CHAPTER III
MAIN RESULT

Let Xj’ J=15 25 ese s B be indepéndent integral-valued

random variables. Let

S = X A e .
5 i + X2_+ +! Xn

In this chapter, we obtain approximations for P(k1 < Sni k2) in
term of normal probabilities with certain types of correction terms.

Since, by Theorem 2.1, P(k1 5Snik2) can be written in terms of

Bl
2 ‘
R(T) = J_Aflsn(t)l sin(TVB t- a(t))dt
71 3
g sinaE
Vi

so it suffices to obtain approximations for R(T). This is done in

Theorem 3.11.

Lemma 3.1. Let X be a random variable. If X has moment of order p

where p is a nonnegative integer. Then the following holds :

(-~} (-]
: P
o o % PRES f f (x-y)PAF (x)dF (y) = T (-1 )p"“<§)E<x’“)E<xp"“>.
-0 — 0 m=0 .
Proof :
© o © o L=
- p
P = Py, M, . P-m
L’Iw (x-y) dFX(x)d Fx(y.) = !w __L mz_;o (m)x (-y) de(x)dFX(y) »

© o

P
B3 -1 p-m_,  p m p-m - .
e e L AR (AFy(y),

-0 =00
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-] (o]

P
z (=1 )p'"‘(ﬁ)f x“‘dFX(x)f yPaFE, (y),
m=0 o0 ~C0

P
w (=4 )p”“(z)mx“‘m(xp'"‘).
m=0 : #

Lemma 3.2. Let X be a random variable with finite wariance. Then

the following hold :

(3.2.1)... J‘ f (x—y)?’de(x)d FX(y) = 202(X).
w0 O
and o i
£ 3 t 5
(302-2)see 2 LD Lo sin ((x-—y)-é-)d Fx(x)de(y) < tToT(X)
forat & R

Proof : By taking p = 2 in (3.1.1),we have

© @

.
J | (x-y)?aF, (x)d Fy (y) z 12" 2 paMEE®™),
-0 m=o i

= 202(X))
fe. (3:2.7) holds.

Since |sin§| < |9| , we have

2

0 < sin®((x-y)5) < x9)? F .
Hence
©® o 5 i
A € t 2
2 L, _LD sin” ((x=y) -2—)dFX(x)d Fx(y) L5 LD LD (x-y) de(x)d Fx(y),

tzoz(x),

]
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Lemma 3.3. Let X be a random variable with finite variance. If

t2<—1——, then

62 (x)+1

(3u8.1) e logltpx(t)l = _-15- b -F-; (_f fs.1n ((x-y) -—)dF (x)dF (y))p
p=1 -0 ©

Proof : Since |<px(t)|2 is real and

Y P ()P (E) ,
X X X

f eitx dFX(x)f e—ity-dFX(y),

P d -0

I

]

[ [ it dF, (x)d Fy (y)
-0

]
Ty
S

cos((x—y)t)de(x)dF&(y) - i,( J. sin((x—y)t)de(x)de(y),
! o .

-0

so we have

ltpx(t)lz = f f cos ((x-y)t)dF, (x)d Fy(y) ,
-0 00
o (-]
- | | (1-2sin?((xy) Enrar, (x)a F, (y)
o y 2 X x y 3
-0 00
©® ] (-] - -]
= f f dF(xMF W)-Zf f sin Hmy%ﬂdF(xMF (y),
-0 =00 -0 0
BE t *
= -2 LL sin ((x-y)—z-)d Fx(x)de(y).
; 2 1 : S
Since t° < ———— , by (3.2.2),.wehave

cz(x)+1
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: © ™
0 <2 f f Sinz((x—y)%)d Fx(x)d Fx(y) < 1. Hence logltpx(t)l is meaningful
-00 =00

and
' oo 0

logle,(t)| = %log(1-2f [ sin?(xy) Drar, oar )

@ @

: p
o 2 ¢
(2 f f sin ((x—y)EJdFk(x)de(y» s

-0 .0

ol-=

£ S
2

™

p=1

D aP P : P
o 2l 22 JosdPuxyr Bar, coar, ) .
2 P 2 X X
p=1 -0 "

For convenience,in dealing with a certain type of polynomials
and their derivatives,we introduce the following notation.

Notation. For any polynomial function p(t) and any positive integer

i,we use Pri] to denote the polynomial function defined by

' i
p[i](t) = (pltr/) =

Lemma 3.4. Let f(t), g(t) and h(t) be polynomial functions defined by

£(t) = a td+a tJ+1 + ...4+a £ItP 4 a tj+p+1
o 1 P p+1~
glt) = .a td+a t3+1 +...+a tPy bt:’+p+1
o 1 P
and
h(t) = |ao|tj+ |a1 |t:'+‘l % g Iap|t:3"'p|b|tj+}:>+1 ;

wherejZOandp?_O &

Assume thatl ap+1l < |b| , then for any positive integers i, a, -



such that ij < gq_ < ij + p + 1, we have

4, 1 (q) i(j+p+1) 1 (q) qo+1
& FF 00 3 TN 2° = g(0)tf- = = h (0)t° < £ (£)

q=0 ¥ T[i] g=q +1 T [i] [i]

o
for all t ¢ (0,1) and
qO 1 (q) i(j+p+1) 1 (q) qo+1
(3.4.2)... £() < T = g@fl+ T o h(0)¢
[i] q=0 ¥ "[i] a=q +1 T [i]
(o]
for all t € (0,1).
Proof : Let i and a, be-any posiiive integers such that

2.9 <49, <'ij+p+ 1. <

Note that f£(t), g(t). and'h(t) are polynomials,'fﬁey can be

express as their Taylor s polynomials.. In doing so, we have

i(j4p+1) 1 (q) A
£ (£) = z - % toygd,
[il qub | Seebe
i(j+p+1) 1 (q)
g (t) = > = 9 (0)t4,
[i) PR S S &
and
i(j+p+1) 1 (q)
h (¢) = z 4 h (0) £
(i) ET R LR Y
On the other hand, by using multinomial expansions, we have
. n_n,
(3.4.3%:0. 2 (k) = z ( e L R
[il PUPTIREIEE  T adle i :
e R

(tj+p+1)np+1

n W ¢ | : . n
a PH 3y 0pd+ly
p+1
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i P &
(. fes wAt) . z b o a )aO°a1
: 1 it ? Jeeey
113 no+n1+...+np+1_1 o1 p+1
T T Tl i+p+1  Tp+1
app g Bt pedy Prgils L o gty B
and
" n n
(0] 4
(3.4.5)... h (t) = z ( . y 1o} Tha f T
[i] N +N,+ee.4n_ =i e R b - L
S 1T T T p+l 2 P
_ n n_4 R 41 o1
Iapl Phy | B0 gy Sppdtty © s TR AT

From (3.4.3) and (3.4.4),we see that £ (t) and g (t) contain only
, [i] Ea]

terms of degree larger than or equal to ij. So we have

(q) (q)
£ (0) =g (0) =0 for 0< g £ ij-1. Therefore

[il] (il

-1 (Q) ij-1 (q)
: L ofto)f oz & g ()¢l
g=0 T (4] — RURatel £ 8 B

From (3.4.3), we observe that any term of f (t) must be of the form
[i]

i n, n, np+1 1j+(n1+2n2+...+(p+1)np+1)
) aO a ...ap+1 2
p+1

(

no,n1,.--,n

for some nonnegative integers n such that nod-n1+...+n 24 .

p+1

R np, n

p+1

Therefore np+1 = 0 for any term of £ (t) of degfee smaller than
[i]
ij+p+1. So the term of £ (t) of degree smaller than ij+ p+ 1 must
[i] :
be of the form

: n.-n n_ ij+(n,+2n_+...+pn_)
3 ) & oa 1_..3 P 1 2 g o
no,n1,...,n B 1 P

(

015315
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Similarly)we can show that for the term of g [t] of degree smaller than

il

ij+p+ 1 must be of the form
n n n, 1j+(n1‘+2n2+....+pnp)

i 1
( * & R vy t o
) ap

Hence for any q < ij+p+ 1, terms of degree q oﬁyf[i](t) and

g[i](t) are equal.

Since q, < ij+p+ 1, we have

q : q
: oy (q) a ° 4 (q) 4
{3.4:8)¢:s I — f£(0)t° = I =g(0)t".
q=0 A EN q=0 14

From (3.4.3), (3.4.5) and t > 0, we observe that for any nonnegative

integer q, the term of degree q of £ (t) must be less than or equal to -
[i]

[i](t) and must be larger than or equél to the

term of degree g of —h[i](t).

the term of degree q of h

Hence
i(j+p+1)1 (q) i(j+p+1) 1 (q) &
T 51 h (0 3 BT z e £ W0t
q=qb+1 [i] g=q o+1 [i]
i(j+p+1) 1 (q)
& z — b (0)&%,
q=q +1 ¢ i)
(o]
‘From (3.4.6) and (3.4.7), we have
9 " (q) i(j+p+1) 1 (q) qo 1 (q) g
£ gt - 8 S hticf(e)e 2 5 g0t
g=o T’ i) q=q_+1 ST [i] geo 1 [i]
i(j+p+1)1 (q)
g8 = h (otd .

g=q +1 ¢ 14
o
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Since 0 < t < 1 and h ity > 0, so we have (3,4.1) and (3.4.2)
[i]

Lemma 3.5. Let X be a random variable with moment of order 2po+ 2
where Po is a positive integer. Then there exist constants E}(x),

cz(X),...,cp +1(X) such that

©
@ [}
o 2m — i 1 o P _f 2 t
i) > cm(X)t -c +1(X) £ © Ml I - j sin ((x-—y)E)
m=1 p07 p=1 P — —®

P pB Ik ah/ /A 2po+2
dFX(x)de(y):l < m_Z~1 cm(x) £V cpo 1 (x)t

for all te (0,1) and

1.3} %BH(X)ZO.

Proof: Forp=1,"2).-- » P +1glet
o

2p o
o . d (2P) (1) PP EEERP™)
p m=0 i
p.+1
H, (€)= { > R gm(x)tz“]
+P m=1 2(2m)!
and
p. +1 p
4 om|
H (t) = [Z 1 gm(x)t _‘
XoP w1 T2} S ik

By using Taylor's formula for sin29 , we have

m-1 Po 2p +2 2p +2

p.

Q
f=1) 2 B ) S oy T aonliney Ve 9k -0

3 o]

& z - (x-y)
m=1 2(2m)! 2(2p_+2)!

=

sinz((x—y)2

for some t..
(@]
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. e t
So, Iw -J:w sin ((x-y)-i-)d Fx(x)de(y)
po S 2m P 2po+2 2po+2
= J J' [ % 2 il (x-y) + (=13 % (x=%) cos((x—y)to)t :'
—® — m=1 2(2m)! 2(2p°+2)!
dFX(x)d FX(y) ’
Po m-1 2m i, P 2po+2
= 3 (-1) f f (x-—y) dF(x)dF(y)+ (-1) t
m=1 2(2m)! —® — 2(2pr2)!

@

2p +2
f f (%-y) © cos((x—y)t.)de(x)dF Cy)
o X

-0 =

Since gp(X) =_[ f (x—y)ZPde(x)d Fx(y), we have

P
o
ol t \ m-1
(3.5.1)...f f sin“((x-y)F)d F (x)AF (y) = Z _(-1) o
- RO < > m=1 Z(zm)t  om(X)E
p 2p 42 2p +2
3 | (1) Op e f j {3 cos((x-—y)t )dF (x)dF (y).
2(2p. +2)! - =
o
% v om yo |8 2p +2 2p +2
Let £(t) = I i ol gm(x)t + (=1) ¢ I J (x—y) e
m=1 2(2m)! 2(2p +2)' =0, o
cos((x—y?to' )de(x)d Fx(y) s
5 T om (DR i aly
glt)= Z —-_——-—gm(x)t o eSS +1(x)t >
m=1 2(2m)! 2(2py+2)Y "o
and po\+1
h(t) = 3 LRSS ¢ o
m=1 2(2m)!
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Since gm(X)_>_b for m-#. 1, Zywse » po+1 and
o © @ ©
2p +2 t, 2p +2
f f (x-y) © cos( (x—y)—z- )d FX(x)d FX(y) < J' f (x-y) dFX(x)d Fx(y) s
- —00 -—00 -0

= g_ . (X),
p_+1

by Lemma 3.4, we have, for each positive integer i,

SR - HRtty o l2g)s 2n a8
E " g mit™ = [ z —_ h(O):]t < £(£)
g=1 (2g)! [i] q=po.+1 (2g)t [i] [i]

P (2q) i(po+1 ) 1 (2q) 2po+2
1 2g —— h (0)] t .
g=1 (2q@)! [i] q=p +1 R
Observe that,
g(t) = H (t) ,
[p] XHp
awhalt) "= “H e
[pl X+P
and - Byii(3.5.17)5
@ ©
- t
£{t) = _J:m LD sin ((x—y)-z-)d Fx(x)dFX(y).
Hence we have
P p(p +1)
° 4209 2 o 1 (2q) 2pd+2
B o B (B . 21 R —— H_(0) t
g=1 (2g)! XP q=po+1 (2g)! P
S : -
£ [Lo LD sin ((x-—y)-z—)d FX(x)de(y)]
Pp o T pip g . k391 < 2p 42
St - H (O)tq+|: x e WM RS
q=1 (2q)t *®F a=p_+1 (2q)! P
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Therefore
po 1 Po oP (29) 9 po1 p(%'ﬂ) oP (2q) 2po+2
-5 I - H, (0)) t°9 - Is 3 H_(O)]t
q=1 p=1 p(2g)! o p=1" g=p_+1 p(2g)! ™’
p
< ;-12- z .2_ l:f _f sin ((x-y)—)dF (x)A F (y)]
p=1p - -
L 1
po 1 po 2P (2q) 2q Ps 1 p(po+) oP (2q9) 2po+2
% 3 tem 2 (0)t“? + I 5 bX H (0):}t e~
g=1 p=1 p(2g9)! s p=1 q=%‘+1 p(2g)! Eap

By choosing -c-:-q(X), qg=1, 2553 P AV a8 follows:
o

T 1 po 2P _(2q)
c (X) = -3 Z Hy (D). g°= 1, 2, ¢.2 3 P.s
9 p=1 p(2g)! 2\ » o
+1
i 1 pO p(po+) 2}0 (2q)
c +1(X) = = I b HX (0} 5
po p=1 q=p°f1 p(2g)! "
we have
P-
P. o) P
2p . +2 2! [f f
© — — Bk z e i
F (X)th 2. (X < ) sin®((x y) )dF (x)AF (y)]
g p.+1 =1 © -
g=1 o
Po 1) 2 i 2po+2
2 z_-cq(x)tq+c shabes Ty
ol Pt

d ¢ X A
an CP6+1( y 28

Lemma 3.6. Let X be a random variable with moment of order 2po+2
where p is a positive integer. Then there exist constants c, (x)s

c2(.X), e cp6+1(X) such that



1)

for

i),
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By i 2p. +2 P i 2p +2
L et~ (0t 2 < logle (B)f< T e (X} + c (xye. ©
= p +1 = X - 4 m pn+1
m=1 & m=1 0
t2 < ——51—— and
207 (X)+1
1 2
c (X) = - 50 (X).
Proof : Observe that
(-] ©
® B P
. A .2.[ [ sinz((x—y)-tzi)dFx(x)de(y):]'
pap 41 P L =
(o}
@ (--]
@
P
> -15 3 [2f £ sinz((x—y)%)dFX(x)dFX(y)] ,
p=p +1 ety
(e}

[-<] 0
° Pyt
e = el
. [2 ,LD_-,_[& sin ((x—y)-z-)d Fx(x)dFX(y)]

= P 3

2 ® . ©
1-2 f f sinz((x—y)-gf)de(x)de(y)

p +1
- (Pt ©

v

2p +2 2p _+2
= - O o (X) ol ?

where the first equality and the second inequality follow from, (3.2.2)

and the fact that t2 < ! g
207 (X)+1

Hence we have

S P p + p +
. NG . [ [ | sin?eixyr Dar oar (y)]' 3 20 O fxit 2

P 2 X S 4 -
p=p_+1 gt

(o]

Therefore

/J €

3 11 AE
guiuvddvivu

f UYWIBNTIII AN 14Ny’
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(=] @©
: 2p +2 2p +2 =« P
(3.6, 010, ae- o0t o _<_—-'15 ) 2 [:f f sinz(x—y)g-)
p=po+1 p — —m®

p - 2R +2 2pO§_+2
dF (x)dF (y)| <0 = . (Xt

Let -51 (x),s EZ(X), ’Ep +1 (X) be constants in our proof of Lemma 3.4,
i o
i _ 2py+2

and let c = = awe = (o] "

p(X) cp(x) for p 1525 » P and cpo+1 (x) cpo+1+ {x)
By Lemma 3.3, Lemma 3.5(i) and (3.6.1), we have
Py G 2p .42 : P PN 2p _+2
e (0t - L (xt <iog ltp @] <z et +e, 0t

m P . +1 - X — m p_+1

m=1 o m=1 o

' To show (ii),we note that

P P L2
o )
- — H 0
e lx) = % 3 TS
1 2
p=1
where
1 4
ok 5 9 (x) 8 p =1,
H, (0) = :
X,p
0 e N ¥
] 1 . Y 2
Hence c1(x) = -—4-g1(x). So, -by (3.2.1),we have C1(X) = = 30 (x).

#

Theorem 3.7, Let X'j’ j=1,2,...,n be independent random variables with

moment of order 2p0+2 where p is . a. positive integer. Let cp(xj)’

=1 20Dy Pp=1, 2,... ,po+1 be constants in Lemma 3.6.
1

We define orznax-.-max{oz(xj)lj=1,2,...,n}+1,‘;‘= )
4
2‘w/n~/02
n max
K = 2 e (X
j o T s

=1
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po+1
K = z IK l ’
p=1
. Pyt 3
Gle) = = x&%
p=2
1
R
G(t) = 2 ?
: il
(’O 9 F po =1,
h,(t) = < p p+p~1 (2q)
g 4 o S WB e e* i p, >
] 1
Kp'ﬂ p! - (2g)! [pl
and
( —A-IS—-
16n, 4 ;
K2e 3 if P,.- 3= 10
h,(t) = 'ﬁ
; K i
: Po 3 p(2p0+2) 1 (2q) 2(p+po) 1 Ten P 1 4(po+1)
i 2% e (0]t + Kt Sl
\p=1 q=p+P (2g)! [p] (p_+1)!
o
if P =1
then
;%%ﬁz —l%Fz
[log )] = (1 + n (e < h,(t)e
Sn i - 2
for-all ¢t &.(0, 5).
Proof : Since, by Lemma 3.6(ii), c1(xj) = —-12-62(Xj), we have

1
K1 = —EBn-

Case p_ = 1. By Lemma 3.6(i), we have

2 4 j 4
t° - Kt _<_10g|<psn(t)| < = gB ths Kt ,

KR ¥
2Bn
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and K2 .4 0. So we have ‘

._lB t2—K t4 -J-B t2+K t4

2 n 2 2 n 2
e < Itps (v)| < e

W ]

_K2t4 - lZ'Bnt2 - lZ'Bnt2 K2t4 3 %Bntz

(e -1)e < leg 0)] - e < (e -1e
n

Note that for x > 0, e*-1 < xeX and e *-1 > -x. Hence

4 _%Bntz —%Bntz 4 K2t4 _%Bntz
-K,t'e < Jog )] - e <Kte e y
n
Si : R L
ince Tg-r—l,
K K
162n 4 _%Bntz _%'Bntz 16 4 _%Bntz
-Ke "t e £ /J2=y| \ e <K.e0 te 3
2 - s - 2
n
_%Bntz -%Bntz
Hence ||og (£)] - e (1 + h (£)) < hy(tle ;
n
where h1(t) T
and 1$2
1i6n_ 4
hz(t) = K2e ;8 .

Case P, > 1. Since X1,X2, Srahiry xn are independent, by Lemma 3.6(i), we have

P P
(¢} 2p +2 o
~ R 2m o 1 2 2m
-3B "+ L KT -kt < log |pg (t)|< -5B t° + T Kt
m=2 o n m=2
2p +2
+K Lt .
Pt
P P
(e} 2p_+2 o 2p +2
—-12—Bnt2+ 5 Kthm - K +1t o —-:!2-Bnt2+ 5 Kthm+K 1t’ o
. m=2 Po m=2 o+
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P
5 vl t2p°+2 - [,
AP p°+1 —EBn’t -3B t
(.95 Yawn: = ) - < o, ()] - e
n
o)
o 2p +2
z Kmt2m+ K +1t = 1 2
m=2 p(."' —EB t
< (e - 1 ) e .
‘K 5 A8
Observe that for x e (- Ton "16n)’
By P+ K P g Pyt 12
(3.1.2)eiu A o & -’i!-———-l—--—x 1)'e16n_<_ex5_1+): 3‘-,—-+Z-L—l——x1)l e.n
p=1 P PR p=1 p Pai od
P :
o 2p _+2
; 4 P ;
Since t~ < 1_;-5, we have Z K t2m -+ £ © < :rg— .
m=2 po+1 n
Therefore,by (3.7.2),we have
Po 1 Po om 2po+2'p
(3.7.3)... % == | B R ETORTURCE ;
p=1 " m=2 F5* i
Py i 2po+2
= & Kﬁt =5 +1 ¥
160 Po = 2p_+2 | p+1 m=2 Po
Tt | Fwigensnimny S8
Po m=2 Po
and
)
o : 2p +2
z Kmtzm L T i , ‘
m=2 Po Po 4 Po e 2po+2
(3.7.4)... € - 1 LT Tl b }gnt + K 4 £
p=1 " m=2 Po
g A
16n o 2p 42 | p_+1
+ ..(_e_.:le. z Kmt2m+ T - i x
Po ) m=2 Po

By Lemma 3.4, if we let
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Po 2
p_+2
£(t) = % Kthm_ Ky ¥ 5
m=2 o >
P
o 2p +2
vt w g E P Ky © e
¢ m=2 (o]
v
g(t) = G(t)
and
h(t) = G(t) ,
then for p < P,sWe have
P P
o om 2po+2
(3:7:83s0x z Kmt - K A T
L m=2 po
p+p_-1 (p_+1) :
*Po /2% PR (2q) 2(p_+p)
> 2q 1 o
2 2 2901 G (0)t - z GaT G (0)4 . ¢
g=1 [pl q=p+p, [pl
and ;
Py 48 2p6+2 P
(3. 7603 s Kmt + K t ]
m=2 po"’1
pP+p -1 P(p_+1 ;
p ¥ ¥ 1 5(2((;())) 5 Py S (2q) 2(p_+p)
N T ‘s 29 4 pX gy 8 0 L
9= p q=pP+p_ [pl
From (3.7.3) and (3.7.5),
P
o K th_ " t2po+2.
m p_+1 Po p+p°-1 (2q)
m=2 o 1 1 ~ 2g
¢ s . > z ;-!- 5 —_ G (0) t
p=1 g=t (21 Ip)
1
Po 1 p(po+ ) 1 (2g) 1 2(po+p)
Rl e ., e G (0)]t
ot p! (29)!
p= q=p+p_ [p]



2

K
T P
e16n o e 2po+2 po+1
(p_+1)! %nt' = +1 &
Po : m=2 Py
2 Po g 2po+2 p°+1 p +1 4(p_+1)
Since t*<1, |2 K £ K t £kl e
m : p_+1 -
m=2 o
Hence we have
o 2p +2
B e K a0 °©
m=2 po
(BT 7)Vsss € - 1
pQ 1 pﬂ:’o”1 1 { 2N 5
> == I Gt .
p=1-P!  g=1 i
Po p(p°+1) (2q) 2(p+p ) —
1 1 q T e1_6n_ p°+1 4(p +1)
- z P—' z (Zq)! G (0) ] t - e t (e}
p=1 ©  La=p+p_ T oIpld (p+1)1

= h1(t) - hz(t).

Similarly, from (3.7.4) and (3.7.6), we can show that

2p°+2
(37:8) s e - e < h1(t) + hz(t)

From (3.7.1), (3.7.7) and (3.7.8) we have

1 +2 ipet , L ¢2
< (h (t) + hy(eNe

2'n
(h,(£) - hy(£)) e < I(psn(t) | - e

Hence
—%—Bntz Yo -antz i
-h,(t) e < l(psn(t)l - (1 +hite)) e £ B, itle
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Since h2(t) >0,

_lBtz s

2 ' n
log ()] = (1 + hy(E)) e £ Bt} e.
. #

'._\
N

B t
n

Theorem 3.8 Let Xj, j=1, 2, ..., n be independent random variables -

and S be a real number such that 0 < S < 1. Let

i) each 6 (t) has (2p_+2) - th derivative on (-s, S) and there exists

(2po+2)
an a such that BX (t) < a on (-S, 8) and
J
ii) each ex (t) has (2p0+1) - th continuous derivative on [-S, SJ.
5 .
Let
P ;
= o .. 0 2p +2
Fle) a2 % e)‘(zm‘:;; Py o\ & o
-1t %5 (2m+1)? (2p_+2)! '’
R 2.p +2
Bt g - le)((2m+1(c)’)| t2rn+1 g o
m=1 j=1 j (2m+1)! (2po+2)! 7
21 -1
Yoo Lyt i BansoiusiAhn e
Botf) ‘= B i : F (0“9,
i=1 ™e=2i (2aini2iB
. 23 -
B g R4 2 (2q-1)
iit) = § e L SR - (0)t"“9
451 g=21~1" (2g-1)! - [2i-1]
and
P : 21(2p°+2) 1 (il 4i+2p_
hS(t) = Z i z oy F (0):]t
w1 " Lag=di+2p_ - [21)
P ! (21—1)(2po+2) 1 o 4i+2p0_2
+ b, -(—2-1——_1-7' z =i F (0) T
i=1 " La=si+2p -2 ool i B
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2 2po+1 6po+3

+ == (F (1))
(2po+1)! 1]

if t € (0, S), then

sin (-rJ'B_nt -a(t)) - sin(Tw/?nt)H + hy(t)) + cos(-Tﬁnt)h4(t) <hg(t).

Proof : Observe that for j =1, 2, ..., D,
@
ixt
tpx'(t) = J e de(x) ’
J -t
@ ©

f cos xt dF, (x) + i f sin xt dF,(x),

- —

©

f sinxt Fx(x)

©

so we have ex (t) = arctan (_
J

) and ex (t) is odd.
J

©

f cos xt Fx(x)

Hence [see appendix J]. For each t € (-S, S) and each

5 e{1, 2, ... ,n} , there is tj such that

(2po+2 ) 2p°+2

P
(1) EO (2m+1.) t2m+1

8, (£) = & (Ot + I 6y (0 Tt % (%) T
j 3 mel 3 J .
Since X1 % x2, e ,Xn are independent,
P
n .0 n 2m+1
oy () = % 6;1)(0)t + 3z o™V 21—
n Jet ity m=1 j=1 J (2m+1)!
n (2po+2 ) t2p0+2
+ I 9 (¢.) — — °
j=1 3 7 (2p_+2)!
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n
since 61'7(0) = E(x,) and a(t) = O (£) - I E(X),
] / n =17
P. & 2p°+2
(2m+1) 2m+1 n (2p_+2) €t
= (5]
off] = B B O (o) E— it 28, T (g e
it ] (2m+1) ! j=1 75 (2p_+2) !
] : r'd
By using Taylor. S formula expansion, there are oy and o such that.
P .
o i 1 .
soulate)) w3 ALl g VER RITS SEnT NG i
i=o (2i)! ol R
and
P )
; < (—1)11 1 /
sin(a(t)) = I T a[Zi—1](t) + cosa a , +1](t)-
i=1 (2i-1)! (2p_+1)! Po
Hence

sin(TVﬁgt) - alt))

sin(TVB_t) cos(a (t)) -cos(T*fé:it) sin(a (t)),

Po AT 1
= sin(TVB :t) [ z - u[Zij(t) B — sinaou[2 +1]Ct)]
- izo (2i)! (2p_+1)! Pyt ? 3
"o JunAY 1 /
- cos(TVB t) z a[Zi—ﬂ(t) + cos o a[z +1](t)} >
" iButnist p (2p_+1)! Po
Po (i AH T
< eldBlR) T S, (E) = cos(PVB £) I ——— ap,. 4q(E)
= i=o (2i)! > jul (2i-1)1
2
+ —— |a (€3
(2p +1)! [2p°+1]
(o]
Po (iyt
= sin(TJE;t)+vsin(TJ§;t) X - u[Zi](t)
i=1 (2i)!



y = ( 1)i—1 2 l
- cos(TVB t) I - o ; (t) + —m8 |¢© L)
n 11 (2i-1)1 [2i-1] (2p°+1)! [2po+1]
since ja(t)| < F(t) and 0 < t< 1,
(3.8.1):5s sin(TJBnt -a(t))
; Po ()t
£ sin(TJBnt) + sin(Tw/Bnt) 3 —a (t)

| iet (2i)r [2i)

p :
- cos(TVB &) 0 (&P o )
j=1 (2i-1)t [2i-1]

2

+—_——————'

2p +1 6p°+3
( 2p°+1 )

Lo
(P ;00 t

.

Similarly we can show that

(3.8.3) ik sin(TJE;t ~a(t))
Pt
> sin(TYB_t) + sin(TVvB_t) I - e st E)
Z n n . 2 [2i] :
i=1 (2i)¢
: Po i1
- cos(TJBnt) % (-1)

SN 1S
ie1. (20101 [2i-1]

z 2p +1 6
P L LT ] (13[1](1)) [6) & Po+3
(29°+1)!
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By Lemma 3.4, let £(t) = a(t), g(t) = F(t) and h(t) = F(t),

we have
4i+42p -1
(3.8.3) (=33t g O e q
B.3Yi.s - “IZi](t) € £=1) b3 o F {(0) t
g=o [2i¥
2i(2 2
b <~ ) 1 (q) 4i+2p
+ z 51 F_ (0t e
q=4i+2p6 o 21
and -
4i+2p =1-
(3.8.4) (11 » by i Pt 4D q
B.A). .. - a[21_1](t) < . 4-1) b 7 - ¥ (0 €

geo. ¥ [2i-1)

(2i-1) (2p°+2)

() 4i42p .
MA NN, L, F e °
q =4i+2p_ Ll T

From (3.8.1), (3.8.3) and (3.8.4), we havé ‘

(5 8.8)... sin(T-/E;t) -a(t))
Po i SAEEP -1 (q)
s_sin(T-fE;t)4-sin(T-/§;t) T o 2 & & (A3
sehiiPR M neigene  © 124]
Po it 4i+2p -3 (q)
e 1 F q
- cos(Tﬁ;‘t) z L ISR, . at FEZi—(‘lo]) b
i=1 (2i-1)! g=o0 ' :
Po 2i(2p+2) (@) - 4i+2p
S [ 3 1.7 (0)]t
i=1 (2i)! Lg=4i+2p_ 9! [ai)
Py ; (2i—1)(2po+2) : ta) 4i+2p5'2
GRIE £ R SR z L w0t
i=1 (2i-1)! Lg=4i+2p;2 o A T
2p +1 6p _+3
RS (F. (17} & &,

(2p0+1)! (1
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Since
2 2 1
- Po n (2m+1) t2m+1 £ Po™
F[Zi](t) DY px GX (0) + na 2
m=1 j=1 3 (2m+1)! : (2p0+2)!
2i
" Po n (2m+1) L 2m-2 t?‘”o'1
= % b s ex (0) -+ na 5
m=1 j=1 j (2m+1)! (2po+2)!

we observe that for a nonnegative interger q such that 0 < g < 4i,

(q) - '
¥ (0)= 0 and we see that all the coefficient of terms of odd degree

(211
g such that 4i < q < 4i + Zpo- 1 are zero. Hence
Jta)

F (0) = 0
[2i]

for all odd g such that 4i < g e + 2p6- i i

Therefore
. 4i+2p -1 i -
Po (1)t e Uy % q Po iyl B, L 2
z 4 = % mt? = z —— I F o (0) 9
i=1 (2i) =0 [2i) T=1-00H)! q=2i {eqt . l2id:?
= h3(t).
By a similar reasoning,we see that
P, i1 4i+2po-1. (Q) Po 11 2i+p°—1
5 (-1) §i v o B (-1) 1
—_— z 3 2L C0) Erse .. Tt D
i=1 (2i-1)! g=o0 T [2i-1]) f=1 (2i<1)) - g=2i (2g-1)!
(2g-1)
F .(0)t2q_1)
[2i-1]
= h4(t).

Hence, by(3.8.5) °
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(3.8.6)... sin(TVB t -a(t)) < sin(TV B t) + sin(TV B_t)h;(t)
- cos(TJFnt)h4(t) + ho(t).

Similarly, by (3.8.2) and Lemma 3.4,we can show that

(3.8.7)... sin(TV Bt -a (t)) > sin(TV B t) + sin(T+V Bnt)h3(t)
- cos(TV Bnt)h4(t) - hs(t).

From (3.8.6) and (3.8.7), we have

sin(TVB t -a (t)) - sin(TV B_t)(1+hy(t)) +cos(TVB t)h,(£)| < hg(t).

#

Lemma 3.9. Let X,, X,,«.. /X be independent integral-valued random
—_— 1 2 n
variables with finite variances. Let § be as in Theorem 3.7.

N
Then there exist constants 31 s c2, ——v é‘n such that

™M

(5lirh..  4) log (©) | < &

n

for t ¢ [0,9] and

2 at

(3.9.2)... ii) -12—
sin—

o8 ;
J« | 0g (t) | sin(T ¥ Bnt- a(t))
5
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Proof : i) .Let te [0,9]. If there is j“such that

|¢X (t)| = 0, then we choose 61 = 82 = ee. = 35 = 0. Suppose that for
J
each j, |, ()| > 0. By (3.3.1),we have
J
-0 (-] p
© p - v
1 2 ' L t
loglcpx'(t)l o 2 3 [J.j sin ((x—y)-i-)dFX‘(x)dFX.(y)]
J p=1 o s J J
Since X. is an integral-valued random variable, we have
-] P @ ] P
loglp, ()] = -+ == B ==z p, (K)p, (B)sin (xy)D)| .
X 2 p! X X . 2
j p=1 k=-o I=-= J J
Hence
logltp (t)| & - z 2 p. (k)p, (£)sin" ((x-y )=) ,
5 — 7, OF s 2
9 k= - o/ b J
= 2
< -2 T p, (kKipy (k#1)sin 5
kemo 3 ]
A 2
S OTEE I py (kK)py (k+1)t
ML Apa/NENRUN J

where the last inequality follows from the fact that sin %-Z_%-on

10, %)%
2 [+ <]
Let &, = = T pg (k)py (k).
J P keeB Ty 3
Hence
n
2
1og|(pS (t)| < = I ec.t,
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lo (&) < e

To prove (ii), we have

T |, ()] sin(t VBt - alt))

N

21

A

J |

2

N =

n

1 |¢ s

n

sinE
2

()] at

dat

I

| =
Q—
ctl o

Gl

[
-

[of

o

A
N =
Q —
8
ct|®
J
n
—d
fof
ot

IA
(0}

where the second inequality follows from (i) and the last inequality

A ) i 2
e—.t e—X
follows from the fact that..for x > 0, j T dat < o
‘o2
X &

Lemma 3.10. For any positive integer P, there exist polynomial

functions A(t), B(t) such that the following hold :

(1) A(t) is of degree at most 2po- b

(ii) B(t) is of degree larger than 2p - 2



and

L
sin-t-
2

(iii) -2 q+aten | < B(E)

for all te (0, 1).

Proof :
: v € ’
Case B, * 1. . Since sing = t” for some t ,
1 2
h - = =
we have SinE T ’
2

2
< s ,
g
24 |51r1—2-|
it
% TR
where ‘the last inequality follows from the.-fact that sin '%‘>
Hence
1 2
& -E(1 + A(t)) £ B(t)
sin=
2
it
where A(t) = 0 and B(t) = 37 -
: ; G t
Case poz2- . Since siny = 3(1 +Z(t)) where
, P p Po L - 2p
2l W 1 -—('—1—)—(%)2p+—-5:-1—)—— costo(-%) i
p=1 (2p+1)! (2po+1 )!

for some to and |Z(t)| <-1 for 0< t < 1, we have

2t



sin —

Hence

(3a301 ) aae

sin —

and

(2. 402 1.3
sin —
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BTet R 7S
£(1+Z(L))
2 3 ko,
t
k=0
P-4 p
o P o
“26 [ s (-1% 2+ (-1)°-Z——‘it—)—} "
k=0 142{t)
-p_-1 P '
o P o
2,2 5 (0¥ 0 ° Z——(E)-]
- k=1 1+ 2(t)
_po—1 P
: , p il 2p
RL 7% (_12';)2p+ (-1) costo(g) oJ
p=1 2p—=1J! . (2po+1)!
p -1 P
o P ° 2p_| P
[z VB BT cane, (510
p=1" (2p +1)! (2po+1)!
p -1 p_ -1
o ) P
<Ea E ¥ 1K [z Ll e - g
k=1 p=1 (2p+1)!
P
o 2p k
+ —-(;1-—)—- costo(-%) o:l
(2po+1)!

p .
1 o 1 t 2p | Po
4 > X — (—2')
sin 5 p=1 (2p+1)!

|V
ot
+
ctl o
N MO

(o] 2p k
+ —i:ll——— cos t (E) 0}
o i
(2p,+1)!
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sin E
2
Let
Pgt P
e L 2p
(3:10.3)... £(t6) = 3 =2 ()P4 L cosr (50 7,
p=1 (2p+1)! (2po+1)!
P
~ o _1)P
"D(t) = 3 oo b (E)Zp
p=1 (2p+1)!
and
o)
o
D) = _H A e ISP,
p=1  (2p+1)!

By Lemma 3.4, for a positive integer i, we have

»p_ -1 ip
; Lt _(2m) o (2m) 20 ¢
(-1 e < (DY 2 = (0) () 4 3 1o t0c%) "
m=1 (2m)! et m=p_ (2m)! [i] :

By (3.10.3), we have

p_-1 o) i
i o _1)P 2 19 2p
(-1)1[ r  UGHULBLBNGKORN UNIVERSITY S ) °]

p=1  (2p+1)! ‘ (2po+1)1 <
Ps' (2m) 1P, (2m) 2
- p
< iz -5 @)™y L1 (3 °.
o m=1 (2m)! [i] m=po(2m)! i

Hence, by (3.10.1), we have

1 2 o i 1 (2m) t .2m-1
- <+ ED) 3 B (0) ()
sin = k=1 et (23 %)




-1
o

P
+ [ pX
k=1

kpo

z
- !
m=p_ (2m)

1

Since sin %-z_%-én [0,1) and t & (0,1) we have

(3.10.4)...

1ef . Blt)

and

B(t)

Here from (3

Similarly,we

So :

sin =
2

1 2
sin-E = € *
2
p,-1
+ [ z
k=1
+ .11
2
1 Pl TP
3 z b
m=1 k=1
P! “HFn
p 4 oL
k=1 m=po

.10.4), we have

1

2
R i

sin 2
2

can show that

2
g

sin

2
) (1 +A(t))

40

A p
(2m) t??o ! ; Po i & g8
D 0) ((3) + - z =y -
[k] |sin —4 p=1 (2p+1)!
2
R Bod k  (2m)
3 SR - T
m=1 k=1 (2m)! [k]
s (2m) . 2P
m=p (2m)! [k]
fo)
p
2 1 £ 2Py
z ('2-) .
p=1 (2p+1)!
k (2m)
RS e (57"
(2m)! [kl
p
(2m) o 2p -1
M) + % 2 . ] ($), °
(2m)!  [k] p=1 (2p+1)!
2A(t)
* + B(t).
2A(t)
T = B{t).
s B(t).
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Notation. In stating the next theorem, which is our main theorem,
we need various notations introduced in Lemma 3.5, Lemma 3.6,

Theorem 3.7, Theorem 3.8 and Lemma 3.9. For convenience, they are

listed below.

Let X1, X2,... ,}Slbe any random variables.and P be any positive

integer. 'Let

o 2 2p-m m 2p-m
g (x) = % (P) (-1)*P E(Xj)E(ij ) for p =1, 2, .ee P+ -
m=0
For a positive integer p, let
_p +1 -
~ PAER 421 )™ ~2m | P
By L) z S\ (%5 )€ ’
s Lm=1 2(2m)! "
_p_+1
b 1 2m | P
By (8) = Pl vyt g (X.)t ¢
3’ m=1  2(2m)! J J
1 Po oM ~(2p)
ci(N.) = == & Hy m(0) forlid = 1, 2, cca Po ;
B m=1 m(2p)! 3’ .
: CHuPARoN L P (2q) 2p_+2
€L, (R )im 5 B T —=— H (0) + o (.Y,
Po ] p=1 q =po+1 p(2g)! 5 ;9
n
K = ¥ ar (X for I TS +1
P Gt Piod 5 S > Ve
po+1
oo 5P|
pat £ 8
~ p0+1, 2
G(t) = 3 Kt o



clet . w: B ] 2P,
p=2 ¥
0 if po=' 1
hi(t) = ' m‘ -l
1 po 1 +po (2q) »
-+ p> G 0y £2. ifp. >1;
m=1 : . g=2 (2q)! [m] ¢
r 5
16n 4 2
K,e t ifp, * 1,
p m(2p_+2)
° 4 Po ~}2q) 2(m+p )
h(£) = LB p> G (0)}1: 8
m=1 g=m+p_ (29 )t iml
4
—_ 1 4(p _+1)
1 Ton ot
\+ Sk B ) - B AN e v,
. A
(po+1)
1 2 2 P
Let T = where '8 ———= max{o (Xj)|]= 1,2,...,n}+1-

4
2J;U02max

1f each GX (R YWIaxin s B2 n has (2po+2) - th derivative:

)
(2po+2)
and |6y (t)| < aon (=9 ,7 ), then we have

j

2 Po n (2m+1) 2m+1 t2po+2

F(t) = = z Bx (0) =— +na — )
m=1 3=1 j (2m+1)! (2p +2)!
P - ni clee) (21 2p,+2

F(t) = = b |ex (0)| Do A R e et Gl
m=1 3=1 3 (2m+1)! (2po+2)!
P o 21+P0—1 1 N(Zq) e

h3(t) = T — z ~ F (0) t 5
i=1 (2i)! g=21 (2q)r 12§]
Po ( 1)i—‘l Zl‘mo"1 1 N(2q—1) 2g-1

BBl P e BN S o) £

i=1 (2i-1)! g=21i (2g9-1 3! [2i-1]
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and
Po 1 21(2p0+2) 1 (a) 4i+2po
h(£) = % — F (0}t
i=1  (2i)! lq=4i+2p_ ¢ Ri)
P : (21—1)(2po+2) 1 tq) 4i+2p62
P s — F (0t
i=1  (2i-1)t lg=4i+2p;2 9% [2d-1]
2p +1 6p +3
+ - (Fpq1612), 2. T ®
(2po+1 ) .

For each j =1, 2, «c. » 1, let

& /AL Npluk) p, (k+1),
j x (K)Px
1° k== 3 j

and

Q
}

LI =
a>

A 2 s e ey TERE independent integral-valued

Theorem 3.11 Let'xj, 3

random variables with finite moments. of order 2po+2 where“po.is.a

positive integer. Assume that Bn > 0. Let A(t), B(t) be as define in

Lemma 3.10. If

i) each BX (t) has (2p_+ 2) - th derivative on (-4, ) and there

4 (2p_+2) -
exists an a such that |8y (t)| <aon (-9,9) and
: ; J
ii) each ex (t) has (2po+1)—th continuous derivative on
]
(=991

then
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2 ©
; r.t -1 B t? sin(TVB_t)A(L)
1 2 1 2 n n Y
R(T) = —— e 4dt + 3 e e =
va2f 0 0 t
P ol g®
s L] 2 sinrvE ey L 2By (0) + 1y ()R, (8) + hg(£))aEr
i 0 n t - t
L
-1 [ N esrVE e+ 2EL (i, (0) 4 hy (), (£))aE
1 0 n .
+ D s
where
2 . T ® : @ ¢ LET
= 2 -=B t , :
e £ 1 2 n 1 A(t)
la] < 92 *511‘: f e°F B(tyat + % f e hz(t)‘-E+—-t——ldt
0
iR 0
) ks ¢
+ %H & B (1+h1(t))h5(t)(-1£ A yae| +
0
SRR 2
-7 Bt 1 A(t)
¥ f o2 P [(1+h, (£) (14 hy(£)+hy(£))( g+=-)fdt .
5

Proof : By Lemma 3.10, there are polynomial functions A(t),

B(t) such that

2 3 o g (B) | sin(TVB t-a(t))
n
R AN ol o 8 _[ - at
o 0 sin 3
o
e 1 . Ate)
a Jﬁ J | o (E) | ein(TVB t-a)( £ + =g )Jdt + 4
0 n
=
€ : f {t) a
such that | 8, < | og | B(t)dt
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A

5 e B(t) dt ,

=

g
i 1 f —ct2
0

IA

- 2
- f &t B(v) at
.

where the second inequality follows from (3.9:1)s

By Theorem 3.7, there are polynomial functions h1,h2 such that

5
1 . o 4 ALE)
(3.7 2 ) T _({‘ |<psn(t)|51n(TJBnt —u(t_?).(E+_ s ) dt
T _lp _
R (14h, (£))sin(TVB SR s A e 4 8
1 0 n Mel o8 o 2
1Ny OO
Y
1 2 n 1 A(t)
where |A2| < T { e h2(t)|( e Jdt 5
C) 2
- =B¥%
1 J n 1 A(t)
5_ .1T : e h2(t) l T + T l at.

By Theorem 3.8, there are polynomial functions h3, h4 and h5 such that

T

WLAL
f -=B t

(3430 uee :;— J e ™ (1+h (£)) sin(TVB t-alt))( 1,20 4
0 n t t

g 2y
P —-Z_Bnt :
= 5 e (1 A—h,l(t'-))(sin.(T.f_.-B £)(1+h.(t)) =cos(TY/B_t)h, (t))
0 n 3 n 4

1 uKiE)

(E+ T _’)dt _+A3

where
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3 a8
1 J’ SR 1 A(t)
(8] &' IR (1 +h (£))h (E)Cg+=——)dt | .
From (3.11.1), (3.11.2) and (3.11.3), we have
5
o, (©)] sin(TV B_t - a(t))
1 ' n
3.11.4)... = J
(, ) Tl sinf: dt
2
J 1 2 5 J 1 2
" J EBnt sin(TV Bnt) 1 J EBnt sin(TV Bnt)A(t)dt
= T e b= QG i fp e —_— ’
0 £ 0 t
T i v
1 J. =7 Bas A(t)
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by 3.9.2, we have
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