CHAPTER IV

CONTINUOUS SOLUTIONS OF f(x + y) = g(x)f(y) + g(y)f(x) ON

THE SET OF ALL NON=NEGATIVE REAL NUMBERS

In this chapter, we apply the results in the previous
chapter to obtain all the continuocus functions £, g from ﬁfU {0}

into ¢ such that
(%) £(x + y) = glx)£(y) + gly)f(x)

holds for all Xy y in ﬂf\J {0}

DEFINITION 4.1 By a continuous solution of the functional

equation

(#) £(x + vy) = g(x)f(y) + g(y)f(x)

on Rfu {0} into €, we mean a solution (f,g) of (#) such that

fyg are continuous functions on Rl {0} into C.

We can see that any ordered pair (f,g), where f is
identically zeros and g is an arbitrary continuous function on
R*L; {0} into € 4 is a continuous trivial solution of (¥) on
RfLJ {0}« Next, we shall consider the continuous non-trivjal

solutions on R+tJ {0} into C.
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THEOREM 4.2 Let f, g be functions on IR"'U {0} into d . Then

(fyg) is a continuous non-zero-type solution of
*) £(x + y) = g(x)E(y) + g(y)f(x)
on Ry (0) if and only if £, g are of the form

£(x) = B

(4.2 .‘1)

g(x) = %qx

i *
for all x in R |y {0)» where By q g &

PROOF  Let (f,g) be a continuous non-zero-type solution of (k)

on R+U {0} into ¢. By theorem 3.2, then there exists B in c"
&

and a homomorphism a" on R Yy {0} into € such that

~
£f(x) = Bg(x)
(4e02e2)
1 &
g(x) = '2'9(")

for all x in R U {0}. Since g is continuous on :R"'_u {0} and
* + )
g(x) = 2g(x) for all x in RV {0}, hence 2_;' is a continuous
homuirorphism on R"U {0). It follows from theorem 2416 that

.
(44243) g(x) = g(*

w

for all x in R+U {0} Let g = g(1)e From (442¢2) and (44243)y

it follows that f, g must be uf the form (44241)

Next, assume that fy g are functions on g{"u {0} into
¢ of the form (4+2+1)e It is well=known that £, g are continuous

functions on IR"'U {0). Observe that for any Xj Y in R*U {0},
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(4.2.8)  g(XIE(Y) + g = 5a*. pa¥s 5 a¥. B,

= qu+y:

= £f(X + Y)e

From (4.2.1)y we see that

(402.5) f(O) - B { 0 [
Therefore, (fyg) is a continuous non=-zero~type solution of (%)
on R_.'.U {0}.

Next, we shall consider the continuous non-trivial zero-type

solution of (%) on R+U {0} into €. Let {an} be a sequence of

n+1
any n in P, Let Sn = <a> be the cyclic monoid generated by a e

positive real numbers such that a = 2a for all n in Pe. For

We can see that S_ is a subset of S, for all n in P
and S =10 Sn is a dense subset of B:U {0}« We shall determine

a certain class of non=trivial solutions of
(%) f(x + y) = g(x)f(y) + g(y)f(x)
on S into € . First, we need the followings lemmas.
LEMMA 4,3 Let Sn and S be as defined above. Let (fy,g) be a
solution of
() £(x + y) = glx)f(y) + gly)f(x)

on S into €. For each n in Py 1let £, g Dbe the restrictions

of £y g respectively on Sn. Then



(4.3.1)

and
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2 2 2
2gn(an) & gn(zan) o [2gn+1(an+1) 'gn+1(23n+1)]

2 2 "
(44342) gn(an) -gn(zan) = 4gn+‘1(an+‘1) Ign+1(an+‘i) -gn+1(2an*1)]

for all n in Pe.

PROOF

Since 9, is the restriction of Beiid and a = 2an+1, Hence

2 2
2gn(an) = gn(zan) R 2gn+1(2an+1) i gn+1(4an+1)'

By lemma 3.7, it follows that

2 2
2gn(an) = gn(Zan) . 2gn+1(2an+1) N [gn+1(an+1)gn+1( n+1) -

2
[gnq-i(aan-i-‘l)-gn-t-‘l(alui) J[gn+1(2an+1) *

29n+‘1(an+1)2 ] ] ’

2

2
3 Lgn+1(2an+1)

= 2g (2a )

n+l n+1

2
r 2gn+1(an+1) gn+1(2an+1)

2 4
gn+1(an+1) gn+1(2an+1} - 2gn+1(an+1)
% gn+1(an+1)gn+1(36n+1,] ’
= (2a )2 - g_.(a )2 g  .(2 )
In+1 n+1 n+1l n+1 n+1 n+1

4
* zgn+1(an+1) B gn+1(an+1){?n+1 n+1)gn+1(

2
" [gni-i(zan-r‘l)-gn-b‘l(and-'l) ][ Zgnvl-'l(an-t-i)l I ’

n+1

)
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(a )Zg 4

n+1 (2

2
- gm1(2a )= g )+ 2g_ ( )

n+l n+1 n+1'“%n+1 n+1' 2o+l

(a

2 2
53 gm-‘l n+1) gn+1(2an+1)'2gn+1(an+‘1) gn-a-i(zan-n-‘l)

4

+ 2g_ .( ) B

n+1 an+1

&

(2 )y

(a

=0 n+1

2 2
ne1$2%041) "%90,1¢%001) Ine1$%Bni1’* Y9041

2y 2
* {gm‘ltzam-‘l) r 2gn+‘1(an+‘1) J =
Thereforey (4+3+1) holds for all n in [P.
To prove (4.3¢2)e Since 9, is the restriction of Inet and

a = 2a

hence
n n+1?

(443.3) gn(an)2 = gn*1(2an+1)2

and
9,(2a,) =g (42 )

By lemma 3.7y we have

(4e3ed) g (22)) = g; (8, 1)9,,1¢3%,10* [_gm-'l( 28,41
(a_ )2 (2a_ ) + 2g_..(a_ )2
= 9n4+1'%ne1 ][gm'l n+1’ * “%n41'%nsa } ’

f gm-‘l{am-‘l) {gm-‘l(am-i)gn-ri(zan-n-‘l) +[gn+‘1{2an+‘1)

- gn-ri‘ ax'u-‘l)2 ][ 2gn+1(an+1)l]+ igm-‘l(zam-‘l)

= n+1(an+1)?}[gn+1{2an+1)+ 2gn+1(an+1)2}'
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2

Lk an+1) In+1

( (2 )

2
% gn+1(an+1) gn+1 n+1)+ 2gn+1 an+1

4 2

( i gn+1(2an+1)

n+l' Oned

2
. 2gn+1(an+1) gn+1(2gn+1)- gn+1(an+1) gn+1(zan+1)

4

- 2g_ .( )y

n+l an+1.

a )zg
n+1l n+1

P\ o PN (22_.)

n+l n+1 n+1 an+1

4

- 4g ( D R

n+1 an+‘.l

It follows from (4.3¢3) and (4.3.4) that

4 (2a )s

2 4 4
gn(an) - gn{zan) 5 an+1(an+1) 4, 4gn+1(an+1) gn+‘1 n+1

2 2
g 4gn+‘l(an+1) [_gn-u-i(an-q-‘l) -gn-r‘l(zan-a-‘l)J .

Thereforey (4.3+2) holds.

LEMMA 4.4 Let Sn’ S be as in lemma 4,3+ Let (f,g) be a non-

trivial zero-=type solution of

) f£f(x + y) = g(x)£(y) + gly)f(x)

on S into €. For each n in P, 1let £, g, be the restrictions

of £, g respectively on Sn.

If (fn’ gn) is also a non-trivial zero~type solution
of (%) on S for all n inP and there exists an n, in [p such

that (f_ 4 g ) 4is a type I solution of (%) then {f 5 g.) 38
n, "Ry n’ “n
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a type I solution of (¢) for all n infp and £, g are given by
t t
‘2!1—‘1 211—1
Bea,) e Blagy -~ =il o

(4.4.1) t t
glta ) = 5 (q,, = dyq )

E
for all t in Ny for all n in p , where By d 49 9y, € ¢, and
1
9,4 ¥ 9p49 Where 5 5 Qi I3rd = 1y 2.

PROOF Let (fyg) be a non~trivial zero-type solution of (¥)on 8
into d. such that (fn, gn) is also a non-trivial zero-type solu-

tion of (#) on S for alln inP »

Let (f , g ) be a type I solution of (¥) on S, s Hence

o Mo 0
(44442) 2gn0(an0>2-gnoczan0) $ 0
and
{4edo3) g _ (a UL g (2a )«
s T % %o

It follows from (4e3e1) in lemma 4.3 that

'

(4e4.4) 2gn(an}2 - gn(Zan) # 0 1ff 2g_ ( )2- g (2an+1)i 0

n+1' “ne1 n+1
for all n in P « By using (4.4.2) and (4.4.4) we can verify, by

mathematical induction, that
(4e4a5) 29 (a )’ =g (2a) 4 0
e 9n'%n 9n'““n

for all n in p such that n > Ny
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Suppose that

2
(a, )7 =g, (22
Ko ko

(444.6) 2gk
0

for some k., in [P such that k By using (4.4.4) and (4.4.6),

we can verify, by mathematical inductions that
(4e4.7) 2g,(2,)% =g (2a) = 0
wknd I % It <3

for all k > k But this is contrary to (4.4.2).

OI
Therefore

(4+448) 29 (2 )% = g (2a) # 0

for all n in P such that n < nye From (4.4.5) and (4.4.8)y

we have
(44409) 29 (a )2 =g (2a) #0
n n n n
for all n in F’.
It follows from (444.3) that
444:.10) g_ (a )2 - g (2a_) # O.
3§ n n

) 0 0

From (4e3¢2) in lemma 4.3, we have
(4e4e11) (a )%= g (2a) = 4 ba F (a )2-9 (2a_ )
s 9n'%n 9n'““n In+1" “ns1 Lgm-‘l n+1 n+l “Tn+l
for all n in P « From (444.,10) and (4.4.11)y we can see that if
2
gk(ak) - gk_(2ak) #0

for any k inp such that k > n then

0!

2
Beed %a? = 9,420 40 F 00
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Hence, by mathematical induction, we can conclude that
(4.4412) g (2 )2 - g(2a ) # O
n'n n n

for all n in [P such that n > ng

Now, suppose that there exists k, in fp such that k,< njand
2
(4.4e43) g ( ) = g (2a ) = 0O
ko %o o

Assume that
(4.4.14) gu(a )2 = g (2a) = 0
» k' % s -
for any k in P such that k > k,. From (4+4411) and (4.4.14),

it follows that

2
4 = [s) - =
(4.4.15) gk+1(ak+1) P _on gkki(ak+1) gk+1(23k+1) ¥

1f
(4+4016) gk+,1 (ak+1) = 0y
we have
I’4°4°17) fk(ak) = f(ak)'
il T

= 2g(a, )f(3, 1) »

( ) £ ( )s

291 010%41? Tks1'%k41

= 0’

which is a contradiction. Hence we must have

2
{ ) (2ak+1) = 0.

= F%+1

Iee1 Pkat
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Hence, by mathematical induction, we can conclude that

(444018) g (a)? =g (2a) =0
nn n n

for all n in p such that n 2|k0. This is contrary to (4.4.10).

Thereforey
(444419) (a2 =g (2a) g0
s %n' “n 9n*““n

for all n in [P such that n < nye From (4.4.12) and (4e4.19),

we have

2
(444.20) gn(an) - gn(zan) # 0
for all n in P .

From (4.4.9) and (4.4.20), we see that for each n in P »
(£ 9 g,) is a type I solution of (%)e Hence, by lemma 3.9
fn’ 9, must be of the form
£, —= 8 (q?m . qgn) ’
(4.4421)

3 t t
qn(tan) - ! (Q.‘,m + qzn)

$
for all t in W s where By dy0 9o & © 0 9y F T 0

Since (fn, gn). (fn+1' gn+1) are the restrictions of

(fy g) @nd & = Zan+1. hence we have

(4.4.22) gn(an) = g..4 (2an+1) ’
(4.4 .23) gn( 2an)ﬂ gn-l-‘l (4an‘.1) ’
(4e4e24) fn(an} = fn+1 (Zan*i) »
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By applying (4+4421) to the above jdentities, we have,

respectively,

1 1 2 2
(404.25) '2' (q‘ln + qzn) o .E (q*]_(n+1) x q2(n+1))’

2 4

1,2 1 a8
(4.4426) 5 (aj  + 95) =3 (9 (ne1) * 9 (ne1)’?

2 2
(404027) B (94~ 9pp) = Pryq(Iy(nen) 7 9 (ne1)’

By multiplying both sides of (4.4.25) and (444426) DY 29

we have

2 é
(4.4428) Gy *+ Yop = Tiaen) ¥ F2(ne1)

and

2 2 4 4
(404429) Q5 *+ T = Yq(nert ¥ F2(n+1)

respectivelye By squaring both sides of (444427) and (444428)y
we have

2

y2 )

2 2 2 2
(444,30) Bp (d9p = 920’ ° Pre1¢9a(ns1)” T2(ne1)

and

2 2 4 2 2 4
(4c4031) Yt 294p%2n* Y2n * 9 (ne)” 293 (ne1)%2(ne1)* F2(ne1)

respectivelye
From (4.4429) and (444.31)y DY substractions, it follows that

2 2
(444032) 24, 95, = 299(n41) F2(ne1)

From (4+4¢29) and (4+4432)y it follows that

2 - 2q q2 - q4 -2 2 2 . q4
Ty~ 299p%n * 92n T Y1(n+1) 9 (n+1) 2(ne1)T “2(ne1)®
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Hence

2

) 2 2

2
(4+4033) (9 (ne1) = T2(n+1)’ °

(44, = 9

From (4.4430)y (4e4433)y and the fact that q1n # qy 0 We have

2
(4ede34) g2 = ﬁﬁﬂ .
Thereforey
(4e4435) ﬂn = Bn+1 or B = = ﬂn+1 L

I£ Bn = Bn+1 theny by (4.4+27) and (4.4428)9 it follows

that
(464036) 2 ar.l - q2 N
¢ye Yp = Yl 2n 2(n+1)
Hencey fn+1’ Ins1 will be of the form
Jde 3
2 fn+1(tan+1) = o (= %4 ) s
(4¢4037)
3 :
i |
gn+1(tan*1’ - 5 (g, + B, )

1
2
for all t in Ny where 9, 1is defined to be qg (. 449 i = 19254

If Bn = -Bn+1 then, by (44+27) and (4.4.28), it follows

that
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(404438) Un = qg(n+1) and G, qi(n+1) .
Hencey fn+1’ gn+ 1 can be written in the form
t t
fn-n-‘l (t an-:-‘l) . Bn (qg.n g qgn )
(4e4439) : ; %
n+1 (t an+1) 2 3'(q1n * 93p )
1

i

2
where %, is defined to be qj(n+1) ;s iy j = 1,2 and i £ 3.
We can see that in the case Bn = -Bn+1’ by changing

notations qi(n+1) to be q2(n+1) and q2(n+1) to be qi(n+1)'

we may write fn+1' Ine1 in the form (4+4.37)« Hence there

is no loss of generality in assuming that Bn = Bn+1'

Therefore, fn+1’ gn+1 are of the form
5 3
2
frealt o1 Bnl94n = %2 )s
funged
1
gn+1(t an+1) = B (qin 2 q2n )
1
for all t in W » where qi'n is defined to be 9 (n+1)?

i = 1, 2o Then f, g are of the form (4edel)e
LEMMA 4.5 Let S, S be as in lemma 4+3e Let (f,g) be a
non=-trivial zero-type solution of

(k) £(x + y) = g(x)£(y) + g(y)£(x)

on S into € « For each n in P , let fn’ gh be the restrictions

of fy g respectively on Sn.
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If (fn, gn) is also a non-trivial zero-type solution of(#)
on S for all n in P and there exists an nj in p such that

(fno’ gno) is a type II solution of (¥) on Sno, then (fn. gn) is

also a type II solution of (%) on s, for all n inp and £, g are

given by
v -0
1
t =
HE &) = Sn=1 P19 ’
(4e5e1) €
g(t an) i
“1
Nel.

%
for all t in N for all n in P, where B‘l’ 9, € d and qi”2
is defined to be 9,

PROCF  Let (f,g) be a non-trivial zero=-type solution of (%) on S

into € such that (fn, gn) is also a non-trivial zero=type

solution of (#) on S_for all n in P., Let (f , g ) be a
n n,’ “ng

type II solution of (#) on S, e Hence

0
2
(44502) 2g (a_ ) =g (2a_ ) # O
o TR %o . My
and
(44543) 5. (8. 55" = @ - ABR )
Bo. « B0 R

By using (4.5e2)y (46543); lemma 4.3, and the same argument

as in the proof of lemma 4.4, we can verify that

(40544) 29 (a)° =g (2a) 4 O



46

for all n in F and

(44545) 6. (835 = g.(285)
n n n n

for all n in P

From (4e5e4) an< (4.555)y, we see that for each n in P
(fn, gn) is a type II soluticrn of (¥)e Hencey, by lemma 3,10,

fn' 9 must be of the form
f(ta) = tB £
n n n 9!
(445.6)

t
Inlt a) = 4

for all t in @ where ﬁn, qn e df.

Since {fn' gn), (£

B3¢ 91+1) are the restrictions of
i

hence we have

(f,3) and a = 2an+1,

(44507) gn(an) n gn+1 (2an+1)
and

(4.598) fn(an) = fn+1 (Zan*ij .

By applying (4.546) to the above identities, we have

(445.9) q. .= qfwi
and
(445.10) B = 2B . q°
i s nn n+l net”

From (4.5-9) and (4.510)' it follows that

(4&5 011) B = ZB

n+l '
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Thereforey, from (4e5+6)s (4+5+9)y and (4e5411)y fn+1' Ins1 are of
the form
£
£ (t a_ ) tBn?
n+1 n+1’ ° =2 94
5
gn+1 L& an+1) % qn

1
for all t in N where q-  is defined to be q .+ Hence f5g

are of the form (405-1)-

LEMMA 4.6 Let Sn, S be as in lemma 4.3« Let (f,g) be a non=-

trivial zero=-type solution of
(%) £(x « y) = g(x)£(y) + gly)f(x)

on S into ©e For any n in |p, 1let fn’ 9, be the restrictions: of

fy g respectively on Sn.

If there exists an n, infp such that (£_, g ) is a
"o "o

type III solution of (#) on S , then (£ 4 g,) is also a
0

type IITI solution of (¥X) on Sh for all n in|[py and £, g are

given by
0 ift=0 ,
"t
- B49, otherwise ,
(44601)
s
1. if t = 0 ?
= t
gt an) =
1 . 2

5 q1 otherwise
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4
for all £t in Ny for all n in ?, where 31, qle and qi

is defined to be qn.

PROOF Let (f,9) be a nontrivial zero-type solution of (#)

on S into € + Let (£ s g, ) be a type III solution of (%) on S_ »

0 0 0
Hence
2
(44642) 2g_ (a_)° =g (2a_) = ©
Bg 89 || Po
and
(44603) g. (a_ )y &P
ey B

By using (4.6¢2)y lemma 4.3, and the same argument as in the

proof of lemma 4.4, we can verify that
(44644) 29, (a. )% - g/ (2829 o
s In*%n 9" “%n
for all n in P
From (4+6.4)y it follows that
(44645) g.(2a JWAHT 18
n ““n n'n

for all n in Pa By using (4.6.3) and (4.6.5), we can verify, by

mathematical induction, that
(44646) 9, (an) # 0

for all n in P such that n 2 Dye
Suppose that

(44647) gkotako) = 0
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for some kj; in P such that k, < nye By using (446.5) and

(4.6.7)y we can verify, by mathematical induction, that

for all k Z.ko' But this is contrary to (4.6.3)a
Therefore,
(4.649) ‘gnla,) #0

for all n in [P such that n < n From (4.6.6) and (4.,6.9),

0.
we have

(4e6410) gn(an) # 0
for all n in pPe.

From (4.6e4) and (4.6.10), it follows that for each
nin P, (fn. gn) is a type IJI solution of (#). By lemma 3,11,

fn, gn must be of the form

e {o B ¢t = 0 ,
n n &

Bn 9, otherwise,

(4.6.11) 1 ift: 0 5
Ift %W = 1t

3 qn otherwise

*
for all t in “,whereﬂn,qnﬁﬂwc

Since (fn, gn) and (fn ) are the restrictions of

+17 Sn41

(£, g) and a = 2a hence we have

n+1’

(4e6.12) gn{an) = g (2 )y

n+1 an+1
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(4.6013) fn(an) = fn+1(2an+1).

By applying (4.6411) to the above identitiesy, we have, respectively,

(4+6414) % qn - ‘% qu_.l ]

2
(46.15) B, a, = Pret Tnet ¢
It follows that
(446415) w g
i 9y 9e1?
(4.6.16) ﬁn = Bn-l'l 2

From (4a6e11), (La6615)sand (4.6.16)y we can see that fn'l'i’ gn+1

are of the form

0 ifEt=0 2o
fn-l-‘l(t am-‘l) §
Bn 9. otherwise ,
— ift=0 ,
gn-l-‘.l(t an-i-‘l’ b 1 §
-5 qn otherwise

1
for all t in N s where qu is defined to be 9.1° Therefore

fy g are of the form (4+6+1)e

LEMMA 4,7 Let Sn’ S be as in lemma 4.3. Let (fy3g) be a

non=-trivial zero-type solution of
(%) f£(x+y)=g(x)f(y) + gly)f(x)

on S into ('.. For each n in P, let fn’ 9, be the restrictions
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of £, g respectively on Sn’ Then-fn. 9, cannot be a type IV
solution of (¥) on S, for any n in [P,

. PROOF Let (f,g) be a non-trivial zero=-type solution of §¥) on S

into @ « Suppose there exists n, in P such that (f,5 9 ) is
[¢] 0

a type IV solution of (%) on S, e Hence

0
2
(4a741) 2g (a ) =g (2a_ )= 0O
n, n, n, n,
and
(4a7e2) g (a_ ) = 0.
% Pg
By lemma 3,12, we have
CHLY |\ Af t = 1,
; 0
f (ta ) =
) )
0 otherwise,
\4e7a3) {
1 ift=0,
g (t a ) =
— n0 n0 0 otherwise

4
for all t in M , where g €' € . Inparticular, we have

0
(4e764) £f (a_) = 8 # 0,
By My Do
Since 9, 7 9, ,q @Fe the restrictions of g and a = 2an LT 8
0 0 0 (¢}
hence
(4e745) g (2a ) = g(2a ) o
n0+1 n0+1 no+1
= g(a ¢
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By (4.3+1) 4in lemma 4.3, we have
2 2

«1) "9 +1(2an0+1)) *

(4e7e6) 2g (a
a 0

0 n

2 _
) % (Zan V& [2gno+1(an

0 0 0 0

From (4e7s1) and (4.7e6)y 1t follows that

2
(44747 Zgno+1(an0+1) i gn0+1

(2a

) =0,
n0+1

From (4e7e¢5) and (447.7)y it follows that

(4748) gi 41 (an +1) = 0.
0 0
Therefore (fno+1 ’ gno+1) is also a type IV solution of (¥)
on Sn0+1. Hencey by lemma 3,12, we have
an0+1 1f te=1,
(44749) fn0+1 (t an0+1) =
0 otherwise

f!
for all t in N s where Bne_ e . In particular, we have

£ (a_ ) = f(a ),
n, ng ny

= f(2a ) ?

n0+1

= £ (23 ) )
no+1 n0+i
= 0’
which is contrary to (4e7.4)s Therefore fn’ 9, cannot be a type IV

solution of (%) on s for any n.
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THEOREM 4.8 Let {an} be a sequence of positive real numbers

such that an = 2a

he1® FOF any n in P> let s = <a> be the

cyclic monoid generated by a e Let S = Usn. For any functions f,g
on S into €, 1let fn’ 9, be the restrictions of f, g respectively

on S e If (f,g9) is a non-trivial zero=type solution of
(*) £f(x + y) = g(x)£(y) + g(y)f(x)

on S into ( such that (£s g,) is also a non-trivial zero-type

solution of (%) on Sn for each n in P then £, g are of the form
t

Ht e ———
2rp1 21-:-‘1
f(tan) = 51(q11 = 94 ),
(4.8a1) t t
-l -1
g(ta ) = . (qzn + qzn )
n Z M4 21

*
for all t in N, for all n inp s where 51' qi'l' q21& ¢

such that 94 # dy4 # ©OF

12183

v i

o i o b o bb
(44822) et
2n—1

g(tan) = q
; k
for all t in N for all n in P, where Byr 9 €€ or

0
t
f(tan} = B §

g 1q1 otherwise,

ift:O"

(4.843)

q(tan) 3 Ty . if t = 0,

znq‘l

% q,l etherwise,
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for all t in N,y for all n in E. where B‘l’ q, & e.

PROOF  Let (f,g) be a non=-trivial zero-type solution of (¥) on S
into ¢,. Let fn’ 9, be the restrictions of fy g respectively on Sn'
By our assumption, (f nt gn) is also a non-trivial zero-type
solution of (%) on S for all n in .. By lemma 4.7, we know that
(fn. gn) cannot be a type IV solution of (#)e By lemma 444 = 448y

then f, g are of the form (4+8+1) = (4.843) respectivelys

*
THEOREM 49 Let £y g be functions on R |J {0} into @ Then

(fy; g) is a continuous non-trivial zero-type solution of
) £(x + y) = g(x)f(y) + gly)f(x)
on ﬂ" U {0} if and only if £, g are of the form

X b &
£(x) = B(d - @),
(4¢901)
g(x) = 3 (df + a3

for all x in R+ U {0}s where By qqs 9, € ‘/ such that

q, # dyr oOF

£(x) = xBq,

(4.9.2)

glx) = q

#
for all x in R* U {0)» where By ¢ € € .

PROOF Let (fyg) be a continuous non-trivial zero-type solution
of (#) on R* 4 (0} dinto €. Then there exists a € R such

that f(%) # Oe
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For any n in P, define
ta
s, = { ;H /t € Ny .

Let s = U S,e Let £, g be the restrictions of f, g respectively
a a
on Sn. Since !’5 Sn for all n in P and £(%) # Oy hence(fn. gn)

is a non=trivial zero-type solution of (¥) on Sn for all n in P .

Let fS. gg be the restrictions of f, g respectively on S« By
theorem 4.8, fs, 9g must be of the form
& =t
£s ‘ﬁ%’ = P4 (qﬂ-i - Gy 1‘:
(4e963) t t
gsc-"z-‘%) - % (ay, AN qz,lzn-l)

-]
for all t in Ny for all n in M, where B,y d,, 9,, €& € such

that q;, # 9y O

t
-1
ta t of¥
fstzn) = i L
(44944)
t
n-i

ta 2

€
for all t in Ny for all n in P, where By 9, & ¢, or

ta 0 ift=0,
f (—) = t
(44945) B9y otherwise,
ta 1 if t=0,
9son) = hE 78
2 : on=1

% qi otherwise
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*
for all t in M, for all n in P, where Byr 9 & € .

CASE 1 If fs, gq are of the form (4¢943)s Let X be any
t a

point in {R" U {0}e Let {-n—nl be a sequence in S which tends to Xe
2

Since fy g are continuous on ﬁ* 3 {0}y hence

t,na
f(x) = 1lim fs ('_T{) 9
N==>00 2
t’n tn
2n—T 2n—1
N==>® — 3
t, 2 £, 2
n a n a
2 2
N==>00
2% 2%

a..—.

Similarly it can be shown that

oLy
a a
g(x) = % (dy4 + 94 ) .
2 2
Let = B, » qQy = q‘li ' 95 = q21a e Then fy g are of the form

£(x) = Bl - Q5 )y
(449 46)
g(x) = %(q’; + q’;)
+
for all x in IR+U {0}e Since By 0 9440 94 & ¢ s hence

*
(48947) By s 9y 9, €T
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!

Because of (fy g) is a non-trivial solution of (%), hence £ ¥ 0.

Therefore we must have

t4.908> q,l # qz 1

Hence, £, g are of the form (449¢1) 0

CASE 2. if f are of the form (4.9.4)s Let x be

st 9s
+ £n®
any point in R U {0}. Let {--2-!-;] be a sequence in S which tends

to Xe

Since f, g are continuous, hence by an argument similar to that

in case 1 we have

2%
284 T
f(x) = = X a9 ]
2x
g(x) = c11aL .
26 3
Let B = = » 4= 94 e« Then £, g are of the form

f(x) = Xxp qx,

(44902)

gx) = q°,

-
Since 81, q‘lé Q y 2 g ﬂ{’, hence
1 3
(469410) Br q £ €

Therefore fy, g are of the form (4.982)
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CASE 3 ¢ £ are of the form (4.9.5)« Observe

s* 9s

that {23] tends to 0s Hence we have
2

1
on=1

n £, (2) = B, Um q
N==>00 2 N==>00

— Bi ’
£ O,

That is lim fS (Eh) # £(0)s Therefore f is not continuous at 0Oy
n=—>00 2
which is contrary to the assumption that (f,g) is a continuous

solution of (#) on |R U {0)e Therefore fS, dg cannot be of the

form (4e9e5) s

We.:can verify directly that any function £, g of the
form (4e9+1) or (44942) are continuous and (f4g) is a non=trivial

zero=type solution of (¥) onfﬁlrtj {0} into &€ .

We may now summarize the results obtained in theorem 4.2

and theorem 4.9 in the following theorem,

THEOREM 4410 Let fy g be functions on Rflj {0} into @4 Then

(£59) is a continuous non-trivial solution of
(B £(x + y) = g(x)f(y) + gly)f(x)

on R'y {0} if and only if £, g are of the form
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£(x) = B9,
(4.1041)

g(x) = %qx
i *
for all x in R | {0} 4 where By 9 é.e g Or

£(x) = B(Q} = q),
(441042)

g(x) = d) + @)

- *
for all x in |R"|) {0), where By e 4, € € such that

qi # qz’ or

f(x) = xﬂqx .
(4¢'10.3)

g(x) = qx

- *
for all x in [R* U (0}, wnere B, 9 & €
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