CHAPTER III

WEAKLY FACTORIZABLE INVERSE SEMIGROUPS

We introduce weakly factorizable inverse semigroups which gives
a generalization of factorizable inverse semigroups. Weakly factoriza-

ble inverse semigroups are studied in detial in this chapter.

An inverse semigroup S is called a weakly factorizable inverse

semigroup if there exist an inverse subsemigroup T of S which is a
union of groups and a set of idempotents E of S such that S = T.E.

Then every factorizable inverse semigroup:- is weakly-faetorizabde:

Every group is factorizable, so it is weakly factorizable.

Let S = U G be a semilattice Y of groups G_ .
o (¢4
acyY
Then
E(SIl.=F eul aEY }
where - denotes the identity of Gafor each o €Y. Because Gaea = Ga

for all a€Y, its follows that ( U GalE(S) = S. Hence S is weakly
aeY
factorizable.
Because every semilattice S is a semilattice of groups, S is
weakly factorizable.

Hence we have the following :

3.1 ProEoéition. The following inverse semigroups are weakly facto-

rizable :

T\5e
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(i) Factorizable inverse semigroups .

(ii) Semilatticesof groups.

Proposition 3;1‘shows that weakly factorizable inverse semi-
groups give a generalization of factorizable inverse semigroups and
semilatticesof groups.

Any semilattice without identity is weakly factorizable but not
factorizable.

Let S = &3Y G& be a semilattice Y of groups Ga . Then Y has an

a

idéntity if and only if S has an identity, so if Y has no identity,

then S is weakly factorizable but not fadtorizable.

The next example shows that there exists a factorizable inverse
semigroup but not a semilattice of groupé; The following lemma ' is

required first :

3.2 Lemma. [Introduction,page 8 ]. If S is a semilattice of groups,

then E(S) C C(S), where C(S) denotes the center of S.

Example: Let X = {1,2} . Then the symmetric inverse semigroup on X,
Ix,is factorizable [Corollary 1.4 ]. Next, we will show that
B(I,) & C(1):

Let 8 be the identity mapping on the set {1}. Then GG:E(IX).
Now, let a & I'x' such that Ao = {1} and Va = {2} . Then a%E(Ix) and
A(Sa) = {1}.and A(a8) = ¢. Therefore Sa # a8 . Hence § ¢ C(IX)
which implies E(IX) ¢_C(Ix). By Lemma 3.2, IX is not a semilattice

of groups. #



37
Because every factorizable inverse semigréup is weakly factori-
zable, the above example also shows that there exists a weakly factori-

zable inverse semigroup which is not a semilattice of groups.

Now, we still have a question whether a weakly factorizable in-
verse semigroup has to be either a factorizable inverse semigroup or a
semilattice of groups. The following example shows that there is a
weakly factorizable inverse semigroup which is neither a factorizable

inverse semigroup nor a semilattice of groups.

Example: Let Y ='{u,6;y} be a semilattice with Hasse diagram :

B

o

where |X| denotes the cardinality of the set X, Since A and B are

finite sets, IA and IB are both factorizable as IA = GA.E(IA) and

IB = Gé.E(IB) where GA and GB denote the permutation groups on A and B;
respectively.
Let Soc = IA‘,'
SB = Iz,
and SY = {0} , a trivial group where 0 is a new symbol, ()é Ly

and 0¢ Ig- Let us consider the empty transformations of IA and of Iy

be distinct.
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Set S =SUS
o

BUSY and define the operation * on S as follows :

s &' if either &, 8' € S_or §,8' € S,.
§*48! = o B

0 otherwise.
Then (S,*) is a semilattice Y of inverse semigroups Sa, SB and Sy, so

(S,*) is an inverse semigroup [Introduction, page 8 ]. It is clear

that S has no identity, so it is not factorizable. Because |A|>1 X

there exist a, a'€ A such that a # a'. Let 6, 8, € IAﬁ; S such
that
NS = NS
= 1 S = '
and AGZ £l 4, ,V°2 {a'l

Then 516 E(IA)QLE(S) and 62 ¢ E(IAl, so 62 & E(S). Thus, 6162 # 6261

because A6162 = {a} and A8,8; = ¢ . Hence dle E(S) and 81 & c(S),

so E(S)¢;C(S)v Therefore .S is not-a semilattice of groups [Lemma 3.2].

Let Gu = G,, the permutation group on the set A, GB = GB and

A’

G ™ 5, = {0} . Then T = GaUGBUGY is a semilattice Y of groups, so

it is an inverse subsemigroup of S. Because S-= SaUSBUSY .

E(S) = E(Sa)L)E(SB)L)E(Sy)
= E(IA)\)E(IB)L){O} :
But : Sa = IA.‘ = GA“E(IA) = Ga°E(Sa) .
SB - IB = GB.E(IB) = GB.E(SB) s
and s = {0} = @G
Y , Y
Then S = 5. IS AJS
o B Y

1]

Ga,E(Su)UGB,E(SB)U Gy. {0}

- (Gau GBU GY)"(E(Su)U E(SB)U{O}) .8 »
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Hence S = T.E(S), so S is a weakly factorizable inverse semigroup. #

If'S is a weakly factorizable inverse semigroup as T.E, then T
is a semilattice of groups. To show this, we need the following

lemmas :

3.3 Lemma. Let S be an inverse semigroup. If S is a union of groups,

then S .is a.disjoint union .of groups.

Proof: Let S = U Gi be a union of groups Gi’ In any group G,
i€l
the identity of G is the only idempotent of G. Then E(S) = {eiIiEA}
where e, is the identity of the group‘Gi for all i€ A. Let K be an

index set such that

{ek|.kEK}={e.1| i€A '}

and e, # e, if k # k'. Then E(S) = {e, | k € K} . Claim that

B= 1) .H where H denotes,the% - class of S-.containing .e, .
kek Sk °k ; .

Let x€S. Then xE'Gi for some 1 € A. Because eiE E(S), there exists

k € K such that e = &;- Since H, is the greatest subgroup of S
k
having e, as its identity [ Chanter I, page 111], GiC__ He and so
k
xe U H . Hence S = U H .
keKk 7k keK 7k

Since each% - class of a semigroup contains at most one idem-

potent N Lemma 2.15 ], it,follows-that‘.He.vﬂ, "Hé = ¢ 1if
' k k'
k # k'. Hence S = U H, is a disjoint union of groups. #
kEK 'k
3.4 Lemma. Let S be an inverse semigroup and S = U Gk be a .dis-
k€K

joint union of groups. Then S is a semilattice of groups.



Proof: Let ek denote the identity of the group Gy for all
k€ K. Then E(S) = {ek | ke K }. Because S is an inverse semigroup,

E(S) is a semilattice. Since for each k € K, He is a maximum sub-

k
group of S having e, as itsidentity, H =~ = Gy for all k € K.
: k
Hence S = \J H_ . Since S is an inverse semigroup, everyc;e -

k€ K _°k
class and every%- class contains exactly one idempotent [ [ 5 %

Corollary 2.19]. But each é@ - class and each /(QJ - class of S is a

union of%- class.of . S; Then for.each.k&K,.L. .= H = R_ .- But
% % %k

ée)is right compatible and %is left compatible. Then y@ = % = R)

is a congruence.

Next, let xEHe and yéH Then x?@ek and y%ek,, o)

% k k!
xydOe e, ,. Hence xy € Hekek' This prove that HéI;'Hek 'C Hekek'
for all k, k' € K. Therefore, S is a semilattice E(S) of groups

He.#
k

3.5 Proposition. Let S be a weakly factorizable inverse semigroup

" a8 T.Es Then T is a semilattice of groups.

We give a remark that if S is a weakly factorizable inverse
semigroup as T.E, then S = T.ECT.E(S) C S and so S = T.E(S).

However, if S is a weakly factorizable inverse semigroup as
T.E, then E is not necessarily to be E(S). For example, let S be a

semilattice with Hasse diagram :

40
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Let T=S. Then T is a semilattice of groups. Then E(S) = S, and

S = T.{a} because a is the identity of S.

The following theorem shows various properties of weakly facto-

rizable inverse semigroups :

3.6 Theorem. Let S be a weakly factorizable inverse semigroup as
T.E. Then the following hold :

(1) S .= E.T.

(ii) If e is the identity of T, then e is the identity of S.

(iii) For any e€ E(T), x€S, xe = exj that is; E(T) C c(s).

Proof: Let T ) G, be a semilattice Y of groups G .

o &Y
Then S = ( U Ga)"E°
a ey
(i) Let x&€S = T.E. Then x~te S, so there exist g€G for
some o € Y and e € E such that A ge. Therefore x = eg_lé BT,

Hence S = E.T.

(ii) Assume e is the identity of T. ' Let x€S. Then there

exist k€T, f€E such that x = kf. Therefore

'

e(kf) (ek) £

1}
=~
Ha

1]
~

-

ex

(kf)e

n
V.
=
Q)
—’
Hh
|
-
Hh
i
bl

and xe k(ef)

Hence e is the identity of S.-

(iii) Let e€E(T) and x€S, Then x = kf for some k€ T, £ €E(S).
Because T is a semilattice of groups, by Lemma 3:2, E(T) € C(1).
Then |

ex = e(kf) = (ek)f = (ke)f = k(ef) = k(fe) = (kf)e = xe.
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Thus e € C(S). Hence E(T) € C(S), as required. #

Next, we show that if S is a weakly factorizable inverse semi-
group as T.E, then the maximum group homomorphic image of S is a
homomorphic image of the maximum group homomorphic image of T. The

following lemma is required first :

3.7 Lemma. Let S be a weakly factorizable inverse semigroup as T.E.

Then every o - class of S-intersects T.

Proof: Let ac be a o - class of S. Then there exist t€& T and

e€E such that a = te and so ae = tee = te. Hence ac = to, so t€ao.#

3.8 Proposition. Let S be a weakly factorizable inverse semigroup as

T.E. Then S/o(s) is a homomorphic image of T/g(T)
Proof: Let ¢ : T/O(T) > S/o(s) be a map defined by

(ta(D)y = to(S) (L ET)s

"¢ is clearly well-defined because E(T)(_ZE(S), and it is easily seen
that .is a homomorphism. To show y is onto, let ao(S) € S/G(S) . By
Lemma 3.7, there exists t €& T such that t €ac(S). Then to(S) e ao(S),
so

(to(M)HV = to (S) = 4ag(S) . *#

The homomorphism ¢ in the proof of Proposition 3.8 is one-to-one

if S is proper.

3.9 Theorem. Let S be a weakly factorizable inverse semigroup as T.E.
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If S is proper, then S/c(S) is isomorphic to T/G(T) and hence S and T

have the same maximum group homomorphic image.
Proof: Let V¥ : T/o(T) > S/o(S) be a map defined by
(to (MY = to(S) (t€D:

From the proof of Proposition 3.8, ¥ is an onto homomorphism.
" To show y is one-to-one, let tl’ t2€T such that tlc(S) = tzo(S).

Then t.e = t.e for some e €E(S). Then

: 2
=3 |
t2 tle = (t2 tz)e
But t;ltze E(S), so
& 2l N -1 -1
(t2 'cl)(’c2 tz)e = (t2 1:l)e(1:2 t2)
N\ A
e s, 1;2)e('c2 t,)
\e -1
= (t2 tz)e
Since S is proper and (téltz)eé E(S), téltlé E(S). But t£1t1€ T, so
1 -VAS I
t, tle E(T). Then t, tl = f for some fEE(T). Hence tztz By & tzf, so
= -1
tlo(T) £ (t2t2 )c(T)tlo(T)
Y. -1
= (t,t;7t)o(D
= (tzf)c(T)
= (tzo(T))fd(T)
= tzc(T)

. -1 o . -
since t,t, o(T) = fo(T) 1is the identity of the group T/o(T)'

Hence { is an onto isomorphism, so S/o(sj = T/o(T) as required. #

The Green's relation% on a weakly factorizable inverse semi-

group is studied, and the following proposition is.obtained :
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3.10 Proposition. Let S be a weakly factorizable inverse semigroup

as T.E and let T = U G, be a semilattice Y of groups G . Then for
a€yY :
each a€Y, Gais an Ko - class of S. Moreover; for e€E(S), if

Heﬂ T# ¢ , then i, G, for some o €Y.

Proof: For each o € Y, let e, denote the identity of Gu. Let

g &Y, Since He is the maximum subgroup of S having e  as its identi-
a
ty, G,C He . Next, let x& He . Then x-lx =B and x = gf for some
o Qa
B € Y such that g¢ GB and for some £& E. Therefore

e, = X'x = (fg7)(gH) = £(g @)E = fo f = eff,

and so

% _(geB)f = ‘g(er) S ge € GBGqQ G"'o‘t'B :

-1 | J/ [ g & L ok
Thus x EGQB ?nd so e =X xEGuB . WiBut eae Ga . Hence o = aB

which implies x€G_ . Then — H_CG . Therefore.G, = H_. .
a RN o e,

Next, let e € E(S) such that Heﬂ =80 .. Then there exist -
o€ Yand g & Ga such that gGHeF\ T. Elaimgthat He = Ga' Since

geH,, g-lg = e. But g_lg = e, ,S0 € = é& . Hence, from the ‘,_first

part of the proof, we have He = He = Ga 5
(6]

Let S be a weakly factorizable inverse semigroup as T.E and,

Te G G, be a semilattice of groups G, . Let A be an ideal of §:
aEY
"If a€Y and Gaﬂ A # ¢ , then as the proof of Lemma 2.2, GaC A= 1%

is possible.that AN G, = ¢ for all agY. For example, let X = {a,b}.
Then the symmetric inverse semigroup on X is
IX B D1 ,'al’. az,l gy Oy, Og }

where 0, 1, o, (i =1; 2; 3, 4, 8) n4re defined the same as in the
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example of Chapter II. That is, the table of multiplication is as
follows :
0 1 o 0 oy o, og o, Aa, = {a} = Va,,
Ao, = {b} = Vo,,
1 1 us 0 al uz as a4 2 2
Ao, = {a},Va, = {b},
S | 9 LB "8 % B & o 8
0o | o ol o o 0 0 0 Ba, = {b}, Vo, = {a},
Ao, = {a,b} = Va_ ,
al ul as 0 al 0 a3 0} 5 5
such that aa. = b,
az az a4 0 0 az 0 u4 5
: - 5 ba. = a .
as us ui 0 O as 0 al 5
a4 a4 az 0 u4 0 o, 0

b,

Then I, is factorizable as GX.E(IX), Gy = {l,ot5

X
E(IX) ={0, 1, A, O },‘so Ix is weakly factorizable. From its table
of multiplication, the set K = {O,al, Gys Ogs a4‘} is an ideal of Iy

and Kr\GX = ¢ .

The above example also shows that an ideal of a weakly factori-
zable inverse semigroup is not necessarily weakly factorizable. To
show the ideal K of IX is not weakly factorizable, first we find all
the inverse subsemigroups of K. It is easy to check that all the in-

verse subsemigroups of K are

K, = {¢} , K, = {al} " KS = {az} A K4 = 10, al}
Ke = {o, az} " K6 = {0, %, Oy } and: K-.
Because K KZ’ KS’ K4, K5 and K6 are semilatticeg;they are semilattices

1,
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g = gy L gy, =y T By

SO 0y ¢ C(X), the center of K. This showsthat E(K)¢:C(K). Hence K

of groups. Since o, € E(K) and o

is not a semilattice of groups[Lemma 3.2 ]. Then all of the inverse
subsemigroups of K which are semilattices of groups are Kl’ Kz, KS’
K4, KS’ K6' Next, we show that Ki.E(K) # K for all i€{1,2,3,4,5,6}.
Since E(K) = {0, s o, } and KiC E(K) fér all ie{1,2,3,4,5,6 },
Ki.E(K)Q:E(K) for all i€{1,2,3,4,5,6} . But E(K) # K. Hence K is

not weakly factorizable.

We end this chapter by introducing a property of ideal A of a
weakly factorizable inverse semigroup to let A be also weakly

factorizable.

3.11 Proposition. Let S be a weakly factorizable inverse semigroup

as T.E, A be an ideal of S and A has its identity. Then if T contains

_the identity of A, then A-is weakdy- factorizable-

Proof: Let 1A be the identity of the ideal A, and let T= U G

a
a€Y

be a semilattice Y of groups Ga' Let

Y, = {aeYIGuﬂA#zb}. Then Y, ={a€Y[GCA}

Since lAé ADT, YA # ¢ . Claim thdt YA is an ideal of Y, let o€ YA’

B E.Y. Then G,C A and so GaGBQ;A. But GaGBQ;GuB .  Then GaBF\A + &,
and hence oB € YA’ Thus‘YA is an ideal of Y and then it is also a
semilattice.
o . 1005
Set T, aEYAGoc" Then it follows that TAC; A and it is a

semilattice YA of groups Ga . By assumption, 1A is also the identity
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of TA SO 1A€ E(TA). But E(TA) = 4 euIaEYA} . Then 1A = ey for some
)\EYA :

Next, we show that A = TA.B(A). Let a €A. Since AC_:S‘ and
§=TE = (U Ga) . E, a=ge for some B € Y, geGBand for some

ocY
e€E. Therefore

a = lAalA = 1Age1A = (ekg)(elA).

Because YA is an ideal and AEYA, ¥B, € Y, - Since e,g € VGXB 3
it follows that e,g€T, . Since elAE E(S) and e1A€~A, elAé B(A). It
then follows that aETA.E(A); Therefore A C ,TA.E(A). ‘But TAQ A and

E(A)CA, so TA.E(A) = A, completing the proof of the proposition. #
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