CHAPTER II

SKEW SEMIFIELDS AND SKEW RATIO SEMIRINGS

OF RIGHT [LEFT] QUOTIENTS OF SEMIRINGS

In this chapter, we shall generalize the concept of the
semifield and the ratio semiring of quotients of a commutative semiring
to the skew semifield and the skew ratio semiring of right [leff]
quotients of a semiring which gives P. Sinutoke's construction when the

semiring is commutative,

Definition 2.1. Let S be a semiring with a multiplicative zero 0 such

that |S| > 1. Then a skew semifield K is said to be a skew semifield

of right [left] quotients of S iff there exists a monomorphism i : S =+ K
such that for all x € K there exist a € S, b € S\{0} such that

x = :'L(a)i(b)-1 [x = i(b)-li(a)]. A monomorphism i satisfying the above

property is said to be a right [left] quotient embedding of S into K.
Note that it is easily proved that for a right [lefﬂ quotient embedding

i(a) = 0 iff a = 0,

- TN i 0 0
Example 2.2, Let S = { /x,z2 €2 andy e 2} U { } and
0 - 0 0
X v i
K /%x,2€ Q andy e Qtvu { }. Then S and K with the
0 z 0 0

usual addition and multiplication are a semiring with multiplicative

zero and a skew semifield, respectively. To show that K is a skew
0 0

semifield of right quotients of S, let X € K. If X= then
0 0
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0 G Y
let A = and B € s\{ } so X = AB™"., Suppose that
0] 0 0
® ¥ [0 0]
X = 7 Then x= 2, y = 2 and z = & where p,q,n,u,v € Z¥
o z| |o o 4 R I
[p mv +p Q aq 0o o0
and m € Z, Let A = and B = . Then A,B € S\{
0 un 0 v 0 0
Y p mv+pfli/q -1/vmn
and AB "~ = = X. .Hence K is a skew semifield
0 un 0 1/vn

of right quotients of S.

Remark 2.3. In this chapter, we shall prove some theorems for skew

semifields of right quotients of a semiring S. The theorems are true
for skew semifields of left quotients of S and the proofs are similar

so we shall not give the proofs for skew semifields of left quotients.

Theorem 2.4. Let S be a semiring with a multiplicative zero 0 such

that |S| > 1. Thena skew semifield of right [1left] quotients of S
exists iff
(1)

(ii) (S,*) satisfies the right [left] Ore condition.

S is multiplicatively cancellative

and

Proof. Assume that (i) and (ii) hold. Consider S x (s\{0}).

Let (a,b),(c,d) € 8 x (S\{0}). Define a relation ™~ on S x (S\{0}) by

(a,b) Vv (c,d) iff there exist x,y € S\{0} such that ax = cy and bx =
Clearly v is reflexive and symmetric.

be such that (a,b) v (c,d) and (c,d) v (e,f). Then there exist

XY sZ,W E s\{0} such that ax = cy, bx = dy, cz = ew and dz = fw. Since
y,z € S\{o}, there exist u,v € S\{0} such that yu = zv. Let p = xu
and q = wv. Then p,q € s\{0}. Since ap = axu = cyu = CZV = ewv = eg

dy.

—

Let (a,b),(c,d),(e,f) € S x (S\{0})
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i(a)i(x) = i(b)i(y), hence ax = by.. Since ax = by # 0 and a # 0, x # -0,

hence we have the theorem.

#

Remark 2.5. Let S be a semiring having K as a skew semifield of right
[1eft] quotients. In the proof of Theorem 2.4 we can see that
1) if S is additively commutative then K is additively commutative.
2) if 8 is multiplicatively commutative then K is multiplicatively
commutative.
3) if S is commutative then the construction of K is the same
as the construction of the semifield of quotients of S given by
P. Sinutoke in [1].
4) 1In [4] it was shown that if 0 is a multiplicative zero of
a skew semifield K then either 0 is a left or right additive identity of K
and either 0 is a left or right additive zero of K. Clearly, 0 is an additive
identity of K iff 0 is an additive identity of S and 0 is an additive
zero of K iff 0 is an additive zero of S. So we get as a éorollary of
the preceding theorem that if S is a semiring with a multiplicative zero
0 satisfying both the multiplicative cancellativity condition and the right
[left] Ore condition then O must be either a left or right additive identity

of S and either a left or right additive zero of S,

Remark 2.6. Let S be a semiring having K as a skew semifield of right
[1eft] quotients, i : S + K a right [left] quotient embedding and x € K.

If & & i(a)i(b)-1 = i(c:)i(d)_1 where a,c € S and b,d € S\{0} then there

exist p,q € S\{0} such that ap = e¢q and bp = dq.

Proof. Assume that x = i(a)i(b)-l i(c)i(d)_i where a,c € S

and b,d € S\{0}. Then there exist p,q € S\{0} such that bp = dq. Thus
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Proof. We need only prove that K is a skew field. We must

show that an additive inverse of x belongs to K for all x € K. Let
x € K. Then x = i(a)i(b)™> where a € R, b € R\{0} and i is a right
quotient embedding of R into K. Let y = i(—a)i(b)—i. Then y € K and
x+y-=i(a- a)i(b)-l =0 = i(-a + a)i(b)™? = y + Xx. Thus y is an

additive inverse of X and hence K is a skew field.

Remark 2.13. In this case, we shall call K the skew field of right

[1eft] quotients of R.

Remark 2.14.

1) Let R be a skew ring of order > 1 satisfying properties (i)
and (ii) of Corollary 2.12. Then R is a ring.

2) Let R be a ring having K as a skew field of right [left]

quotients. If R is commutative then K is a field of quotients of R.

We shall now give an example of a skew field of right quotients

of a noncommutative ring.

Example 2.15. Let K be a field and 0 : K + K an automorphism of K such

that o # IdK' Let (ai)iez+ denote an infinite sequence in K whose ith
o

e 15 8
term al

ret K[[x]] = {(ai).Ez,ct]ai e K for all i € Z_}.

i
oo 3 © i -]
Denote (a;). .+ e K[[X]] by £ a.,Xx". Let£f= % aX,g= Z b x*
e izo * izo 1 izo &
- i
and h = I c;X € K[[X]]. Define
i=0
w -
- 4L
f+g = & (ai+ bi)x

i=0



e=]
L
and f+g = I.4,X where 4, =
=0 £ g

Then (K[[X]],+) is an abelian group.
a ring, note that

{3 £ & aiol(b.)
p=0 i+j=p .

(fg)h

=]

£ a,0%(b,).
i+j=2 + 3
To show that (K[[X]],+,*) is

WO Z egxh
2=0

o i p q
= E C X « X a,o (bj))c (cﬁ))x

9=0 ptl=q i+j=p

= £ 5 aiol(b
q=0 i+j+l=q

andl £(gh) aixi)( ¥ ¢ B

"
~
1™ 8

e A€ F o omott B

q=0 i+p=q j+l=p

z
g=0 i+p=q % j+4=p

2 8 AT i
Q=0 i+j+f=q *

so (£fg)h

(=] i [==]
( I (ag+ )X I
i=0 j=0

(f + g)h

(==]

0 p=0 Jj+&=p

j)ci+j(c£))xq

j P
bjU (cﬁ))X )

b.cf<c£))>xq

a.( I oi(bj)0i+j(c£)))xq
i+j q
9 (e,

f(gh), thus - is associative. Also,

J
ch )

p i L
B Z (X (a;+b)o (cj))X

2=0 i+j=2
m -

= 206 3 aicl(c.)
2=0 i+j=L

= fh + gh

oo ==}

and f(g + h)
i=0 j=0

= B (L wmotiBs
2=0 it+j=4 ]

s X (B bottend
=0 i+j=2 J

i J
¢ X a; X )(.E (bj+ cj)X )

cj))Xg

29
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N T aicl(b.))X£+ S ( T aiUl(c.))XR'
2=0 i+j=% J 2=0 i+j=2% 4
= fg + fh,

so multiplication distributes over addition. To show that - is

noncommutative, note that since O # IdK’ there exists a d € K such that
o(d) # d. Then (X)(dX) = o(@)X? and (AX)(X) = dX?, so (X)(dX) # (dX)(X).
Hence (K[[X]].,+,*) is a noncommutative ring.

Let (ai)i denote an infinite sequence in K whose ith term is

EZ
a.. Let K((x)) = {(a.). __|a. € K for all i € Z and the number of i € 2
i i i 0 o A

(=]

such that a; # 0 is finitel}. Denote (ai)iEz € K((X)) by .E 3 aixl'
o0 % oo = &
let £= I ain and g = I bixl e K((X)). Define
j=— i=—0o
e -
£+g = & lGa+bx*
! Lot s R |
o -
and fog & 1LE c£X£ where cy = 58,000, )
f=—c0 iti=2 J

Then (K((X)),+) is an abelian group. To show that - is well-defined,

let n,m € Z be such that ap = bq = 0 for all p <n and q <m. Let

Xk =n +m Let r € Z be such that »r < k. Then cr

i
o5 a,o (bj).

i+j=r
Let i,j € 2 be such that i + j = r.
Case 2 i <n. Thus a; = 0, so aiol(bj) £ 0,
Case 2 n<€i, Thus j=r-i<k-i<n+m-mn-=m SO bj =0,

i S
hence a;0 (bj) = 0,
Therefore c = 0. Hence * is well-defined. A proof similar to the
one just given shows that + is associative and distributive. Since
K[[x]] is a subring of K((X)), K((X)) is noncommutative., Let 1 be

the multiplicative identity of K. Then 1 is the multiplicative identity
[==]

of K((X)) if we identify 1 with I aixl where a_ = 1 and a; = 0 for

i=-c0
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i# 0. Let £e K((X))\{o}. Then there exists an n € Z such that a =0

I +1

forallm<nanda #0,s0 f=aX+ an+1Xn + ... . Thus

=1 1 1

¥ a x* ¥, E X2 (1 + ®n+1 X + ) i

o +an+1 e an an e
= 2

é-x i oo g A% ++.), Where A = a2+1 X + a+2 X2 + wewy BO
Il n n

£te K((x))\{o}. Hence (K((X)),+,*) is a skew field and

K[[x]] € x((X)). Let £ € K((X)). We must show that there exist

g € K[[X]] and h € K[[X]]\{0} such that £ = gh™>. Iffe K[[x]] then

let g= fand h = 1. Suppose that £ = I zixl e KI(XINK[[xX]]. Let

=00

m € Z be such that z, = 0 for all i <m and z_ Z 0. Let

[==]

h= I bX eK[[x]]\{0} be such that b__ # 0 and b; = 0 for all i < -m.
i=0
w -
Then h™' exists in K((X)) and h2 = I c.% where c #0ande, =0
{=_ 7 m X
{ z
for all i <m. Let g= I a,xt € K[[X]] where a = ™ ang
i=0 b3 e} cm
a =—-—5—(z .~ ac .- a,olc . .)- - a Uihl(c )) for all
1. 0i ) m+i o m+i 1 m+i-1 WL i-1 m+1
(e e
i>0. Then g = ain € K((X)) where a, = 0 for all i < 0. Let
ji=-00
" (o) J
ght= = d£X£ where d, = I a,07(c,). To show that f = gh-l,
Rz itj=2 J

consider terms of degree £ < m. Let i,j € Z be such that i + j = %.

i LA i %
Case 1 i < 0, Thus a; =0, so a;o (cj) L4 5

Case 2 0<i, Thusj = £ - i <m, so cj = 0, hence aicl(cj) = 0.

Then d. = 0 = 2 Consider the term of degree m. Thus

2 3
d- =it a.oi(c .) +ac+ I a.ci(c )
7yl i m-1i (o3 - T i m-1i
ig-1 il
z
m =
= a¢c = —¢g =z ,
om ¢ m m
m

Consider terms of degree m + n where n > 1. Thus
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i * n
= z .0 .) + o] Gah
dm-l-n s&d al (cm+n-1) aocm+n+ ai (Cm+n—1) * . an0 (cm) *
<=
i
b o e v.)
o
i>n b m+n
= aec + a_o(e Y F e oA Un(c )
o min 1 m+n-1 n m
= c + a,o(c ) + + on_l(c ) +
= @ mtn 17" "m+n-1 el A1 m+1

1

n-1 n
;ﬁz;"; I:zm-l-n_ 3Cmin~ 2% (Cpn_q) = --0 - o 0 (cm+1J]U (cm)
m

= Z .
m+I

1 - 5 %
Hence £ = gh ~. Therefore (K((X)),+,*) is a skew field of right

quotients of K[[X]].

Corollary 2.16. Let R be a ring having K as a skew field of right [left]

quotients, i : R+ K a right quotient embedding, L a skew field and
f : R+ L a monomorphism. Then there exists a monomorphism g : K + L

such that go i = £,

Corollary 2.17. Let R be a ring having K as a skew field of right [left]

quotients. If L is a skew field and L contains an isomorphic copy of R

then L contains an isomorphic copy of K.

Corollary 2.18. If R is a ring having K and K as skew fields of right or

1
left quotients then K K

Definition 2.19. Let S be a semiring without a multiplicative zero.

Then a skew ratio semiring D is said to be a skew ratio semiring of

right [left] quotients of S iff there exists a monomorphism i : S + D
such that for all x € D there exist a,b € S such that

> i(a)i(b)_l[x = i(b)_li(a)]. A monomorphism i satisfying the above
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property is said to be a right [1eft] quotient embedding of § into D.

x Yy

Example 2.20. Let § ={ /x,z € Z' and y € 2} and
0 Z
X v :
D= { /x,z € @F and y € @}. Then S and D with the usual addition
0 z

and multiplication are a semiring and its skew ratio semiring of right

quotients, respectively.

Remark 2.21. In this chapter, we shall prove some theorems for skew

ratio semirings of right quotients of a semiring S. The theorems are
true for skew ratio semirings of left quotients of S and the proofs
are similar so we shall not give the proofs for skew ratio semirings

of left quotients.

The construction of a skew ratio semiring of right [1eft]
quotients of a semiring S is the same as the construction of a skew
semifield of right [left] quotients of S, so we have the following

theorem.

Theorem 2.22. Let S be a semiring without a multiplicative zero.

Then a skew ratio semiring of right [left] quotients of S exists iff
(i) S is multiplicatively cancellative

and (ii) (S,-) satisfies the right [left] Ore condition.

Remark 2.23. Let S be a semiring having D as a skew ratio semiring

of right [left] quotients. Then

1) 3£ S is additively commutative the D is additively

commutative.
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Conversely, assume that there exists a unique partial order
5* on D such that (D,G*) is a partially ordered skew ratio semiring
and i is an increasing map. Let X,y,z € S be such that xz € yz. Then
i(xz) £* i(yz), thus i(x) = i(xz)i(z)™t <* i(yz)i(z)_l = i(y) which
implies that x < y. Similarly, if zx < zy then x < y. Therefore < is
multiplicatively regular.

Furthermore, assume that € is total. To show that < is total,
let a,B € D. Then there exist a,b € S such that ya = wb. Since < is
total, xa € zb or zb € xa, hence Ba-l = i(zb)i(xa)'i € E or

=4 : - - % % % .
o © = i(xa)i(zb) € E. Thusra € Bor g o, so € is total.

Corollary 2.81. Let (S,<) be a partially ordered semiring having D

as a ratio semiring of quotients and i : S + D a quotient embedding,.
Then there exists a unique partial order s* on D such that (D,Q*) is
a partially ordered ratio semiring and i is an increasing map iff <
is multiplicatively regular. Furthermore, if < is total then 4* is

total.

Theorem 2.32. Let S be a semiring having D as a skew ratio semiring

of right [left] quotients, i : S+ D a right [left] quotient
embedding, A the lower semilattice of multiplicatively regular partial
orders < on S such that (S,<) is a partially ordered semiring and B
the lower semilattice of partial orders 5* on D such that (D,Q*) is

a partially ordered skew ratio semiring and i is an increasing map.

Then there exists an order isomorphism between A and B.

Proof. Define a map £ : A * B in the following way : Let € € A,

E %
Then Theorem 2.30 determines a unique € € B. Define f(<) = < .












i

E wek : % % %t
i(xc) p i(zd), so xc p zd. Hence a p B. Hence p =p .

Conversely, assume that there exists a unique congruence p* on
K such that i(x) p* i(y) iff x p y for all x,y € S. To show that p is
multiplicatively regular, let x,y,z € S be such that xz p yz and z # O.
Then i(xz) p* i(yz), so i(x) = i(xz)i(z)-i p* i(yz)i(z)—i = i(y),

thus x p y. Similarly, if zx p zy and z # O then x p y. Hence we have

the theorem.

Corollary 2.35. Let S be a semiring having K as a semifield of

quotients, i : S * K a quotient embedding and p a congruence on S.
& b
Then there exists a unique congruence p on K such that (i(x) p i(y)

iff x py for all x,y € 8) iff p is multiplicatively regular.

Corollary 2.36., Let R be a ring having K as a skew field of right

[left] quotients. Then R has only two multiplicatively regular

congruences (since a skew field has only two ideals).

Corollary 2.37. Let R be a ring having K as a field of quotients.

Then R has only two multiplicatively regular congruences.

Theorem 2.38. Let S be a semiring having K as a skew semifield of

right [left] quotients, i : S + K a right [1eft] quotient embedding,
A the lattice of multiplicatively regular congruences on S and B the
lattice of congruences on K. Then there exists an order isomorphism

between A and B.

Proof. ,Define a map f : A + B in the following way : Let

% %
p € A. Then Theorem 2.3U4 determines a unique p € B. Define f(p) = p .
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Corollary 2.49, Let S be an additively commutative semiring of

order > 1 with a multiplicative zero which is also an additive identity
satisfying properties (i) - (iii) of Corollary 2.48. Then S is

additively cancellative.

Theorem 2.50. Every skew ratio semiring can be embedded into a skew

semifield such that the multiplicative zero is an additive identity

[zero] .

Proof. Let D be a skew ratio semiring. Let 0 be a symbol not

representing any element of D, Extend + and + from D to D u {0} by

%0=0x=0and x+0=0+x=x |[xt0=0+x= ( for all x € D u {0}.
It can be easily shown that (D U {0},+,*) is a skew semifield. Define
£f:D~>Duvu {0} by f{(x) = x for all x € D. Then f is a monomorphism.

Hence we have the theorem.

Corollary 2.51. Let S be a multiplicatively cancellative semiring

without a multiplicative zero such that (S,-) satisfies the right
[left] Ore condition. Then S can be embedded into a skew semifield

such that the multiplicative zero is an additive identity [zertﬂ.
Proof, It follows from Theorem 2.22 and Theorem 2.50.

Lemma 2.52, Let D be an additively cancellative skew ratio semiring

and |D| >1. Then x+y #xand y + x # x for all x,y € D.

Proof. Without loss of generality, suppose that there exist

X,y EDsuchthat x + y = x., Then X +y + X = X+ X, S0y + X = X.

et z € D be arbitary. Then z + y + ¥ = 2 + X,'s0 2 +y = 2. Let
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not a skew field then (K\{0},+,:) is a skew ratio semiring.

Proof. It suffices to show that x +y € K\{0} for all
x,y € K\{0}. Let x,y € K\{0}. Suppose that x + y = 0. Then x is
a nonzero element which has an additive inverse. By Proposition 2.54,
K is a skew field, a contradiction. Hence x + y € K\{0}. Thus

(K\{0},+,*) is a skew ratio semiring.

#
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