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CHAPTER II

DEFINITIONS AND EXISTENCE THEOREM FOR RAMSEY NUMBERS

2.0 Introduction

In this Chapter we give a preeise definition of Ramsey
numbers. It will be proved in Theorem 2.5.3 that they always

exist.

2+1 General Probelm

In order to generalize the problem mentioned in the

previous chapter, we nécd some definitions and notations.

2elel Definition We say that a set S is an n-set if it contains
n elements, By an r-subset of a set S we shall mean any r-set
which is a subset of Ss

We may view dlcoloring of lincs of any complete graph Kn
in a new way as follows :

Let S denote the set of points of the complete graph Kn'
Henco S is an n-set. Note that each line of the complete graph
Kn Jjoins precisely two points of S and any two points of S deter-
mine a unique line of Kn. Hence any line can be represented by a
pair of points, i.e. any line PQ can be represented by §P, Q} .
With this representation of Kn’ the lines of Kn are represented
by the 2-subsets of S. If we let P,(8) denote the family of all
2-subsets of 5, then a red-blue coloring of the lines of Kn induces
a partition of PZ(S) iﬁto 2 classes, namely the class R of all

2-subsets that correspond to the red lines and the class B of all



s

2-subsets that correspond to the blue lines. Hence a red-blue
coloring of lines of Kn corresponds to a partition of P2(S). Ve
may restate the problem posed at the end of the previous chapter
in our new terminologies as follows :

Find the smallest integer N such that if S is any n-set with
10 02 there must

exist a 3-subset of S with all its 2-subsets in C1 or a 3-subset of

n > N, then any partition of PZ(S) into 2 classes C

S with all its 2-subsets in 02.

Now, we are in the position to formulate our problem in a
more general setting.

Find the smallest /integer N such that if S is any n-set
with n > N, then any partition of the class P (S) of all r-subsets
of S into 1 class Cio A =0y720 .0, L, there must exist at least
one qi-subset of S with all its r-gubsets in Ci' Here r is any
positive integer and CFD i=1,2, ..., X arec any given positive
integers such that q; > T for all i.

Note that if we let r = 2, [ = 20 q;= Dy 45= 3 , the above
problem becomes our original problem. e shall show in Theorem 2e5:3
below that for any given r, Ayr 9peeees Qg with QBT for all i
such integer N always exists, and depends only on r, Ay GpseeesQyg o
We shall denote such number by N(ql,qz,..., A, 3 r), and refer to

it as a Ramsey number.

2.2 An Alternative Definition of Ramsey Numbers.

2+.2.1 Definition Let S be a set and r be a positive integer. Ve

say that (cl, Coreeey c1 ) is a partition of pr(s) b i 4



(1) Ciov i=1,2, «ovy, L are disjoint subsets of Pr(s),

L
(ii) U ¢, = P (s).
il = T
24242 Definition Let 5 be a set., Let r, dq qa,..., g be
positive integers such that r> 1 and u2r, 1=1, 2, ..., 2

We say that (Cl’ GZ""’ Cy ) is a (ql, Apseees Ay 3 r)-partition

of P (S) if
(1) (Cl’ CB""' Cyg ) 45 a partition of Pr(S)'
(ii) for each i = 1,2, ,ou, X o q;-subset of S has all
its r-subsets in Ci'
Example  Let 5 = ﬁpl, PanPr P\ P5} )
. {
Then F,(8)y/3 {ipl' PV ofPrs Pt (P, B}, g, B,
¥
3 b} 1P20 Psb oo {Po By}
1737 T5] g Psw '
or briefly PZ(S) = {Plpz, P1P3, PPy P1P5, PZPB, PPy P2P5,
ReRan Elmiy P4P5} .

If all 2-subsets of S are partition according to the

{Pz, === G {Pz, P

red-blue coloring of K5 in the previous chapter, i.e. corresponding

to the red lines P.P P2P3, P3P4, P4P5' P5P1 we formr? set

|

e i
R = {Plpa, PPy, P,P,, PP, P5P1%
and corresponding to the blue lines
P1P3, Plph' PaPh, P2P5, P3P5 we form

_ )
8 sot B = lPIPB, P.Py, PPy sPoPs s P5P, |

Then (R,B) is a (3, 3; 2)-partition of PZ(S)' Fig., 2.1
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The above example shows a (3, 3; 2)-partition of a S5-set S.
It follows from what has been shown in the previous chapter that
if S is an n-set with n> 6, then P2(S) does not have any
(3, 3; 2)-partition. Hence the Ramsey number N(3, 3; 2) is the
smalleét integer N such that if n» N, then for any n-set S the
family PZ(S) has no (3, 3; 2)-partition. In general wo have the

following.

2.2+3 Remark The Ramsey number N(ql, Goreses Ay 3 r) is the
smallest integer N such that if n > N, then for any n-set S the
family Pr(S) has no (ql, Aopengs 405 r)-partition.

2635 Induced Partitions

2+3.1 Proposition  Let (615°€53v.., C, ) be a partition of P (5).

1
For any a €5 if Ci is a set of (¥ = 1)-subsets of S- ﬂao} such
/

that for any (r -~ l)=subset of S- {ao} in C, together with a_
forms an r-subset of S in C, where i =1, 2, ..., 4 , then

(Cl, Copevey Cg ) is a partition of Pr_l(s- gaok ).

/
Proof : We shall show that Civ 121, 2, 4.4, 4 are disjoint
|

= (‘__ ‘ i
Ci Pr-1(° )aOE )e Since

e 1

subsets of P, (S- {aok ), and A
(€12 Chyeeey Cp ) is a partition of P (8), hence Civ 1= 1,25u0.,L

! '
are disjoint subsets of Pr(S). Therefore, Ci’ i=1,2,..., L are

disjoint subsets of P (S~ ga % )e It is clear that
r-1 0

1 /

- (a) "
g=l C, ¢ P, (8 {a,f ). Let A be any element of P._1(8= fa } ).

Then the set AU %a

/
L is in Ci for some i, Thus A is in Ci for
' 2
4
U Ci . Therefore,
i=1

o}

some i and hence Pr_l(S- 3ao§ ) €



g ! / / /
U _C, = Pr_l(S- %ao% ). Hence (Cl’ Conerns Cp ) is a partition
i=1

of Pr_l(S~ }aok e .

/ / /
Note that (C,, Coyessy Cg ) is called a partition of

) . - .
Pr_l(s- 8&05 ) induced by (Cqs Corueen Cy ) or the induced

partition of P (8- fa } ).

Example  Let S iao,al,az,aB,a4,§ and
C1 = {{ao,al,aa% - %ao,az?aB} . {al,aa,aB%,
125387021} 1 (8508502, ﬁ}’
02 = 3@b,a1,a3} \ {ao,al,au} s {ao,aa,ahk s
{al,az,auk X %al,as,aqa}.
Clearly, (01’02) is a’partition of PB(S)’ The induced partition

[ !
of PZ(S— gao} ) is(Cay 02) where
C, = {Pl,azg . iaz,a3§ - {aE,ahk} y

- {{al’aB}" {81024} {aa’ahﬁ} ¢

NS

2.4 Some Properties of Ramsey Numbers.

In this section, the properties concerning with the Ramsey

numbers N(ql,qz,..., a, 3 r) will be discussed.

2.4,1 Theorem For any integers Ay1G590e230y T such that
3> r =1, i=1,2,..., & if N(ql,qa,...,ql ; r) exists and
qi,qé,..., q}_ is any permutation of q ,q,,.+.y 4, 4 then

/ / ’
N(a)sapseeey @) 3 1) = N(a),a5,0es @y 5 7).



Proof : Let S be any n-set with n > N(ql,qa,...,q,Q $ T
Then Pr(S) has no (ql,qa,...,q1 ; r)-partition. Let (Cl’cz""'CL )
be any partition of Pr(S). Thus S contains
either a ql-subset with all its r~subsets in C1 or a qZ-subset
with all its r-subsets in 02, Or...., or a q, -subset with all its
! 1
r-subsets in Cy3 . Since Ay 9059000 41 is a permutation of
ql,qa,..., 9y hence thero exists a permutation ¢ on 1,2,...,£
!
such that q, = 4 ¢ (1) for 1 '=1424y0..4 £ . Observe that
. 2 iie -
(e J(1)? C (2)10 e Cs/(i)) is also a partition of Pr(u). Thus
we can see that S containg either a q&—subset with all its r-subsets
. ’ - ‘ .
in C f(1)? or a qz-subset with all its r-subsets in C 512)’ OF s,
or a qi -subset with/all its r-subsets in C(g(g). This shows that
! i / / / /
Pr(S) has no (ql,qz,...,ql j *)-partition. Hence N(ql,qz,.., q, 5r)
' 7/
exists and N(q&,qz,..., 9y r).s?N(ql,qZ,...,q‘L s r).
To show equality let S be any n-set with
n = NGy 485seee, Qg 3 r)-1, Thus P _(5) has a (ay40500000a, 5 7)-
partition. Let (01,02,.., CL ) be a (ql,qz,..., g r)-partition
. " 4 4 / s =
of Pr(s). Since qq, dys-eey Q4 is a permutation of pelprecendy o
so that there exists a permmtation ¢ on 1,2,..., & such that
t .
a3 = 4 g4y Observe that (c d(1)? C g(pyreser C d(l)) is a
/ / / . .
(ql, Apseves Ay 3 r)-partition of Pr(S). Hence
’ /! /
N(dysapseeey @) 5 7) > N(Q3,050000, 4, 3 r)-1l. Therefore, we

/ ’ /
have l\](ql,qz,.oo, q‘Q ; I‘) = N(ql,qa’coc’ ql ; r)o

2.4.2 Theorem TFor any GysGprees Qg 9 T such that A>T 2 1,
1= 1,2y000y d=1 if N(QysQy0eews Qg _y5 T) exists, then

N(ql,qz,..., Qg 32 T3 r) exists and
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N(Qyy Qygeeey Q v T 5 1) = N(Qyy Qype0ey Qg o5 7)o
Lt 2 2-1 1Y 43 L=-1
Proof : Let S be any n-set with n > N(ql,qa,..., qg_q3 r). We
shall show that P _(S) has no (q.,q_ ,..., q rjr)~-partition. Let
r 17%2 1-1?
{C. sC sanis € ) be any partition of P (3). Suppose that there
172 ] r

exists no r-subset of $ in C-K y then all r-subsets of S are in

%l 2-1
C;+ Hence igl C; = P.(8). Therefore, (Ciy Chpeeey C {1 is

a partition of Pr(S). Since ! /n/> N(ql,qz,..., gy r), thus

i=1

there exists either a.ql-subset of S with all its r-subsects in
Cl, or a qz-subset of S with all its r-subsets in 02, O oseses4y O

a q 1_l—subset of S5 witd all its r-subsets in C This shows

L1’
that Pr(S) has no (ql,qz,..., dg_10 T 3 r)-partition. Hence
N(ql’qZ""’ AQg1r T3 r) exists and
N(GysQy0eees @ g 3y T 3°7) € N(ql, Apyeees Qg 35 T)o

To show equality we need to construct (ql,qzovoo,qtl_lgr ; r)-
partition of Pr(S) where S is an ne-set with n = N(ql,qa,...,ql_l;r)-l.

\

Thus Pr(s) has a (ql’q2’°°" TR r)=partition. Let (Cl’Ca"'°’02-1)
be a (ql’qZ"°"q1-1; r)=-partition of Pr(S)‘ Then (Cl’C2’°°"CX )y
where C g is empty, is a (ql,qa,..o, Gy qr T 3 r)-partition of

Pr(S). Hence N(ql’q2""’ql-l’ r:r)> N(ql’qz”'°’ql-1; r)=l.

Therefore, N(ql’qZ"'°’q£-l’ ri;r)= N(ql,qz,..., Agqs r)e
Q.E.D.

—

2.5 The Existence of the Ramsey Numbers N(ql,qa,--e’Q}_;r)

In this section we shall show that the Ramsey numbers

N(qlnggcc.,qi H r) GXiSt for all ql'q2’aou' q,Q. s such that
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Q4> T > 1y L& 14250665 4 « The proof will be by induction on
dy9Gp90e0y Ay 9 To Theorem A - 2 of the appendix justifies our

inductive proof.

2e5¢1 Lemma  For any qq1dpseeesd, such that a3 > 1y 1= 1,21...,1

N(ql,qz,..., ag 1) exists and is given by N(qysGs90eey qq 3 1)=

qq+ q2 + eee + qi - 8+ 1

Proof, Let S be any n-set with n > Ayt Qo eee + Qg = i + 1., We

shall show that Pl(S) has no (ql,qa,..., qy 3 1)-partition « Let

(cl,ca,..., Cg ) be any partition of P,(8). Suppose that no

qi~subset of S has all its points, i.e. l-subsets,in Ci for

1= 1200004 b 9 1, then/there are at most (q;- 1) points in

Ci’ 1=1,2¢000¢, f- 1./ Thus there are at least

n - [(ql— 1) + (qz— 1) A= (ql~1_l>} points in Cy . Since

N> Qg+ Qot eee + a4y ~ 741, hence

n - {.(ql- 1) + (q2- Wt eee 4 (q(_l- 1)] >aqy - Therefore,

there exists a ql -subset of 8 with all its points in CK » This

shows that P,(8) has no (ql’q2’°°" dg 1)-partition. Hence

N(quqz,..., ay 1) exists and N(ql,qz,...,ql ;1)S1q1+ q2+...+ql'-A£;l.
To show equality we have to construct a(ql,qa,.e., Qy s 1)-

partition of P,(8) where § is an n-set with n = At Qpteeetqy = b

Let (Cl, Corecey Cg ) be a partition of Pl(S) such C, contains

(q;= 1) points of 8 for all i = 1,2yeeey L « Thus no q;-subset of

1,24600, L, This shows that

S has all its points in Ci’ i
(Cl’ca’coo, C 1 ) is a (ql’qa’O.o,qx; 1)-partition Of Pl(s)n
Therefore, N(ql,qz,...,ql H 1):>q1+ Qotecet Ay = X, Hence we obtain

N(ql’q29-oo' ql H 1) = ql+ q2+ oo C].R -~ l + 1o Q'E'D.‘
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2.5.2 Lemma  For any positive integers q;, T such that g, > ©
N(q;; r) exists and N(q;; r) = q.

Proof : This is clear from the definition of N(ql; r)

QeLeDo

2e5+43 Theorem Let ql,qz,...qi , r be integers such that

q

i>‘ r >/1' i = 1,2,000, Q- Then N(ql’qE"."ql ; I‘) eXiStS.

Proof : We shall prove this theorem by induction on Q. Let
"
P(l) be the statement if ql,qa,...,ql‘, r are positive
integers such that qi>,r>,l, TNE 1,2’,,,,1 , then
h
N(ql,q2....,qx $ r)_exists, | By Lemma 2.5.2, we sce that P(1)
holds. Now we assume that P(k) holds. To show that P(k + 1)
holds, we must verify that for any intcgers ApsGsseeeady 19 T
such that q, > r >1, 1= 1,2,eeuy k + 1, N(ql’qZ"'°’qk+l; r)
exists. Let
{ -

S = “(ql’qZ"“’qkﬁL; I‘)/ qj-»r )1, 1L = 1,2,...,1{ + 1}
and T = % (ql,qz,...,qk+1; r)/'N(ql,qZ,...,qk+l; r) exists é.
Thus T £ S, We shall apply Theorem A-2 of the appendix to
show that T = S, By Lemma 2,5.1, we see that

(1) (ql,qz,...,qk+l; 1) belongs to T for all a, > 1,
i =1,2yee09k + 1. By Theorems 2.4.1, 2.4.,2 and the assumption
P(k), we see that

(2) if q;> r for all i = 1,2,..., k + 1 and q, = r for
somgi, then (ql,qe,...,qk+l; r) telongs to T.

To verify that T has the property (3) of the hypothesis

of Theorem A-2, we assume that for all r > 2 and all

Q2T 3= 1,2,000,k + 1 (qi,q§,...,q§+l ; ¥ - 1) Dbelongs
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> ,
to T for all 4 r - 1, 1 = 1,25e0ey k + 1, and

(ql-:L’ q29"‘!qk+l; r)! (ql’qZ_l'QB""’qk.ﬂ_; r)gtoo,

(quto-aqk, Uy q=Ls r) belong to T. For convenience, we write

ql ] I\q(ql"l, qagcoog qk+l; r)’
f
q2 &= N(qquz"l’q39‘°°’qk+l; r)9
1
qk+l = N(ql’qag ...’qk’qk-i-l-l; I')o

! ' #
Let N = N(ql’qZ”"'qk+1 v = 1)+ 1,

Let 8 be any n-set/within > N. We shall show that Pr(S)
has no (ql,qz,-e-,qk+1; r)-paftition. Let (01,02,...,ck+1) be
any partition of Pr(S)° Let a, be an element of S and
(Cl,da,...,C;+l) be the partition of P, (8 - &aé& ) induced
BY (Cq4Che0esCy, deSINEE M NCGTIlL) oo erdy, 3 ¥ = 1) + 1,
then (n -~ 1) ZrN(q;,dz,...,q;+1; r -'1). Hence S = g aok is
an (n = 1)=set with (n - 1)72.N(Jl,42,...,dk+l; r - 1) « By
definition of the Ramsey number N(q&,da,..e,q;+l; r - 1), thus
S - \ao\ contains some di-subset S; with all its (r = 1)=-
subsets in Ci' By definition of q;, Si contains

(1) (qi-l)-subset with all its r-subsets in Cy
6r (2) sone qj—subset, j#1i, with all its r-subsets in cj.

If (1) holds, then a (g;= 1)-subset of S - % aOE has
all its r-subsets in Ci’ and this (qi- 1)-subset together with
a, is a qi-subset_of S with all its r-subsets in Ci'

If (2) holds, there exists a qj—subset of S with all its
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r-subsets in Cj‘ Hence we can find an integer N such that

for any n-set S with n > N Pr(S) has no (ql,qz,ee-,qk+1; r)-
partition. By well-ordering principle, smallest such N existse
Hence N(ql,qz,...,qk+l; r) exists. Therefore, (ql,qz,...,qk+l;r)
belongs to Te Thus T = S, Hence N(ql’q2’°°°’qk+1; r) exists

for all q;>r > 1, i = 1,2,00e,k + 1. Therefore, P(k + 1) holds.

Q.E.D.

2.5.4 Remark TFrom the proof ef Theorem 2.5.3, we obtain

¢ i /
N(ql,q2$‘°‘!qk+l; r) \<N(q17q2Qo-oqu+l; r-1)+1 with
/
g |
!

9

1l

N(ql"l! qav"'v qk+l; I‘),

Nays ap*ly Qzeesesa, 13 7),

i © N(ql"°" A TS )
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