CHAPTER V

CONCLUSION AND DISCUSSION

The problem of the two dimensional hydrogen atom, which

is defined to be a system = motion of the electron

around the nucleus untem, f an attractive Coulomb
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which indicate that, using the three dimensional hydrogen atom
as reference, the energy levels are lower in the planar case .
The normalized wave functions which correspond to the energy

eigenvalues ( 3.31) ere

U (p#) = R_i(p) $y(H) , (3.43a)
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where p is defined by
B o= 3 (3.44)
In consistent with t £ fvalud | ‘exenergy levels, it
follows from the for 8t ions that the electron
distribution is displ#: ‘ \\ L€ u » The energy
eigenvalues (3.31) n number n and so are
degenerate with respec ber 1 . Since for each
value of n, 1 can vary from—=f{n= f_i 4 s the total degeneracy

of the energﬁ_le@;_' he three dimensional

hydrogen atom , total & erg;;r level En is nE}.
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If the effec‘t of the alec ron spin and the relativistic

variation nfﬂau gcﬁa ﬁaﬂ%% %’}ﬁ?ccnunt , the

energy levelsq'lfnr the stategywith 1 ;! can be f-a d by using the

U HOATFIBHIAR BB, o mre

level nf the electron are
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where the upper and lower signs stand for the spin-up and spin-
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down states, respectively.

If, in addition to the effects of the electron spin and
the relativistic wariation of mass, the effect of the two

dimensional Darwin term ( see Appendix B)

H:Darwin = = l ‘_" = {}-89)

was also taken int7 apeFmyndevels of the electron
for the states in wiTch® #FJ/UF ae\\ then

2
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Vi - - -H v 1 A0, (3:91)

where k is the new g
=)
k =

The pertyrBation met

sdi by the relation

. (3.92)
2in-down)

flikcable to the states
with 1 = 0 becausa? n evaluating (= anergﬁ shifts due to the

relativistic gxnof mass anf@l/the two dimensional Darwin term
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we deal with & a valu y respectively,
which eﬁiﬁii j‘nil =‘m i I three difi€nsional hydrogen
atom, a P t nv QJ ﬂtﬂiﬂiaﬂrn;})
However, Eq.(3.91) gives the finite energy levels even for the
states with 1 = 0. If we extend Eq.(3.91) to be valid for the
states with 1 = 0 as well , then it can be shown that the energy

levels of the electron predicted by the Schroedinger wave mechanics

are consistent with those predicted by the Dirac relativistic wave

mechanics.
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When the two dimensional hydrogen atom problem is solved
by means of the Dirac relativistic wave mechanics, the energy

levels of the electron turn out to be

E = me® 1+{ b . 1, waom
(n-%8) - Ikl - V(k° - (2a)°)

and the corresponding nn_«'VFH. 4 unctions are, as in the

case of the relativii—wngq_ ee_di sal hydrogen atom, divided
e ——

into two classes ;

(a) for the

“n‘;‘k ; (4,152)
and (b) for the spi
2% ‘ . (4.153)
ALl Diop
e QRANNTUII 8187
R‘I ;L] oY, (Ank n+ET'+1} B n} " ;
o N (N k) [Mey, +1:rj2 o pr nk®

(1 + Enk}ﬁ { n 1F1E-E+1;21k+1;23nkﬂ}

- (an - k) 1F1(—ﬁ;2')i‘+1;2?~;1kp)] " (4%.154)



115

4 oA ()\ JET’(E+2"Y +1) % 5 jﬂfk-}é ki }
R ,(p) = - 2 o expl - (&)
nk 2 nk nk

N, (N k) [((27, +1)]
(1 -€ ]}7""’ [E 1F1{4E+1;zvk+1;aankp}
+ [an - k) (—E;Ev&+1;2hnkpj], (4.155)

03 =3z e (4.42)
and
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b5 = 7o (4.43)
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possible values of | gfarent values of E
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for each n . The comp Mgiven n in the

nonrelativistic case plativistic effects.

However, there still renm f%}{i; g; acy of the states with

same n and Iklbut i ffer in k4. o 1 THefElationship between

tha relativistic an l ergy eigenvalues can

J.H

be seen by expandinquq (4.103) in pnwers of (Za). This procedure

s ﬂumwmwmm

QiR

The first term is the rest energy of the electron. The second term
is the nonrelativistic energy. The terms in (Za}# are exactly what
is obtained in the nonrelativistiec theory if the first order
perturbation calculation is used to evaluate the contribution of
the sum of the following three terms :

(i) the additional energy due to the relativistic

variation of mass ;



(ii) the spin - orbit interaction ;

(iii) the two dimensional 'Darwin' term .

In the nonrelativistic limit, the relativistic radial
functions can be shown to reduce to the nonrelativistic ones.

In such limit, the small component ( the last two cumpunentsj

vanishes and the large one re 2 to the nonrelativistic radial
function
R (p) (4.166)
nk
L
Rnk(pl
Since the negatived (8296 igle \nol effect on the values
of the physical obs F.: £ | - can be concluded that
the results obtained Iro istic and the nonrelativistic
wave mechanics
1t is ver ] fhat the eigenvalues of the

b ]
two dimensional hyd;agen atom are very different from those of the
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mechanical r 1ta for the Engenvalues of the nunrelnti?istic and

the ruﬂfw{%a @ﬂaﬁﬂﬂl%ﬁqﬂaﬂ%ﬂ ']:&8‘1& identical

with th values predicted by the Bohr and the Sommerfeld theories,

repectively. Since both the Bnhr and the Sommerfeld thecories
involve a planar orbital motion, which is really a two
dimensional motion, one might expect the Bohr result to agree with
the guantum mechanical results for the nonrelativistic two

dimensional hydrogen atom, and the Sommerfeld result to agree with
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the relativistic one . The fact that these are not the cases, show
even more cﬁnvincingly the accidental nature of the coincidence
between the Bohr result and the eigenvalues of the guantum
mechanical nonrelativistic three dimensional hydrogen atom, and
between the Sommerfeld result and the eigenvalues of the

relativistic three dimensional hydrogen atom.

Recently, Bruceés fed discussion of the

relativistic two dimeT ®m but in his treatment

the matrices G . w a’f,u- to.be 2-by-2 matrices,
iIEi‘ » ' - \ \
b = 5F : ) D (B4
x x

where the matrices atrices- As a result

"\

of this choice of a' s'only one constant of

the motion, namely, the 2= he total angular momentum

(5.2)

where as, in our QEF E e Lwo cohmuting constants of

the motion and If
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into two classes. Moreover, in Bruce's treatment, the positive
energy solutions are associated only with spin up and negative
energy with spin down. ( In our treatment, the wave functions
are decomposed into two classes, one corresponds to spin up and
the other to spin down.) However, Bruce's results for the

eigenvalues are identical with the values predicted by our

treatment.
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