CHAPTER V

DECOMPOSITION THEORY OF

SKEW RATIO SEMIRINGS AND SKEW RINGS

Necessary and sufficient ¢ fons that groups and rings are

decomposable are well-kno ; ; sé we study necessary and

sufficient conditions : semirings and skew rings are

decomposable.

Notation Let (D,+, ith 1 as its multiplicative

identity and n € at. times by n. Clearly

nx=xnandn-1x=xn

Definition 5.1. >_semiring and E a

multiplicative no <-€;-r»*..‘"' l:'*-_ to be a P-set of D

U

iff there exists an .ﬂe D su
ﬁﬁﬁiﬁﬂﬁ@wmm

ﬁ + y)a+z = x& (y + z)qafor all X,y € E.
o d

NIALIBIAININAY

Eﬁcample B2

1) Let D be a skew ratio semiring. Then D and {1} are P-sets

of D with good elements 1 and 2"1, respectively. D and {1} are called

the trivial P-sets of D.
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2) Let (C,+,) and (D,+,*) be skew ratié semirings. Define
¢x,y) @ (z,w) = (x + z,y + w) and (x,y) @ (z,w) = (x-z,y-w) for all
(%,y),(z,w) ¢ C XD. Then (C X D,®,0) is a skew ratio semiring. Let
E=0Cx {1} and F = {1} x D. Then E and F and P-sets of C X D with

good elements (1,2_1) and (2_1,1), respectively.

Theorem 5.3. Let D be a g and E a P-set of D. Then

a good element of E i

Proof. Let /

20B = R2a = 2Ba, he

We must show that

ice 1 € E. Thus
at ab = ba. Let
X,y,z2 € E. Then (x (x +yla+ 2z =

y)b + 2z = 2x+ (y + z)b
z =1 in (%), We get that

2a + 2 = 2 + 2a, so

E-‘ Ceswne e 1Y

Let x =y = 1 and z‘!ﬂaa : iﬂ
2tat .. . e b R
e x5 = 3 Bl ﬂ}ﬂﬂ W?W%ﬂﬂ‘i
2a + 2b = M.a + ba. e ung LY
v x = S A STk G umwma ﬁl
a + ba + 2 5.4 & ba o+ & cempnanuy TR
lety=2z=1and x =D in (%), We get that
ba +a + 2 = 2b + 2a, ML Ll
Similarly, for b we get that
b+1 R B - T suesssane. LB
4b 2 ‘2%b% pz RN (7)



Thus

Hence

Therefore

2b + 2a =

b+ab+2 =

ab + b + 2

2a + 2b

1]

b(2 + 2a + 25)

2 +b + ab.
2 +ab + b.
2a + 2b.

2 + ba + a

ba +a + 2

L"‘\ bab
2

',Ej

b”) + b a

+ ba + b2a
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(from (3),(6))
(from (4),(6))

(from (5))

(from (7))

(from (6),(5))

(from (8))

(from (11),(8))

(ab = ba)

(from (11))
(from (7))

(from (3))

SN\ 1 ) L i
o 0 Wlmxﬂ jmy‘“"]q NYIRY - 2

n

8 + 4a + ua + 16

8 + (Ma’+ ba + 1) + 15

8 + (424 4b + 1) + 15
pbIE

8 + 4b + Ub“+ 16

4(4b) + 16
16(b + 1).

(from (2))
(from (1))
(from (12))
kfrom (6))

(from (7))



i

Thus a + 1 = b + 1 which implies that 1 + a =1 +b, ......... (13)

Therefore 4a = 2 +a + a2' (from (2))
= 2 +a+ba (from (13))

= 2 +b+ab (from (3),(11),(8))

= 2 +D + b2 (from (13))

(from (7))

Hence a = b which implie us the good element of

E is unique.

Theorem 5.4. Let D b ; pati® semiring n;d E a P-set of D with

good element o. Then 4& g1 low ~;'*Ta- Jjuivalent :
(1) (E,+) is
(2) o=1.

¢3)° 20.€ E:

at

Proof. (1 1) holds. Then 1 is

the good element of E. i f

Clearly (2) Bapiies —ra ﬁ

(3) implies (ﬁn Assume that/(3) holds. Let %,y & E. Then

(x + y)a e E m{gsﬂﬂ ﬂi wﬂq;ﬁ}ﬁe E. ihus (1) holds.

U

e AN AN DI VAU INE I .

RY with the usual multiplication and define x + y = min {x,y} for all

#

Ry E R+. Let D = Qtx R* with addition and multiplication defined by
(x,y) + (z,w) = (x + 2,y + w) and (x‘,y) e (z,w) = (xz,yw) for all
(x,y),(z,w) € Q"% K", et E = {(x,1)|x € @'}. Then E is a P-set with
good element a = (1,1). Here (1,1) + (1,1) = (2,1) # (1,1) so the three
conditions above do not imply that 1 + 1 = 1. However, 1 + 1 = 1 implies
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the three conditions above as the following theorem shows.

Theorem 5.6. Let D be a skew ratio semiring with 1 + 1 = 1 and E
@ P-set of D with good element . Then the following hold :

(1) - (E,+) ig a subsemigroup of (D,+).

(2) ao=1.

(3) o ce€E.

Proof. Since (3) holds. By Theorem

4, (1) and (2) ho

Definition 5.7. . A d to be decomposable

iff there exist ske hast D, 1} h that ]Dll > 1,]D2| > 3

n
and D = Dlx D2.

Example 5.8. (C X D,8,0) i is a decomposable skew

Y

;I'
s
Theorem 5.9 5 9. Let (D ) be a skew ratlo semiring. Then D is

wemesse S AN BHEINHARF v s

elements o and 5 respectlvely* such that

Q W]fﬁ*&ﬂ‘iﬁu UR1INYA Y

and 3) ef + gh = (e + g)a(f + h)B for all e,g € E,f,h ¢ F.

ratio semiring.

Proof. Assume that there exist nontrivial P-sets E,F of D
with good elements @ and B, respectively, such that 1) - 3) hold.

Define x @ y = (x + y)a for all x,y € E. To show that (E,®,-) is
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a skew ratio semiring. We must show that @ is associative and -

distributes over ®. Let xX,y,z € E. Then

(x0y)@oz=(x0y)+2)

((x + y)o + z)o
= (x + (y + 2)ad)o

= (x+ (y & z))o

y @ z).
@ﬁy +z)a = (xy + xz)a =
""'""-j.

(yx + zx)a = yx & zx,

Hence & is associativ
xy ® xz and (y @ z)x =
- distributes.over @. W ratio semiring of order

greater than 1. a + b)B for all a,b € F

we get that (F,8,- ‘\Pf order greater than 1.
On E X F define (x,a "and (x,a) - (y,b) =

(xy,ab) for all (x,a),(ysb) ®,') is a skew ratio
¥ i
semiring.
Define i

To show that i is d.su , there exist e € E,

£ '€ F. such that‘d -f 1(e s ED To show that i1 is an injection, let

(e,f),(g,h) eﬂ“ﬂé}%ﬁﬁi%ﬁqﬂn ?hen ef = gh, so

g le = hfle B4 F = {1} which 1mp11es that e = g and f h. Hence i is

- QA TR N INEAG By <=

Since i((®,£)(g,h)) = i(eg,fh) = egfh, by Proposition 1.63, egfh = efgh,

so i((e,f)(g,h)) = i(e,f)i(g,h). Since i((e,f) ® (g,h)) = i(e ® g,f ® h) =

(e @ g)(f @ h) = (e +glal(f + hBand i(e,f) + i(g,h) = ef + gh, by 3)
i((e,f) & (g,h)) = i(e,f) + i(g,h). Thus i is a homomorphism. Hence
N
D=E X F.
Conversely, assume that D is decomposable. Then there exist

skew ratio semiringsD,,D, of orders greater than 1 and an isomorphism



)

it DX D> D. Let E = i(Dlx {1}) and F = i({1} x D,). Since D x {1}

and {1} x D, are multiplicative normal subgroups of D ,x D , E and F

1% Do»
i(1,271). Then

2
are multiplicative normal subgroups of D. Let Q

o € D. Let x = i(a,1),y = i(b,1) and z = i(c,1) € E. Then

(1,27 hi(a,1)

ax

and (x +y)a+ 1) + i(c,1)

» i(cg1))i(1,271)
e )

Hence E is a nontrisal P-set of D.

e N5, e e
= AT T Y. .

Let x = i(e,1),y = i(g,1) € E and a = i(1,f),b = i(1,h) ¢ F. Then

it
imilarly, F is a nontrivial P-set

w& +yb A& e, 13i(1.8) £25(g.1)i(1 )
= i(e,f) + i(g,h)
= i +gf 0
=' i(e + g,1)i(1,f + h)

- [ice.1) + i(gD]i(1,27 ) [1(1,0) + i(1,m)]i(27,0)
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= (x + y)o(a + b)B.

Hence we have the theorem.

#

Remark 5.10. Setting e = £ =g =h = 1 in 3) we get that aB = 2 .

Definition 5.11. Let R be a Then I is said to be

an ideal of R iff

1) I is an a

1) Let R be \ Z én 'R »,xx{o} are ideals of R.

2) Let (R,+,*) §§ () key rings. Define

1
~
x
&
N

“w
<
4

(x,y) @ (z,w) = = 3 ® (z,w) = (x + z,y - w) for all

and J = {0} x T. 'Bde '_.,- : f" :
[y )
4

Definition 5. p pA'Jx- ﬂ uw sable iff there

exist skew m.nq 1,gsuch hat | F ﬁ and RY Ry X R,.
¢ o

Example 5114 f]ax £y ,imu 1‘32?]3168

¢,0) in Example 5. is a decomposable skew ring.

(x,y),(z,w) € R X ,'______;__;__:;;__________- .ring. Let I =R x {0}
— e —— ‘

Theorem 5.15. Let R be a skew ring. Then R is decomposable iff there

exist nontrivial ideals I,J of R such that

1) 1ng = {o}

and 2% R=T1 %4,



79

Proof. Assume that there e;ist nontrivial ideals I,J of R
such that 1) and 2) hold. Clearly I and J are skew rings of orders
greater than 1. On I XJ define (i,3) + (p,q) = (i + p,j + q) and
(i,j) - (p,a) = (i - p,j + @) for all (i,j),(p,q) €I XJ. Then
(I X J,+,+) is a skew ring. Define f:IxJ >R by £(i,j) = i + j

f is a surjection, let r € R.

for all (i,j) €I XJ. To shg

By 2), there exist i €1 i+ 3= £(i,j). To show

that f is an injectio i) @ J be such that

£(i,3) = £(p,q). The( PP eg=4 eIng =40}

which implies that 1 “\;f is a bijection. Claim
that ij = ji = 0 for ald i ff,.' e ove this, let i € I and

j € J. Since I and o 0}, 80 4§ =91 = B.
Hence we have the cldim "ﬂﬂ' £. L 40N 3% omomorphiém, let\
(1.32:0psg) €3 °% g,

£((i,3)(p,q))

—
R TN e R @

ﬂuﬂqMﬂﬂiﬁﬂﬂni
iiipiiitiﬁﬁé WMty ia”

£((1,3) + (p,q)) = £(i,3) + £(p,q). Thus f is a homomorphism. Hence
RY1I xJ.
Conversely, assume that R is decomposable. Then there exist

skew rings Rl,R2 of orders greater than 1 and an isomorphism

£ : RyX Ryr R Let I = £(R;x {0}) ad J = £({0} x R,)). Clearly I and

J are additive subgroups of R. Let i = f(x,0) € I and r = f(y,z) € R.
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Then
r+i-» = £(y,z) + £f(x,0) - £(y,2)
= f(y+x-y,2+0-2)
= f(y +x - y,0) € I, |
ir = f(x,0)f(y,z)
f(xy,0) 'F.
-and ri h '

Thus I is a nontrivig is a nontrivial ideal

of R. Clearly I N Let r € R. Then there

exist i € R, and jJ ince f(i,0) € I,

1 -
£(0,j) € J and f(i,j) ‘ P\e L + J. So REI +J.

Thus R= I X J. Hencegwe

ﬂ'lJEl’EI'VIWlﬁWEI’]ﬂ‘i
’QW'WMﬂ‘mMJﬁTJmﬂﬁEI
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