CHAPTER I

PRELIMINARIES

Let X be a set and BX the set of all binary relations on X.

For p, O € BX, define their composition pO by

pc = {(a,b)exxx | (a,x) epand (x,b) e for some xe X}.

Then BX is a semigroup under composition of relations which is

called

the semigroup of binary relations on X. For a binary relation p on

X, the domain and range of p are denoted by Ap and Vp, respectively.

By a transformation of X we mean a map of X into itself.

A partial transformation of X is a map from a subset of X into

The empty transformation of X is the partial transformation of

empty domain and it is denoted by 0. For o« , BeP define the

X,
oB as follows : If VaMAB = @, let af = 0. If VaMAB # @, let
OLB =

(u} _1)(8, ) (the composition of the maps
(Va MABR) o (Va MAB)

) where « and B

o and B
l (Vaag)a” 'chAB (VaNag)a™ YRi'uab

Xz
X with

product

denote

the restrictions of a and B to (Va(\AB)a_1 and VaNAB, respectively.

Then PX is a semigroup having 0 and 1X as its zero and identity,

respectively where 1X is the identity map on X and PX is called the

partial transformation semigroup on X. 1In fact, PX is a subsemigroup

of BX.

Let TX be the set of all transformations of X. Then T

subsemigroup of PX with identity 1X and it is called the full

is a
X



transformation semigroup on X. Let GX be the symmetric group on X.

Then GX is a subgroup of TX containing 1X as its identity and

Let V be a vector space. For ACV, let <A > denote the
subspace of V generated by A. The following facts of vector spaces

will be used in this research :

(1) The cardinal numbers of any two bases of V are equal.
(2) Let W and Z be subspaces of V such that WC Z. Then

dim (V/W) > dim (V/Z).

(3) If W is a subspace of V, then dim V = dim W + dim(V/W).

Let LTV, LGV, LM, and LEV be given as follows

v
LTV = the set of all linear transformations of V,
LGV = the set of all 1-1 onto linear transformations
of V,
LMV = the set of all 1 -1 linear transformations of V and
LEV = the set of all onto linear transformations of V.

Then under composition of maps, LTV, LG LMV and LEV are subsemigroups

V)

of TV’ PV and BV containing 1V as their identity and the semigroups

LT LG

- 2 LMV and LEV are refered respectively as the multiplicative

semigroup of all linear transformations of V, the multiplicative

group of all 1 -1 onto linear transformations of V, the multiplicative

semigroup of all 1 -1 linear transformations of V and the

multiplicative semigroup of all onto linear transformations of V.

Then LGV is a subgroup of LMV, LEV’ LTV’ TV’ Pv and Bv,

LG _C PC B d LG CLE LT B P B . h
V_LMVQ LTvg Tvg = By an e \F—:- V(_:_' Vg_ Vg‘ L From the



v

fact that if dim V < @ and aeLT,,, then o is 1 -1 if and only if ¢
is onto, it follows that if dim V=< @, then LMV = LGV = LEV.
If F is a field and n is a positive integer, let Mn(F) be
the multiplicative semigroup of all nxn matrices over F and Gn(F)
the multiplicative group of all nxn nonsingular matrices over F, so

we have Mn(F)gé LTAn and Gn(F) = LG " where F" denotes the vector
F F

space F x...xF (n times) over F. Moreover, if V is a vector space
over a field F with dim V = n < @ , then LTvei Mn(F) and

LGv = Gn(F).

*
A subset A of a semigroup S is said to be dense in S if for
any semigroup T and for any homomorphisms «,8 : S — T, ulA = B‘A

implies a = B

*
A subsemigroup U of a semigroup S is said to be closed in S
if for any element d g S~U, there are a semigroup T and homomorphisms

9,4 : 8 =T suciPshat ¢‘U = ¢| and d¢ £ d¢ .

U

= In Topology, it is known that for a metric space X and for

AT X,

(1) A is dense in X if and only if for any metric space Y
and for any continuous mappings f, gz X e Y fIA = gIA implies
f = g and

(2) A is closed in X if and only if for any point x e X~A,
there are a metric space Y and continuous mappings f, g : X = Y such

that f[A = gl, and f(x) # g(x).

A



A semigroup S is said to be absolutely closed if S is closed

in every extension of S, that is, S is closed in T for any semigroup

T containing S as a subsemigroup.

Let S be a semigroup. For ACS, let <A > denote the
subsemigroup of S generated by A. Let U be a subsemigroup of S. For
any element d of S, d is said to be dominated by U or U dominates
d if for any semigroup T and for any homomorphisms 9, 4z 8 =2,

(pIU = q,IU implies d¢ = d¢. The set of all elements of S which are

dominated by U is called the dominion of U in S and it is denoted by

-

Dom(U, S).

The following statements clearly hold :
(i) UcDom(U#S)L
(ii) Dom(U, S) is a subsemigroup of S.
(iii) U is dense in S if and only if Dom(U,S) = S.
(iv) U is closed in S if and only if Dom(U,S) = U.
(v) If U and V are subsemigroups of SAsuch that UCV,
then Dom(U,S) C Dom(V,S) and Dom(U,V) CDom(U,S) and hence

U is closed in S implies U is closed in V.

Let N denote the set of all positive integers.
Let U be a subsemigroup of a semigroup S. A zigzag of

length m e N in U over S with value de S is a syster of equalities :
d = L ¥Via U, = Hgu

* X. g = = 3 ¥ e
i 2722 = FiaYened s Yer ¥ = Ul g0 05 1525 el

= u

u2m—1 ym 2m’



where u u
&2 =

Remark. If (*) holds,

,uzmeU, x1,x2, ""Xm’ y1,y2, ,ymeS.

then we have the following equalities

d —;
oY1
4 = ®lgy o¥; = BT = B maya¥ist T e S e i
and
d = ok
that is, d <& Uy,
= x1u1y1, ¢ = X 4,
S RO WYy T Y22
=) sty X2 T *2Y3
= St M1 Y 2m-2 *m“2m-1
= *n%m > Yom-1Ym = By =
Proof : Since Xouy = u, . We have Xquyyq = Uy = ds BErom
u21_1yi = u21y1+1 and xiu2i = X: 199541 for all 1 =1,2, .., m=-1,
we have that
XiUpiq¥s T FiY2iYiw
and
B Wy n B oW g ¥en w A= REieeanel

Now we have

MYy



and

¥iU2i1¥i T *i%2iYier T XipU2igYigr 0 = 12, .., met
Then it follows inductively that
G o= g ¥ = BTG T BTl 2= Ta@uuse nmt
In particular d = xmuzm_1ym. But u‘2m = Uy 1Yp » SO We get
oMoy = R U 1%, = d. Hence the remark is proved. .

The following quoted results will be used in this thesis

]
Theorem 1.1 (Isbell s Zigzag Theorem,[4]). Let U be a subsemigroup
of a semigroup S. Then de Dom(U, S) if and only if de U or there is

a zigzag in U over S with value d.

It is clearly seen from Theorem 1.1 that if A is an ideal of

a semigroup S, then Dom(A,S) = A.

Theorem 1.2 ([50).. Every inverse semigroup is absolutely closed.

In particular, every group is absolutely closed.

Theorem 1.3 ([3]1). If G is a groupsand U is a subsemigroup of G

containing the identity of G, then U_1g Dom(U, G) where

L {x—1 |x e U}
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Theorem 1.4 ([31). Let G be a group and U a subsemigroup of G. Then

U is dense in G if and only if <UUU*1> = G where <UUU_1> is the

subsemigroup of G generated by UU U_1 .

Theorem 1.5 ([3]). Let X be an infinite countable set , A a subset
of X such that IA] = IXI = IX\AI and B a subset of X. Then the

following statements hold :

(i) If ANB is infinite, then there exists ace Gx such that

ACAa and ACBa

(ii) If X~ (AUB) 1is infinite, then there exists nec;x such

that AnCA and BnCA.

(iii) If B is infinite and X\ (A{UB) and AMB are finite,
then there exists A€ GX such that AAC A and ANBXA is infinite.
Theorem 1.6 ([3]). Let F be a field and n a positive integer. If F
has a proper dense subsemigroup under multiplication, then the

matrix semigroups Mn(F) and Gn(F) have proper dense subsemigroups.

Theorem 1.7 ([3]1). Let F be a field and n a positive integer. Let
S be a subsemigroup of Mn(E‘) such that Gn(E‘) Cs. 1If S contains a
matrix in Mn(F) of rank k < n, then S contains all matrices in Mn(F)

of rank < k.
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