CHAPTER III
LINEAR TRANSFORMATION SEMIGROUPS WHICH

ARE CLOSED IN SOME STANDARD EXTENSIONS

Transformation semigroups which are closed in every extension
purpose of this chapter is to show that the linear transformation
semigroups LTV, LGV’ LMV and LEV are closed in their standard

extensions TV’ Py and By where V is any vector space and T

v? P., and

v
BV are the full transformation semigroup on V, the partial
transformation semigroup on V and the semigroup of binary relations

on V, respectively. We note that LGV is closed in every extension

since it is a group .(see Theorem 1.2).

The following lemma is used to prove that LTV is closed in
!

TV’ PV and BV where V is any vector space.

Lemma 3.1. Let S be a basis of a vector space V. If per and

a, B,¥ € LT, are such that aBﬂ(S-x VIC BN (SxV) and op = py for

some c£ B then there exists A e LT,, such that

i v
(i) aoB = A¥ and
(i) AprY(s xvV)CpuMi{sx V) ‘for all ueLTV,

Proof : Let veS. Since aBN(sSxV)CoBN(SxV),(v, v(aB)) e B .

) y
Since OB = pY, (v, v(aB)) € py. Choose v € V such that (v, v Yep
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and (v' , v(aB)) €e¥. Then v.),f = v(aB). Therefore for each we S, we

can choose w. €V such that (w, w' )ep and (w" , w(aB)) e¥. Thus

dﬁ = w(aB) for all wesS. Let A be the element of LTV determined

by wA = w. for all wesS. Then for wes, w(A¥) = (W)Y = w"d = w(aB) .
This shows that aB = A¥. For ueLTV and for wes, (w,>wl) = (w, w‘ ) E p
and (J 5 Qh)e U, so (w, w(Au)) € pu. This proves that

AuN(sxV)CpuN(SxV) for all ueLTV.
: #

Corollary 3.2. Let S be a basis of a vector space V. If pt—:BV and

o, Y sLTV are such that o = p¥, then there exists AeLT

v such that

(i) o = A¥ and

(ii) AN xVv)CpuMN(sxVv) for all MELT .

Proof : It follows directly from Lemma 3.1 by using B = 1V

and 0 = a. &
w

Theorem 3.3. For any vector space V, LT is closed in T. , P

v v and B, .

A% v

i : L — . . :
Proof Since Vg'rv_ PVng, it follows that if LTV is

closed in BV’ then LTV is also closed in Tv and PV (see Chapter I,

page 7 ). Therefore to prove the theorem, it suffices to prove that

LTV is closed in Bv. Let 6 Dom(LTV, BV) .- Then there exist .

ao)"a.lJ s e aZmELTV’ p1: 92; ce~ pm) 01) 02: R cmEBV

such that

VA DD AR/
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-

Pify = ProyBoseys i g% = %% q0 2= ladsssaam=1,

= o

a2m—1 om 2m”

Let S be a basis of V. Since o = P0y s by Corollary 3.2, there

exists )L1 eLT,, such that o = )\1 a, and )\1oz2ﬂ (s xV) cp, azﬂ(s xV).

Since )\1a2ﬁ(s x V) §p1a2.ﬁ(s x V) and P oy = Py, it follows by

such that )\10. = lza and

Lemma 3.1 that there exists }\2 g LT 2 3

\Y%

k2a4ﬁ(s x V) gp2a4ﬁ(s x V). Suppose that k is an integér such that

and A

T <k <m-2, A K1 2k+2

Sy = lk+1a2k+‘l MNi(s xV)gpk+1a2k+zﬁ(S %) -

It follows from A N(s xv) (_;pk_*_1 °"2k+20(s X'V 5

k+1%2k+2

P

P and Lemma 3.1 that there exists Ak+ € LT such

k+1%2k+2 = Pri2%2k+3 o Bl

that A and A

ke1%2k+2 = Mkr2%2K43 U VI By, 500y 4 (VIS 2 V).

k+2%2k+4

This proves that Aia2i = li+1a2i+1 and A (sxVv)CEop, NS x V)

i+1%2142° i+1%2i42

for all i = 1,2,...MmA. Thus"X

et ) A e, and

lmame (s xV) gpmdzmﬂ (S%xV). Now we have the equalities

1% = Ay Fgain s ol gy = MagBpgie L= TeterupiEsl 5

o

%om=1%m = %2m

and Qs Qqsenes Ops A1, )\2,.-., lmsﬂ‘LTV, Gys Onsenny Op BV.MThen

by the remark on page 8 ,6 = )\rﬁQZm which implies that 6eLTV_ since

A I = i i
b i P LTV. Hence Dom(LTV, BV) LTV’ so LTV is closed in BV’ as

required.

Ak
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To prove that LMV is closed in T

v’ P, and B where V is a

v A"

vector space, the following lemma~™is required.

Lemma 3.4. Let V be a vector space. If aeBV is such that op ELM\/

for some B ELM then o€ LMV ’

V)

Proof : Let aeBV anc? Bz—:LMV be such that oB sLMv. Then

aB =¥ for some ¥ SLMV. Since B ELMV, the inverse map of B8,

8—1 : VB -V is 1-1 and linear. Now we have that af : V - VaB C VB

and B! : VB = v are 14 /Akd/ Lihear. . These imply that a = (aB) 8_1

is 1-1 and linear and Aa = V, so aelLM .

veo#

Theorem 3.5. For any vector space V, LMV is closed in TV, PV and BV‘
Proof : Let 6eDom(LMV, BV)' Then there exist
o a1, .- s azmeI:.Mv, pT,"pz, SRR pm, 01,.62, e e omeBV such that
6 = =
BT B P17y

Pi%i = Pig s ¥ Mo % = 905,00 2= Taluen il

0‘2m-—’10m = %om-

Since o, e:LMv and Py = aoeLMV, by Lemma 3.4, P, eLMv- Since

p2a3 = p1a2€LMV and a3€LMv, by Lemma 3.4, pzeLMv. From

p.a_. =p for i = 1,2,...,m=1 and p1 SLMV, it follows by

i+1%2i+1

Lemma 3.4 inductively that pit-:LMV for i = 1,2,.:.,m. “Thus

P ELM,. But from the remark on page 8 ,6 = Pplom- -Hence (X LM\/'
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This proves that Dom(LMV, BV) = LMV. Therefore LMV is closed in BV.

Since LMVg TVgPVgBV’ it follows.that LMV is also closed in Tv, PV

and B__.
Voo

We prove in the last theorem that for any vector space V,

the linear transformation semigroup LEV is closed in TV’ PV’ and BV'

Theorem 3.6. For any vector space V, LEV is closed in TV’ PV and BV'

. 5 X . ,
Proof Let € Dom(LEV y BV) Since LEV(; LT,

- Dom(LE BV) gDom(LTV, BV)(see Chapter I page 7 ), by Theorem 3.3,

v)

Dom(LTV, BV) = LTV. Thus GE:LTV. Since 6 ¢ Dom(LEV, BV), there exist

u) a1)---)02m€LEvl p1’p

L pm, 01, _02,_.., 'GmeB such that

I3 v

P25 = Pisy1%0i410£273i 1% = %3 %40 1= 1:2,...,m-1,
ot 1% = %om-
Since u2m_1 dm = a2m and Va2m =iV, Y EliFedlews! that ch = V. Therefore
v(a2m—20m) = V. From a2m—3om—1 = ?2m—20m and V(0L2m_20m) =V, we get
Vo = O, = o i =1, s e =
~ V. From a21_1 i a2101+1 for i 1,2,...,m=1 and Vom Va

it follows inductively that Voi = Vi for:a =" 1,2,;. . 5m. «Thus VG1 o

Since 6 = @ 0,, We get Vé = V(OLOG1) = V. Now we have 6€:L‘1‘V and

V6 = v, it follows that 6 e LE... This proves that Dom(LEV, BV) = LB

v N

H B, 1 1 .
ence L v 1S closed in BV From LEV_C_ Tvgpvgsv, we have that LEV

is als 1 d in-T =
also closed in VandPV

#
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