CHAPTER II

IDEALS OF FACTORIZABLE INVERSE SEMIGROUPS

In this chapter, we study ideals and Rees quotient semigroups

of factorizable inverse semigroups.

Let A be an ideal of an inverse semigroup S. Then A is a sub-
semigroup of S. If a €& A, then a l€s and so a™t = alaa”le A, Thus

A is an inverse subsemigroup of .S.

An ideal of a factorizable inverse semigroup is not necessarily
factorizable. An example is given as follows : Let S = {a,b,c,d} be

a semilattice with the Hasse diagram

Then S is a.semilattice with identity a and so E(S) = S and the group
of units of S is {a}. Hence S = E(S).{a} which implies that S is
factorizable. In fact, any semilattice with identity is factorizable.
Let A = {b,c,d} . Then A is an ideal of S. But A does not have its

identity. Thus A is not factorizable. #

The first theorem of this chapter shows that an ideal with its

identity of a factorizable inverse semigroup is factarizable.
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2.1 Theorem. Let S be a factorizable inverse semigroup. If A is an

ideal of S-and A has its identity, then. A is factorizable.

Proof: Let 1 be the identity of S and G be the group of units
of S. Let 1' be the identity of A. Since A is an ideal of S and
1'¢ A, 1'GC A. Claim that 1'G is a subgroup of A, let 1'g € 1'G

(g€G). Then 1'g" ¢ 1'6 and.1"'= 1'1€1'G' C A, .50
g

-1 -1 -1 -1
(') (1'g™) = ((1'g) 1N~/ f1'g)g ~ = 1'(gg 7) =1'(1)="1".
and for all x€1'G, 1'x = x1' = x because 1'GSA. Therefore 1'G i's a
subgroup of A. Next we show that A = (1'G) .E(A), let x€A. Then

x = ge for some.g€G, ecE(S): Therefore

x = x1' = (ge)l' = (glNe = 1"(gl")e = (1'g)(1'e).
But 1'g€ 1'G and 1'e is an idempotent and belongs to A, so
(l'gj(l'e)g(l'G).(E(A))q Then x€ (1'G).(E(A)). Hence A = (1'G).(E(A)).

“Therefore A is factorizable.

From the proof of Theorem 2.1 and Theorem 1.1, the follow-
ing follows : Let G be the group of units of a factorizable inverse
semigroup S. If A is an ideal of S and A has its identity 1', then

1'G is the group of units of A.

Now, we have a question whether an inverse subsemigroup
with its identity of a factorizable inverse semigroup is factorizable.
The following example shows that this is not true in general

Let X = {a,b} ; and Iy be the symmetric inverse semigroup on X.

Let 0 and 1 be the zero and the identity of IX; respectivély, and let
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Gps Ops Ggo @,s Og & IX such that

bay = Vo, = Hak
ha, = Va,” = {b} ,
Aa3 = {ak, Va3 ={b% .,
Aoy = {b}, Va, = {a} , |
and’ hog . = Va .= {a,bl "such that‘aq5 ='H, b= &, Then
Iy = {o, 1, s By Oy O, as} and the multiplication is as follows:
ro 0 1 a; 0, 0z 0y | Gg
0 0 0 0 0 0 0 0
1) 0 1 ”ai a, ds o, "as
g 0 o 9y 0 oL 0 Gy
05 0 a, 0 e,y 0 ay 'a4
ag 0 'a3 0 as 0 oy 'al
a, 0 Aq4 oy 0~ dz 0 .uz
ag (0 as a, Og dz a, 1
Let T = {0; l;al, Gy g a4} ., - From the ;able, T is a subsemigroup
of IX'
Because
O-"1 =0, 1-l S ail = 0y, qil = 0y, agl = a4; a;1 =0a; ,

‘it follows that T is an inverse subsemigfoup of S and T has the iden-
tity 1. It is clearly seen that the group of units of T is {1} and
the set of all idempotents of T is {0, 1, oy ,uz} so E(T) = {0,1,a1,a2L

Since asez E{T) = {1}.E(T), T is.nédt factorizable. #
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Let S be a semigroup with identity 1 and G be the group of units

of S. Then

G={a€sS|aa' = a'a = 1 for some a'€S}

If A is an ideal of S, then either ANG = ¢ or A = S, To prove this,

assume ANG # ¢. Then there exists g € G such that g€A, so 1 =g "g€A
where g_1 is the group inverse of g in G. Hence for all x€S, x = x1€A.
“Thias, A = B,

Let A be an ideal of a semigroup ¥ Let Pa denote the Rees con-

gruence.on S induced by.the-ideal A;-that.is,

{a} if a¢ A.

ape =
& AN 5 € A,

Recall that the semigroup S/pA is called the Rees quotient semigroup
of S induced by A, and denoted by S/A. Because a homomorphic image of
an inverse semigroup is an inverse semigroup, S/A is an inverse semi-

group if S is an inverse semigroup.

To show that a Rees quotient semigroup of a factorizable inverse
semigroup is a factorizable inverse semigroup, we need the following

lemma :

2:2 Lemma. Let S be a semigroup with identity 1 and let G be the
group of units of S. If A is an ideal of S, then the set {apAlaé(B}

is the group of units of.S/A.

Proof: It is clear that 1p is the identity of S/A. Because

A

A is an ideal of S and G is the group of units of S, it followéithat
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either A = S or GNA = ¢. If A = S, then S/A is a trivial semigroup,
so S/A = {1pA} which is a trivial group.

Assume GNA = ¢. Let G = {apA |a€G }. Then for a€gG,

ap. = {a}, so G is obvious to be a subgroup of S/A since G is a sub-

A
group of S. Let H be the group of units of S/A. Then

H = {pr‘ I(pr)(x'pA) = (x'pA)(pr) = 1lo, for some x'€ S} .

Bécause H is the greatest subgroup of S/A having 1pA as its identity

and G is a subgroup and 1p,€ G, it follows that G CH.

Next, let .prE H . Then

(xp,) (x"Py) (X'oA)(XbA) = lp,

SO - (xx')py (x'x)p, = lo,

Because 1 ¢ A, xx' = x'x =1 and hence x€G. Then prE G. Hence,

we have G = H as desired. #

2.3 Theorem. Let A be an ideal of an inverse semigroup S. If S is

" factorizable, the Rees quotient semigroup S/A is factorizable.

Proof: Assume that S is factorizable as G.E(S). Then G is

the group of units of S. By Introduction,page 5 ,
E(S/A). = E(S/p,) = {ep, |e€E(S)}

By Lemma 2.2, { ap |a€G} = G is the group of units of S/A. Now, we
show that S/A = G.E(S/A). Let pré S/A. Then x = ge for some g&G,
e €E(S). Therefore Xp, = (gp,) (epA)EE,E(S/A) . Hence S/A is factori-

zable. #
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The converse of Theorem 2.3 is not true even though the Rees quotient
semigroup S/A is not trivial. For example, let Y be a semilattice with

Hasse diagram

Y

For each 6€Y, let Gg =Z x § and set S = GaL)GBL)GY . Define the

operation on S by
(n,8,) (my8,) = (n+m,6,8,).
Then S is a semilattice-Y of.groups'Ga, GB’ GY and
E(S) ‘= {(O,OL),'(OsB),‘(O’Y)}

Because Y has no identity, S has no identity, so S is not factorizable.

Let A = GBLJ GY. It is easy to see that A is an ideal of S.
*

The Rees quotient semigroup S/A is isomorphic to Gg , the group Gu
P *
adjoined the zero 0*. But the group of units of Gg is Ga and
*
E@)) = {0*, (0,0)} and

0* ps 0*
G, = G,-E(6 )

. A
Then Gg is a factorizable inverse semigroup. Hence S/A is factori-

zable. #

Let Y be a semilattice. Then for each a € Y,aY is the princi-
pal ideal of 'Y generated by o and it is also a semilattice which has a

as its identity, so a is the maximum element of aY ; moreover,
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ay = {BEY | B=<al .
Let s= U Ga be a semilattice Y of groups Ga . For each
a €Y
a €Y, let
A, =V g
B< a
Then for each o € Y, A = \/ G, . Since. aY is a semilattice
T

with identity a ., .Aa is a semilattice oY of groups GB , and Aa has
the identity e , where e, denotes the identity G, for all REY.
Moreover, Aa is an ideal of S for all a £ Y. To show this, let a €Y.
Let x € S and a € A . Then x € G, for some y- € Y and a & Gy for some
B <o, Then B =o0f = Ba . ‘Thus, ax € GBGYQ; GBY and xa‘:GYGBégayB:(ﬁw'

Since By = aBy , By < a and hence ax, xaeGsyc__ Aa . Hence Aa is

an ideal of S.

The following proposition follows directly from the above fact

and Theorem 2.1 :

2.4 Proposition. Let S = U Ga be a semilattice Y of groups G .
atY ~

For any o¢€Y, let Aa St GB N YfrgE8ofadtorizable, then Aa is
B< a

a factorizable inverse semigroup for all o €Y.

The next proposition follows from Proposition 1.14.

2.5 Proposition. lLet S = U 6, be a semilattice Y of groups G,
: o€y
with corresponding homomorphism51hxs. Let o€ Y and A = U Gy - 1f
B<a

vy, 8 is an epimorphism for all B €Y, B <o, then Au is a factoriza-

ble inverse subsemigroup of S.
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