CH..PTER 3
GREEN'S FUIICTIONS IN FERRIM\GNETISH

The double-tine tonperaturc dependent Grecents function
rethod has boun applicd to an isotropic two=sublattice ferri-

. 40 .
nagnet by Yoblonslkii to obtain the ground and low tummerature

.

elenentary cxcitations . ef the/Systen in the spin wave approx-

ination. The prescnt—worlk WilT-be-devoted to a systeu of nor-

nal spinel forrina-mCh wging the Groents function mcethod with

the decounling schene different fron that uscd in the Yablonsliits

paper. The Greents Aunetions) pertaining spin weves for such a

systen will be develdped d@ fletails'in this chapter.

e ¥ —The Normel Spincl Ferrites

The tern feorrinagnetic was, coined originally to describe
the phenonenonassociated with ferrites, which are a kind of
nagnetic oxides having the usunl cheniecal formula such as

R f 14 Lnd . : S 3 53 :
IvIO.F.::.,O_,5 where Fe yiclds a trivalcnt ion Fo and ¥ is a diva=
=

lent ion, often Zn, Cd, Fe¢, Ni, Cu, Co, 07 Mg. Forrites have

0

the spincl crysial structure in which there are two types of
cites of wapnetic ions: one is tetralbedrally surrounded by four
oxygen ions, and is called a tctrahodral site, or A site, wvherc-

as the other ic surrounded oectahedrally by six oxypen ions, and
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is called an octahedral, or B, sits. A unit ccll
lattice hus edight tetrahedral sites tnd sixrteon oc
Phe wighl tetowiwederal sites form tha suhlatiieco
teon ocin’edrod cuen forn the 5 gubloattice. Giaeu
A nites awve shired by four unit cells each,
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The disgram of tetrahedral and osctuhedral sites in
structurc is shown in TFig. 5.
The spinecl structure is classificd into two

normcl s»incel and inverse spinel, neccording to the

3f tihe spiael
tahedral sites.
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Fig. 5 A spincl structurew)|THe suall circles with o represent
tetrahedral sites; the Tireles vith 1B are for octahoecdral
and the black eirgies iudieate ciygen iovns. Only twoe oc-
tants f o amit ols showns ""he othor octants have
cither of thege tuo,aﬁructures and owe arranged so that no
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two adjacent getdnisihove the same confisuration,
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Thie W

Pig. & Spincel structures. {a) Normel spinel structure and (b)

inverse spinel structurc. A small circle with the number

C indicates a divalent ion and the one with the nuabere 3
indicntos 2 trivalent ion while 2 so0lid dot stands foo

.

an oxyscn ion.
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of divalent and trivalent magnetic ions on the two sites. Fige 6

[N

5 a shenatic illustration of thesc two tynes.

In 2 nornal spinel the divalent netal ions occupy the
tetrahedral sites and the trivalent ones occupy the octahedral
sitessy ligal 04 is a typical cxample, On the other hand, if all
of the tetrahedral sites are occupied by trivalcent nctal ions,
while the octalicdral sites aré¢/eceunicd holf by divalent and
and half by trivalent Itfis, geoncrally distributed at randon, the
structurce is said o p€ A4 inverseispinel. Alwost all of the
sinple spincls that &Zrd [ferramapnetic have the inverse arrange=
ment, an exanple is falnetITe, choq.

However, the Ppriscen work will be confinmed to the sinpler
casz of normal spincl, Amwhicl a unit ccll is conposcd of cight
divalent ions andisixbteeh trivetent dons occupy the A and B sub-

lattices, rospoctivily, at the various wositions previocusly cited.

e}

ns

The spins of the' icns in the two sublatiices cire aligned o

teo give o ferrinagnetic order betweon diffcrent sublotticos.

3.2 The Heisenberg Huaniltonian of the gysten

PP ——

The systcn uader consideration is & two sublattice
Heisenberg spin system of a forrinagnetic normal spinel struct-
urc, having strong iscotropic antifvrromagnetic exchange inter-

actions between spins situated on different sublattices in addi-

tion to weak isotropic (ferromagnetiz or antiferromagnetic)
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¢xchange intcractions between opins on the sanic sublattice, and
having uniaxinl crystal field single ion type anisotropye In the
application of a uniforn static oxternal nasncstic field H along

the anisotraonic nis (fniten as the z axis), the Huiultonian of

the systen is given by
i rep - o ) !
= = mdlg, 7 02, ) B.]—- L T s Byaly = »
;{ Pat8a 4 *i*8p £ €3 S JlJ % iy L T5q0 bgedy,
1 J ¥qyd 140t

BB [}% CheY +,>_ (1, ], (3.1)

vhere A and B arce locglizéd 8pin angwlor nomcntwi operators on
the A and B sublattdcysy &ndii,ir and j,j' erc sites on the A
aand B sublattices, rosp,c%ivdly. The constrnts ﬁA‘SB"MB and D
arc the splitting factors oI the-L,B spins, Bohr .agicton and

anisotropy constafty rospretivelys Jij is thoe ocxchange integral

Sl b ]
for the intersublattice Helsenbirg interaction whilc Tiio

i
and J..

JJ!
are, rcspectively, the exchange integrals for the intrasublattice
Heisconboerg interactions of the A and B sublatticoeses The exchange

intesrals are assuried to obey the following relations:

L] t h
— — N — 1
and | 2. J ‘\{LJ..I < ll br B FSAE (3+2)
3 J, 27 |5 "33 T ads

It is e¢nsily obtained that
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. 1 +. = P 8 Z.%Z z =
&L.E: = -2 (A B + A B ) +40ARB B (}.J)

+ . - X .
where, as ucuval A= = A i.u\_"r and B= = B +1ny.

Using the conmutation rclnations for spin opcrators such as
X JEA . :
l’ui' = Li. (5111, and cyclic pernutations, we can goet from

cge (3e3) the rulation:

it

AT e (3.4)

ftlﬂ lx;l'
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Making usc of cgse. (343) /And| (3.4) tnn orizinal paniltonian
q 1

(3¢1) becoucs

=

2e2e1 The Fouricr transform of the exchange integrals

The Fouricer transform of the exchange intograls nay be

defined as follows

TE) = e ) 2 T8 T T Y, (3.62)
NN, & 0§ °
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Lege = (3.6c1)
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where 3, and o

»’_.«/ QA —

»_// \/ MM

respectively. In %%

,_/ stru 2
which N, o= O and Wﬁmst neighbour anproi~

ination, we¢ have

5 1 q
J(k) = 2\2 J[ 8 Zk. a cOS wk_a cos wk a
C v X 9] B 5
i 3 q
+ COS k. a co8 Hlt & COS 4z a
3 i ¥ L
- COS lk a cot 1h a cos . 1_ (3a72)
' O % Ty =) De'fa

S 1. 1 n
J Q._.) = &F [cou -)};h:{a cos 7;.-:ya coa K.:zaJ, (570
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&) = 2 I S welt & 5 - sy Al
J (h) & 27 [cos P Eﬂyl + COS5 ELyd cogs ﬁLJm
- 1k R 1 g i 5 mia 1y
+ o8 gk, o cos gl a + sin plia sin ﬁ‘ya
b o b e N . .
- [in E:ya 3in F:zz + Sin kaa sin nga], (DePe)
vhere J, J and J arc the isetropic cxchanpge intesrals Tor

the intceraction betveen qu q]%%éi} A and § sublzttices,

within the A suble uLlﬁI::md\hl he B sublattice, respectively,

HQ\

g of J(lT; 3' (1) and 3 (k) as
1 N

are gpown in Appondix C.
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The detail 621

nbtainesd in the abovy
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Beded Tha --u'51o§L motlon

Por ocur pBoBlens wnder'iavéstifation, the calculitions of

the following Grienfs functions are needed
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1LnY v i )) 5 + 1
1 1178 ({hyie T By M
z Z
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vhere o and b are paranctors and 1 and 17 are arbitrary numberse
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The recason for using these Greenis funections will be explainod
in Chanter /t.

Using cvge. (2.59), the ecquations of motion for thesc functionas

are
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con see from egs. (3.10a) and (5.1Cb) thot

where we
[
r aqz
™~ +H d L i
S, (r) = [T A7), (3+11a)
7z 5
; bR - & :

aind ""'" (b) in

Calculntion of the uxuuunucr7%i:j1n1nr &) (4)
- 32
eqs. (3.11a) and (1niEEEEﬂ1Llﬂ3m~n-quCblV01y,

) 'aA na‘“ (C "1)<0 & (t ) >’

ACA+1) (™

Q'Jﬂ(a) =
(3.1:a)
B o . =z .
Sp(B) = D01 (1) (SR 1) (o™ Bl (a7 -13¢e"E (1)
E S 3.12b
TYN—/“Q (3.121)

(3e9a)=(2.9d) become

By usiug cose (5410ay4(%.10¢Y," eqs.
z z
A ah
- + I “ : i 1t =
vu((-'q_,‘. 'L1= /g Tﬁ: k_)A(a) 611, + <<[Al"}(’J Hie: Al=>>E'
(3e13a)
Bayie T By Dy = K[a W i T Do (e13b)
aﬁ..?' \ i ) o f
Ty, Wg = st ] s Wi (3.13c)
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(3+134)

seJ.1a The commutation relation of the soin onerators
.]I:, ?b] and [B{u

appear in the Ifour ciyuntions of motion are ecaleulated using the

»in commutation o lOLlOHE /%2;/

#1 wadch

I
-4

with tho 14A11u3n1:n: The commutotors
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= z .lé 11,3 (."-11:')
and the
(3015')
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Substituting c¢s. (5.16a) and (3.16b) into the countions of

motion (H.02)-(5.9d), we get
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In order to explicitly solve the above four couations of motion,
the renaining nroblem is to express the higher order Greon's
functions on the ripght-hand side in teruns of lower order Greonts

funections.

owing to tlie Tact bhat/fhie’ Tyablilzov dccounling as defined
in cge (2.061) does nob fve theéTeerruct description for the he-
L] ok < /11 ) 30‘3’] £y -
haviors of the asystog/nt/loy tenperatures s & ncw decounling
schene should be usgl Adgteads  Herdvthe Callen decoupling anprox—

ination, which piv.d the mestits valid threoupgh the cntire teiper=-

cture range, will be caploycda

]

In the casc of .gehbralk spin, A. can be written in either

R=N

of the follovin; ioxns

A- - -l"l.(ﬁ!.‘l“l) b (K-) - A-a.‘d' (’.l‘))
Fie = - (Aa.l. n u.'l.-) () I‘))
3 . & - [ IR

2 32

5 g Z
Negleceting the fluctuations of (Ai) y Callen developed a

deecoupling such as

'§ Z_ A .74 A WA g - . =
Wa3B330)) -—> CAN((BL30)) ~ 0C(ATBI{LALIC) » (3420)
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wvhere & is the fractional contribution of the identity (3.138)
and (1-2) is the contribution of the identity (Z:19) to this
results The value of X for general spin § is determined by

Callen as "
o = (1/28)(8%)/8. (3.21)

It should be noted that<swen though the Tfluctuations of

(ﬁi) are taken into_a€edUnt!, the same result is obtained.

Therefor

-

» the Calleni doddppling exeludes the cifects of crystal
field anisotropy.

Conscquently, the'D $orms in the orizinal Hamiltonian
arc droppoed, and hcncé,ﬁthg;gﬁggtions of motion (3.172)-(3.17d)
do not contain theéwD terms.

For later c@ﬁ@&rison4 ue-notdthat yYablonskii decouploed

his Groenfs functions by the decoupling

aBse)) = (a)(Bic)) + (BY({arsc)).
3e3ed WMhe matrix form of the Greoen's Tunctions

Consider the equation of motion for the (Green's function

al
= | -
* ﬂl'>>E’ i.24; cqe (Ze172). Apply the Callen decounling

+
<<31=“
approximation given by eq. (3.20) to the higher order terns on
the right hind side of the equation of motion, hence, thosc icriis

#re decoupled as follows;
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Substitute

1: =

1t)>ﬂ'

(3.222)

(3.22b)

(5.11¢)

(3.224)

cqBe (3e22a)=(3.22d) into en. (3.17a) in which the

D terms ore dropned, then introduce the Fourier transfora of the

Green's functions to the reciprocal space
ikt (-2 l*)

Z (r -

- Z]_ §: ! ((Al;e

T ) . l
o <<ﬂTro e

follous

=
a

-

bp”
l r)

l'al,))E, (3.2%a)

ll {E’().‘-JIJ)



; _ dedroer,) . Mpes s
(e ATy =t T L e A g AL g (5:730)
. YN, 1 I
@ BB - 1 5 ike(ry=Ty,) . WB,
((uﬁ:e UL>>E = 2 %' %1 o ((51;3 ul")" (3.23d)
5 :

vhiere their covresvonding inv:irses are

alia 41l /0 ) &
f, + i l' - : ’ l __l + o . " -
<§-"l:e ‘“‘1:>f B~ _"“ z / ) \( e i ¢ -n'-_-___>>.r‘;:‘-' (3.23a1)
Lll.’-l

;o }J
(asie™ By 13:2307)

<{;i;e 1:))

af\z

Z
AR ey ; A o= o Aiiae
((BI;O al,)},l,' ((.E-;f_:ca ﬁk))mq (3e23ct)

LA

b1
: 1, A
<<D;;C B]_‘i))‘? <

Rl ‘ e

3P B Noe  (3.2340)

In addition, the Fouriecr transform of the corrclation functions

and their corresponding inverses are defincd -3 Zollows;
(A"m)E i :Tl{ % r -1;:.(5_ =Tq:) (-'\I*\;L:)’ (3e2k2)
<‘“"L+>E _ ?.,1,“ 'lzlt ~ik.(r;-1,,) (-’\113}'_'.% (5.2k)
LB
(BH.'L'F>-1:‘ . _I_rj_;_ % El.? e"ll‘..(f.lufl' <Bl“1i (3.2k0c)
LB
ﬁrf)_lg - ?I‘h % % ;L (B1B], ) (5e2ld)
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and

<ﬂzﬂ1:> (3e.24at)

1}

TR 2
AB7.) = (3a2kbr)

<D.l'f\.;:} )

(Jo }I'C:)

It

(Bil'j;::) % (Le2hd?)

whers M, and N m;e/'t,i’.,r nt'ﬂ:gr of ione in the A and B sublatlices,
respectively, Tls:u!{; ’t IS Four;ﬂr transfiorm of thoe Grecnts func-

tions und tho corrvalati I ;E’u;mjl/c' of cqs. (3.230)(5.25d') and

H

ha)(5.24a0) s w142/ the ?bu—ripr transforn of tho exchange
integrala dofis Lbiﬂ%w’)%# ), the eruation of motien

-~

for the functii << L3¢ = .:".l,» beconcs

4
M 72

[E = Gyl & lTB) J(0X8%) + Z(J{(.lc)-J'(o)xﬂz}
- A >

A 1{“ . A et

1 i = .4 1 | . ' T [
“gn Xy L T, e 200 T (3 (k)3 () XA ;-f)k:J]
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In the derivation of cg.(3e25)y we have to take the Fourier

transiorn of the terms on the right hand side of the oguation

of motion.

The

detailed calculations of sone of those terns

will be prescnted hoeres

the 4th Lo
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the 10th tert = [l 20¢. Y ¥ T ¥ 3'Cide o
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Ihe other L}ﬁ[;\Eaaﬁziaié’EET%%tlon for hu “unciions

/g F B % % b3 “LE - A

(r]se Dl'>>7' ((Bl;e A1,>)ﬁ and ((‘l,o nl=>)E may be
reduced to give their explicit sclutions in the similar form to
eqe (He25) by Tollowing the same steps of derivations. the
resuliing four cquations can be combined to give the one matrix

equation such as
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Solving the motrix equation (3.26), we finolly obtain the motrix

form of the CGreen's functions of the cysten as

wvhere B B, and J1, Joyrare defincd in cqs. (3.27a),(5.27b) and
[l (3"
(3.20a), (5.20b), respdctively,
Conseruently g-ihe matrix forr of the Green's functions

(eqe (5.26)) can be written out dnto the following four cqueaiions:
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(3e23)
and where E+ = a =+ b, (3.3ka)
1 1 [ Vg 3 n Ny B 5o
a = 5 (8 +B,)PpH + [(H} J(O)B") - (ﬁ- 30X 4"
pit B
- € 008" - ‘EB(EJ(B"")], (3434b)
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B It -
= A
The correlation functions appearing in Eﬂ(k) and é;r(k)
e B
arc obtained from the Green's functions of eqs, (J.01a)=(3.214d)

for a = b = 0. By the use of eqs. (3.,12a) and (3.72b) for
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a=>b =0, wvo have
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It ic intervstiipt-te magEd-~that vhat happens in casc of
antiferronagnetisn<wHon <“ > -(Bz> and 11, = NE. Since there
iz no distinction b&twelly the intergcticns betwecn spin up loas
and between s»in Jéwy ionByyithe intrasublatticc cuupling muat be
tlie some; Teceym JI(K)‘; JHQE), With theee wogualitics, we find

(in terns of the z conpements of thc B sublattice spins)
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In terns of the z coumponent of the A sublattice spins, we et

(in place of egs. (3.37b), (3.37c) and (3.37d))
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If we set '.’}(_,|L = DLB = K = 0 and recover Tyablilovis decoupling
- A
- 4 il +.-‘ - . e . .
schenme, our results for ((hk;Ak))E and ((Dk,ﬁk)) are similar to

E
36

those obtaincd by Barry” , cxcept that Barry keons the anisotropic
field torm which we dropped.

41 y . .
Qur rcsulls would give a more complicated spiln wave

e e e A B L i e 8 A A Ak ke Ak A B e ke ok 8 A Sl 8 Sk e e St

41
In ordcr to obtain the cenorpy spuectrum, & set of simul-

tancous nonlinear crquations would have to be solved., Sco¢ scct-
ion 4.1,
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cnergy spectrun than that obtained by Yablonskii. The reason
that Yablonsckii wuas able to obtain a clenr cut cxpression for
the encrpy spectrun can be traced to the deecourling vrocedure

usceds While Yablonskiits scheue ylelds elear cut reosults, there

!

appears to be no physical justificaticn for the scheie ho uced.
one nust decide which is »referable, make a mothenatical approx-
ination whiich is physically upjustifizble but vhich yields o

nmathenatically clear mswier)or—aske. an anproxiuation which is

physically justificdBut/ Mhich Ieads to o nathenotical dead ende




	Chapter 3 Green's Functions in Ferimagnetism
	3.1 The Normal Spinel Ferrites
	3.2 The Heisenberg Hamiltonian of the System
	3.3 The Green's Functions
	3.4 Applications of the Green's Functions


