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CHAPTER I

INTRODUCTION

The fixed point theory of self-mappings in metric spaces has been widely stud-

ied since almost a century ago, when S. Banach [1] presented a famous theorem

which becomes a powerful tool in nonlinear analysis known as Banach contraction

principle. Later in 1969, R. Kannan [2] proposed a fixed point theorem called

Kannan fixed point theorem. It is noted that the theorem is not an extension of

Banach contraction principle.

There are many generalizations of Banach contraction principle, one of those

was shown by T. Suzuki [3] in 2008. He proved that the conclusion is still true

if the contraction criteria of T in Banach contraction principle is replaced by a

certain weaker condition. Also M. Kikkawa and T. Suzuki [4] proved a theorem

which can be applied to a wider class of mappings than that of Kannan.

In 1975, P.V. Subrahmanyam [5] proved that Kannan fixed point theorem

characterizes the completeness of metric spaces, which is state that a metric space

X is complete if and only if every Kannan mapping on X has a fixed point. On

the other hand, E.H. Connell [6] showed that Banach contraction principle cannot

characterize completeness of metric spaces by giving an example of a metric space

which is not complete and every contraction mapping on the space has a fixed

point. However, in 2008 T. Suzuki [3] established a theorem that characterize the

completeness of the metric space.

In this work, we investigate the conditions of Suzuki and Subrahmanyam in

cone metric spaces.



CHAPTER II

PRELIMINARIES

In this chapter, we review some notations, terminologies, and fundamental

facts that will be used thoughtout our work. The symbols R,R+,R+
0 stand for

the set of real numbers, the set of positive real numbers and the set of nonnegative

real numbers, respectively.

2.1 Metric Spaces

Definition 2.1.1. A metric on a nonempty set X is a map d : X ×X → R such

that the followings hold for any x, y, z ∈ X :-

(i) d(x, y) = 0 if and only if x = y,

(ii) d(x, y) = d(y, x),

(iii) d(x, z) ≤ d(x, y) + d(y, z).

If d is a metric on X, then the space X with the metric d is called a metric

space and denoted by (X, d).

Remark 2.1.2. From the conditions above, we have for each x, y ∈ X,

0 = d(x, x) ≤ d(x, y) + d(y, x) = d(x, y) + d(x, y) = 2d(x, y);

i.e. d(x, y) ≥ 0. Therefore d : X ×X → R+
0 .
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Definition 2.1.3. Let (X, d) be a metric space, p ∈ X and E ⊆ X.

(a) A neighborhood of p is a set Nr(p) consisting of all q ∈ X such that d(p, q) < r

for some r > 0. The number r is called the radius of Nr(p).

(b) p is a limit point of E if every neighborhood of p contains q ∈ E such that

q 6= p.

(c) E is closed if every limit point of E is in E.

(d) p is an interior point of E if there is a neighborhood N of p such that N ⊆ E.

(e) The interior of E, intE, is the set of interior points of E.

Definition 2.1.4. A sequence on a nonempty set X is a function from N into X.

The sequence {(n, xn) : n ∈ N} will be denoted by (xn).

Definition 2.1.5. A sequence (xn) in a metric space (X, d) is said to converges if

there is x ∈ X with the following property: For every ε > 0 there is N ∈ N such

that n ≥ N implies that d(xn, x) < ε.

In this case we also say that (xn) converges to x, or that x is the limit of (xn).

and we write

xn → x or lim
n→∞

xn = x.

If (xn) does not converge, it is said to diverge.

Definition 2.1.6. Let (xn) be a sequence in X. A subsequence (xnk
) of (xn) is a

mapping k 7→ xnk
where (nk) is a strictly increasing sequence in N.

Theorem 2.1.7. Let (xn) be a sequence in a metric space X and x ∈ X. Then

(xn) converges to x if and only if every subsequence of (xn) converges to x.
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Definition 2.1.8. Let (X, d) be a metric space. A sequence (xn) in X is called a

Cauchy sequence if for each ε > 0 there is Nε ∈ N such that d(xm, xn) < ε for any

m,n ≥ Nε.

Definition 2.1.9. A metric space (X, d) is said to be complete if every Cauchy

sequence in X converges to a point in X.

Theorem 2.1.10. Every closed subset of a complete metric space is complete.

Definition 2.1.11. Let X be a real vector space. A function ‖ · ‖ : X → [0,∞)

is said to be a norm on X if the followings hold for any x, y ∈ X and c ∈ R :-

(i) ‖x‖ = 0 if and only if x = 0,

(ii) ‖cx‖ = |c|‖x‖,

(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖.

A vector space equipped with a norm is called a normed (linear) space.

Theorem 2.1.12. Let X be a normed linear space. Then the function

d : X ×X → [0,∞) defined by

d(x, y) = ‖x− y‖

for any x, y ∈ X is a metric on X. The metric d defined above is called the metric

induced from the norm ‖ · ‖.

Definition 2.1.13. A Banach space is a normed linear space which is complete

with respect to the metric induced from the norm.

2.2 Fixed Point Theorems on Metric Spaces

Definition 2.2.1. Let X be a set and A ⊆ X. A point a ∈ A is called a fixed

point of a mapping f : A→ X if a = f(a).
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Definition 2.2.2. Let (X, d) be a metric space. A self-mapping T : X → X is

said to be

(i) a contraction map if there is r ∈ [0, 1) such that for each x, y ∈ X,

d(Tx, Ty) ≤ rd(x, y).

(ii) a contractive map if for each x, y ∈ X such that x 6= y,

d(Tx, Ty) < d(x, y).

(iii) a Kannan map if there is r ∈ [0, 1
2
) such that for each x, y ∈ X,

d(Tx, Ty) ≤ r (d(x, Tx) + d(y, Ty)) .

There are some well-known results that guarantee the existence of the fixed

point of a certain kind of self-maps on a metric space.

Theorem 2.2.3. (Banach contraction principle [1]) Let (X, d) be a com-

plete metric space and T a contraction on X. Then T has a unique fixed point.

Theorem 2.2.4. ([1]) Let (X, d) be a compact metric space and T a contractive

on X. Then T has a unique fixed point.

Theorem 2.2.5. (Kannan fixed point theorem [2]) Let (X, d) be a complete

metric space and T a Kannan mapping on X. Then T has a unique fixed point.

Theorem 2.2.6. [5] Let (X, d) be a metric space in which every Kannan mapping

on X has a fixed point. Then X is complete.

Theorem 2.2.7. [3] Let (X, d) be a metric space. Define a nonincreasing function

θ : [0, 1)→ (1
2
, 1] by

θ(r) =



1 , 0 ≤ r ≤
√

5−1
2
,

1−r
r2

,
√

5−1
2
≤ r ≤ 1√

2
,

1
1+r

, 1√
2
≤ r < 1.
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Then the followings are equivalent:

(i) X is complete,

(ii) every self-mapping T on X satisfying the condition that there exists r ∈ (0, 1]

such that for each x, y ∈ X,

θ(r)d(x, Tx) ≤ d(x, y) implies d(Tx, Ty) ≤ rd(x, y),

has a fixed point.

Theorem 2.2.8. [4] Let (X, d) be a complete metric space. Define a nonincreas-

ing function r : [0, 1
2
)→ (1

2
, 1] by

ϕ(r) =


1 , 0 ≤ r < 1

1+
√

2
,

1− r , 1
1+
√

2
≤ r < 1

2
.

Let T be a self-mapping on X satisfying the condition that there exists r ∈ [0, 1
2
)

such that for each x, y ∈ X,

ϕ(r)d(x, Tx) ≤ d(x, y) implies d(Tx, Ty) ≤ rd(x, Tx) + rd(y, Ty).

Then T has a unique fixed point.

2.3 Cone Metric Spaces

The notion of cone metric spaces was first introduced by L.G. Huang and Z.

Xian [7] in 2007. The definition of cone metric space is precisely stated as follows.

Definition 2.3.1. Let E be a real Banach space. A subset P of E is called a

cone if the followings hold:
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(i) P is closed, nonempty and P 6= {0};

(ii) a, b ∈ R, a, b ≥ 0 and x, y ∈ P imply that ax+ by ∈ P ;

(iii) x ∈ P and −x ∈ P imply that x = 0.

The followings are examples of cones in some well-known Banach spaces.

Example 2.3.2. (i) P1 = {(x1, x2, ..., xn) ∈ Rn : xn ≥ 0,∀n} and

P2 = {(x1, x2, ..., xn) ∈ Rn : xn ≤ 0,∀n} are cones in Rn.

(ii) P = {f ∈ CR([0, 1]) : f ≥ 0} is a cone in CR([0, 1]) with the supremum norm.

(iii) P = {(xn) ∈ l1 : xn ≥ 0,∀n} is a cone in l1 with l1 norm ‖x‖ =
∞∑
n=1

|xn|.

Given a cone P ⊆ E, we define a partial ordering � on E with respect to P

by

x � y if and only if y − x ∈ P.

We write x ≺ y to indicate that x � y and x 6= y, while x ≺≺ y will stand for

y − x ∈ intP , where intP denotes the interior of P .

In our work we consider a cone P with nonempty interior. To study the

properties of a cone metric, the following properties of cone P are useful. We

state here as a remark. The proof is straightforwardly.

Remark 2.3.3. For any cone P of a Banach space,

(i) intP + intP ⊆ intP ,

(ii) λintP ⊆ intP , for all λ > 0,

(iii) P + intP ⊆ intP .
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Definition 2.3.4. The cone P is said to be normal if there is a number K > 0

such that for all x, y ∈ E,

0 � x � y implies ‖x‖ ≤ K ‖y‖.

The least positive number K satisfying the above condition is called the normal

constant of P .

Example 2.3.5. The set P = {(x, y) ∈ R2 : x, y ≥ 0} is a normal cone in R2

with normal constant K = 1.

Example 2.3.6. P = {f ∈ CR([0, 1]) : f ≥ 0} is a normal cone in CR([0, 1]) with

normal constant K = 1.

Proposition 2.3.7. [8] For every normal cone, its normal constant must not be

less than 1.

Proposition 2.3.8. [8] For each m > 1, there is a normal cone with normal

constant K > m.

The following example shows that there exists a non-normal cone.

Example 2.3.9. Let E = C1
R([0, 1]) with the norm ‖f‖ = ‖f‖∞ + ‖f ′‖∞, where

‖g‖∞ = sup
t∈[0,1]

|g(t)| and consider the cone P = {f ∈ E : f ≥ 0}. For each k ≥ 1,

put f(x) = x and g(x) = x2k. Then 0 ≤ g ≤ f, ‖f‖ = 2 and ‖g‖ = 2k + 1. Hence

k ‖f‖ < ‖g‖. Therefore P is a non-normal cone.

By the notion of cone defined above, L.G. Huang and Z. Xian [7] introduced

the cone metric spaces.

Definition 2.3.10. Let E be a Banach space with a cone P , � the partial ordering

on E with respect to P . Let X be a nonempty set. Suppose the mapping d :

X ×X → E satisfying the following properties for each x, y, z ∈ X:



9

(i) d(x, y) = 0 if and only if x = y;

(ii) d(x, y) = d(y, x);

(iii) d(x, y) � d(x, z) + d(z, y).

Then d is called a cone metric on X (with respect to the cone P ) and the pair

(X, d) is called a cone metric space.

Remark 2.3.11. From the above definition, we have for each x, y ∈ X,

0 = d(x, x) � d(x, y) + d(y, x) = d(x, y) + d(x, y) = 2d(x, y);

i.e. 0 � d(x, y). Therefore d : X ×X → P .

Remark 2.3.12. If E = R and P = R+
0 , then cone metric space is obviously a

metric space with metric d.

Example 2.3.13. Let P = {(x, y) ∈ R2 : x, y ≥ 0} , X = R, d : X × X → R2

defined by d(x, y) = (|x− y|, α|x− y|), where α ≥ 0 is a constant. Then (X, d) is

a cone metric space.

Example 2.3.14. Let E = l1, P = {(xn) ∈ E : xn ≥ 0,∀n ∈ N}, (X, ρ) a metric

space and d : X × X → E defined by d(x, y) =
(
ρ(x,y)

2n

)
. Then (X, d) is a cone

metric space.

Next, the definitions of convergence in cone metric spaces are presented. Some

properties of convergent sequences in the spaces are proved by Huang and Xian

[7].
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Definition 2.3.15. Let (X, d) be a cone metric space, x ∈ X and {xn} a sequence

in X. Then

(i) {xn} converges to x whenever for every c ∈ E with 0 ≺≺ c there is N ∈ N

such that d(xn, x) ≺≺ c for all n ≥ N . If this is the case, we denote by

lim
n→∞

xn = x or xn → x. The point x is called a limit of {xn}.

(ii) {xn} is a Cauchy sequence whenever for every c ∈ E with 0 ≺≺ c there is

N ∈ N such that d(xn, xm) ≺≺ c for all n,m ≥ N .

(iii) (X, d) is complete if every Cauchy sequence in (X, d) is convergent to a point

in X.

Lemma 2.3.16. [7] Let P be a normal cone with normal constant K and (X, d)

a cone metric space. Let {xn} , {yn} be two sequences in X. Then

(i) lim
n→∞

xn = x if and only if lim
n→∞

d(xn, x) = 0.

(ii) If {xn} is convergent, then the limit of {xn} is unique.

(iii) If {xn} is convergent, then {xn} is a Cauchy sequence.

(iv) {xn} is a Cauchy sequence if and only if lim
m,n→∞

d(xm, xn) = 0.

(v) If lim
n→∞

xn = x and lim
n→∞

yn = y, then lim
n→∞

d(xn, yn) = d(x, y).

Definition 2.3.17. Let (X, d) be a cone metric space. If every sequence in X has

a convergent subsequence, then X is called a sequentially compact cone metric

space.

The Banach contraction principle and Kannan fixed point theorem in cone

metric spaces were also established in [7].
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Theorem 2.3.18. [7] Let P be a normal cone with normal constant K and (X, d)

a complete cone metric space. Suppose the mapping T : X → X satisfies the

condition that there exists r ∈ [0, 1) such that for each x, y ∈ X,

d(Tx, Ty) � rd(x, y).

Then T has a unique fixed point in X.

Theorem 2.3.19. [7] Let P be a normal cone with normal constant K and (X, d)

a complete cone metric space. Suppose the mapping T : X → X satisfies the

condition that there exists r ∈ [0, 1
2
) such that for each x, y ∈ X,

d(Tx, Ty) � r (d(x, Tx) + d(y, Ty)) .

Then T has a unique fixed point in X.

They also proved the fixed point theorem for nonexpansive mappings in cone

metric spaces, which is stated as follows.

Theorem 2.3.20. [7] Let P be a normal cone with normal constant K and (X, d)

a sequentially compact cone metric space. Suppose the mapping T : X → X

satisfies the condition that for each x, y ∈ X and x 6= y,

d(Tx, Ty) ≺ d(x, y).

Then T has a unique fixed point in X.

In 2009, S. Radenovic [9] presented the fixed point theorems for the class of

mappings satisfying a contractive condition in cone metric spaces.
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Theorem 2.3.21. [9] Let P be a normal cone with normal constant K and (X, d)

a complete cone metric space. Suppose the mapping T : X → X satisfies the

condition that there exists r ∈ [0, 1) such that for each x, y ∈ X,

‖d(Tx, Ty)‖ ≤ r ‖d(x, y)‖ .

Then T has a unique fixed point in X.

Theorem 2.3.22. [9] Let P be a normal cone with normal constant K and (X, d)

a complete cone metric space. Suppose the mapping T : X → X satisfies the

condition that there exists r ∈ [0, 1
2
) such that for each x, y ∈ X,

‖d(Tx, Ty)‖ ≤ r (‖d(x, Tx)‖+ ‖d(y, Ty)‖) .

Then T has a unique fixed point in X.



CHAPTER III

MAIN RESULTS

In this chapter, we present the fixed point theorems in cone metric spaces

which are analogous to Theorem 2.2.7 and Theorem 2.2.8. A characterization of

completeness in cone metric spaces is also given.

3.1 Fixed Point Theorems

The results in this section were inspired by Theorem 2.2.7 which stated that

in any complete metric spaces X every self-mapping T on X satisfying a certain

weaker contraction condition always has a fixed point. To prove the theorem, we

need the following lemma.

Lemma 3.1.1. Let P be a normal cone with normal constant K and (X, d) a

complete cone metric space. Let T be a self-mapping on X satisfying the condition

that for each x ∈ X,

d(Tx, T 2x) � rd(x, Tx)

for some r > 0. Then for every x, y ∈ X, either

1

1 +Kr
‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ or

1

1 +Kr

∥∥d(Tx, T 2x)
∥∥ ≤ K ‖d(Tx, y)‖

holds.

Proof. Let x ∈ X be arbitrary. Suppose there exists y ∈ X such that

1

1 +Kr
‖d(x, Tx)‖ > K ‖d(x, y)‖ and

1

1 +Kr

∥∥d(Tx, T 2x)
∥∥ > K ‖d(Tx, y)‖ .
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Then

‖d(x, Tx)‖ ≤ K ‖d(x, y)‖+K ‖d(y, Tx)‖

<
1

1 +Kr
‖d(x, Tx)‖+

1

1 +Kr

∥∥d(Tx, T 2x)
∥∥

<
1

1 +Kr
‖d(x, Tx)‖+

Kr

1 +Kr
‖d(x, Tx)‖

= ‖d(x, Tx)‖ .

This is a contradiction.

Now we prove the theorem, which give a sufficient condition for any self-

mapping T on a complete cone metric space with respect to a normal cone, to has

a unique fixed point.

Theorem 3.1.2. Let P be a normal cone with normal constant K and (X, d) a

complete cone metric space. Define a function θ : [0, 1)→ R by

θ(r) =



1 , 0 ≤ r ≤
√
K2+4−K

2K
,

1−K2r
K2r2

,
√
K2+4−K

2K
≤ r ≤ 1√

2K
,

1
1+Kr

, 1√
2K

< r < 1.

Let T be a self-mapping on X satisfying the condition that there exists r ∈ [0, 1)

such that for each x, y ∈ X,

θ(r) ‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ implies d(Tx, Ty) � rd(x, y). (3.1)

Then there exists a unique fixed point z of T . Moreover lim
n→∞

T nx = z for all

x ∈ X.

Proof. Note that for every r ∈ [0, 1), θ(r) ≤ 1 ≤ K, so

θ(r) ‖d(x, Tx)‖ ≤ K ‖d(x, Tx)‖ .
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From the assumption (3.1), we have

d(Tx, T 2x) � rd(x, Tx), (3.2)

for all x ∈ X. Let u0 ∈ X be arbitrary. Set un = T nu0 for each n ∈ N. From

(3.2), we have

d(un, un+1) � rnd(u0, u1).

So for n > m,

d(un, um) � d(un, un−1) + d(un−1, un−2) + ...+ d(um+1, um)

� (rn−1 + rn−2 + ...+ rm)d(u0, u1)

�
(

rm

1− r

)
d(u0, u1).

Since K is the normal constant of P , ‖d(un, um)‖ ≤ Krm

1−r ‖d(u0, u1)‖. Then

lim
n,m→∞

d(un, um) = 0. Hence (un) is a Cauchy sequence. By the completeness

of X, there is z ∈ X such that lim
n→∞

un = z. Next, we will show that

d(Tx, z) � rd(x, z) for all x ∈ X r {z} . (3.3)

Let x ∈ X r {z}. Since lim
n→∞

un = z, there exists N ∈ N such that ‖d(un, z)‖ ≤
‖d(x,z)‖

3K2 , for n ≥ N . Let n ≥ N . Then

θ(r) ‖d(un, Tun)‖ ≤ K ‖d(un, un+1)‖

≤ K2 (‖d(un, z)‖+ ‖d(un+1, z)‖)

≤ K2

(
2

3K2
‖d(x, z)‖

)
= ‖d(x, z)‖ − 1

3
‖d(x, z)‖

≤ ‖d(x, z)‖ − ‖d(un, z)‖

≤ K ‖d(un, x)‖ .
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By the assumption (3.1), we have

d(un+1, Tx) � rd(un, x).

Then d(z, Tx) = lim
n→∞

d(un+1, Tx) � lim
n→∞

rd(un, x) = rd(z, x).

Next we show that T jz = z for some j ∈ N. Suppose on the contrary that

T jz 6= z for all j ∈ N. Then (3.3) yields for each j ∈ N,

d(T j+1z, z) � rjd(Tz, z).

Case 1: 0 ≤ r ≤
√
K2+4−K

2K
and θ(r) = 1.

We note that

r2 + r ≤

(√
K2 + 4−K

2K

)2

+

√
K2 + 4−K

2K
=

1

K2

and

2Kr2 ≤ 2K

(√
K2 + 4−K

2K

)2

< 2K

(
1√
2K

)2

= 1.

Suppose ‖d(T 2z, z)‖ < ‖d(T 2z, T 3z)‖. Then

‖d(z, Tz)‖ ≤ K
∥∥d(z, T 2z)

∥∥+K
∥∥d(T 2z, Tz)

∥∥
< K

∥∥d(T 2z, T 3z)
∥∥+K

∥∥d(T 2z, Tz)
∥∥

≤ K2(r2 + r) ‖d(z, Tz)‖

≤ ‖d(z, Tz)‖ ,

which is not true. So we have

θ(r)
∥∥d(T 2z, T 3z)

∥∥ =
∥∥d(T 2z, T 3z)

∥∥ ≤ ∥∥d(T 2z, z)
∥∥ ≤ K

∥∥d(T 2z, z)
∥∥ .

From the assumption (3.1), we get

d(T 3z, Tz) � rd(T 2z, z) � r2d(Tz, z).

Then

d(z, Tz) � d(z, T 3z) + d(T 3z, Tz) � 2r2d(T 2z, z).
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Therefore

‖d(z, Tz)‖ ≤ 2Kr2 ‖d(z, Tz)‖ < ‖d(z, Tz)‖ .

This is a contradiction.

Case 2:
√
K2+4−K

2K
≤ r ≤ 1√

2K
and θ(r) = 1−K2r

K2r2
.

In this case 2Kr2 < 1. Suppose θ(r) ‖d(T 2z, T 3z)‖ > K ‖d(T 2z, z)‖. Then

‖d(z, Tz)‖ ≤ K
∥∥d(z, T 2z)

∥∥+K
∥∥d(T 2z, Tz)

∥∥
< θ(r)

∥∥d(T 2z, T 3z)
∥∥+K

∥∥d(T 2z, Tz)
∥∥

≤
(
Kr2θ(r) +Kr

)
‖d(z, Tz)‖

=
1

K
‖d(z, Tz)‖

≤ ‖d(z, Tz)‖ ,

which is not true. So we have

θ(r)
∥∥d(T 2z, T 3z)

∥∥ ≤ K
∥∥d(T 2z, z)

∥∥ .
Similar to the previous case, it implies that

‖d(z, Tz)‖ ≤ 2Kr2 ‖d(z, Tz)‖ < ‖d(z, Tz)‖ .

This is a contradiction.

Case 3: 1√
2K

< r < 1 and θ(r) = 1
1+Kr

.

From Lemma 3.1.1, we have for each x, y ∈ X,

θ(r) ‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ or θ(r)
∥∥d(Tx, T 2x)

∥∥ ≤ K ‖d(Tx, y)‖ .

Then θ(r) ‖d(un, un+1)‖ ≤ K ‖d(un, z)‖ or θ(r) ‖d(un+1, un+2)‖ ≤ K ‖d(un+1, z)‖.

From the assumption (3.1), we have for all n ∈ N

d(un+1, T z) � rd(un, z) or d(un+2, T z) � rd(un+1, z).
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Thus there exists a subsequence (unj
) of (un) such that

d(unj+1, T z) � rd(unj
, z)

for all j ∈ N. Then we have

d(z, Tz) = lim
j→∞

d(unj+1, T z) � lim
j→∞

rd(unj
, z) = d(z, z) = 0.

Hence z = Tz. This is a contradiction.

Therefore in every case, T jz = z for some j ∈ N. Since (T nz) is a Cauchy

sequence, for any ε > 0 there exists N ∈ N such that for each m,n ≥ N ,

d(T nz, Tmz) < ε.

Then

d(z, Tz) = d(TNjz, TNj+1z) < ε.

Hence d(z, Tz) = 0. This implies Tz = z. So z is a fixed point of T .

Now if w is another fixed point of T , by (3.3) we have

d(w, z) = d(Tw, z) � rd(w, z).

Hence d(w, z) = 0. So w = z. Therefore the fixed point of T is unique.

Remark 3.1.3. If K ≥ 3
√

2 and
√
K2+4−K

2K
≤ r ≤ 1√

2K
, then θ(r) ≤ 0 and the

Theorem 3.1.2 is the Theorem 2.3.18.

Remark 3.1.4. We note that Theorem 3.1.2 is a generalization of Theorem 2.2.7

when we consider [0,∞) as a cone in R and it is obvious that the Theorem 3.1.2

holds if we substitute the funcion θ by any function η : [0, 1) → R such that

η(r) ≤ θ(r) for all r ∈ [0, 1).
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It is obvious that the class of the mappings satisfying the contractive condition

in Theorem 2.3.18 contains that of the usual condition of contractions. However,

the following example shows that the contractive condition in Theorem 2.3.18 is

certainly weaker than the usual contraction condition.

Example 3.1.5. Let P be the cone {(x, y) ∈ R2 : x, y ≥ 0} and

X = {(0, 0), (4, 0), (0, 4), (4, 5), (5, 4)}.

Define d : X ×X → R2 by

d((x1, y1), (x2, y2)) = (|x1 − x2|+ |y1 − y2|, 0).

Then (X, d) is a complete cone metric space because every Cauchy sequence in X

is a constant sequence. Define a self-mapping T on X by

T (x1, x2) =


(x1, 0) , x1 ≤ x2,

(0, x2) , x1 > x2.

Note that if (x, y) 6= ((4, 5), (5, 4)) and (y, x) 6= ((4, 5), (5, 4)), then

d(Tx, Ty) ≤ 4

5
d(x, y).

Since θ(4
5
)‖d((5, 4), T (5, 4))‖ = θ(4

5
)‖d((4, 5), T (4, 5))‖ = 25

9
> 2 = ‖d((4, 5), (5, 4))‖,

T satisfies the condition (3.1). But d(T (4, 5), T (5, 4)) � rd((4, 5), (5, 4)) for every

r ∈ [0, 1) because rd((4, 5), (5, 4)) − d(T (4, 5), T (5, 4)) = (2r − 8, 0) /∈ P . This

means that T is not contraction.

Note that if z is a fixed point of T n, then z is also a fixed point of T . The

following corollary is immediately obtained from Theorem 3.1.2.
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Corollary 3.1.6. Let P be a normal cone with normal constant K and (X, d) a

complete cone metric space. Define a function θ as in Theorem 3.1.2. Let T be a

self-mapping on X satisfying the condition that there exists r ∈ [0, 1) and n ∈ N

such that for each x, y ∈ X,

θ(r) ‖d(x, T nx)‖ ≤ K ‖d(x, y)‖ implies d(T nx, T ny) � rd(x, y).

Then T has a unique fixed point.

Proof. From Theorem 3.1.2, T n has a unique fixed point z. Then

T n(Tz) = T (T nz) = Tz,

so Tz is also a fixed point of T n. Hence Tz = z, z is a fixed point of T . Since the

fixed point of T is also fixed point of T n, the fixed point of T is unique.

The following theorem gives a condition which guarantee the existence and

uniqueness for generalized contractive mappings in cone metric spaces.

Theorem 3.1.7. Let P be a normal cone with normal constant K and (X, d) a

sequentially compact cone metric space. Let T be a self-mapping on X such that

for each x, y ∈ X and x 6= y,

1

1 +K
‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ implies d(Tx, Ty) ≺ d(x, y). (3.4)

Then T has a unique fixed point.

Proof. Suppose on the contrary that x 6= Tx for all x ∈ X. Since 1
1+K

≤ K,

1
1+K
‖d(x, Tx)‖ ≤ K ‖d(x, Tx)‖. From assumption (3.4), we have

d(Tx, T 2x) ≺ d(x, Tx). (3.5)

for all x ∈ X. Let u0 ∈ X be arbitrary. Set un = T nu0 for each n ∈ N. We note

that un+1 6= un for all n ∈ N. From the sequential compactness of X, there exists
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a subsequnece (unj
) of (un) such that lim

j→∞
unj

= z. By (3.5) and Lemma 3.1.1,

we have,

1

1 +K
‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ or

1

1 +K

∥∥d(Tx, T 2x)
∥∥ ≤ K ‖d(Tx, y)‖

for all x, y ∈ X. Then

1

1 +K

∥∥d(unj
, unj+1)

∥∥ ≤ K
∥∥d(unj

, z)
∥∥ or

1

1 +K

∥∥d(unj+1, unj+2)
∥∥ ≤ K

∥∥d(unj+1, z)
∥∥ .

From the assumption (3.4), we have

d(unj+1, T z) ≺ d(unj
, z) or d(unj+2, T z) ≺ d(unj+1, z)

for all j ∈ N. Thus there exists a subsequence (nk) of (nj) such that

d(unk+1, T z) ≺ d(unk
, z)

for all k ∈ N. Then we have

d(z, Tz) = lim
k→∞

d(unk+1, T z) ≺ lim
k→∞

d(unk
, z) = d(z, z) = 0.

Hence z = Tz, This is a contradiction. Therefore there exists v ∈ X such that

v = Tv.

Now if w is another fixed point of T , we have 1
1+K
‖d(w, Tw)‖ = 0 ≤ K ‖d(w, v)‖.

From the assumption (3.4), we have d(Tw, Tv) ≺ d(w, v) but v and w are fixed

points of T , so d(v, z) = d(Tv, Tz) ≺ d(w, z). This is a contradiction. Therefore

T has a unique fixed point.

Remark 3.1.8. The self-mapping on complete cone metric space defined as in

Example 3.1.5 satisfies the condition (3.4) but not contractive.

Next we prove the following theorem, which is a generalization of Theorem

2.3.19.
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Theorem 3.1.9. Let P be a normal cone with normal constant K and (X, d) a

complete cone metric space. Define a function ϕ : [0, 1
2
)→ R by

ϕ(r) =


1 , 0 ≤ r < 1

1+
√

2K
,

1−r
1+(K−1)r

, 1
1+
√

2K
≤ r < 1

2
.

Let T be a self-mapping on X satisfying the condition that there exists r ∈
[
0, 1

2

)
such that for each x, y ∈ X,

ϕ(r) ‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ implies d(Tx, Ty) � rd(x, Tx) + rd(y, Ty).

(3.6)

Then there exists a unique fixed point z of T . Moreover lim
n→∞

T nx = z for all

x ∈ X.

Proof. Since ϕ(r) ≤ 1 ≤ K, ϕ(r) ‖d(x, Tx)‖ ≤ K ‖d(x, Tx)‖. From the assump-

tion (3.6), we have

d(Tx, T 2x) � rd(x, Tx) + rd(Tx, T 2x).

Hence

d(Tx, T 2x) � r

1− r
d(x, Tx) (3.7)

for all x ∈ X. Let u0 ∈ X. Set un = T nu0. As in the proof of Theorem 3.1.2,

we can show that (un) is a Cauchy sequence. By the completeness of X, there is

z ∈ X such that lim
n→∞

un = z. Next, we will show that

d(z, Tx) � rd(x, Tx) for all x ∈ X r {z} . (3.8)

Indeed, if x ∈ X r {z}, by the same process as in Theorem 3.1.2, we have

ϕ(r) ‖d(un, Tun)‖ ≤ K ‖d(un, x)‖ .

Then from the assumption (3.6), we have

d(un+1, Tx) � rd(un, un+1) + rd(x, Tx).
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Thus d(z, Tx) = lim
n→∞

d(un+1, Tx) � lim
n→∞

(rd(un, un+1) + rd(x, Tx)) = rd(x, Tx).

Next we show that z is a fixed point of T . Suppose Tz 6= z. Then (3.7), (3.8)

yield

d(z, T 2z) � r2

1− r
d(z, Tz).

Case 1: 0 ≤ r < 1
1+
√

2K
and ϕ(r) = 1.

We note that r2+r
1−r < 1. Then

d(z, Tz) � d(z, T 2z) + d(Tz, T 2z)

� r2

1− r
d(z, Tz) +

r

1− r
d(z, Tz)

=
r2 + r

1− r
d(z, Tz)

≺ d(z, Tz).

This is a contradiction.

Case 2: 1
1+
√

2K
≤ r < 1

2
and ϕ(r) = 1−r

1+(K−1)r
.

From Lemma 3.1.1, we have for each x, y ∈ X,

ϕ(r) ‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ or ϕ(r)
∥∥d(Tx, T 2x)

∥∥ ≤ K ‖d(Tx, y)‖ .

Then

ϕ(r) ‖d(un, un+1)‖ ≤ K ‖d(un, z)‖ or ϕ(r) ‖d(un+1, un+2)‖ ≤ K ‖d(un+1, z)‖ .

Therefore, we have

d(un+1, T z) � rd(un, un+1)+rd(z, Tz) or d(un+2, T z) � rd(un+1, un+2)+rd(z, Tz).

Thus there exists a subsequence (unj
) of (un) such that

d(unj+1, T z) � rd(unj
, unj+1) + rd(z, Tz).

Then

d(z, Tz) = lim
n→∞

d(unj+1, T z) � lim
n→∞

(
rd(unj

, unj+1) + rd(z, Tz)
)

= rd(z, Tz).
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Hence d(z, Tz) = 0. So z = Tz. This is a contradiction.

Now if w is any fixed point of T , by (3.8) we have

d(w, z) = d(Tw, z) � rd(w, Tw) = 0.

Hence w = z. Therefore z is a unique fixed point of T .

It is immediate that the following result is obtained from Theorem 3.1.9.

Corollary 3.1.10. Let P be a normal cone with normal constant K and (X, d)

a complete cone metric space. Define a function ϕ as in Theorem 3.1.9. Let T

be a mapping on X satisfying the condition that there exists r ∈
[
0, 1

2

)
and n ∈ N

such that for each x, y ∈ X,

ϕ(r) ‖d(x, T nx)‖ ≤ K ‖d(x, y)‖ implies d(T nx, T ny) � rd(x, T nx)+rd(y, T ny).

Then T has a unique fixed point.

We also establish the existence fixed point result for a generalization of

Theorem 2.3.22

Theorem 3.1.11. Let P be a normal cone with normal constant K and (X, d) a

complete cone metric space. Suppose the mapping T : X → X satisfies condition

that there exists γ ∈ [0, 1) such that for each x, y ∈ X,

‖d(Tx, Ty)‖ ≤ γmax{‖d(x, Tx)‖ , ‖d(y, Ty)‖}. (3.9)

Then T has a unique fixed point in X.

Proof. Let u0 ∈ X. Set un = T nu0 for all n ∈ N. We have

‖d(un+1, un)‖ = ‖d(Tun, Tun−1)‖

≤ γmax{‖d(un, Tun)‖, ‖d(un−1, Tun−1)‖}

= γmax{‖d(un+1, un)‖, ‖d(un, un−1)‖}
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That is

‖d(un+1, un)‖ ≤ γmax{‖d(un+1, un)‖, ‖d(un, un−1)‖}. (3.10)

If there exists n ∈ N such thatmax{‖d(un+1, un)‖, ‖d(un, un−1)‖} = ‖d(un+1, un)‖,

then from (3.10) we have, ‖d(un+1, un)‖ ≤ γ‖d(un+1, un)‖, but γ ∈ [0, 1), so we

get d(un+1, un) = 0. This means Tun = un+1 = un. Hence un is a fixed point of

T .

If max{‖d(un+1, un)‖, ‖d(un, un−1)‖} = ‖d(un, un−1)‖ for all n ∈ N, then from

(3.10) we have,

‖d(un+1, un)‖ ≤ γ‖d(un, un−1)‖

≤ γ2‖d(un−1, un−2)‖

≤ . . . ≤ γn‖d(u1, u0)‖

For n > m,

d(un, um) � d(un, un−1) + d(un−1, un−2) + ...+ d(um+1, um).

By the normality of cone, we get

‖d(un, um)‖ ≤ K‖d(un, un−1) + d(un−1, un−2) + ...+ d(um+1, um)‖

≤ K (‖d(un, un−1)‖+ ‖d(un−1, un−2)‖+ ...+ ‖d(um+1, um)‖)

≤ K
(
γn−1 + γn−2 + ...+ γm

)
‖d(u1, u0)‖

≤ K

(
γm

1− γ

)
‖d(u1, u0)‖.

That is

lim
n,m→∞

d(un, um) = 0.

Hence {un} is a Cauchy sequence. By completeness of X, there is z ∈ X such

that lim
n→∞

un = z. Then, we note that

‖d(un, T z)‖ = ‖d(Tun−1, T z)‖ ≤ γmax{‖d(un−1, Tun−1)‖ , ‖d(z, Tz)‖}. (3.11)
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So, we consider the following 2 possible cases.

Case 1: ‖d(z, Tz)‖ ≤ ‖d(un−1, Tun−1)‖,

from (3.11), we have

‖d(un, T z)‖ ≤ γ‖d(un−1, Tun−1)‖ = γ‖d(un−1, un)‖,

then by Lemma 2.3.16, we get

‖d(z, Tz)‖ = lim
n→∞

‖d(un, T z)‖ ≤ γ lim
n→∞

‖d(un−1, un)‖ = 0.

That is d(z, Tz) = 0. Hence z = Tz.

Case 2: ‖d(z, Tz)‖ ≥ ‖d(un−1, Tun−1)‖,

from (3.11), we have

‖d(un, T z)‖ ≤ γ‖d(z, Tz)‖,

then by Lemma 2.3.16, we get

‖d(z, Tz)‖ = lim
n→∞

‖d(un, T z)‖ ≤ γ‖d(z, Tz)‖.

Since γ ∈ [0, 1), d(z, Tz) = 0. This means z = Tz.

Now if w is another fixed point of T , then

‖d(w, z)‖ = ‖d(Tw, Tz)‖ ≤ γmax{‖d(w, Tw)‖, ‖d(z, Tz)‖} = 0.

Then d(w, z) = 0, that is w = z. Hence z is a unique fixed point of T .

Example 3.1.12. Let X = {−2,−1, 0, 1, 2}, with the usual metric in R. We note

that X is complete. Define a self-mapping T on X by

Tx =


0 , x 6= 2,

−2 , x = 2.

Then T satisfies the condition (3.10) but it is not a Kannan mapping.
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The next purpose is to establish a generalized Redenovic’s Theorem, which

can be proved in a similar way to Theorem 3.1.2.

Theorem 3.1.13. Let P be a normal cone with normal constant K and (X, d) a

complete cone metric space. Define a function θ as in Theorem 3.1.2. Let T be

a self-mapping on X satisfying the condition that there exists r ∈ [0, 1) such that

for each x, y ∈ X,

θ(r) ‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ implies ‖d(Tx, Ty)‖ ≤ r ‖d(x, y)‖ .

Then there exists a unique fixed point z of T . Moreover lim
n→∞

T nx = z for all

x ∈ X.

3.2 Characterization of Completeness

In this section, we give a necessary and sufficient condition for cone metric

spaces to be complete.

Theorem 3.2.1. Let P be a normal cone with normal constant K < 3
√

2 and

(X, d) a cone metric space and define a function θ as in Theorem 3.1.2. Then the

followings are equivalent:

(i) X is complete.

(ii) For each self-mapping T on X satisfying the condition that there exists r ∈

[0, 1) such that for each x, y ∈ X,

θ(r) ‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ implies ‖d(Tx, Ty)‖ ≤ r ‖d(x, y)‖

has a fixed point.
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Proof. Note that (i) implies (ii) by Theorem 3.1.13. To show (ii) implies (i),

assume (ii). Suppose X is not complete. Then there exists a Cauchy sequence

(un) which does not converge in X. Define f : X → P by f(x) = lim
n→∞

d(x, un),

∀x ∈ X. To show that f is well-defined, let ε > 0 and choose c �� 0 such that

K2 ‖c‖ < ε. Then there exists M ∈ N such that for each m,n ≥M ,

‖d(x, un)− d(x, um)‖ ≤ K ‖d(x, um) + d(un, um)− d(x, um)‖

= K ‖d(un, um)‖

≤ K2 ‖c‖

< ε.

Hence (d(x, un)) is a Cauchy sequence in P , so d(x, un) is a convergent sequence,

therefore f is well-defined. Note that the followings hold:

1. f(x)− f(y) � d(x, y) � f(x) + f(y).

2. f(x) � 0.

3. lim
n→∞

f(un) = 0.

Define a mapping T on X as follows: For each x ∈ X, since f(x) > 0 and

lim
n→∞

f(un) = 0, there exists a smallestN ∈ N such that ‖f(uN)‖ ≤ θ(r)r
(3+θ(r)r)K4 ‖f(x)‖.

We put Tx = uN . Then ‖f(Tx)‖ = ‖f(uN)‖ ≤ θ(r)r
(3+θ(r)r)K4 ‖f(x)‖ < ‖f(x)‖, so

for each x ∈ X,Tx 6= x. That is T does not have a fixed point. Next, we will

show that for each x, y ∈ X,

θ(r) ‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ implies ‖d(Tx, Ty)‖ ≤ r ‖d(x, y)‖ .

Let x, y ∈ X be such that θ(r) ‖d(x, Tx)‖ ≤ K ‖d(x, y)‖.
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Case 1: ‖f(y)‖ > 2K ‖f(x)‖. Then

‖d(Tx, Ty)‖ ≤ K (‖f(Tx)‖+ ‖f(Ty)‖)

≤ K

(
θ(r)r

(3 + θ(r)r)K4

)
(‖f(x)‖+ ‖f(y)‖)

≤ r

3
‖f(x)‖+

r

3K
‖f(y)‖

≤ r

3
‖f(x)‖+

r

3K
‖f(y)‖+

2r

3K
(‖f(y)‖ − 2K ‖f(x)‖)

=
r

K
‖f(y)‖ − r ‖f(x)‖

≤ r ‖d(x, y)‖ .

Case 2: ‖f(y)‖ ≤ 2K ‖f(x)‖. Then

K ‖d(x, y)‖ ≥ θ(r) ‖d(x, Tx)‖ ≥ θ(r)

(
1

K
‖f(x)‖ − ‖f(Tx)‖

)
≥ θ(r)

(
1

K
− θ(r)r

(3 + θ(r)r)K

)
‖f(x)‖

=
3θ(r)

(3 + θ(r)r)K
‖f(x)‖ .

Hence

‖d(Tx, Ty)‖ ≤ K (‖f(Tx)‖+ ‖f(Ty)‖)

≤ K

(
θ(r)r

(3 + θ(r)r)K4

)
‖f(x)‖+K

(
θ(r)r

(3 + θ(r)r)K4

)
‖f(y)‖

≤ θ(r)r

(3 + θ(r)r)K2
‖f(x)‖+

θ(r)r

(3 + θ(r)r)K3
2K ‖f(x)‖

=
3θ(r)r

(3 + θ(r)r)K2
‖f(x)‖

≤ r ‖d(x, y)‖ .

By the hypothesis, T has a fixed point. This is a contradiction. Hence X is

complete.

If the restriction on the normal constant K is omitted and a condition for

mapping T is added, then the sufficient part of Theorem 3.2.1 is still true.
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Theorem 3.2.2. Let P be a normal cone with normal constant K and (X, d) a

cone metric space and define a function θ as in Theorem 3.1.2. If for each self-

mapping T on X satisfying the condition that there exists r ∈ [0, 1) such that for

each x, y ∈ X,

|θ(r)| ‖d(x, Tx)‖ ≤ K ‖d(x, y)‖ implies ‖d(Tx, Ty)‖ ≤ r ‖d(x, y)‖

has a fixed point, then X is complete.

Theorem 3.2.3. Let P be a normal cone with normal constant K and (X, d) a

cone metric space. Then the followings are equivalent:

(i) X is complete.

(ii) For each self-mapping T on X satisfying the condition that there exists γ ∈

[0, 1
2
) such that for each x, y ∈ X,

‖d(Tx, Ty)‖ ≤ γmax{‖d(x, Tx)‖ , ‖d(y, Ty)‖}

has a fixed point.

Proof. It is clear that (i) implies (ii) by Theorem 3.1.11. Next assume (ii) and

suppose that X is not complete. Then there exists a Cauchy sequence {un} which

is not convergent in X. Without loss of generality, we may assume that un’s are

distinct for all n ∈ N.

Let x ∈ X and define αx = inf{‖d(x, un)‖ | n ∈ N}. We note that for any

x /∈ {un | n ∈ N}, αx > 0. Since (un) is a Cauchy sequence, lim
m,n→∞

d(um, un) = 0.

Then there exists a least positive integer Nx such that

‖d(um, un)‖ < γαx ≤ γ‖d(x, ul)‖,

for each l ∈ N and m,n ≥ Nx. Therefore

‖d(um, uNx)‖ < γ‖d(x, ul)‖, (3.12)
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for each l ∈ N and m ≥ Nx. Then by a similar reasoning, for each n ∈ N there

exists a least positive integer n′ > n such that

‖d(um, un′)‖ < γ‖d(un, un′)‖, (3.13)

for each m ≥ n′.

Define T : X → X by

T (x) =


uNx , x /∈ {un | n ∈ N},

un′ , x ∈ {un | n ∈ N}.

It is clearly that T has no fixed point.

To show that ‖d(Tx, Ty)‖ ≤ γmax{‖d(x, Tx)‖ , ‖d(y, Ty)‖}, we consider the

3 possibilities. Let x, y ∈ X.

Case 1: x, y /∈ {un | n ∈ N}.

Then there exist positve integersNx andNy such that T (x) = uNx and T (y) = uNy .

By (3.12) we get,

‖d(Tx, Ty)‖ < γ‖d(y, Ty)‖ if Nx ≥ Ny

and

‖d(Tx, Ty)‖ < γ‖d(x, Tx)‖ if Nx < Ny.

Case 2: x, y ∈ {un | n ∈ N}.

Then there exist positve integer m and n such that x = um and y = un. By

the definition of T , there exist positive integers m′ > m and n′ > n such that

T (x) = um′ and T (y) = un′ . By (3.13) we get,

‖d(Tx, Ty)‖ < γ‖d(y, Ty)‖ if m′ ≥ n′

and

‖d(Tx, Ty)‖ < γ‖d(x, Tx)‖ if m′ < n′.
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Case 3: x ∈ {un | n ∈ N} and y /∈ {un | n ∈ N}.

So x = um for some m ∈ N, then by the definition of T there exist positive integers

m′ > m and Ny such that T (x) = um′ and T (y) = uNy . By (3.12) we get,

‖d(Tx, Ty)‖ < γ‖d(y, Ty)‖ if m′ ≥ Ny

and by (3.13) we get,

‖d(Tx, Ty)‖ < γ‖d(x, Tx)‖ if m′ < Ny.

By all of these cases, we have ‖d(Tx, Ty)‖ ≤ γmax{‖d(x, Tx)‖ , ‖d(y, Ty)‖},

which contradicts to the hypothesis of the theorem. Therefore (X, d) is a complete

cone metric space.

It is obvious that the following result is immediately obtained from Theorem

3.2.3.

Corollary 3.2.4. Let P be a normal cone with normal constant K and (X, d) a

cone metric space. Then the followings are equivalent:

(i) X is complete.

(ii) For each self-mapping T on X satisfying the condition that there exists r ∈

[0, 1
2
) such that for each x, y ∈ X,

‖d(Tx, Ty)‖ ≤ r(‖d(x, Tx)‖+ ‖d(y, Ty)‖)

has a fixed point.
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