CHAPTER IV

SEMILATTICES OF PROPER INVERSE SEMIGRQUPS

Let S = &LYSG be a semilattice Y of inverse semigroups Sa.
There corresponds a semilattice Y of groups in a natural way as
follows : To each a€eY, let o, denote the minimum group congruence

on Sa. Set T= U's lo .

aeySq |9, It has been proved in [3] that under the

operation o on T defined by

(aoa)o(bos) = (ab)cmB (o, BEY, aeSa, beSB)7

T becomes a semilattice Y of groups Sa/ca’ and hence T is a homomor-
phic image of S under the homomorphism a ao (aey, ae.-Sa)° More-
over, the two semigroups have ‘the same maximum group homomorphic

image.

In this chapter a similar version is studied. We construct
a semilattice Y of proper inverse semigroups from a given semilattice
Y of inverse semigroups, with a certain condition,such that the semi-
lattice Y of proper inverse semigroups which we construct is a homo-
morphic image of the given semilattice Y of inverse semigroups.
Moreover, the two semigfoups have isomorphic maximum group homomor-

phic images.

Let S = &éYSa be a semilattice Y of inverse semigroups Sa.
For each a €Y, we denote the Green's relation R ; the minimum group

congruence and the minimum proper congruence of Sy by ﬁ{a, o, and T,



respectively. Set S = (LJ!,J@Y(SOL/TOL) and define an operation * on S by
(ara)*(bTB) = (ab) ToB

for all a, B in Y, aesa, besS We show that the operation * is

8*
well-defined if the Green's relation R of S is a congruence. To

show this, we need the following lemmas :

4,1 Lemma. Let S = oPeYSon be a semilattice Y of inverse semigroups
Sa’ Assume that for each ae Y, g)\a is a congruence on sa° Then
for o, Be Y and a, besa, ceSB,

Proof : Let o, B¢ Yand a, be Sa such that aﬂub. Then

a = bx and b = ay for some x, yeSa, Let ceSB. Then ca = cbx and
cb = cay., Hence ca, cbe saB’ and

ca = vcb((cb)‘lcbx),
and cb = ca(ca)mlcay),

S0 ca?\ascb because (cb)"lcbx, (ca)-lcaye S4ar
. . ) — -1 -1
Since R is a comgruence on S_-and acﬁab, we have a ﬂab ,
so by the above proof, we get cnlanlﬁascmlbal, that is,
- -1 . . !
(ac) 1(ch8(bc) . Again, since (RaS 1s a congruence on SaB’
ac ﬁaebc. Hence the lemma is proved. #
4.2 Corollary. Let S = &JGYSG be a semilattice Y of inverse semi-

groups Sa' Then R is a congruence on S if and only if for each

aeY, Ra is a congruence on S_.

Proof : The necessary part is obvious. To show the suffi-

cient part, let aRb. Assume aeSOl and beSB, Since a‘Rb, there

exist x, ye S, say xe SY’ ye& S)\ such that

aﬁab implies caRaBCb and achaBbc.
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a = bx and b = ay.

n

By which implies o<B and

From a = bx, we have S S,. so that a
a By

a<y . Similarly, from b = ay, we have B<o. and B<A . Hence o = B.
It then follows that
a = b lbx) and b = a(alay)
-1 N N -1 B B _ .
and b "bxe SBY = Sow = Sa , a ayaSaA = SBY— SB Sa . This proves

a, beS, and aﬂa b. Then by Lemma 4.1, for any BeY, ceSgy , we

have ca Rascb and ac RaBbc so that ca®R cb and acR bec. #

4.3 Lemma. Let S = ocUeY Soc be a semilattice Y of inverse semigroups

Sa . If R is a congruence on /S, then for a e Y, a, be Sa > AT, b im-

plies ac TOLBbc and ca Tchb for all Be Y, ce_SB .

proof : Assume fhat R is a congruence on S. Then by Corol-
lary 4.2, for each aeY, Ra is-a-congruence on Sa .  Hence
Ty = Rozﬂ 9% for all o in-Y.

Let a e Y, a, beSa and T, b. Then aﬁ{a b and a Iy b. Let

BeYand ceSg . By Lemma 4.1, acﬁaebc and ca‘Rchb, Since

ao, b, ae = be and fa = fb for some e, fe E(Sd) so that cae = ¢be

and fac = fbc. Let e'e E(SB), Thus ee', e'feE(SaB),
ca(ee') = (cb)(ee'),
and (e'flac = (e'f)bc.

; . . #
Hence ca OOtB cb and ac OaB bc Therefore ac*cozB bc and ca TOLB cb

4.4 Proposition. Let S = 0LlJe YS(_“l be a semilattice Y of inverse semi-
groups Sa such that the Green's relation 8 on S is a congruence.

- * 2 o — - U P s _
Then the operation * is defined on S OLeYSOL/TOL as before is well



defined, and (S, *) is a semilattice Y of proper inverse semigroups

Sa/Ta°

Proof : Recall that the operation * on S = U_S /1 is de-
—_— acY o' a

fined by
(ara)*(bfs) = (ab)r g (¢, BEY, aeS_, beS

To show * is well-defined, let o, BeY, a, ce Sa and b, dezSB such

that at, = ct and bTB = drB, By Lemma 4.3, abTaB = CbTaB and

_ _ . s ;
CbTaB chaB, so abTaB cdtch Hence is well-defined. Since

*
(Sa/Ta) (SB/TB)C_—'_ SaB/TaB for all a, B€Y, and for each aeY, Sa/Tu
is a proper inverse semigroup, /we have (S, *) is a semilattice Y of

proper inverse semigroups Sa/ra° i#
By Proposition 4.4, we then have

4.5 Corollary. Following Proposition 4.4, S is a homomorphic image
of S by the homomorpHism:y : S -+ S defined by
ay = aTa

for all acY, ae€ Sgn

Let § be the congruence on S induced by the homomorphism
¥ : S + 8§ defined in Corollary 4.5. Then for all a, beSs,

adb if and only if a, be.Sa for some o €Y and arab°

Therefore S/8 = (S, *). Let o be the minimum group congruence on S.
To show §< o, let a, beS such that aéb. Then a, beSa for some

aeY and atab. Since Ty 0,5 We have aoab9 so ae = be for some

gl
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eeE(Sa)EE(S). Hence aob. Therefore, by Proposition 2.2, we then

have

4.6 Lemma. Following Proposition 4.4, and let § be as above.
Then for all a, beS, (a, b)eo if and only if (ad, bd)e o(S/6).

Hence
S/a(S) = (8/8)/0(8/8),

and so S and (S, *) have the same maximum group homomorphic image.

The next theorem follows directly from Proposition 4.4,

Corollary 4.5 and Lemma 4. 6.

4.7 Theorem., Let S = &éYSa be a semilattice Y of inverse semi-
groups Sa such that the Gréen's relation R on S is a congruence,
Then (S, *), defined from S as before, 'is a semilattice Y of proper
inverse semigroups Sa/Ta and it is a homomorphic image of S. More-
over, the two semigroups have isomorphic-maximum group homomorphic

images.

A semigroup S is comﬁletely regular if for every element a

in §; there exists x in S such that a = axa and ax = xa. It follows
that if an inverse semigroup S is completely regular, then

aa = = aﬁla for all aeS. To see this, let S be an inverse semi-
group which is completely regular. Let ae S. Then there exists

X €S such that a = axa and ax = xa. Hence

a = a(xax)a
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and xax = (xax)a(xax).
A . : s -1
Since S is an inverse semigroup, a -~ = xax so that

-1 -1
aa = axax .= xaxa = a a.

Let an inverse semigroup S be completely regular. Let aRb
in's. Since a%a la and bi?b'lb, anlagzb_lb. But 4 Ta = sa > and
b"1b = bb™l. Then aa 1Rbb ™!, Since R is left compatible on S,
a"laa 1R p~1pp-1 so that a_ljlb-l. This proves for any a, beS,

afb if and only if a-¥R.b-1. To show R is right compatible on S,

let a®b in S and ceS. Then aulg{b-l and c'1€ S. Since R is left

compatible, c_la_lglc_lb-l, so (ac)_lﬁl(bc)_l. From above proof,

acRbc. Hence R is a corgruence on S.
Thus, from the above proof and Proposition 4.4, we have

4.8 Corollary. Let S = ééYSa be a semilattice Y of inverse semi-
groups Sa' If S is completely regular, then (S, *) defined as be-
fore, is a semilattice Y of proper inverse semigroups Sa/ra and

(S, *) is a homomorphic' image of S. Moreover,

e

S/a(S) S/a(8).

= U . . . .
Let S aeYsa be a semilattice Y of inverse semigroups Sa.
It is clearly seen that if for each ae, Sa is completely regular,
then S is completely regular.

Hence the following corollary follows :
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4,9 Corollary. Let S = &éysa be a semilattice Y of inverse semi-
groups Sa. If for each a€eYy, Sa is completely regular, then (S, *),
defined from S as before, is a semilattice Y of proper inverse semi-

groups Sa/ra and it is a homomorphic image of S, and also

S/a(S) z §/0(S).
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