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PATCHAREE THEERAEK : ADAPTIVE FINITE VOLUME ELEMENT
METHOD FOR SOLVING THE CONVECTION-DIFFUSION-REACTION
EQUATION. ADVISOR : PROF. PRAMOTE DECHAUMPHAI, Ph.D.,
107 pp.

In this thesis, a finite volume element method for two-dimensional, unsteady-
state convection-diffusion-reaction equation is presented. The corresponding finite
volume element equation is derived from the partial differential equation which
satisfy the convection-diffusion-reaction problem. To analyze the convection-
diffusion-reaction problems, the triangular control volumes are used. Finite volume
element computer program from finite volume element equation is developed and
verified by solving the problems of which exact solutions and previous numerical

results are available.

To improve solution accuracy and save computational time, an adaptive
meshing technique is applied to the finite volume element method. The technique

places small control volumes in the region of high solution gradients, and vice versa.

Results from the convection-diffusion-reaction problems assure the efficiency
of applying the finite volume element method with adaptive meshing technique,

which are proposed in this thesis.
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5.1.2 farimslnavesadamasalulamudivasu (the square pulse flow in a
square domain problem) [25]
Haims InavesiadmuaouluTamumvasy (the square pulse flow in

- [<TEY A A [ l = .
a square domain problem) uilgywinmernumsniog1aaed (pure convection problem)

a o J1 Aq Yo v A I A
?fiJmﬁL%QﬂuwuﬁﬂﬂEJ‘I/IGl“Ifmﬂ’i‘mm’iWﬁﬂﬂJuWM’ﬂ

o9 o(up) o(vg)

=0 (5.3)
ot oX oy

@
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[ Y]

[ v d' - b4 1 - 1

fmaeninia Q=(0,0)x(11) Awaasluzln 5.5 mslnanatuiesminauiunuE I

o YA [ o - - < dal o I A ¥y A ~

Mrualvia iy v=xi +(1-y)j lasanuanusitgwwadamasulmaaouinly
9 Y A A 1A g o ° ¥

nunduldseen ldnisvevanievesTamu Soulvansuduvesmssiuruiinuali

o 3 d’ d‘ﬁl 1 o
# (x,y) =0 aaeaninilamwn uaziveu lvveuaiduarsvedlamuivualag

1, 04<x<06,y=0
g(x.y,t) = { X y (5.4)

0, otherwise
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5.1.3 aymmsvyunsusevveswadsummaideu (rotation of Gaussian
pulse problem) [17]

[y v 4 - -
Yyrimsvyuasusevveswadunumdiweu (rotation of Gaussian pulse

= 4 S a ¥ v a ¢
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{ (% 09.:’ 4 1 Q' Y 1 LY
Tagi o =0.0447 aaiu Roulvansudnvesilymvdiaumny

2 2
X+0.25) +Yy
(x2025) (5.6)
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5.1.4 Jyviimsluanaunuluuinaiiqungigaivuinuniigungia
(mixing of hot with cold front problem) [17]

=t

Hans Inawaufuluusnanioavgigetuusnuiteungid

q

(mixing of hot with cold front problem) iiluflymfiherdesiumsmetiadon aumsiza

Al o o 9 a =
ayusgesdmsulrlunmsiagiine

2, 0(u) | o(w)

=0 (5.9)
ot 0X oy

Tmuummﬂmwmiﬂummmﬁ wifluTaudvaoys aidvun Q=(-4, 4)><( 4)
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5.1.5 tlymvesadinuazanau (Smith and Hutton problem) [5]

U a v W - <P, A A %
Haymvesainuazdadu (Smith and Hutton problem) ifluilymitheadesiuns

o ) o
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1 Y a a J
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5.1.6 ffaymimsvyunIusauveINsInszUaniignirIzIed (rotation of slotted
cylinder problem) [26]
JymmMInyuasuTeuYINIINTzUBANYNIKIZI04 (rotation of slotted cylinder
3| [y A A 9 o Aa v ~ Y o v A SA
problem) Wluilyminnerdoanumsn aumsFoyiussosn a1 uInI12Hin0
op , 0(ug) , O(v4)
—+ +
ot 0X oy

Y H H
TauvesdymilidluTamudimdondasa Q=(0,0)x(L1) jluvuvesiymsimuald

=0 (5.14)
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Y Y] 1 dd‘ Q' Y A
MmNy 27 ﬂi}}lﬂWﬂ\‘lﬂﬁTJiJN@uhl(’lllillGIUﬂfJ

1, (r<0.5)n(|x-05/>0.025u(y-05)>0.1)

0, otherwise

h(xYy)= (5.15)
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5.1.7 flymmslwaniimsulasuzinsevesaluasindad (Smolarkiewicz’s
deformational flow problem) [27]
Haywims lnadtinsasuginsevesaluarsiniad (Smolarkiewicz’s

. 3 { A @ a v d {
deformational flow problem) fuilgyiiineadesiumsn aumsFioywusdosnly
° v A A
AMTVAATIZHAD

o9 o(up) o(vg)

=0 (5.16)
ot oX oy

TauvesilymiduTamudimasuigfaviie Q= (0,0)x(100,100) o luausudy

I [l v A ] a 4 1A o 1
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1 v 9
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v = Aksin(kx)sin(ky)T + Ak cos(kx)cos(ky)j (5.17)
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5.2.5 ﬂq’mmﬁ"lﬂmi“‘]uum%v’uﬂw (corner layer problem) [30]
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5.2.6 ﬂq;mmswwmnﬁumgﬂ"lmﬂ (advection of sine hill problem) [13]
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s1gazpaavadldsunsy FVEM

] Ed I
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requeamudluuni 3 UsyneudlreTisunsundn (main program) Tilsunsudos

2
(subroutine) $1u3u 14 Tulsunsuuazilandu (function) 1y 3 Taslisrwazideadail

PROGRAM FVEM

C
C == PROGRAM FVEM ==
C ==Combined Finite Volume and Finite Element method ==
C ==Solves 2D Scalar Convection-Diffusion-Reaction Equation ==
C ==Using Cell-centered Triangular Control Volume ==
C
IMPLICIT NONE
INTEGER mxvol ,mxpoi ,mxbou ,mxsid
PARAMETER (mxvol=131072 ,mxpoi=66094 ,mxbou=2000 ,mxsid=2*mxvol)
INTEGER nvol ,Npoi ,nhbou ,hsid ,nstep ,istep
INTEGER iwrt ,iIm ,iopt ,hwrt ,len ,nhc
INTEGER iv ,ip ,in , kkk ,NAMLEN

INTEGER ic(mxpoi)
INTEGER intma(3,mxvol) ,boun(4,mxbou) ,vadj (3,mxvol)
INTEGER side(4,mxsid)

REAL*8 cfl ,Eps Lk ,toler ,time ,dt
REAL*8 tfin ,tol ,del ,BC

REAL*8 xi(mxvol) ,yi(mxvol) ,ai(mxvol)
REAL*8 gxj (mxpoi) ,ayJ (mxpoi) ,dmmat(mxpoi)
REAL*8 gxi(mxvol) ,gyi(mxvol) ,phij(mxpoi)
REAL*8 unknO(mxvol) ,unknl(mxvol) ,conve(mxvol)
REAL*8 nx(mxsid) ,ny(mxsid) , I(mxsid)
REAL*8 1im(mxvol) ,gq(mxvol) ,diffu(mxvol)
REAL*8 react(mxvol)

REAL*8 coord(2,mxpoti)

CHARACTER filnam*12 ,h ,d ,u

40 WRITE(*,*) "Please Type Your Input File Name : *
READ (*,*) filnam
len = NAMLEN(CFilnam)
IF (len.EQ.0) GOTO 40
OPEN(unit = 10 ,Ffile = Ffilnam(1:1en)//".in" ,err = 40)

OCALL INPUT (mxvol ,MXpoi ,mxbou ,hvol ,Npoi ,hbou
1 ,hstep ,hwrt ,iwrt ,ilim ,iopt ,CcFl
2 ,eps Lk ,q ,toler ,time , Intma
3 ,coord ,unknO ,boun)
C
C ==To Collect Number of Volumes Surrounding Each Node ==
C
DO 101 ip = 1,npoi
ic(ip) =0
101 CONTINUE
DO 102 iv = 1,nvol
DO 102 ip = 1,3



in = intma(ip,iv)
ic(in) = ic(in)
102 CONTINUE
C
C ==To Obtain Area, Position Components of Cell-Center, Adjacent ==
C ==Volumes Normal Vector, Length and Co-Volume of Cell Sides ==
C
OCALL GETGEO(mxvol ,Mxpoi ,mxbou ,mxsid ,nvol ,Npoi
1 ,hbou ,nsid ,intma ,coord ,boun ,ai
2 L1 , X1 ,yli , X ,ny ,vadj
3 ,side)
C
C ==To Obtain Inversed Lumped Mass Matrix ==
C
OCALL GETMAT(mxvol ,mMXpoi ,hvol ,Npoi , intma ,al
1 ,dmmat)
C
C ==To Get Time Interval ==
C
OCALL DTFIX (mxvol ,MXpoi ,nhvol ,hstep ,time ,cFl
1 ,eps , intma ,coord ,ai ,dt ,tfin)
nc =1
C
C ==To Perform Time Step lteration ==
C
DO 200 istep = 1,nstep
IF(istep.EQ.nstep) dt = tfin
CALL CRVEC(gxi ,mxvol ,0.0d+00)
CALL CRVEC(gyi ,mxvol ,0.0d+00)
IF(iopt.EQ.20) THEN
0 CALL GFEM (mxvol ,Mxpoi ,mxbou ,hvol ,Npoi ,nbou
1 ,intma ,coord ,boun Y ,YIi ,al
2 ,unkn0  ,dmmat ,gxi ,gyi »0X] Me)% D)
ENDIF
IF(iopt.GT.20) THEN
0 CALL GLSQ (mxvol ,MXpPO i ,mxbou ,nvol ,Npoi ,hbou
1 ,iopt ,intma ,coord ,boun , X1 ,Yi
2 ,unknO ,vadj ,Ox1i ,gyi)
ENDIF
0 CALL CONV (mxvol ,MXpoi ,mxbou ,mxsid ,hvol ,Npoi
1 ,hbou ,nsid ,iopt ,ilim ,intma ,coord
2 ,unknO ,boun ,vadj ,Side ,X1 ,Yi
3 1 ,hX ,ny ,dt ,him ,conve
4 ,OXi ,gyi)
0 CALL DIFF (mxvol ,MXpoi ,mxbou ,nhvol ,Npoi ,hbou
1 ,eps , intma ,coord ,boun , X1 ,Yi
2 ,al ,unknO ,dmmat ,iopt ,Ox1i .oyl
3 »9xJ Mo\ | ,diffu)
0 CALL REAC (mxvol ,nhvol .k ,unknO ,X1 ,Yli
1 ,dt ,Oxi ,gyi ,react)
0 CALL SOLV (mxvol ,nvol ,unknO ,al , ,dt
1 ,conve ,diffu ,react ,unknl)
C
C ==To Check Convergence of All Unknown Quantities ==
C
tol = 0.
DO 300 iv = 1,nvol
del = ABS(unknl1(iv) - unknO(iv))
tol = MAX(tol ,del)
300 CONTINUE
IF(tol .LT.toler) THEN
GOTO 10

ELSE
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DO 400 iv = 1,nvol
unknO(iv) = unknl(iv)

400 CONTINUE
ENDIF
kkk = MOD(istep ,nwrt)
C
C ==To Write Output File in Case of Time Step = nwrt ==
C

IF((istep.EQ.1).0R.(kkk.EQ.0)) THEN
WRITE(*,1) istep ,tol
IF (iwrt.EQ.1) THEN
0 CALL CVERT (mxvol ,MXpoi ,mxbou ,hvol ,Npoi ,hbou

1 , intma ,boun ,icC ,coord ,unknl ,phij)
CALL FIOUT (nc ,h ,d ,u)
nc =nc +1
ENDIF
ENDIF
200 CONTINUE
C
C ==To Write Final Output File (Both Error Less Than Specified ==
C ==Tolerance and istep = nstep ==
C
10 OCALL CVERT (mxvol ,Mxpoi ,mxbou ,nhvol ,nNpoi ,hbou
1 , intma ,boun ,ic ,coord ,unknl ,phij)
CALL FIOUT (nc ,h ,d ,Uu)

IF((tol .LT.toler).OR. (istep.GT.nstep)) WRITE(*,1) istep ,tol
OPEN(unit=12 ,file=filnam(l:len)//"_~//h//d//u//" _.out”™ ,err = 40)
OCALL SOLOP (mxpoi ,nvol ,npoi ,hbou ,nstep ,hwrt

1 ,iwrt ,ilim ,iopt ,cfl ,eps .k
2 ,toler ,time ,coord ,phij)
CLOSE(12)
1 FORMAT(1x ,i6 ,2x ,el5.6)
STOP
END
OSUBROUTINE INPUT (mxvol ,mxpoi ,mxbou ,nvol ,Npoi ,hbou
1 ,nstep ,nwrt ,Iwrt ,ilIm ,iopt ,CcFl
2 ,eps .k ,q ,toler ,time , Intma
3 ,coord ,unknO ,boun)

C
C ==To Obtain Nodal connection with Cell-Centered Initial Values, ==
C ==Coordinates and Boundary Sides ==
C ==Array : boun = nodel ,node2 ,volume ,boundary option ==
C == : intma = volume vertices ==
C

IMPLICIT  NONE

INTEGER mxvol ,mxpoi ,mxbou ,nvol ,Npoi ,hbou ,nstep

INTEGER nwrt ,iwrt ,ilim ,iopt Y ,ip ,ib

INTEGER i .

INTEGER intma(3,mxvol) ,boun(4,mxbou)

REAL*8 cfl ,eps Lk ,toler ,time

REAL*8 unknO(mxvol) ,q(mxvol)

REAL*8 coord(2,mxpoi)

CHARACTER text*70

READ(10,1) text
READ(10,*) nvol ,npoi ,nbou ,nstep ,nwrt ,iwrt ,ilim ,iopt
READ(10,1) text
READ(10,*) cfl ,eps ,k ,toler ,time
READ(10,1) text
READ(10,1) text
DO 100 iv = 1,nvol
READ(10,*) i1 ,(intma(j,i) ,j = 1,3) ,unkn0(i) ,q(i)



100 CONTINUE
READ(10,1) text
READ(10,1) text
DO 200 ip = 1,npoi
READ(10,*) i ,(coord(j,i) ,j = 1,2)
200 CONTINUE
READ(10,1) text
READ(10,1) text
DO 300 ib = 1,nbou
READ(10,*) (boun(j,ib) ,j = 1,4)
300 CONTINUE
CLOSE(10)

1 FORMAT(A)

RETURN
END

AEEAEXEAAEAXAAAXAAAAAXAAAAAXAAALAAXAAAXAAAXAAXAAAXAAAXAAXAAAXAAXAXAAXAAAXAAXAXAAAAAXAAXAAAAA LXK

OSUBROUTINE GETGEO(mxvol ,mxpoi ,mxbou ,mxsid ,nvol ,Npoi

1 ,hbou ,hsid ,intma ,coord ,boun ,al
2 L1 , X1 ,yi , X ,ny ,vadj
3 ,side)
C
C ==To Obtain Area, Position Components of Cell-Center, Adjacent ==
C ==Volumes Normal Vector, Length and Co-Volume of Element Sides ==
C ==Array : vadj = Neigbouring Adjacent Cell of Cell i ==
C == : side = nodel ,node2 ,upwind cell ,downwind cell ==
C == (exclude boundary) ==
C == > nXx = unit vector in x dir normal to upwind cell ==
C == (exclude boundary) ==
C == :ny = unit vector in y dir normal to upwind cell ==
C == (exclude boundary) ==
C
IMPLICIT NONE
INTEGER mxvol ,mxpoi ,mxbou ,mxsid ,nvol ,Npoi ,hbou
INTEGER nsid ,ns , iV ,ip ,ib ,is ,iC
INTEGER id ,iIn ,It ,ipl ,1p2 ,inl ,In2
INTEGER ibl , b2 ,icl ,iC2 ,idl ,1d2 ,code
INTEGER intma(3,mxvol) ,boun(4,mxbou) ,vadj(3,mxvol)
INTEGER side(4,mxsid)
REAL*8 mx ,my ,uij ,Vij ,udir ,uvel ,vvel
REAL*8 xi(mxvol) ,yi(mxvol) ,ai(mxvol)
REAL*8 nx(mxsid) ,ny(mxsid) , I(mxsid)
REAL*8 x(3) ,Y(3)
REAL*8 coord(2,mxpoi)
ns =0
DO 100 iv = 1,nvol
DO 200 ip = 1,3
in = intma(ip,iv)
x(ip) = coord(l,in)
y(ip) = coord(2,in)
200 CONTINUE
mx = (x(@2) + x(3)) 7 2.
my =@ +y@®) 7/ 2.
xi(iv) = MIN(x(1) ,mx) + 2. * ABS(mx - x(1)) / 3.
yi(iv) = MIN(y(D) ,my) + 2. * ABS(my - y(1)) 7/ 3.
ai(iv) = x(1)*(y(2)-y(3)) + x(2)*(y(3)-y(1)) + x(3)*(y(1-y(2))
ai(iv) = ai(iv) /7 2.
DO 300 is = 1,3
ipl = is
ip2 = ipl + 1
IF(ipl.EQ.3) ip2 = 1
inl = intma(ipl,iv)
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in2 = intma(ip2,iv)
C**** To Check Whether Side is Boundary
DO 400 ib = 1,nbou
ibl = boun(l,ib)
ib2 = boun(2,ib)
IF((in1.EQ.ibl1).AND.(in2.EQ.ib2)) THEN
vadj(is,iv) =0
GOTO 300
ENDIF
400 CONTINUE
IF(ns.EQ.0) GOTO 11
C**** To Check Whether Side is Repeated
DO 500 ic = 1,ns
icl = side(l,ic)
ic2 = side(2,ic0)
IF((inl1.EQ.ic2).AND.(in2.EQ.icl)) THEN

code = 0
GOTO 12
ENDIF
500 CONTINUE
11 ns =ns + 1

IF(ns.GT.mxsid) THEN
WRITE(*,1) ns

STOP
ENDIF
mx = (coord(1,inl) + coord(l,in2)) / 2.
my = (coord(2,inl) + coord(2,in2)) 7/ 2.
1(ns) = SQRT((y(ip2)-y(ipl))**2 + (x(ip2)-x(ipl))**2)
nx(ns) = (y(ip2) - y(ipl)) 7/ I(ns)
ny(ns) = (x(1pl) - x(ip2)) 7/ I(ns)
uij = uvel(mx ,my) * nx(ns)
vij = wvvel(nx ,my) * ny(ns)
udir = uij + vij
side(1,ns) = inl
side(2,ns) = in2
code =1
C**** To Obtain Internal Adjacent Volume
12 DO 600 id = 1,nvol

IF (id.NE.iv) THEN
DO 700 it = 1,3

ipl = it

ip2 =it +1

IF(ipl.EQ.3) ip2 =1

idl = intma(ipl,id)

id2 = intma(ip2,id)

IF((inl.EQ.id2) .AND. (in2.EQ.id1)) THEN
vadj(is,iv) = id
IF(code.EQ.1) THEN

IF(udir.GE.O.) THEN

side(3,ns) = iv
side(4,ns) = id
ELSE
side(3,ns) = id
side(4,ns) = iv
nx(ns) = -nx(ns)
ny(ns) = -ny(ns)
ENDIF
ENDIF
GOTO 300
ENDIF
700 CONT INUE
ENDIF
600 CONTINUE

300 CONTINUE



100 CONTINUE
nsid = ns
1 FORMAT(®" mxsid needs to be increased to :" ,i6)
RETURN
END
OSUBROUTINE GETMAT(mxvol ,mxpoi ,nvol ,Npoi ,intma ,ai
1 ,dmmat)
C
C ==To Obtain Inverse Lumped Mass Matrix ==
C
IMPLICIT  NONE
INTEGER mxvol ,mxpoi ,nvol ,npoi , iV ,ip ,in
INTEGER intma(3,mxvol)
REAL*8 ar3
REAL*8 ai(mxvol) ,dmmat(mxpoi)
CALL CRVEC(dmmat ,mxpoi ,0.0d+00)
DO 100 iv = 1,nvol
ar3 = ai(iv) 7/ 3.
DO 200 ip = 1,3
in = intma(ip,iv)
dmmat(in) = dmmat(in) + ar3
200 CONT INUE
100 CONTINUE
DO 300 ip = 1,npoi
dmmat(ip) = 1.0d+00 / dmmat(ip)
300 CONTINUE
RETURN
END
OSUBROUTINE DTFIX(mxvol ,mxpoi ,nvol ,nstep ,time ,cFl
1 ,eps ,intma ,coord ,ai ,dt ,tfin)
C
C ==To Obtain Fixed Time Step for All Volumes ==
C
IMPLICIT  NONE
INTEGER mxvol ,mxpoi ,nvol ,nstep ,iv ,IS ,isl
INTEGER is2 ,n1 ,N2
INTEGER intma(3,mxvol)
REAL*8 eps ,cfl ,time ,mxvel ,uvel ,vvel ,hchar
REAL*8 h ,hvel ,uij ,Vi]J ,dtconv ,mx ,my
REAL*8 1 ,Nx ,ny ,dt ,EFin
REAL*8 ai(mxvol)
REAL*8 coord(2,mxpoti)
dt = 1.0E+10
DO 100 iv = 1,nvol
mxvel = 0.0
DO 200 is = 1,3
isl = 1is
is2 = sl +1
IF(is1.EQ.3) is2 = 1
nl = intma(isl,iv)
n2 = intma(is2,iv)
mx = (coord(1,nl) + coord(1,n2)) / 2.
my = (coord(2,nl) + coord(2,n2)) 7/ 2.
0 | = SQRT((coord(2,n2)-coord(2,nl))**2 +
1 (coord(1,n2)-coord(1,nl))**2)
nx (coord(2,n2) - coord(2,n1)) /1

ny

(coord(1,n1) - coord(1,n2)) 7/ 1
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uij
vij
nvel
mxvel
CONTINUE
dtconv
dt
100 CONTINUE
dt
nstep
tfin

200

cfl
INT
MOD

RETURN
END

uvel(mx ,my) * nx
vvel(mx ,my) * ny
SQRT((nx * uij)**2 + (ny *
MAX(mxvel ,nvel)

ai(iv) /7 mxvel
MIN(dt ,dtconv)

* dt
(time / dt) + 1
(time ,dt)

vij)**2) * 1

OSUBROUTINE
1
2

*hKhkxk

,mxbou
,boun
,Ox1

GFEM (mxvol
, intma
,unknO

,MXpoi
,coord
,dmmat

» X

,hvol

.gyi

,hbou
,ai
.ayi)

,npoi
i ,yi
. 0XJ

OO0

==To Calculate Gradient Reconstruction Using FEM Method

IMPLICIT
INTEGER
INTEGER
INTEGER
INTEGER
INTEGER

NONE
mxvol
ip ,is
inl ,In2
intma(3,mxvol)

n(3)

,mxbou ,nvol
,ib ,in
,ibl ,1b2
,boun(4,mxbou)

,MXpoi

REAL*8
REAL*8
REAL*8
REAL*8
REAL*8
REAL*8
REAL*8

CALL C
CALL C
DO 100

DO

X2 ,X3
nn N |
unknO(mxvol)
dmmat(mxpoi)
xi(mxvol)
x(3)

coord(2,mxpoi)

RVEC(gxj ,mxpoi

RVEC(gyj .mxpoi
iv = 1,nvol

200 ip = 1,3

.y2 .y3
»NX 11%
,gxi(mxvol)
.gxj (mxpoi)
,yi(mxvol)
.Y(3)

,0.0d+00)
,0.0d+00)

n(ip)
x(ip)
y(ip)

CONTINUE

DO 300 i
isl
is2
IF(is
is3

200

IF(is2.

inl
in2

intma(ip,iv)
coord(1,n(ip))
coord(2,n(ip))

S

1
=

1.EQ.3) is2

gxj(inl)
gyj(inl)
DO 400
ibl
ib2 =

ib =

1,nbou
boun(l,ib)
boun(2, ib)

Y
, 1S3
,h3

,hbou
,1S2
,h2

,Npoi
,isl
,hl

,a ,b
,gyi(mxvol)
»gyJ (mxpoi)
,ai(mxvol)

gxj(inl) - (y(is2) - y(is3)) * unknO(iv) / 2.
gyj(inl) - (x(is3) - x(is2)) * unknO(iv) 7/ 2.

IF((lnl EQ.ibl).AND.(in2.EQ.ib2)) THEN

SQRT((y(1s2)-y(isl))**2.

nx = (y(is2) - y(is1)) 7/ 1
ny = (x(isl) - x(is2)) /7 1
gxj(inl) = gxj(inl) + nx * 1 * unknO(iv) / 2.
gxj(in2) = gxj(in2) + nx * 1 * unknO(iv) 7/ 2.
gyj(inl) = gyj(inl) + ny * I * unknO(iv) / 2.
gyj(in2) = gyj(in2) + ny * 1 * unknO(iv) 7/ 2.

+ (x(1s2)-x(isl))**2.)
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ENDIF
400 CONTINUE
300 CONTINUE
100 CONTINUE
DO 500 ip = 1,npoi
gxj(ip) = gxj(ip) * dmmat(ip)
gyj(ip) = gyj(ip) * dmmat(ip)
500 CONTINUE
DO 600 iv = 1,nvol
DO 600 is = 1,3
isl = i
is2 = isl +1
IF(isl1.EQ.3) is2 = 1
is3 = is2 +1
IF(is2.EQ.3) is3 =1
nl = intma(isl,iv)
n2 = intma(is2,iv)
n3 = intma(is3,iv)
a = coord(1,n2) * coord(2,n3) - coord(1,n3) * coord(2,n2)
b = coord(2,n2) - coord(2,n3)
¢ = coord(1,n3) - coord(1,n2)
nn = (a+b*xi(iv) + c * yi(iv)) /7 2. * ai(iv))
gxi(iv) = gxi(iv) + nn * gxj(nl)
gyi(iv) = gyi(iv) + nn * gyj(nl)
600 CONTINUE
RETURN
END
OSUBROUTINE GLSQ (mxvol ,mxpoi ,mxbou ,nvol ,npoi ,hbou
1 ,iopt ,intma ,coord ,boun , X1 ,Yi
2 ,unknO ,vadj ,Oxi ,gyi)
C
C ==To Calculate Gradient Reconstruction Using LSQ Method ==
C
IMPLICIT NONE
INTEGER mxvol ,mxpoi ,mxbou ,nvol ,Npoi ,hbou ,iopt
INTEGER iv0 ,is0 ,isl ,nbl ,Nb2
INTEGER intma(3,mxvol) ,boun(4,mxbou) ,vadj(3,mxvol)
REAL*8 all ,al2 ,al3 ,ala ,als ,a22 ,a23
REAL*8 a4 ,a25 ,a33 ,a34 ,a35 ,ad4 ,a45
REAL*8 ab5 ,bl ,b2 ,b3 ,ba ,b5 ,dphi
REAL*8 detal ,deta2 ,deta3 ,deta4d ,detab5 ,deta ,dx
REAL*8 dy
REAL*8 unknO(mxvol) ,gxi(mxvol) ,gyi(mxvol)
REAL*8 xi(mxvol) ,yi(mxvol)
REAL*8 coord(2,mxpoi)
DO 100 iv0 = 1,nvol
all = 0.0d+00
al2 = 0.0d+00
a22 = 0.0d+00
bl = 0.0d+00
b2 = 0.0d+00
DO 200 isO = 1,3
C**** To obtain equation system from 1st adjacent volume
nbl = vadj(is0,iv0)
IF(nb1.EQ.0) THEN
0] CALL BOUND(mxvol ,mxbou ,nvol ,Npoi ,hbou
1 , intma ,unknO ,boun , X1 ,Yi
2 ,1s0 ,dx ,dy ,dphi)
ELSE
dx nbl) - xi(iv0)

dy

= xi(
= yi(nbl) - yi(iv0)
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dphi = unknO(nbl) - unknO(iv0)

ENDIF

all = all + dx * dx
al2 = al2 + dx * dy
a22 = a22 + dy * dy
bl = bl + dx * dphi
b2 = b2 + dy * dphi

C**** To obtain equation system from 2nd adjacent volume

300

200

100

99

IF(iopt.NE.21) THEN
IF(nbl1.NE.O) THEN
DO 300 isl1 = 1,3
nb2 = vadj(isl,nbl)
IF(nb2_.NE.iv0) THEN
IF(nb2.EQ.0) THEN
OCALL BOUND(mxvol ,mxpoi ,mxbou ,nvol ,npoi ,hbou

1 ,intma ,coord ,unknO ,boun Y ,yi
2 ,isl ,nbl ,dx ,dy ,dphi)
ELSE
dx = xi(nb2) - xi(iv0)
dy = yi(nb2) - yi(iv0)
dphi = unknO(nb2) - unknO(ivO0)
ENDIF
all = all + dx * dx
al2 = al2 + dx * dy
az22 = a22 + dy * dy
bl = bl + dx * dphi
b2 = b2 + dy * dphi
ENDIF
CONTINUE
ENDIF
ENDIF
CONTINUE
detal = bl*a22 - b2*al2
deta2 = b2*all - bl*al2
deta = all*a22 - al2*al?2

IF(deta.EQ.0.) THEN
WRITE(*,99) ivO

STOP

ENDIF

gxi(iv0) = detal / deta

gyi(iv0) = deta2 / deta
CONTINUE
FORMAT (" determinant of volume®,i5,"=0")
RETURN
END

AEEAEXEAEAALAEAAXAAAAALAAAAAAAAXAAXAAAXAAAXAAXAAAXAAAXAAXAXAAXAAXAXAAXAAAXAAXAXAALAAAXAAAXAAAAXX

OSUBROUTINE BOUND(mxvol ,mxpoi ,mxbou ,nvol ,Npoi ,hbou
1 ,intma ,coord ,unknO ,boun L X1 ,Yli
2 ,is ,iVv ,adx ,dy ,dphi)

OO0

==To Calculate Mirror Node Adjacent to Boundary ==

IMPLICIT NONE

INTEGER mxvol ,mxpoi ,mxbou ,nvol ,Npoi ,hbou ,nsid
INTEGER is Y ,ib ,ipl ,1p2 ,inl ,in2
INTEGER ibl ,i1b2 ,code

INTEGER intma(3,mxvol) ,boun(4,mxbou)

REAL*8 dx ,dy ,dphi ,x1 , X2 ,yl ,y2
REAL*8 mx ,my ,phia ,BC
REAL*8 unknO(mxvol) ,xi(mxvol) ,yi(mxvol)

REAL*8 coord(2,mxpoi)



ipl = is
ip2 = is +1
IF(ipl.EQ.3) ip2 = 1
inl = intma(ipl,iv)
in2 = intma(ip2,iv)
x1 = coord(1,inl)
x2 = coord(1,in2)
yl = coord(2,inl)
y2 = coord(2,in2)
mx = (X1 + x2) / 2.
my = (yl +vy2) / 2.
dx = 2.*(mx - xi(iv))
dy = 2.*(ny - yi(iv))
DO 100 ib = 1,nbou

ibl = boun(l,ib)

ib2 = boun(2,ib)

IF((in1.EQ.ib1).AND. (in2.EQ.ib2)) THEN
code = boun(4,ib)

GOTO 110
ENDIF
100 CONTINUE
110 IF(code.EQ.1) THEN
phia = BC(mx ,my)
dphi = 2.*(phia - unknO(iv))
ELSE
dphi = 0.0d+00
ENDIF
RETURN
END
OSUBROUTINE CONV (mxvol ,mxpoi ,mxbou ,mxsid ,nvol ,Npoi
1 ,hbou ,hsid ,iopt ,ilIm ,intma ,coord
2 ,unknO ,boun ,vadj ,Side Y ,Yi
3 N | ,NXx ,ny ,dt ,1him ,conve
4 > gxi ,gyi)
C
C ==To Calculate Contribution Due to Convective Fluxes ==
C
IMPLICIT NONE
INTEGER mxvol ,mxpoi ,mxbou ,mxsid ,nvol ,hbou ,nsid
INTEGER ilim ,iopt ,vol Y ,id ,is ,ib
INTEGER isl ,1S2 ,inl ,In2 ,vi ,V2 ,code
INTEGER npoi
INTEGER intma(3,mxvol) ,boun(4,mxbou) ,side(4,mxsid)
INTEGER vadj (3,mxvol)
REAL*8 dt ,tasp ,tati ,phiii ,phiij ,phijj ,alfa
REAL*8 umax ,umin , XX ,YY ,ul ,VIi ,uij
REAL*8 Vij ,uvel ,vvel ,MX ,my ,NXX ,nyy
REAL*8 11 ,BC ,udir ,cFlux ,dx ,dy ,dphi
REAL*8 gxi(mxvol) ,gyi(mxvol) ,unknO(mxvol)
REAL*8 xi(mxvol) ,yi(mxvol) ,conve(mxvol)
REAL*8 Lim(mxvol) ,1imF(3) , I(mxsid)
REAL*8 nx(mxsid) ,ny(mxsid)
REAL*8 coord(2,mxpoi) ,inf(3,mxbou)
CALL CRVEC(conve ,mxvol ,0.0d+00)
CALL CRVEC(Iim ,mxvol ,1.0d+00)
IF(Gilim.EQ.0) GOTO 11
C**** To Obtain Flux Limiter Function on Each Cell

DO 100 iv = 1,nvol
umax = -1.0E+06
umin = 1.0E+06
phiii = unknO(iv)
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DO 200 is = 1,3

id = vadj(is,iv)
IF(id.EQ.0) THEN
0 CALL BOUND(mxvol ,mxpoi ,mxbou ,nvol ,Npoi
1 ,intma ,coord ,unknO ,boun ,X1
2 , 1S , 1V ,dx ,dy ,dphi)
phijj = dphi + unknO(iv)
ELSE
phijj = unknO(id)
ENDIF
umax = MAX(phiii ,phijj ,umax)
umin = MIN(phiii ,phijj ,umin)
200 CONTINUE
CALL CRVEC(limf ,3 ,1.0d+00)
DO 300 is = 1,3
isl = 1is
is2 = isl +1
IF(isl.EQ.3) is2 = 1
inl = intma(isl,iv)
in2 = intma(is2,iv)
mx = (coord(1,inl) + coord(1,in2)) / 2.
my = (coord(2,inl) + coord(2,in2)) / 2.
id = vadj(is,iv)
phiii = unkn0(iv)
0 1 = SQRT((coord(2,in2)-coord(2,inl))**2 +
1 (coord(l1,in2)-coord(1,inl))**2)
nxx = (coord(2,in2) - coord(2,inl)) 7/ 11
nyy = (coord(1,inl) - coord(l,in2)) 7/ 11
uij = uvel(mx ,my) * nxx
vij = wvvel(nx ,my) * nyy
udir = uilj + vij
IF(id.EQ.0) THEN
0 CALL BOUND(mxvol ,mxpoi ,mxbou ,nvol ,Npoi
1 ,intma ,coord ,unknO ,boun , X1
2 S , IV ,adx ,dy ,dphi)
phiij = (dphi + 2.* unknO(iv)) 7/ 2.
ELSE
IF(udir.GE.O.) vol = iv
IF(udir.LT.0.) vol = 1id
XX = xi(vol)
yy = yi(vol)
ui = uvel(Xx ,yy)
Vi = vvel(xXx ,yy)
dx = mx - XX
dy =my - vy
tasp = dx*gxi(vol) + dy*gyi(vol)
tati = dt*(ui*gxi(vol)+vi*gyi(vol))/2.
phiij = unknO(vol) + tasp - tati
ENDIF
CALL LIMIT(umax ,umin ,phiii ,phiij ,alfa)
limf(is) = alfa
300 CONTINUE
lim(iv) = MINCLimF(1) ,1imF(2) ,1imF(3))
100 CONTINUE
C**** To Obtain Internal Convective Flux
11 DO 400 is = 1,nsid
inl = side(l,is)
in2 = side(2,is)
vl = side(3,is)
v2 = side(4,is)
mx = (coord(1,inl) + coord(1,in2)) / 2.
my = (coord(2,inl) + coord(2,in2)) 7/ 2.
uij = uvel(mx ,my)

Vij

vvel(mx ,my)

,hbou
Vi

,hbou
Vi
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400

XX = xi(vl)

yy = yi(vld)

ui = uvel(xx ,vyy)

Vi = wvvel(xx ,yy)

dx = mx - XX

dy = my - vyy

tasp = lim(vl) * (dx * gxi(vl) + dy * gyi(vl))

tati = HlimQvl) * dt * (ui * gxi(vl) + vi * gyi(vl)) 7/ 2.
phiij = unknO(vl) + tasp - tati

cflux = 1I(is) * phiij * (nx(is) * uij + ny(is) * vij)

conve(vl) = conve(vl) + cflux
conve(v2) = conve(v2) - cflux

CONTINUE
C**** To Obtain Boundary Convective Flux
DO 500 ib = 1,nbou
inl = boun(l,ib)
in2 = boun(2,ib)
vl = boun(3,ib)

code = boun(4,ib)

mx = (coord(l1,inl) + coord(1,in2)) / 2.
my = (coord(2,inl) + coord(2,in2)) / 2.
XX = xi(vl)

yy = yi(vl)

uij = uvel(mx ,my)

Vvij = vvel(nx ,my)

SQRT((coord(2, in2)-coord(2,inl))**2 +
(coord(1, in2)-coord(1, inl))**2)

nxx = (coord(2,in2) - coord(2,inl)) 7/ 11
nyy = (coord(1,inl) - coord(1,in2)) 7/ 11
IF(code.EQ.1) THEN

phiij = BC(mx ,my)
ELSE

udir = uij * nxx + vij * nyy

IF(udir.GE.0.) THEN

tasp = Lim(vl)*((mx-xx) * gxi(vl) + (my-yy) * gyi(vl))
tati = lim(vl)*((ui * gxi(vl) + vi * gyi(vl))) * dt/2.
phiij = unknO(vl) + tasp - tati

ELSE
phiij = unknO(vl)

ENDIF

ENDIF
cflux = 11 * phiij * (nxx * uij + nyy * vij)
conve(vl) = conve(vl) + cflux

500 CONTINUE
RETURN
END

AAIEEAAAAAAAAA AR A AAA A AAA AR AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAK
SUBROUTINE LIMIT(umax ,umin ,phiii ,phiij ,alfa)

C

C ==To Calculate Slope Limiter ==

C

IMPLICIT NONE
REAL*8 umax ,umin ,phiii ,phiij ,alfa
IF(phiij.GT.umax) THEN
alfa = (umax - phiii) /7 (phiij - phiii)
ELSE
IF(phiij-LT.umin) THEN
alfa = (umin - phiii) /7 (phiij - phiii)
ELSE
alfa = 1.
ENDIF
ENDIF
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RETURN
END

*

OSUBROUTINE DIFF (mxvol ,mxpoi ,mxbou

,nvol ,Npoi ,hbou

1 ,eps ,intma ,coord ,boun , X1 ,Yi
2 ,ai ,unknO0 ,dmmat ,iopt ,Ox1i gyl
3 »0XJ >0Y]J ,diffu)
C
C ==To Calculate Contribution Due to Diffusive Fluxes ==
C
IMPLICIT  NONE
INTEGER mxvol ,mxpoi ,mxbou ,nvol ,Npoi ,hbou ,iopt
INTEGER iv S ,isl ,1S82 ,hl ,h2
INTEGER intma(3,mxvol) ,boun(4,mxbou)
REAL*8 eps ,OXij ,Oyij ,X1 ,X2 .yl ,y2
REAL*8 | ,NXx ,ny
REAL*8 xi(mxvol) ,yi(mxvol) ,ai(mxvol)
REAL*8 unknO(mxvol) ,dmmat(mxpoi) ,gxi(mxvol)
REAL*8 gyi(mxvol) ,0xJ (mxpoi) ,gyJ (mxpoi)
REAL*8 difFfu(mxvol)
REAL*8 coord(2,mxpoi)
CALL CRVEC(diffu ,mxvol ,0.0d+00)
IF(eps-GT.0.) THEN
IF(iopt.NE.20) THEN
0 CALL GFEM (mxvol ,MXpoi ,mxbou ,hvol ,Npoi ,hbou
1 ,intma ,coord ,boun , X1 ,yi ,ai
2 ,unkn0 = ,dmmat  ,gxi ,gyl »0XJ N7 D)
ENDIF
DO 100 iv = 1,nvol
DO 100 is = 1,3
isl =1is
is2 =is+1
IF(is1.EQ.3) is2 = 1
nl = intma(isl,iv)
n2 = intma(is2,iv)
x1 = coord(1,nl)
x2 = coord(1,n2)
yl = coord(2,nl)
y2 = coord(2,n2)
| = SQRT((y2-y1)**2 + (x2-x1)**2)
nx = ((y2-vyl) /71
ny = &1-x2)/71
gxij = (gxj(n1) + gxj(n2)) / 2.
gyij = (9yi(nl) + gyj(n2)) 7/ 2.
diffu(iv) = diffu(iv) + 1 * eps * (nx * gxij + ny * gyij)
100 CONTINUE
ENDIF
RETURN
END
OSUBROUTINE REAC (mxvol ,nvol Lk ,unkn0 X1 ,YIi
1 ,dt ,oxi ,gyi ,react)
C
C ==To Calculate Contribution Due to Reaction ==
C
IMPLICIT  NONE
INTEGER mxvol ,nvol Y
REAL*8 k ,dt » XX ,YY ,UVEL ,VVEL ,ui
REAL*8 Vi
REAL*8 unknO(mxvol) ,Xi(mxvol) ,yi(mxvol)
REAL*8 gxi(mxvol) ,gyi(mxvol) ,react(mxvol)
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CALL CRVEC(react ,mxvol ,0.0d+00)
IF(k.GT.0.) THEN
DO 100 iv = 1,nvol

xx = xi(iv)
yy = yi(iv)
ui = UVEL(xXx ,yy)
vi = VWEL(XX ,Vyy)

react(iv) = dt * (ui*gxi(iv) + vi*gyi(iv)) / 2.
react(iv) = k * (unknO(iv) - react(iv))

100 CONTINUE
ENDIF
RETURN
END
A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AAAAAAAAAAAAAAARAAAAAAAAAAAA A AAdK
OSUBROUTINE SOLV (mxvol ,nvol ,unkn0 ,ai ,q ,delt
1 ,conve ,diffu ,react ,unknl)

OO0

==To Update unknown quantiities at time N+1 ==

IMPLICIT NONE
INTEGER mxvol ,nvol LIV

REAL*8 delt

REAL*8 unknO(mxvol) ,unknl(mxvol) ,ai(mxvol)
REAL*8 conve(mxvol) ,diffu(mxvol) ,react(mxvol)
REAL*8 gq(mxvol)

DO 100 iv = 1,nvol
unknl(iv) = unknO(iv) - delt * (conve(iv) - diffu(iv)) Zai(iv)
unknl(iv) = unknl(iv) - delt * (react(iv) - q(iv))
100 CONTINUE

RETURN
END

*hkdkkx

OSUBROUTINE CVERT(mxvol ,mxpoi ,mxbou ,nvol ,Npoi ,hbou
1 ,intma ,boun ,iC ,coord ,unknl ,phij)

OO0

==To Average Cell-Centered Solution to Each Node ==

IMPLICIT  NONE

INTEGER mxvol ,mxpoi ,mxbou ,nvol ,Npoi ,hbou Y
INTEGER ip ,ib ,in ,is ,code

INTEGER ic(mxpoi)

INTEGER intma(3,mxvol) ,boun(4,mxbou)

REAL*8 roff ,value ,xx ,YY ,BC
REAL*8 unknl(mxvol) ,phij(mxpoi)
REAL*8 coord(2,mxpoi)
CALL CRVEC(phij ,mxpoi ,0.0d+00)
DO 100 iv = 1,nvol
DO 100 ip = 1,3
in = intma(ip,iv)
phij(in) = phij(in) + unknl(iv)

100 CONTINUE
DO 200 ip = 1,npoi
= phi

phij(ip) = phij(ip) / ic(ip)
200 CONTINUE
DO 300 ib = 1,nbou
code = boun(4,ib)

IF(code.EQ.1) THEN
DO 400 is = 1,2
in = boun(is,ib)
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XX = coord(l1,in)
vy = coord(2,in)
phij(in) = BC(xx,yy)
400 CONT INUE
ENDIF
300 CONTINUE
roff = 1_0E-06
DO 500 ip = 1,npoi
value = ABS(phij(ip))
IF(value_LT_roff) phij(ip) = 0.0d+00
500 CONTINUE
RETURN
END
SUBROUTINE FIOUT(nc ,h ,d ,u)
C
C ==To Sequence Output File Name(Transient Option) ==
C
IMPLICIT  NONE
INTEGER nc ,huml ,nhum2 ,hum3 ,hun ,dec ,uni
CHARACTER h ,d ,u
numl = INT(nc /7 100)
IF(numl1.GT.9) THEN
WRITE(*,*) * Too Many Output Files®
STOP
ENDIF
hun = 048 + numl
h = CHAR(hun)
num2 = INT(nc /7 10)
IF(num2.GT.9) num2 = MOD(num2 ,10)
dec = 048 + num2
d = CHAR(dec)
num3 = nc - (nhuml * 100) - (num2 * 10)
uni = 048 + num3
u = CHAR(uni)
RETURN
END
SUBROUTINE CRVEC(vec ,nhvec ,val)
C
C ==To Initializes a Vector of Real Variables with "val" ==
C
IMPLICIT  NONE
INTEGER il ,nvec
REAL*8 val
REAL*8 vec(nvec)
DO 100 ii = 1,nvec
vec(ii) = val
100 CONTINUE
RETURN
END
OSUBROUTINE SOLOP(mxpoi ,nvol ,Npoi ,hbou ,nhstep
1 ,nwrt ,iwrt ,ilIm ,iopt ,CcFl
2 ,eps LK ,toler ,time ,coord

3 .phij)

OO0

== To Send Final Output file(.out)
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100

WN P

IMPLICIT NONE

INTEGER mxpoi ,nvol ,npoi ,hbou ,hstep ,nwrt
INTEGER iwrt ,ihim ,iopt ,ip

REAL*8 cfl ,eps LK ,toler ,time

REAL*8 phij(mxpoi)

REAL*8 coord(2,mxpoi)

CHARACTER A*40

OWRITE(12,*) * nvol npoi nbou nstep nwrite iwrt ilim

1 iopt”

OWRITE(12,1) nvol ,npoi ,nbou ,nstep ,nwrt Siwrt L, ilim
1,iopt

OWRITE(12,*) * cfl eps k toler

1 time”

OWRITE(12,2) cfl ,eps LK ,toler

1 ,time

OWRITE(12,*) * node X-coordinates y-coordinates

1 solution®

DO 100 ip = 1,npoi
WRITE(12,3) ip ,coord(l,ip) ,coord(2,ip) ,phij(ip)
CONTINUE

FORMAT(1x,3(1x ,i6) ,2(2x ,i6) ,3x ,i6 ,2x ,i4 ,1x ,i6)
FORMAT(2x,F6.3 ,1x ,el3.6 ,2x ,F6.3 ,1x ,eld.6 ,1x ,el5.6)
FORMAT(2x,i6 ,3(2x ,el5.6))

RETURN
END

nnnnnnnnnnnnnnnnnnn

FUNCTION UVEL(xx ,Yyy)
REAL*8  xx ,YY ,uvel
uvel = 1.

RETURN

END

AEEAEXEAE AL A AKX EAAXA AL A XA A AA A AKX A AKX AXA A AKX AXAX AKX AAXAXAAAXAAAXAAXAAAXAAXAXAALAAAXA XXX AXAAd%

FUNCTION WEL(XX ,yy)
REAL*8 XX ,YY ,vvel
vvel = 0.

RETURN

END

* kK

R e R R R S s

FUNCTION BC(xi ,yi)
REAL*8  xi ,yi ,BC
bc = -TANH(yi/2.)
RETURN

END

EaE L e

FUNCTION NAMLEN(Filnam)

OO0

==To Count The Number of Characters from The Input File Name ==

100

200

CHARACTER filnam*12
NAMLEN = O
DO 100 i = 12
IF(Filnam(i
NAMLEN = i
GOTO 200
CONTINUE

1, -1
1i).EQ." ") GOTO 100

RETURN
END

E R

END OF PROGRAM c
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PROGRAM FEM_FVE

C
C == FEM_FVE ==
C ==Program Transfer Data from FEMESH File(.dat) to Input FVEM ==
C ==File(.in) ==
C ==Transfer Constraint ID = 1 to 1, Specified Fixed Boundary ==
C == = 2 to 0, Outflow Free Boundary ==
C
IMPLICIT  NONE
INTEGER mxvol ,MXpoi ,mxbou
PARAMETER (mxvol=131072 ,mxpoi=66049 ,mxbou=1024)
INTEGER nvol ,Npoi ,iIn 1 . ,ip L1V
INTEGER ipp ,nstep ,nwrt L1 ,hamlen ,nbou ,ib
INTEGER iopt ,iwrt ,iim ,Mm
INTEGER intma(3,mxvol) ,isido(4,mxbou) ,nc(mxpoi)
REAL*8 Xi ,Yi ,iC ,cfl ,eps ,K ,q
REAL*8 toler ,time ,pi
REAL*8 x(3) ,Y(3) ,unknO(mxvol)
REAL*8 load(mxpoi)
REAL*8 mx(3,mxvol) ,my(3,mxvol) ,coord(2,mxpoti)
CHARACTER Ffilnam*20 ,N*12 ,Vv*13 ,b*14
C
C ==To Read Input Data from FEMESH (.dat) ==
C
40 WRITE(*,*) "Please Enter Your Input File Name : *
READ (*,*) filnam
1 = namlen(filnam)
IF(1.EQ.0) GOTO 40
OPEN(unit = 10 ,file = filnam(1:1)//" .dat® ,err = 40)
OPEN(unit = 12 ,file = filnam(1:1)//".in" ,err = 40)
DO 100 i = 1,32
READ(10,%*)
100 CONTINUE

READ(10,5) v ,nvol
IF(nvol .GT.mxvol) THEN
WRITE(*,1) nvol

STOP

ENDIF

READ(10,5) n ,npoi

IF(npoi .GT.mxpoi) THEN
WRITE(*,2) npoi
STOP

ENDIF

READ(10,5) b ,nbou

IF(nbou.GT.mxbou) THEN
WRITE(*,1) nbou
STOP

ENDIF

DO 200 i = 1,6



READ(10,%*)
200 CONTINUE
DO 300 i = 1,npoi
READ(10,*) ip ,(coord(j,ip) .j = 1,2)
IF(ip-NE.i) THEN
WRITE(*,3) i
STOP
ENDIF
300 CONTINUE
READ(10,%*)
DO 400 1 = 1,nvol
READ(10,*) iv ,(intma(,iv) ,j = 1,3)
IF(iv_.NE.i) THEN
WRITE(*,4) i
STOP
ENDIF
400 CONTINUE
DO 500 i = 1,npoi+2
READ(10,%*)
500 CONTINUE
DO 600 i = 1,nbou
READ(10,*) (isido(,i) ,j = 1,4)
600 CONTINUE
CLOSE(10)
1 FORMAT(®" mxvol needs to be increased to :" ,i6)
2 FORMAT(®" mxpoi needs to be increased to :* ,i6)
3 FORMAT(" wvol no." ,i6 ," in data file is missing”)
4 FORMAT(®" node no." ,i6 ," in data file is missing”)
5 FORMAT(A ,i6)
C
C ==To Set Initial Scalar Quantities and Boundary Conditions ==
C
DO 101 iv = 1,nvol
DO 102 ip = 1,3
in = intma(ip,iv)
x(ip) = coord(l,in)
y(ip) = coord(2,in)
102 CONT INUE
DO 103 ip = 1,3
ipp —ip+1
IF(ip-EQ.3) ipp = 1
mx(ip,iv) = (x(ip) + x(ipp))/2.
my(ip,iv) = (y(ip) + y(ipp))/2.
103 CONT INUE
X1 = MIN(x(1) ,mx(2,iv)) + 2_.*ABS(mx(2,iv) - x(1))/3.
yi = MIN(y(D) ,my(2,iv)) + 2.*ABS(my(2,iv) - y(1))/3.
unknO(iv) = IC(xi,yl)
101 CONTINUE
DO 110 ib = 1,nbou
i = isido(4,ib)
IF(i.EQ.2) isido(4,ib) = 0
110 CONTINUE
C
C ==To Transfer Data to Input File of FVEM Program (.in) ==
C

nstep = 10000
nwrt = 10000
iwrt = 100
iopt =1
ilim =1

cfl =1.0
eps = 0.0

k = 0.0
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90

q = 0.0

toler = 1.0E-06

pi = 4_.* ATAN(1.)

time =1.5
OWRITE(12,*) " nvol npoi nbou nstep nwrt iwrt

1 ilim iopt”
OWRITE(12,10) nvol ,npoi ,hbou ,nhstep ,nwrt ,iwrt
1,ilim ,iopt

WRITE(12,*) * cfl eps k toler time
WRITE(12,11) cfl ,eps Sk ,toler ,time
OWRITE(12,15) " Volume Nodal Connection and Initial Condition[*
1 ,nvol ,"]:*

WRITE(12,*) ~ volume nodel node2 node3 initial value q-

DO 700 iv = 1,nvol
WRITE(12,12) iv ,(intma(@,iv) ,j = 1,3) ,unknO(iv) ,q(iv)
700 CONTINUE
WRITE(12,15) * Cell-Center Coordinates[" ,npoi ,"]:*
WRITE(12,*) " node x-coordinates y-coordinates”
DO 800 ip = 1,npoi
WRITE(12,13) ip ,(coord(d,ip) ,J = 1,2)
800 CONTINUE
WRITE(12,15) " Boundary Sides[®" ,nbou ,"]:*"
WRITE(12,*) * nodel node2  volume type*
DO 900 ib = 1,nbou
WRITE(12,16) (isido(j,ib), j = 1,4)
900 CONTINUE

CLOSE(12)

10 FORMAT(16 ,2(2X ,16) ,2(3X,16) ,3(2X ,16))

11 FORMAT(1X ,F5.3 ,2(2X ,F6.4) ,3X ,F6.4 , 2X ,E7.1,2X,E14.6)

12 FORMAT(1X ,16 ,3(2X ,16) ,2(2X ,E14.6))

13 FORMAT(1X ,16 ,2(2X ,E14.6))

14 FORMAT(I5 ,1X ,2(2X ,E14.6) ,2X ,3(1X ,E14.6) ,2X ,3(1X ,E14.6))
15 FORMAT( A ,16 ,A)

16 FORMAT(1X ,16 ,3(2X ,16))

STOP
END

R o R

FUNCTION IC(xi ,yi)
REAL*8  xi ,yi ,IC

IC = 0.

RETURN
END

R T

FUNCTION namlen(Ffil)
CHARACTER Fil*20

namlen = 0
DO 100 i = 20,1,-1
IF(Fil(izi).EQ." ") GOTO 100
namlen = 1
GOTO 200
100 CONTINUE

200 RETURN
END

E R

END OF PROGRAM c
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swazpaavedldsunsy FVE_FEM

a J [ 4
Tsunsuneunines FVE_FEM Usioazideandil

PROGRAM FVE_FEM

== FVE_FEM ==
==Program Transfer Data from FVEM File(.out) to Input FEMESH ==
==File(.out) ==

OO0O0O0O

IMPLICIT NONE

INTEGER mxpoi

PARAMETER (mxpoi=66049)

INTEGER npoi ,in 1 ,ip L1 Lk
INTEGER namlen

REAL*8 ZEero ,del ,err

REAL*8 unknO(mxvol) ,unknl(mxpoi)

CHARACTER text*40 ,hamel*20 ,hame2*20

OO0

==To Read Input Data from FVEM (.out)and FEMESH (.out) ==

40

50

100

200

WRITE(*,*) "Please Enter FVEM File Name : *
READ (*,*) namel

WRITE(*,*) "Please Enter FEMESH File Name : *©
READ (*,*) name2

1 = namlen(namel)

IF(1.EQ.0) GOTO 40

k = namlen(name2)

IF(k-EQ.0) GOTO 50

OPEN(unit
OPEN(unit
OPEN(unit
READ(10,%*)
READ(10,*) in ,npoi
IF(npoi .GT.mxpoi) THEN
WRITE(*,1) npoi
STOP
ENDIF
READ(10,%*)
READ(10,%*)
READ(10,%*)
DO 100 i = 1,npoi
READ(10,*) ip ,unknl1(ip)
CONTINUE
DO 200 i = 1.30
READ (11,2) text
WRITE(12,2) text
CONTINUE
READ(11,%*)
READ(11,%*)
DO 300 ip = 1,npoi
READ(11,*) i ,del ,del ,unknO(i)

10 ,file
11 ,file
12 ,file

namel(1:1)//" .out™ ,err
name2(1:1)//" .out™ ,err
namel(1:1)//" .out® ,err

40)
50)
40)



300 CONTINUE
1 FORMAT(" mxpoi needs to be increased to :" ,i6)
2 FORMAT(5A40)
CLOSE(10)
CLOSE(11)

C*****to check different output

del = 0.0d+00
DO 400 ip = 1,npoi
del = del + ((unknl(ip)-unknO(ip) * (unknl(ip)-unknO(ip))
400 CONTINUE

del = SQRT(del)

err = del / npoi

WRITE(*,3) err

3 FORMAT(" average error = " ,el5.6)

C*****to prepare data for FEMESH adaptive model (.out)

zero = 0.0d+00
WRITE(12,%)
WRITE(12,4)
DO 500 ip = 1,npoi
WRITE(12,5) ip ,unknl(ip) , unknl(ip) ,unknl(ip) ,zero
500 CONTINUE

4 OFORMAT(" NODE U v p*
l - H')
5 FORMAT(I1X ,i6 ,1x ,4(2x ,el5.6))
CLOSE(12)
STOP
END

FUNCTION namlen(Fil)
CHARACTER filnam*20

namlen
DO 100 20,1,-1
IF(Filnam(i:i).EQ." ") GOTO 100
namlen = 1
GOTO 200
100 CONTINUE

-]
1o

200 RETURN
END

AEEAEXEAEALAEAAXAEAAAALAEAAAAXAAAXAAXAAAXAAAXAAXAAAXAAAXAAXAAAXAAXAXAAXAAAAAXAXAAAAAXAAAXAAAA LXK

C END OF PROGRAM
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Abstract

A finite volume element method is combined with an adaptive meshing technique to solve the two-dimensional unsteady
convection-diffusion-reaction equation. The finite volume method is used to derive the discretized equations while concept of
the finite element technique is applied to determine the gradient quantities at cell faces. Second-order accuracy in both space and
time are achieved by applying the Taylor’s series expansion along the local characteristic lines. An adaptive meshing technique
is applied to further improve the solution accuracy, and to minimize the computational time and computer memory requirement.
The efficiency of the adaptive finite volume element method is evaluated by the examples of pure-convection, convection-diffusion,
convection-reaction, and diffusion-reaction problems.
© 2011 IMACS. Published by Elsevier B.V. All rights reserved.

Keywords: Convection-diffusion-reaction equation; Finite volume element method; Adaptive meshing technique

1. Introduction

Numerical simulation for predicting the transport phenomena governed by the unsteady convection-diffusion-
reaction equation is difficult due to the convection term. The flow behaviors usually contain steep gradients that require
special treatment of numerical schemes. Most of the classical schemes suffer from the spurfous oscillations, otherwise
yield excessive numerical dispersion [9,20]. During the past decade, several stabilizing schemes have been developed for
solving such equation. These schemes include the upwind-based methods [11,13], the characteristic Galerkin method
[4.21], the Galerkin projected residual method [3], the improved stabilization parameter on the Petrov—Galerkin method
and on the multiscale method [7,19], the Taylor-Galerkin algorithm [14], etc. The upwind-based methods have been
employed widely for analyzing strongly convective flow. The characteristics Galerkin method based on the Taylor’s
series expansion is an attractive one due to its simple implementation that can be written in a fully explicit form for
obtaining solution. Other schemes with high-resolution have also been investigated such as those proposed in Refs.
[8,10,12]. At present, development of new numerical schemes for accurate solution of the convection-diffusion-reaction
equation is still needed.

= Corresponding author. Tel.: +66 2 218 6621; fax: +66 2 218 6621.
E-mail address: fmepdc@eng.chula.ac.th (P. Dechaumphai).

0378-4754/836.00 © 2011 IMACS. Published by Elsevier B.V. All rights reserved.
doi: 10.1016/j.matcom.201 1.06.002
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Computational techniques for solving the hyperbolic equation are generally classified into the explicit and implicit
(or semi-implicit) methods. The explicit method is popular because it is simple and requires less computational effort.
However, the method is constrained by the CFL condition in order to stabilize the spatial error from growing without
bound. On the other hand, the implicit method provides more stable solution but a large time step may not be used
because the solution accuracy degrades with time. The inversion of the coefficient matrix is another weakness of the
latter method since it is a time consumable process. Furthermore, a large block of memory is required for the coefficient
matrix formation.

In this paper, the finite volume element method [17,18] is further investigated and p d. A cell-centered finite
volume method is used to discretize the two-dimensional unsteady convection-diffusion-reaction equation on triangular
meshes. The midpoint quadrature is applied for both the spatial and temporal flux integral terms, while second-order
accurate unknown quantities at the cell faces are determined by using the Taylor’s series expansion. An explicit scheme
is achieved by expanding the temporal gradient along the local characteristics and using the finite element concept to
determine the gradient quantities at the cell faces. An adaptive meshing technique is implemented to further improve
the solution accuracy by refining meshes in the region of high solution gradients. Coarse meshes are constructed in the
other regions to reduce the computational time and computer memory. The presentation of this paper starts from the
explanation of the theoretical formulation and adaptive meshing technique in Sections 24, respectively. Performance
of the combined method is examined by using five examples. These examples are: (1) mixing of hot with cold front,
(2) boundary layer flow, (3) oblique inflow convection-reaction, (4) corner layer problem, and (5) triangular wave flow
problem.,

2. Governing equation and finite volume element formulation

The governing equation for the two-dimensional unsteady convection-diffusion-reaction equation is,

5—3?+Vr(5¢—ev¢)+x¢=q (m
where ¢ is the unknown scalar quantity, T = .7 + vy:i is the given convective velocity, € 0 is the diffusivity parameter,
« is the reaction coefficient, and g = (X, 7) is the prescribed source term. Eq. (1) is defined for the spatial domain
¥ € Q where  C R? and the time interval of 1 € (0, T) with 7> 0. The initial condition is given by ¢(¥, 0) = ¢o(%).

The finite volume element technique is proposed herein for solving the unsteady convection-diffusion-reaction
equation. The discretization is based on the cell-centered method for which the non-overlapping triangular control
volumes, Q;€Q, i=1, 2, ..., N, are placed over the computational domain such that = [J;L;Qi, ©; # 0, and
Q2N Q;=2,ifi # j. The governing equation is subject to the boundary conditions

¢=gp on 9p, (2a)
ap
GBT’: =gy On N (2b)

with B?: dQp U3y and 92pN 82y = @. Eq. (1) is integrated over the control volume €; and in the time interval
@, 1" ) as,

n+1

: s s = o
f[ (E+V-(u¢—sv¢)+x¢—4)drdx=0 ©)

The approximations to the cell average of ¢ over control volume £; at time #* and r"*! are represented by,

e e Y (4a)

meas(£2;) Jo,

and
1

! R
= meas($%;) Jo,

i

&, " dx (4b)
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where meas(£2;) is the area of cell i. Temporal integration of the transient term and application of the dive_rgence
theorem for the convection-diffusion term yield,

'n+l

n+l _ an 4‘1__./. f = 2 = e
-l LW [v(u)d)(x,r) ede(v.t)] dudt

JJH»I IH-H
f f c PG Ol dE — f / o r)dtd}} ®)
i Jin 2 Jm

where 7i;(v) is the outward unit normal vector to the cell face, 9€2;.

For an arbitrary triangular control volume, the flux integral over 3%; appearing on the right-hand side of Eq. (5)
could be approximated by summation of the fluxes passing through the three adjacent cell faces. By applying the
midpoint quadrature integration rule for both the spatial and temporal domains, the flux integral over 3; in Eq. (5) is
approximated by,

1
= meas(2;)

| 3 =
j ii(v) - [a(uw(;. 1) — eViglu, r)} dvdi =AY Tyl - [?:.v,-cm,-u"““) - ev:p,-,-(:"“fz)] (6)
9

" =

where subscript ij indicates the quantity evaluated at midpoint of the cell face between the two adjacent cells, £2; and
2. The segment of boundary, I'j;, is defined by 4€2; = U3=1F;i and 'y =0, N 882;. The velocity vector, yj, and the
unknown quantity at the half time step, ¢,j{f"+”2), are also evaluated at midpoint of each cell face. It should be noted
that, for simplicity, V(" *1/?) is approximated by V;;(r") throughout this paper.

Integration of the reaction and source terms could be approximated by the cell average over the control volume and
the midpoint quadrature integration rule in time domain as,

,vH-V
f / Kk (X, Ddrdx = meds(S2) At i (e /2y )]
o Jm
'v‘H»I
f / g(x, hdrdx = meas(ﬂ,‘)lltq;(r"*”z) @)
;S
By substituting Egs. (6)~(8) into Eq. (5), an explicit finite volume scheme for solving Eq. (1) is obtained as,
3
At 2 =
[ g L A A2 +1/2 +1/2
e ;nr.-,-fm,- (BT B =) = A (kg™ g ©)
where the quantities at time #*"/2 are defined by ¢E}+U2 = ¢y (" 1/, ¢?+U2 = (™12, and g/ TV/* = 112,
n+1/2 ;

The gradient quantity at time " is defined by 5:&;}- = 6,,¢(zﬂ). The quantities at the half time step, ¢;; and ¢f+” 2,

are of second-order and approximated by applying Taylor’s series expansion as,

n 2 Keg™ At 3¢
¢ =) + Gy —F)- Vel + 7'61: (10)
&7 = o Y an

zZ o

To obtain an explicit scheme, the temporal derivative terms in Egs. (10) and (11) are determined by using the concept
of local expansion of the unknown along its characteristics. Hence, the reconstruction of transport quantities according
to the upwind direction can be written as,

S S Ar ., = e
i ¢ + @y — X) - Ve — — (@ - V), vij - 1 = 0
¢fj = (12)

RS Ar . o j~
Bt it Ve - o V), Uij - iy < 0
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B SiRre
& — @i - Vi), Vyj -1y = 0 ;
nt1/2 the gy il e
R (13)

ot Rt -t
¢ — 5 @;- VR Uy -7y < 0
In this paper, the concept of finite element method is applied to determine the gradient quantities. The gradient at
the center of control volume, V¢!, is determined by the weighted residuals method [6,22] and is assumed to be linearly
distributed over cell €2;,

3
Ver =3 NGV (14)
k=1
where N (x) denotes the linear interpolation functions for the triangular cell and k= 1, 2, 3 represent the control volume
vertices. By applying the standard Galerkin method and the Gauss’s theorem to Eq. (14), the gradient quantities at a
grid point are obtained as,

Vgl = M [ [ iomswetas= [ L2 as)
: e o X

where M is the lumped mass matrix and e’dt’}_ ; are the contributions of the gradient quantities in the control volume £;
to the gradient quantities at the grid point J. In order to determine the total gradient quantities at the grid point J, Eq.
(15) is applied to all the volumes surrounding it such that,

= HY -
Ve = Vi, (16)
i=1
where NV is the number of the swrrounding triangular cells, The gradient quantities at the cell faces, f’d&;’j, is then
computed by applying the midpoint quadrature integration rule along the edge that connects grid points 7 and J.
To ensure the stability of an explicit scheme on a triangular mesh, the CFL-like stability criterion must be fulfilled.
In this paper, the permissible time step within each cell is determined from

( (meas(2:))'/* \Fflz)

At =Cmin | ——M8M———,
max j=1,2,3Un,ij| 2€

a7
where T, ;; is the normal velocity at T'y;, ¥ is the characteristic length of cell i, and 0<C < 1.
3. One-dimensional numerical analysis

Inthis section, a numerical analysis of the one-dimensional homogeneous convection-diffusion equation is presented.

For simplicity, the order of accuraey and stability of the explicit numerical scheme given by Eq. (18) will be analyzed on
auniform one-dimensional grid cell, meas(£2;) = Ax. The one-dimensional homogeneous convection-diffusion equation

1S
ap @ AN
at e (“‘”‘E—) = -

where a is a given velocity. The numerical equation for the ith cell, meas(£;) € (xi—1/2, Xi+1/2), may be written as
" alt eAr - o |"
ot =g - = (S ¢"+”’)+—(a¢ .. ) (19)
i—1/2

Ax \Cit12 T %im12 Aiilias S -
By using the one-dimensional linear interpolation function, the gradient quantities at the cell faces i — 1/2 and i + 1/2
are

¢
dx

& 1

TR (200)
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n

o

ax

] T n
= (¢l — ) =(@200)

i+1/2
Similarly, the gradient quantity at cell-centered of 1€; is

¢
ax

i 1

= o= — ) @n

By substituting these expressions into the right-hand side of Eq. (19)

RZ
(01 +3¢7 —5¢1_) +¢15) + o (1 —F — Oy +¢a) +r (B4 — 2] +4)
(22)

R
1
o =¢7_Z

where R = (aAf)/(Ax) and r= (e Af)/((Ax)?), are the cell Courant number and the cell diffusion parameter, respectively.
The truncation error analysis by using the Taylor series expansion on Eq. (22) at (x,, ") = (i, n) shows that the accuracy
is of order O(AR, ArAx, Ax?).

To analyze the stability of the numerical scheme, the discrete Fourier transform is applied to Eq. (22), term by term,
to obtain the amplification factor G(#) as

$n+] RZ
G = S [1 — R(cos(®) — 1)* = i sin®(8) + 2r(cos(8) — 13]

— I(Rsin(9)) [(3 — cos(f)) ~ g(l o cos(B))] (23)

where 6 is a phase angle. For a stable solution, the modulus of G(#) must be bounded for all values of 6 (IG(6) | 2<1,
iy

2
|G = (cos(B)—1) [(% /2R + 2R2r) (cos2(0) = 1) + R*(2 cos?(8) + cos(f) — 9) — 4Rr(cos(f) — 1)

(4% — 2R)(cos(6) — 1) + 4r] ) ; (24)

By differentiating Eq. (24) with respect to # and setting the derivative to be zero, the critical points are at #=0, £ 7.
The values of IG(8)! at these points are

IGWO) =1 ’
(25)

|G(xm)| = |[4(R+7r) — 1}
For IG(+ 7) | to be bounded by one, the numerical scheme is conditionally stable when 0 < R + r < (1/2). Such condition
implies that IG(#) | < 1 + CAt, where C > 0. The numerical scheme satisfies the von Neumann condition, thus the scheme
is stable. However, it should be noted that the stability condition is restrictive. The CFL-like condition as described by
Eq. (17), which is obtained by applying the discrete Fourier transform to the convection and diffusion parts separately,
is stable with a large time step. Such stability condition has been tested by using many numerical examples as will be
presented in the following section.

To ensure that the proposed explicit scheme converges and does not produce global oscillation, the time step is
determined from the CFL condition given by Eq. (17). In addition, to reduce the local oscillation, the upwind technique
according to Eq. (10) is used for discretizing the convection term. By following the one-dimensional analysis above,
an implicit diffusion term ((a Ar)/2)((8%¢)/(9x2)) is generated which is essential for the upwind scheme. However,
some local oscillations still remain because the Taylor’s series is used to formulate the higher-order reconstruction of
the unknown quantities at the cell faces. To eliminate such oscillation, a less accurate solution is obtained by writing
the unknown quantities at the cell faces as ¢;; = ¢;.
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4. Adaptive meshing technique

The concept of the adaptive meshing technique is to generate an entirely new mesh based on the solution obtained
from an earlier mesh [5,15]. The new mesh consists of small elements in the regions with large change in solution
gradients and larger elements in the other regions where the changes in solution gradients are small. The adaptive
meshing procedure employed in this paper is based on the advancing front technique for which the grid points are
firstly generated along the outer domain boundary. Triangular elements are then constructed from these grid points
and gradually propagate into the domain interior. The mesh construction is complete when the domain interior is
fulfilled with all triangular elements. To determine proper element sizes at different locations in the flow field, the
solid-mechanics concept for finding the principal stresses from a given state of stresses at a point is employed. The
second derivatives of the unknown quantity ¢ with respect to global coorcinates ¥ can be computed in the principal
directions X as,

Po P A

82x~ BJ;By 2 ax2 X @6
Fp 09 ¢

axdy  9y? ay?

The second derivatives of the unknown quantity ¢ with respect to coordinates X are determined by using the concept
of weighted residuals. For example, to determine (82¢)/(3x2), the computed solution ¢, is assumed to vary linearly
over cell ©; as

q {
¢ = N : @27)

k=1
where Ni(x) denotes the linear interpolation functions for the triangular cell and k=1, 2, 3 are the control volume

vertices. By applying the standard Galerkin method, the first derivative can be derived and determined from,

d -
= =M | Nyd¥ -
ax | ;; Q ax

(28)

i
where M is the lumped mass matrix and ((9¢)/(dx))| ;; is the contribution of the first derivative quantity at the grid
point J. By applying the same procedure, the second derivative is,

o i )

==l =M Nydx — 29

ax2 i _/g;i ez i o
Then, the second derivative at the grid point J is determined from, i

7 = 3 32¢;‘ (30)

ax2 _,_f_] a2y, -

where NV is the number of the surrounding triangular cells.
The second derivatives are used to determine the proper element sizes, h;, i=1, 2 in the two principal directions
using condition,

h,-ZA,' = hﬁ,jnkmm = constant (3D

where J;, i=1, 2 is the second derivatives of the unknown quantity in the two principal directions of the element
considered. Amax =max (1(82@)(3X?)1, | (3*@)/(3Y*) ) is the maximum principal quantity for the entire model.

Based on the above condition, the element sizes are generated according to the given minimum element size fimin.
Specifying too small hyin may result in a model with an excessive number of elements. On the other hand, specifying
00 large hpin may result in an inadequate solution accuracy. These factors must be considered prior to generating a
new mesh.
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(a) 2D contour plot (b) 3D contowr plot

Fig. 1. Exact solution of the mixing of hot with cold front. (a) 2D contour plot and (b) 3D contour plot.

5. Numerical examples

To evaluate the performance of the finite volume element method and to demonstrate the solution improvement after
combining it with the adaptive meshing technique, five examples of pure-convection, convection-diffusion, convection-
reaction and diffusion-reaction problems are performed. These examples are: (1) mixing of hot with cold front, (2)
boundary layer flow, (3) oblique inflow convection-reaction, (4) corner layer problem, and (5) triangular wave flow
problem.

5.1. Mixing of hot with cold front

The first example is a pure-convection problem of a mixing of hot with cold front [16]. The computational domain
is 2=(—4, 4) x (— 4, 4) and an initially straight frontal zone is given by,

- ¥
$o(X) = —tanh (5) (32)
the velocity field is defined as,
e T G3)

= 3
7 fmax T fmax

where r = /x> + y? is the distance from the origin of the coordinate system, fmax = 0.385 is the maximum tangential
velocity, and f; = (tanh (r))/(cosh 2(r)). The problem is examined until the final time step is equal to 4. The exact
solution is shown by the two- and three-dimensional contour plots in Fig. I(a) and (b). ;

The computation is initially performed by using an unstructured mesh consisting of 884 uniform triangular cells. The
initial and adaptive meshes with their computed solutions at the final time are shown by the two- and three-dimensional
contour plots in Fig. 2(a)—(d), respectively. The element size used in the initial mesh is 0.4. The maximum and minimum
element sizes of the third adaptive mesh are 1.0 and 0.004, respectively. The figures show that spurious oscillations
decrease as the meshes are refined. The exact and computed solutions obtained from the third adaptive mesh are found
to be good agreement.

5.2. Boundary layer flow

The second example is a convection-diffusion problem for determining the behavior of the boundary layer flow in
a square domain Q= (0, 1) x (0, 1) [2]. The initial condition ¢o(X) is set to be zero and the velocity field is given by
¥ = 1i. The small diffusion coefficient is specified as € = 10~0 with the source term of g=1.

The test case is performed until the final time step is equal to 2. The computation starts from using an unstructured
mesh with 884 uniform triangular cells (20 cells along each boundary). Fig. 3(a)~(d) show the initial and adaptive
meshes with their computed solutions at the final time by using the three-dimensional contour plots. The maximum
and minimum element sizes of the third adaptive mesh are 0.1 and 0.002. Oscillation of the solution obtained from the
coarse initial mesh occurs along the edge of the profile. This oscillation disappears after the second mesh adaptation.
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(d) Third adaptive mesh and its solution

Fig. 2. Adaptive meshes and their computed solutions for the mixing of hot with cold front. (a) Initial mesh and its solution, (b) first adaptive mesh
and its solution, (c) second adaptive mesh and its solution, and (d) third adaptive mesh and its solution.

5.3. Obligue inflow convection-reaction

The third example is an oblique inflow convection-reaction problem [16]. The computational domain is a unit square
of 2=(0, 1) x (0, 1), and the initial condition ¢ (%) is set to be zero. The source term, g, is given as a constant of 1.
The steady velocity field is given in the form,

7= Vcos (g)?ﬁ- Vsin (%)5 (34)

Two different cases have been considered corresponding to dominant convection and reaction, respectively. These
cases are:

(a) V=1.0, k = 10~* for convection-dominated problem, and
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(a) Initial mesh and its solution

(¢)Second adaptive mesh and its solution

(d) Third adaptive mesh and its solution ,

Fig. 3. Adaptive meshes and their cc lutions of the b y layer flow. (a) Initial mesh and its solution, (b) first adaptive mesh and its
solution, (c) second adaptive mesh and its solution, and (d) third adaptive mesh and its solution.

(b) V=10"%, k= 1.0 for reaction-dominated problem

The computation starts from using the same initial unstructured mesh as shown in the previous example. The initial
and adaptive meshes with their corresponding steady-state solutions for case (a) are shown in Fig. 4(a)—(d), respectively.
The analysis is performed until the final time step is equal to 2. With such a small reaction effect, the solution profile
flows across the domain with an increasing amount of its height until it approaches the outflow boundaries. The
oscillation occurs along the fronts of the profile from the use of the coarse initial mesh and diminishes after the second
mesh adaptation. For case (b) where the reaction is dominated, the solution profile also flows across the domain with
an increasing amount of its uniform height throughout the domain. This latter case is performed until the final time step
is equal to 1. Fig. 5(a)—~(d) show the initial and adaptive meshes with their corresponding solutions at the final time by
using three-dimensional contour plots. Spurious oscillations occur along the profile fronts because of the coarse mesh.
Such oscillations disappear after the meshes are adapted with small elements along the fronts of the profiles.
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(a) Initial mesh and its solution

(¢) Second adaptive mesh aund its solution

(d) Third adaptive mesh and its solution

Fig. 4. Adaptive meshes and their computed solutions of the oblique inflow i i ion-dominated) problem. (a) Initial mesh
and its solution, (b) first adaptive mesh and its solution, (c) second adaptive mesh and its solution, and (d) third adaptive mesh and its solution.

5.4. Corner layer problem

The fourth example is a singularly perturbed diffusion-reaction problem [18]. The computational domain is a unit
square of £=(0, 1) x (0, 1). The initial condition, ¢p(X), and the Dirichet boundary condition, ¢(%), are prescribed as
zero. The source term is given by,

q=20(+)%) +4 (35)
The diffusion coefficient is specified as € = 1073, and the reaction coefficient, i, is set to be 2. This example is performed

until the final time step is equal to 5. The solution profile exhibits very sharp boundary layer along the sides x= land
y=1.1f the meshes in these regions are not fine enough, oscillated solution may occur along these boundaries, especially
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(a) Initial mesh and its solution

P T

b

(h) First adaptive mesh and its solution

(¢) Se¢ond adaptive mesh and its solution

{(d) Third adaptive mesh and-ifs solution

Fig. 5. Adaptive meshes and their computed solutions of the oblique inflow convection-reaction (reaction-dominated) problem. (a) Initial mesh and

its solution, (b) first adaptive mesh and its solution, (c) second adaptive mesh and its solution, and (d) third adaptive mesh and its solution.

at the corner point (1, 1). In order to help suppressing such oscillation, the Barth and Jespersen limiter function [1] is

imposed as follows:

o7 =g G2 gmax
SRELE n, ey i
¢,’j o ¢|’
Br - . min __ 4n
O, = oMo S S0 G2 < gmin
LSt it ey e i
¢|’j S ¢|‘
I, otherwise

where @™ = maxvr, e ae, (9> $,),

(36)

(37a)
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B

¥

(a) Initial mesh and its solution

R

(d) Third adaptive mesh and its solution

Fig. 6. Adaptive meshes and their computed solutions of the corner layer problem. (a) Initial mesh and its solution, (b) first adaptive mesh and its
solution, (c) second adaptive mesh and its solution, and (d) Third adaptive mesh and its solution.

and oM = min_ (¢, ¢;) (37b)

VIj € a8y

The computation is initially performed by using an unstructured mesh with 884 uniform triangular cells (20 cells
along each boundary). As the meshes are adapted with the computed solutions, small element sizes are generated in the
region of high solution gradients along the boundary sides x=1 and y= 1. Fig. 6(a)~(d) show the initial and adaptive
meshes with their corresponding solutions at the final time. The computed solution obtained from the initial mesh
shows some oscillations without overshooting along the boundary. Oscillations decrease as the meshes are adapted
with the solutions.
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(a) Adaptive mesh and its solution at t = 5

{c) Adaptive.mesh and its solution at t = 15
Fig. 7. Adaptive meshes and their computed solutions of triangular wave flow problem. (a) Adaptive mesh and its solution at #=35, (b) adaptive
mesh and its solution at r= 10, and (c) adaptive mesh and its solution at 7= 15. :

5.5. Triangular wave flow problem

The last example is the pure-convection of triangular wave flow problem. The computational domain is a unit square
of 2=(0, 1) x (0, 1). The initial condition, ¢o(X) is set to be zero. The boundary conditions are prescribed by,

2(y — 0.25), | 0.25 < y=-0.50
¢0,y)=¢ 20.75—y), 050=<y<075 (38)
0, otherwise
The velocity field is given by ¥ = 0.05i. This example is used to evaluate the performance of the method when the
adaptive meshes and their solutions vary with time. Fig. 7(a)~(c) show the adaptive meshes and their corresponding

solutions at time =5, 10, and 15, respectively. These figures show that refined meshes are generated along the edges
and profile front to capture high solutions gradients.

6. Conclusion

This paper presents acombination of an adaptive meshing technique and the finite volume element method for solving
the unsteady convection-diffusion-reaction equation by using unstructured triangular cells. Theoretical formulation of
the proposed method and the concept of adaptive meshing technique were explained. The finite volume method was
applied to discretize the convection-diffusion-reaction equation and the weighted residuals concept of the finite element
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method was implemented to estimate the gradient quantities at cell faces. Second-order accuracy in both space and
time are achieved by applying the Taylor’s series expansion along the local characteristic lines. The adaptive meshing
technique generates small clustered elements in the regions of high solution gradients to increase the solution accuracy.
Larger elements are generated in the other regions to reduce the computational time and computer memory. Five test
cases were used to evaluate performance of the combined adaptive meshing and the finite volume element method.
Results show that the combined method provides improved solution accuracy with the adaptive meshes.
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