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CHAPTER II
CURRENT DISTRIBUTION AND IMPEDANCE
A, CURRENT DISTRIBUTION,

The method of calculating current distribution of a
center-fcd cylindrical antenna will be discussed, This method
bascs on the boundary-value problem, and followS% nearly the
same way as Hallents (4) but with some considerations on antenna
conductivity which causes t he Hallen's Integral Equation becomes

non homogeneous, Z

P(r,p,z)

Fig, 2.1 The center-driven cylindrical antenna and its

cylindrical coordinates,



A cylindrical dipole zntenna is shown in Fdg.2.l
The tengential component of the electric field must be
continuous at the boundary, that is
B "FE, (3)
Where Elz = Electric field just inside the conductor
E, = Electric field just outside the conductor
To simplify the problem it is assumed that I(z) is
equal to zero at & = ¥ h and the end effect will be neglected.
Consider the electric field indide the conductor
E = Z1, (4)
Vhere Z = The conductor impedance in ohms per meter length
of conductor under consideration of skin effect.
Iz = Total current in the E-component
The electric field outside the cylinder can be determined
from the vector potential A
A Mexwell's equation con be written:zas
—):]
VxE*-%-f- =0 (5)

Since E = 1A (6)

Hence, vx (B +%§)- 0 (7)



By vector identity: Vx(-V0)
Where P is a scalar potential,

Comparison of eq.(7) and eq.(8) we

/‘1-1{
B 4 — =
Rt
Or E = V) jwA (9)
By vector condition V.E = -j wp (10)

Substitute eq. (10) into eq.(9) gives
E

-jw;e V(V.R)=-jwA
- -,jw[gg v(V.R)+ I]
W
- -jz2 [ V(D) kz'ﬂ] (11)
k
Since the current has only z component, hence the vector potential

X has only A,,then eq, (11) becomes

E 2 3" 4y v i (12)
z 2 dz ? Z]
From eq. (3), eq.(4) and eq.(1lR),we obtain
24
W Z 2
-j-[éz(aa—zz— + k) = 21,
ok 2
2 , K521
azz + kaﬂz = J—;"-'z (1%)
Eq.(13) may be written as
2
EaAz R 3 .
. + kA, = F(2) (14)

Eq.(14) is a second order first degree wave equetion
whigh ' is homogencous when Z is zero. But Z is not equal to
zero, therefore the wolution can be represented by the sum of

a complimentary function (Ac) and a particular integrzl (A )
p,



That is A, = b+ Ap (15)

Consideration of eq.(1l4), we can write that

A, = Blcoskz + Ezsinkz (16)

Where Bland B2 are constants

A can be found by using "The Method of Variation of Paramcters“l
p

as follows,

Let Ay - Ul(z)Yl(z) + Up(2)¥,(2) (17)

Where Yl(z), YR(Z) are the solutions of eq.(13) for which Z =0

Hence ¥,(2) = coskz (18)
Yz(z) = sinkz (19)

Ul(z), Uz(z) are two unknown functions of z and cen be obtained

as follows,
A Y5(2)
L 5,00 - L@ L0 2 (20)

LNEY

Substitute eq.(18) and eq.(19) into eq.(20), we have

7 .
U (z) " - sin kz Féz)
kz)

1 k(coszkz + sin
_ sin kz F(z)
k

A
Ul(z) " -f%ﬁﬁ— F(s) ds (21)
o

lC.R. Wylie, Jr. "Advance Engincering Mothematics",

d
3" Edition, pp 49-51, 1966,



Z
Similarly U2(Z) = cos ks F(s) ds (22)
\ k
Substitute eq.(18),eq.(19), eq.(21l),eq.(22) into eq.(1l7) we have
Z 2 z
kz sin kz
A = -ﬁE—L sin ks F(s) ds+—|;—"'fcos ks F(s) ds
P Z <
= E (ﬂ(cos ks sin kz - sin ks ces kz) F(s) ds
=
= 1 ‘g sin k(z-s) F(s) ds (23)
K
From eq.(13) and eq.(14), it can be shown that
k*71(8)
F(s) =
W
K2
Hence Ap - = [.51nk(z-s)l(s)ds (24)
o
Azcan be obtained from éq.(15), eq.(16) and eq.(R4) as follows:
I
A_(z) = B.coskz + B sinkz + jEfL [ sink(z~-s)I(s)ds
Z 1 2 w o{
yA
Or Az(z) = =j/c [Clcoskz + Cosinkz - Z’fsink(z—s)l(s) dsq (25)
a
Where c = kiw
Cl,Cz = constants

For a center - driven antennzj the current amd vector potential
are symmetrical with respect to the origine.
Hence I(z) = I(-2)

i(z) K(-2)

Then eq.(R5) becomes: "

A, = =J/c [Clcoskz + Czsinklzl -Z £‘sink(z-s)l(s)ds] (26)
The applied voltage, V is defined as

V = 1lim [f}(z)-p(-z)] (27)

z—0
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From eq.(10) when only z component is considered, we have
oA

e

0z

Substitute eq.(28) into eq.(R7), we get

= - jumep (28)

ok, (2) aAz(—Z)

Vv = li‘m
J W/46 [ dz Dz ]
L8 [ yin 085(2) _q5p 34,(-8) ] (29)
J z=~0 a 2 Z-'O Dz
From eq.(R5), we can show that
. 9h_(2)
1lim z -0 (30)
0 "5 D Ve ¥e |
JA (-Z) ('11)
im 952 [ [Pt N 3
05,7/ /g L\

Substitute eq.(30) and eq.(3l) into eq.(R9), we obtain
Vv = 2C 32)
2 (
The vector potential Az(z) can also be expressed in term

of the surface current I(zl) as follows:

h -j
my I(z)e
A (2) =T h_T 1 dz, (33)
R o [(z-z1)2 + r2] /2 (34)

The combination and the rearrangement of eq.(26), eq.(32) and

eq.(SS), result in
(z )e -JkR h

-cAi v
dz, = C_coskz + - sinkz - Z [ I(z)sink(z-s)ds
=3 = G : | 1)stnk(a-s)
(85)
The integration on the left-hand side of eq.(33) can be written as
h -jkR h h .
I(z.)e - -JjkR
f P e = e [ Hepe ™ -Iz)
Lh R 1 {h R 1 "h R 1

(36)
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Integrating the right hand side of eq.(36) and putting r = a,

we thus obtam. h

~ dzq
I(Z)j R . I(Zy /(z-zl)g - a§

: I(z)l“[_{-(h'z)z i W ]
{(h-2)2 + &? }Uz-(hw)
- I(2) [Q+ 1n(1-(E)2) + L(2) | (37)
Where X0l AL 1n[§-:— 1/ (58)
- wE{ e GE apfe gf)
(39)

From eq.(35),eq.(36) and eq.(37),1it follows that
-jkR

J_[I(z){ﬂ’f Tn(1-(2 o) )*5} f AESD T ~Ia) d”l]

Clcos kz + ‘2-{ sin k{z| - Z jI(s) sin k (z-8) ds

I(z)

v
C-Lcos kz + - sinkj|z| - & J I(s) sin k(z=-s) ds:l
/(A_CQ[ 2 KR

2 I(Z. ) ‘I(Z)
,_ﬁ[I(z)ln(L(E) ) + I(Z)J+-Jh 1" - dz;cz;o)

At z =h, I(2) = I(h) = 0, Therefore eq, (40) becomes

= - jé L C h + E in kh . l = ﬂz.
0 Y {( 1 cos k : sin }]kR {_ 7
=
n h I(zl)e 1
fl(s)sin(h—s) ds +j dz ] (41)
(] “h 1

Where ZO =E= intrinsic impedance of free space
(<]

2 241/
[(h-zl) *a] ¢

Subtracting eq,(4l) from eq.(40), the result is as follows:



I(z) = ;—2%1—[ Cl(coskz.-coskh) + ; (sink z -sa:.nkh)]
1 Z\R ’kﬁ(zl)e-JkR—I(z)ldz
- 2[166) W(1-(1)") + 1(2)8 + L
& z . hoh

R
e ' - jkRy
- il d I(s)sink(z-s)ds| + - lr(Kz)e™ dz
Zo th il S] ﬁ[.rh Ry 1
- iﬂ%/ I(s)sink(h-s) ds] (42)

0

Bq.(42) is the integrel equation for the total current distri-
bution on the center-fed cylindrical dipole. The zero order
approximation can be obtained by neglecting the terms in the

last two brackets in ed.(4R)

5 Vv
I1(2) = -t [ OF (2) + 50 (2)] (48)
2, = Lg‘: =120
F (z) = coskz=coskh = f (z)-f (h) (43a)
e} o [o)
Go(z) = sink|z|- sinkh = go(z) - go(h) (43b)

Substituting Io(z) for I(z) on the right hand side of eq.(42) gives

an approximation for the remaining term

1,(2) = g=iwe [ CF (2) + g_sl(z)] (42)
Where
F(a) = £(2) -2 (h) e
5 F (z,)e ~F (z)
z o'l o
fl(z) = -Fo(z)ln(l-E-Z) - Fo(z)é_-[h - dzl
= 2
« 3202 //‘ F (s)sin k(z-s) ds (45)
(@]

o O
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ig (S)sin k(h-s)ds

hFo(zl) e ~JKR) qz  + 41T Z
fl(h) =.:£ l % Q

R
n (46)

Gl(z) is exactly like Fl(z) with G written for F.
The first order approximation is them,

I.(z) = I(2)+1I.(2)

1 s ok F,(z) ) ¥

o [ affe® « S 3@ + 4 @)
(47)

Repeating these processes indefinitely, the final result will be

Or Il(z) =

obtained as follows:

. F.(z) F_(z)
= : 2 1+ 7 F
I(z) 17 [ Cl{Fo(z)+ 5 +'.'.i} 5 {Go(z)
e et e} ] (48)

The expression for Cl can be obtained by substituting eq.(48)

into eq.(4l), therefore

2
o A EINE/R ¢ g, (WA ... ]
b T L s w8 I s )

Substituting Cl into eq.(48) cnd rearranging the terms, we get

1(z) = sink(h-2) + K/ + K9/£22 Foiwn e 1
50)

J 75
5011[ cos kh + A Q0 + A /O +.iiuiuss
1
Neglecting the higher order terms of eq.(50), the first order

solution for the antenna current distribution becomes

="
z0L) cos kh + Al/S}

sin k(h- 2z ) + K1/12 ]

I(z) = 3} (51)
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Where
Ky = fy(z)sin kh - fl(h)sin kig| + gl(h)COS kz - gl(z)COS kh (52)
= >3
Ay gl(h) (53)

When the cylindrical antennais infinitesimally thin (£1—>00)

eq.(51) becomes

I(z) = UNsin k(h-2) (51a)
Where
N .
8052 coskh

Hence the sinusoidal current distribution is obtained.
B. IMPEDANCE the input impedauce of the center-fed cylindrical antenna
cam be obtained from eq.(51) by putting z = o

V

7 P A
18 (o)
(eoskh-+41/0 )

(sin kh + Kl/_(l ) (54)

The imput impedance of the cylindrical stub antenna over a perfectly

= j6000

ground plane is one-half of eq.(54), hence

g ) -jsofl?cos kh + Ay/0y )

L (sin kh + KIZCZ) (55)

Due to the complication of the expression of the input

impedance, it is advisable to use a computer programmed for

this solution.
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C. DATA PRECALCULATED FOR NUMERICAL ANALYSIS

The purpose of this analysis is to compute the impedance
of the cylindricsl stub antenna over a perfect ground plane. In
this thesis, the values of h = 50 cm and a = 5/2”(therefore h/a
= 13.1) are considered and the value of h/a = 75 is computed so
that it can be compaired with the results obtained from the others.

From eq,(55),it is shown that

cos kh + A1/0)
2, o s S - | (56)
- sin kh + Kl/£2

From eq.(4%a), eq.(43b), eq.(45),eq.(46),eq(52)and eq.(53),we obtain

K,(0) = £(0)sin kh + g (h) - g (z)cos kh (57)
1 1
A (0) = f (h) (58)
' (z)e—ijQ -Fo(0)
£,(0) 3J < dz, ,for §(0) 1 (59)
45 32
};Hé = [z + a® (60)
_'kﬂl h
F.(zq) 4
fl(h) =! O dz.‘L o | 21TZ § {Fo(s)sfm k(hes) ds (61)
~h Rl 0 o

gl(h) and gl(O) are exactly the same as fl(h), fl(O) with g written
for h

Considering the last term of eq.(61),we have

h
. M2 - ;
J Zo C Fo(s)51n k(h=s) ds = j Bg M (62)
Where
Z = 1207 001034
0 h
M =

[Fo(s)sin k (h-s) ds (63)

(=]
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Integrating eq.(63) ,we obtain

M= ;3 sin kh - 9-9-%25*‘— (1-cos kh) (64)
For h = 0 to 1.0, k = 2T, it is clear from eq.(64) that
M1 (65)

For aluminium, f = 300 MHz
& =depth of penetration
& 4,76 x 1077 o (66)

From eq.(66) therefore the antenna thickness, t is much greater than &

2
(1+3) i A4 ohms/m
Hence Z =
2T aN A
2| —?f < hms/

= (8} s/ m
RTICa
0,033 ohm,for h = 1,0, a2 = 0.0381m(67)

From eq.(65) and eq.(67), it can be secen that

: |
;%—'-M £ 0.0011 ohms. (68)

Therefore, from eq,(62) and eq.(68)we can neglecct the last

term of eq.(8l)

Simon Ramo, "Field and waves in Communication Electronic"

John Willey & Sons, Inc.,P 294, 1965
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From eq.(56),let

A AR+~+ JAI

1 =

K, = KR + JKI

1
" From eq.(58) and eq.(61)

AR = } eod01(cos kz-cos kh) dz

i = f 1n01(cos K 2~Ccos kh)

R/ 9

Z, = ZR+ J&I

; (XIcos kh+4iR.KI-AT.sin kh-AT.KR)
R = =304%50 1(51n kh+KR)2 +KIEl

i1 = 30§1(c05 kholn %h+KRcos kh;%Rsln kh+ 4R KR+ATLKI)
T T {(s1n KR+KR) “+KIZ |

From eq.(57),let

K1 = Bsin kh + € = Dcos kh
KR = BRsin kh + CR - DRcos kh
KI = BIsin kh + CI -~ DIces kh
From eq. (59) , let +
h i
R = | cos8p(cos kz-;os k1)dz-(1-cos kh)dv‘(1 coskh)
F : e a
_ .posoﬂ{costz—cos kh, dz <l TmtieE kh)ln( +J 2+1 J
--h 2 a a
h .
BL = f’ 81n92(cos)kz-cos qudz
-l.-‘ 1'\2
8imilary h
6R = _/ cos® sin klzl—sinkh)dz
=1 1
o /l’l sin01(sin k|z|-sin kh)
h £



DR

DI

un

e

n

L}

(sink jzl -~sinkh)dy -f sinkh dz

j sin@a(aink|21 -sinkh) dz

h
-], cose,
=h
RE
h
‘h
R,
J_ (h-z)%- a2
[
Z <4+ a
2'I'I'R,1
20R

~h

h

R

2

18
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D. COMPUTER P0GRAM FOR THEORIZTICAL ANALYSIS

This theoretical amalysis is run by the computer
NEAC-SERIES 2200 which is ' installed at The Computer Science

Center, Chulalongkorn University.



FORTRAN

ol
oz
NG3
04
Go5
L6
07
016
11
]2
013
14
nN1s
016
917
020
Nz
c22
nz23
024
025
026
027
030
c31
N32
¢33
034
35
N3k
037
nNgn
a4l
n4gz
N43
N& &4
n4s
N4k
047
G50
rs51

AN AN

D LCA,

FADTATNR

ICAL RADTATORS /7 /)

TeNCF oa1NY 4 QHREFAL TANCF o/

200 IRCE L1e70,.¢ D ATAGNIST T ES
PROGHAM ol YING TWRELANCF F STUR CYL IND
ZR=RESTISTH,CE NF S i 2% YDRTICAL AMTENN:®
ZI=RENCTOMCE OF ST08 CYL TNTRICAL ANTEMNA
XL=ALTESP A L ENSTH
EXTERIWATL K aR2eF it a2 a8 ia &

Dizas 418"
DO & =14l
REAID (P an) ban

5 FORNpT(FL o)
DT = V1%
Xl=""a?
WRITF %341

1 FORCAT(LE) aB8ra 3B 1RFDACE IF STIHIE CYLIN
WRITE (3415

15 FOPMAT (1 XaifHANT-MNG MG/ HaTNX 9 {OHRFST

20 CALL INTG/2]aC1S95INT9X, (AN 7R T AAA AR
CALL THTA:mT 9 S NaZUNT x| {DT9DFaAAALAT)
‘QA :‘(’l*.&L\H!.’\ﬂQ)
ElL ==341.% &«
AALAAZLAN/ /o
RL=24#®AL S (A SANCSART / AAET R k201N )
AR==4R 744

T Al=Al/AA

S=SIM(2a#l[#X] )
C=COS (2% i%X])
CALL INTCI!R2aCOSsFiINTaX 901 aD] s AAL 4RR)
CAILL INTG(RZ2aSIMaFLUNT X 9Dl g1 aANALRT)
BR=(1,-C) #KR| -B=
CALL INTG(RY2COSaFUNZ Xl D7 9P | 9 AANZCR)
CALL INTE!R! 9SINGF! INZ9XeaD 9P T s ARA 4C 1)
CALL INTGIRZ2aCINSeFIIN. aX . aNToeE] e AALSDR)
Cha|_L IMTZ R 29 SINSHEUN2S XL A 3D YIER AR EHT)
DR==-F_%#5-n0
XKR= (HR*S—CH=DR*C) /AL
XKI=(S3T*S+(_I=-DI*C) /A
CVZSH*EHD+2 ok XKR*S+ N AR+ UK T HHY .
ZR=EL¥ (XK [ #CHXK [ RAR=A] k=0T %2XKR) /DY
ZI=FL R (SHC+ARKG+X VLR + A #XV 240 [ HXK 1) /DV
WRTITE (34 /%)X a7F 97T .

25 FORMAT(] Y aFba?s20i¥ 979,411 1X9F9e3n/)
X=Xl +f,a &
IF(XLelCa )G T 2:

4 ¢ COMTTHiIFE

STNR
END



FORTRAN 260 SOURCE LISTING AND DIAGNOSTICS
001 FUNCTION R1(XsXLsAAA)
002 RI=SQRT((XL=X)*%*2+ (24%X[ /AAA) %X%2)
003 . RETURN . o ’
004 END
' “
FORTRAN 200 SOURCE LISTING AND DIAGNOSTICS
001 . FUNCTION RZ2(XasXLa2AAA)
002 ’ R2=SQORT (X*%2+ (2 %X /AAA) X%7)
003 RETURN
004 END =
FORTRAN 2.0 SNURCE LISTING AND DIAGNOSTICS
001 FUNCTION FUNL(XeXLsPI)
002 PII=2e%P]
003 FUNL1=COS(PII®X)=COS(PII%XL)
Q04 RETUFN
005 END
FORTRAN 200 SOURCE LISTING AND DIAGNOSTICS
001 FUNCTION FUNZ2(X9eXLsPI)
002 PII=2¢%P]
003 FUNZ2=SIN(PII*ABS(X))=SIN(PII*XL)
004 RETURN

005 END

PROGRA

PROGRA

PROGRA

QROrQﬁ



FORTRAN

001
002
003
004
005
006
007
010
011
012
013
014
015
016
017
020

200

SUBROUTINE INTG(F1sF2sF3sXL sDTsPTsAAAsSUM)

X==XL
R=F1(XsXL sAAA)
A=F2 (24 %PT#*R)
B=F3(XsXLaPI)
CL=A*B/R
IF(X+XL)39293

SUM=CL /2.

GO TO 4
SUM=SUM+CL
X=X+DT
IF(X-XL)131950

) 5UM=5UM“CL/2-

SUM=SUMXDT
RETURN
END

SOURCE LISTING AND DIAGNOSTICS

22,
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IMPEDANCE OF STUB CYLINDRICAL RADIATOR

h{a = 13.1

ANTENNA LENGTH

.20
.25
«30
.35
440
045
«50
o55
«60
.65

70

RESISTANCE

16.113
274751
45,156
T2.196
117.162
181.515
187,358
101,970
49,725
31.967

29.194

23.
REACTANCE

-244319
54929
30,956
514510
614459
294593
~72.527
-111,181
-82,757
~504097

=23.,867



IMPEDANCE OF S1UR CYLINDRICAL RADIATOR

hia =35

ANTENNA LENGTH

«?0
25
30
.35
40
e 45
50
e55
«60
65

o 70

RESISTANCE

17.347
3l.274
564243
102,979
220,683
511.262
443,014
1504832
62.591
37.2ﬁ2

33,532

2

REACTANCE

-49,884
12575
T44,569

142.786

2200348

155,350

~2964365
-276.116
~174,047

-98,957

""00. 307



55 8 0O D 00 T A
ot Ltmfuﬂ

[

=huw

.j..

s
.

F SR

[

4
L
i i
o St
A

T
. g

e T

34 T
__!.i._z- 33

— g b1
. ._.._; e

1
-
1

B

i TITEET

4L....rl:JP. -
H RS B e
iof o
m - .,....m.
ol =

s

dodka

4 .

|
|

—+

: -.-_1;-—.'K —

113

61."

4=y
-.l..-'..lb

..I_;. -
= SN
I

a2 H
i SRR
-Mu_‘\._ : ___..1144
R it |

¥




T

N

L _.:__5,_.;_1.l i

{1

raifm it
V

..__.__1_,!, 3.

7

by

__.-]}a.ugéh_r_:_.'__. .. _.____._ B

¥

+
ot ——4 _E.,____]...._

ma with

o
L
T
=

?hbpritik;gi}}: e

|
{
|
i

AT S S S SR 1

o

0 e 4 Ll B

| _ - IR il R

A »

Y M O
- — + sy fr - ..l.l{l.— 1

‘cylindrical

-~




S P R |

W

fwoon ()
3!L_. Jikn o

o pot

By E

9 9 CRLES R ) S b s

‘Hallem,
3 Y ot

Lt

.l:a




1

S

}

ﬂsngth tn radlus rmt:o = 75 (OR-il-z 10)

qn between (A) fert order ap
1lhm complete : aolus:?n (8) R.Ki

Lx
*

,fl

i
i

"'T" L

(equatlon (56))
g & & ﬁtddieton— :

.--i‘-”

_Y_""""— ———

==t
]
I



	Chapter II Current Distribution and Impedance
	A Current Distribution
	B Impedance
	C Data Precalculated for Numerical Analysis
	D Computer Program for Theoretical Analysis


