn(F)’ then there are BO’B1""’BZm e U, C1,C2,...,C Y D1,D2,...

..,D_ e M (F) such that
m n
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oP1’
w oeyB B,y By » G480,
- C,B,D,, B,D, = B,D,,
- &80 B, = C.B

Then rank (A) < r But rank (A) =

and U does not con rank n-1, it follows

that rank (Bi) = BO’B1""’BZm are

nonsingular. Sinc ,"E. i s nor . From

5 \\ vé that C, .= .

\ \ :L 2:|. 2:L+1
g 2m

m. In particular, Cu is

CiBos = Ci41P2i41 £

’..o,B

for i = 1325 uili=15 ’ C1 implies

..y

that Ci, is nonsingular

nonsingular. It is a contradiction

since rank (A) = ;,: =

Thus, U cmﬁins a

from Lemma 4.8 that WM (F). This, proves that M (F) has no proper

subsen@um ] EJ‘V]TW N7
qmammumm AR, o ror

every pos:Lt:Lve integer n, Dn(F) has no proper dense subsemigroup if

ofnk n-1. It follows

F is a finite field.

Lemma 4.10. Let F be a field and n a positive integer. Let S be a
subsemigroup of the matrix semigroup Dn(F). .For a positive integer

k with k € n-1, if S contains all matrices in Dn(F) of rank k, then
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S contains all matrices in Dn(F) of rank < k.

Proof : Assume that k is a nonnegative integer, k < n-1 and
S contains all matrices in Dn(F) of rank k. If k = 0, then we have
nothing to do. Assume that k > 1. Let A e Dn(F) be of rank k-1.

Then Aij =0 if i # j and the number of all i € {1,2,...,n} such that

A, # 0 is k-1. Since k-1 e exist £, m e {1,2,...,n} such

that 2 # m, A 'n matrices B.and C over F

22 =
by
B
ij
and
#*. 0,
c

Then B, Ce D (F) anq' nk (B) = ra (C) = k. It is clearly seen

that A = Bc.ﬂueg ’a %Bmﬁﬁ WH ,]cﬂ §ns all matrices

in D (F) of rank k-1. By induyction process. we have &l}at S contains

,..aamazammuwn NENay

Theorem 4.11. For any positive integer n, if F is a finite field,

then the matrix semigroup Dn(F) has no proper dense subsemigroup.

Proof : Let U be a dense subsemigroup of Dn(F) 3. By

Lemma 4.7, én(F)nDn(F) =501
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Let £ € {1,2,....n}. Suppose that U does not contain any

matrices A € Dn(F) with rank (A) = n-1 and A22 = 0. Let E € Dn(F)

be such that rank (E) = n-1 and Ejp = 0. Then Eij =0if i # j and

Eli # 0 for every i # £, and E ¢ U. Since U is dense in Dn(F), there

(2m) u, C(1),C(2),..;,C(m), D(1),D(2),...,D(m)E:Dn(F)

are B(O),B(”,;..,B

such that
E (O)D(1)
c(1) (1
c(1) (2)
C‘Zi (3)
C(n_l) (2m- (m) (2m-1)
(m) (2m)

Then we have

(0) (

:&ﬁ“ﬁ?ﬂi TN

22 ll Dgg > 2‘ 22 & 22 2

q W’ta%ﬁ»‘im’s.tmamm Y

]
]

(m)_(2m-1)_(m) (m-1) (2m-2) (m)_(2m-1)
=CotPer  Dop v By Py = Cops Pap il

(m)_(2m) (2m-1) _(m) (2m)
Cup By ¥ Bggi- Dyy ®Bey =

But Eih = 0 and U does not contain any matrices A e D_(F) with rank
(i)

n-1 and A 02 40 for i = 0,1,...,2m. Since

e ™ 0, it follows that B
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B(0) o C(1)B(1), c(1) 4D edk C(1) (21) C(i+1)B(2i+1)

22 22 L2 22 22 22 22 22
(1 2 2 1
for i =1,2,...,m-1 and B 2), Béz),..., Bizm), ;2) ¥ 051t follows
that C;;) #0 fori = 1,2,...,m. In particular, C (m) # 0. Hence
(m) (2m) S e . :
Ezz Czn m # 0. It is a contradiction since Ezz" 0. This

‘ Dn(F) such that rank (A) = n-1

proves that U contains a matrix 2

and A,, = 0. Claim that U cont: ng/ @l W matrices B in D (F) of rank

n-1 and By, = 0. Let BvenD (F) be 'rank (B) = n-1 and

le = 0. Let C, D

and

Then C, D € ﬂsuﬁrgﬂ E:W'rj Wﬂgfrﬂﬁp € U. It is easy

to see that B ACD, so B € U. Hence we have the clalm. But since £

- =R BANT IO TNEIR B =

in D (F) f rank n-1. From G (F)f\D (F) € U and Lemma 4.10, we have

that U= D_(F).
n

Therefore, Dn(F) has no proper dense subsemigroup. "

The last theorem of this chapter shows that for any positive

integer n and for any finite field F, Un(F) has no proper dense
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subsemigroup. To prove this theorem, Lemma 4.7 and the following

two lemmas are required.

Lemma 4.12. Let F be a field, n a positive integer and S a subsemi -

group of the matrix semigroup Un(F). For a positive integer k with

k € n-1, if S contains every U (F) having 'the number of zero

entries on its main diagepal £ | }tains every matrix in
4‘

Un(F) having exactl R @n diagonal.

Proof : nteger and S contains

every matrix in Un zero entries on its

main diagonal < k. has exactly k+1 zero

entries on its main e {12,050 s

such that i, < i, < . i kAl AW - ... -7 . =0.
, ' k+1 k+1

7

Then A, #0 for all i e _ [ PYRERTE S

=
it

Case 1 : i, =1 & B and C over F by

IR INNITINYA

and
A. . if i = 1 )
9 .
Cij= 1 1f1=3,’1y£1,
0 otherwise ,

80 B, C e Un(F). By defining B and C, we see that for i e $1:0, .0 )4

B, =0 if and only if i € {12’13""’1k+1}’ and C;, = 0 if and only



if i = 1. Then B has exactly k zero entries on its main diagonal and

C has exactly one zero entry on its main diagonal. Hence by assumption

B, C €S. Since B and C are upper triangular, it follows that

(BC)ij =0 = Aij for all i, j e #1,2,...,n}, 1 5§ and (BC);; = B;,C.y
for alli € {1,2,...,n}. It is clearly seen that Bn.cn. = Aii for all

i e {1,2,...,n}. Then (BC) St RI ¥ all i #.0:8,...,m). por

(BC)., .
1] 13 JJ
since B and C are u SR =23,...,n,
(BC)1j
i3 d08...005% < j # 1, so we have that
(BC), . =%
13 Tk 13 33

BCFWEJ'W]EW]?WEJ’]ﬂ‘E

matriees B and C @ver F by

afm" Terdbh e 1AEE

if i i~ 1andi #3,

Case 2

5. .

1]
. . otherwise
1]

and
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and-
Aij ifi £ i,- Y S
C. ... = 1 {80 e g cand 301
. %) 1
0 otherwise .

Then B, C € Un(F)' 3 and C, we have that for

i# v, 25ii,n), B = > {12,13,...,ik+1}, and

11

C.. = 0 if and only if actly k zero entries on

11

its main diagonal sntry on its main

diagonal. Hence by assul bny'B, ' .m that BC = A. Because
B and C are upper tria af JABCY. ¥ = 0 or all
=, ifi ¢i, and

i, 3 e {1,2,...,n4"%

B.. =A and C.. = ig > i W ave : Gy "= AL for all
34 s B ii 3 z e 5 G B ii

A {1,2,...,!1}. Then # 5 5: ¥ is {1,2,..-)“}-

L ——m—m—m€§$—e_—<——<— L
(BC), L& A J

E 2

. +0 4+ ... + 0= A .

H,m,,ﬁ;uﬂ'amwﬁwmn's
AR FU RN NN 8

=0 %0 * ik By g ol S .
o ol

B.:.C.
13 2]

2 %5 5. & {1,25.4apnky i, <i<j, then

(BC)ij = Biicij + Bi,i+1ci+1,j + eeo + Bijcjj

=0+0+ ... +A,. =A,.
ij 2.
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Thus A = BC e S.

Hence S contains every matrix in Un(F) having exactly k+1

zero entries on its main diagonal. 4

Lemma 4.13. Let F be a field, n a‘positive integer and A € Un(F).

1f 9 ¢ {1,2,...,n} is such that A,  # 0, then there exists

Pe Gn(F)r\Un(F) such that (F = 0 for all 4 .< &

and (PA).. = A, .
1] 1]

Proof : , ;1.on} and.a, # 0. Define the n x n

matrix P over F by

Then P e G (F)N B 4F) an
o

For i < 2, we have

(PA), =Pl’§n."ﬁ5¢w+..; T

R 22 2

ammnmwﬁwmé’ o

If- i & < 2, then

PA). . il 3 2z N T o
( )13 = PllAlj + P1,1+1A1+1,3 Feeot PlJAJj
= Aij + 0 4+...+ 0
o

2

Theorem 4.14. For any positive integer n, if F is a finite field,

then the matrix semigroup Un(F) has no proper dense subsemigroup.
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L)
il -
e

Proof : subsemigroup of Un(F) . By

Lemma 4.7, G (F)NU_(F) c U.
n n

Let £ € {1,2,...,n} . Suppose that U does not contain any

matrix A in Un(F) with A =0 and Aii # 0 for all i # 2. Let

22
E € Un(F) be such that Eu = 0 and E. # 0 for all i # 2. Then
E £ U. Since U is dense in (0),3(1),...,3(2m) e U,

C“). C(z) . (m) e U (F) such that

n

Then we have

B(O)

“ﬁUﬁ'ﬁl nsmmmm

)

ll 22 22 22 22

97 MDA INE 6 Y

(2)(3) (2) (1) (2) _ (2)5(3)
cll Bll Dll = C22 22 C22 Bll

b

(m)_(2m-1)_(m) (m-1)_(2m-2) (m)B(Zm-ﬂ_

- CSihas  "es’ Cari Poe = Con Pae ?
(m)_(2m) _(2m-1)_(m) _ (2m) .
Cop Bzz » Bog Dzz i T

Since U does not contain any matrices A in Un(F) with A,y = 0 and



54

Aii # 0 for all i # 2, it follows that B;;) £ - £ w1, LS 2m

3 (0) Gy (1) (1) (1)
Since le = Cll le F Cll # 0. From the fact that C‘u # 0,

(i) s (i) 9621 )) (L+1)_(2i+1)
B)u £ 0 for all i € {1,2,...,2m} and sz Bzz = Cu Bu for
allie {1,2,...,m-1}, we have that CL;) % 0 for all . & f14255...0}).

In particular, Czr:) #0.

m) . (2m) !
b =E22;£0. It is a

contradiction since Eu ists B € U be such that

B =OandBii;£0 x@ifpecn(mnun(r),

22

then P, . # 0 for all 1 v implies that (PB)ii #0

for i # £. Hence i% mJ Lem ‘, \ at there exist

P(”, P(Z),..., P(n-

C.

£i=3#2,

Let ¢ = p{2-1

p(2)p (b v and G_(F)NU (F) S U,

qusTnimings
0w AHWREATUUNINYAD

3 oAl = G WG

(CC)ij = 0 o B ot Sy T

0 ifi<3j#&.

Define the n x n matrix Q over F by
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-1 ifi=3=2&,

ij .
Cr.z otherwise.
1]

Then Q € Gn(F)ﬂUn(F), so Q € U. ‘Therefore CQ € U and

Hence

Let D = CQ. nd o G L

)

= Jj# L,

i¥

AutInenswens

Next, we claim that for any mafrix A € U 4E), if A"j =00 and A, .

e o TADN DS IR R T s e

A,, = 0 and Aii # 0 for all i # L, By the previoué proof, there

22
exist R, S € Gn(F)n Un(F) such that RAS = D. Since D € U and

1 1

Gn(F)ﬂ Un(F) C U, it follows that A’ = R DS € U.

This proves that U contains every matrix A € Un(F) having

R e .0 and A, # 0 for all i # £. But since £ is arbitrary in

22

{1,2,..‘.,n}, it follows that U contains every matrix in U, (F) having
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exactly one zero on its main diagonal. By Lemma 4.12, U contains
every matrix in Un(F) having some zeros on its main diagonal. But we
have that Gn(F)n ﬁn(F) C U, this implies that U contains every matrix

in Un(F) having nonzero entries on its main diagonal. Hence U = Un(F).

#
Vf/sequence of Theorem 4.6, 4.9,
4.11 and 4.14. | ‘/‘/’
Theorem 4.15. Let/ \\\‘\\M\ integer and S = G_(F),

Mn(F), Dn(F), Un(F) yer dense subsemigroup,

The following theor

then F is infinite.

It is natural & wh ﬁ""“ “the ¢ onverses of Theorem 4.3 and
- Theorem 4.15 are true. 'a 3= an ered in this research yet.
We leave them as conjectures == " llowsy: Let F = (F,+,+) be a field,

n a positive intex ' Un(F) or Ln(F);

M

Conjecture 1. Ifg has a p:

S bseﬁgroup, then (F,+) has

a proper dense subserii gno

ﬂ‘NEJT’J‘VlEJVIﬁWEJ’Iﬂ‘E

Conjecture 2. If F is an 1nf1n1te f:Leld, then S has a proper dense

m@rwwaﬂﬂﬁmumwmaa

Observe that the " if " parts and " only if v parts of

Conjecture 1 and Conjecture 2 are true if F is the field of real

numbers or the field of complex numbers.
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