CHAPTER III

GENERAL SOLUTIONS OF f£(x ¢ y) = g(x)£(y)+ g(y)£(x) ON CYCLIC MONOID

DEFINITION 3.1 Let S be any semigroups F be any field., By a

solution of the functional equation
(%) £(x + y) = g(x)E(y) + g(y)f(x)

on S into Fy we mean an ordered pair (f,g) where fsg are functions

from S into F such that (%) holds for all X,y in S.

It is clear that any ordered pair (f,g) where f is iden=
ticaily zeroy and g is an arbii ry function, is a solution of(¥X) .

Such a solution will be called a trivial solution, any other solu=

tion will be called a non-trivial solutione A solution (f59) on

monoid for which £(0) = 0 will be called a zero-type solutiony

any other solution will be called a non=zero-type solution.

THEOREM 3.2 Let S be any monoid, F be a field of characteristic

different from 2. Let f,g be functions on S into Fe Then (f,g)

is a non-zero~type solution of
(#) £(x+ y) = g(x)f(y) + g(y)f(x)

*
on S if and only if there exists B in F and a homomorphism 'E

™
on S into F such that



£(x) = Bg(x),
(302 -1)

1~
g(x) = zg(x)

for all x in S.

PROOF Let (f,9) be a non-zero-type solution of (¥) on S into Fa

Observe that

f(O) = f(O + 0).
= g(0)£f(0) + g(0)£(0),

s 2g(0)£(0)4
I& follows that § 2g(0) = 1) £(0) = 0, Since £(0) # 0, hence
1
(3.242) g(O) = :‘ L]

Hence for any x in S

£(x) f(x + 0)y

g(0)f(x) + g(x)£(0),

%f(x) + g(x)£(0),

so that

£f(x) = 2£(Q)g(x).

Let p = £(0) and E(x) = 2g(x)e Hence we have

£(x) = B g(xX),

gix) = %Etx)

for all x in S. Hence, for arbitrary x,y in S we have

£(x+y) = Bglxa+y
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Hence

Ba'(x +Y) £(x + ¥)s

= g(x)f(y) + gly)f(x),

‘g' G(x)gly) + -g- g(x)g(y)s
= B 3(X)G(y)e
Therefore, we have
gtx +y) = F(x)Gly)s
which shows that g is a homomorphisme

*

To show the converse, let p £ F and a' be a homomorphism

on S into F* « Then
(3.243). g(O) & %

Define functions £3g on S into F as (3+241)e Then for any

Xy in S we have

g(x)£f(y) + gly)f(x)

3 3(x)e83(y) + 5 Gy +BI(x)s
= BI(X)g(y)s
= Bg(X + ¥)s

= f(x + y)e

Purthermore, we see that £(0) -_s;(()) = B # 0 Therefore, (f,q)

is a non-zero~type solution of (¥) on Se



11

CQROLARY 3.3 Let (Se+) be a cyclic monoid with generator a, F be

a field of characteristic different from 2. Let f,g be functions

on S into Fe Then (f,g) is a non-zero=type solution of
(%) fix + y) = g(x)E(y) + gly)f(x)
on S if and only if f, g are of the form

[ £(na) = Bq",

(3.3.1)

L_g(na) = w}q“

for all n in N. for some By g in P

PROOF From theorem 3.2, i& follows that (f,g) is a non-zero-type
*
sclution of (%) on S if and only if there exists p in F and a

; *
homomorphism 3’ on S into F ‘uch that

£(na) = B E(na),
(3¢3e2)
g(na) = % §(na)
for all n in N« By remark 2.9, we have

(3e3.3) g(ﬂa} = g(a)n

for all n in . From (3e3e2)y (3e3.3)y and let q = E{a), we

have f£fyg will be of the form (3.3¢1)e
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THEOREM 3.4 Let S be any monoid, F be a field.s If (f,g) is a

non-trivial zero-type solution of

*) f£ix + y) = g(x)f(y) + g(y)f(x)
on S into Fy then

g(0) = 1

FROOF Let (fyg) be a non-trivial zero~type solution of (%) on S

into Fe« For any x in S,
£f(x) = £(x a 0)y
= g(x)£(0) + g(0)f(x)s
= g(0)f(x),
[1 - g(0)] £(x) = 0.
Since £ ¥ 0y hence g(0) = 1a
LEMMA 3,5 Let S be cyclic monoid with generator a, F be a field;
If (fyg9) is a non-trivial zero-type solution of
(%) f(x + y) = g(x)E(y) + gly)f(x)
on S into F, then
n-1

(3.501) £(na) = fglin-1a) + £ g(algl(n=1-1)a)] £(a)
i=1

for all n in P

' 0
(iﬂ Here and in the sequel, 2 g(a)ig(-ia) = Oe
i=1
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PROOF Let (f;g) be a non-trivial zero-type solution of (¥) on
S into Fe By theorem 3.4, we can verify that (3.5.1) holds for

the case n = 1,2,

Assume that (3+5.1) holds for the case n = ky 1l.e

k=1 .- _
(3.5.2) £(ka) = [ aCk=Da) + % glartglimi-1)a) } £(a)s
i=1

From (%), we have
f((k+1)a) = g(ka)f(a) + g(a)f(ka).

From (3a4542)y it follows that

k=1
£((k+1)a) = glka)E(a) + g{a]{g((k-'l)a)-l- £ gla)lgl(k-1-1)d) £(a),
i=1
i i
- {g(ka) + T gla) g((k-i)a)} £(a).
i=1

Thereforey the lemma is provede.

REMARK 346 From theorem 3.4 and lemma 3.5 we can see that if
S is a cyclic monoid with generatgr a, F is a field, (f,g) is 2

non=trivial zero-type solution of

(%) £(x + y) = g(x)f(y) + gl(y)f(x)

on S into Fy then g(0) = 1 and f(a) # O«
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LEMMA 3.7 Let S be a cyclic monoid with generator a, F be a
field of characteristic different from 2. Let (f,g) be a8 non=

trivial zero-type solution of
(%) f£(x + y) = g(x)£(y) + gly)£(x)

on S into Fy, then

(3e741) g(na) = g(a)g((n=1)a) 4+ [g(Za)-g(a)zjtg((n—ﬁa)
n=2 %
+ T gla) gc(n-z-na)]
1=1

for all n in P such that n > 2.

PROOF Let (fyg) be a non-trivial zero~-type solution of (%) on
S i-to Fe For any n in @ : ~h that n > 2 we have

f((n=1)a + 23),

(3a7¢2) f((n+1)a)

= g((n=1)a)f(2a)+ g(2a)f((n=1)a) ,

g((n=1)a)2g(a)£(a)+ gcza)[gun-z)a)

n=2 1
+ £ gaytgn-2-1a)) £(2),
i=1

izg(a)gun-na) +g(2a) Lg((n—ﬂa)

n=2
« t glartglin-2-1)a))]ea).

Here the second and third equalities follows from (¥) and

lemma 3.5 respectively. On the other hand, by lemma 3.5y we have
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n
(37.3)  £((ne1)a) = [glna) + = g(a)ig((n—i)a',)f(a)
1=1

for all n in [Ps Hence by equating (347.2)y (3c703)y and

cancell4”i§ f£(a) on both sides of the equation, we have

n
g(na) + £ g(a)ig((n-1)a) = 2g(a)gl(n-1)a)+ g(2a) [ gl(n=-2)a)
i=1
n=2
‘. T gta)"g((n—z-na)]
i=1

for all n in [P such that n > 2, From this, it follows that

g’na) = gla)g((n=1)a) + [g(za:-g(aaz_] [g((mzla)

n=2 i
+ & gla) g((n—Z-i)a)]
i=1

3 R g
e S

for all n in @ such that n > 2,

For convenience, we shall classify non-trivial zero-type

solutions of
(%) f(x + y) = g(x)E(y) + g(y)f(x)

on a cyclic monoid according to the following definitionse.

DEFINITION 3.8 Let S be a cyclic monoid with generator ay F

be a fields A non~trivial zero=-type solution (f,g) of (%) is

said to be a type I solution of (%) if and only if

2g(a)2 ~ g(2a) 4 0 and gte)? # g(2a)e

| 17404088
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It is said to be a type II solution of (%) if and only if

2g(2)° « g(2a) # 0 and g(a)2 = g(2a)e

It is said to be a type IIT solution of (%) if and only if

2g(a)? = g(2a) = 0 and g(a) # 0.

It is said to be a type IV solution of (&) if and oniy if

2g(a)2 - g(2a) = 0 and g(a) = 0,

Observe that any non-trivial zero-type solution of (%)

must fall in one of the above four typese

LEMMA 3.9 Let S be a cyclic monoid with generater®a, F be an
algebraically closed field of characteristic different from 2.

Then (fyg) is a type I solution of
(®) f(x +y) = g(x)f(y) + g(y)f(x)

on S into F if and only if f, g are functions on S into F of the
form

f(na) = B (4] = ay) ,
(309,1)

g(na) = % (q} - a3

E J
for all n in N, where B, 940 9, € F  such that q, £ dye

PROOF  Let (fyg) be a type I solution of (#) on S into F,

hence we have

(3.942)  2g(a)? = g(2a) # 0
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and

(3.9.3)  q(a)? # q(2a).

Let

prom 4

(3.9.4) B = Za) » q, = ala) +\fg(2a) - ;(a)2 ’
2 J q(Za)-g(a)z

a, = g(a) -ng(Ea) - g(a}2 .

Since F is algebraically closed and characteristic different

from 2, hence

(3.9.5) Be&F

and

(2.9.6) a,a, = 24¢a) - glza)

From (3.9.2) and (3.9.6), we can see that

(3.9.7) a5 a, €F

From (3.9.4), it can be verified directly that (3.9.1)

holds in the case n = 0,1,2 .

Let n 3 2. Assume that

f(ka) = B (qE - qg) )
(3.9.8)
g(ka) = %(q? + qg)

for all k < n . From (X) and the assumption (3.9.8), we have
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£f(na) = g((n=1)a)f(a) + g(a)f((n=1)a),

1 - - -
= 34 @ pla- gy Flar 9B = B,

ne=1 n-1 n n-1
"'g' {qg-ql S ¥l Gy = 9y ¢ qg‘q:tqz

-1
+ dq qz-qgl,

-B(CI?-CI;I)-

From lemma 3.7y we have
g(na) = gla)g((n=1)a I'g(2aJ-g(aJZ][g((n~2)a)

n=2 1
+ 3 g(a) g((n=2=i)al)] s
i=1

By assumption (349e8)y it follows that

g(na) = %‘-(q,lq- q2) -%-(qfri-r qg'i)d-[-%—(qi-r qg)- %tq‘l‘-qz)z}i%(q?zé-qg'z)

n=3
1 11, n=2-1 n=2-i 1 n=-2
+ 12:1 ';1“‘1* )7 wla, T+ 9 1 * ;n'l'z(qf q,) Ju

1 n=-1 n=-1, 1 271, n=2 n=2
- Fage @ @37 he agma [ T T ¢

N2 n=2

z () + ( ) *
- i1 29, s 5.q2

1 n=2
-;;;-2- (q1 + qz) ] ’
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1 ne=1 n-1 5t 2 1, n= ne=2
thi + qz)(q 4+ 9 )+-3( - qz) [-sé-(q1 + 9, )

q, + q + 49, n=3
il G 2) okl 94 2,
dq 2q, 29,
» T
q, + 49
1w (ot
2q‘1
q, + 4 q, + 9, n=3
ne2 (=5 2)[1-(1 & Al
9, d 9 o
+ 'T + qz + 2n_2 q1+q2 J.
‘1-(——3——"')

q + q - g, + 9, n=3
B | 1- S ]+;;_?-5(q,1+ a)""%] »

1 n=-1 n-1, 1 241 , n=2 n=2
4(q1+ q2)(q1 + 9, )+ z{qi— qz) tff (q1 + 4q, )
1, 4" S q2 o2 n=2 1 Yt Y

n=3
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1 n-1 n=1 1 2§ 1, n=2 n=2
= o+ q)ay T+ 9y )+ gy 9p) I'f(q'l +9; )

q, + g
or Y 2 n=2 n=2 7 n=-2
+ -ﬁ-(qi = q2)(q1 -9, ) - -2-—-2(q,1+ qu

5 1 n=-1 n=-1 1 2f 1, n=2 _n=2
- dqpe gl & 4 Jam ap®] HGT 9

q.+ g
1 1 2 n=2 n=2
2 qi.. q2 1 2
q.+ g
1 n-1 n~1 1 2§ 1 n=2 1 2
= g(d,+ 9)(a; "+ 95 )t 7la- ) IECL]_ (1+ ‘El-;-_q;”

1 n=2 94+ 9,

+ % d (1-(5‘;’—‘.‘1—2))]'
A )

1 n-1 n=-1, 1 2{ ~
= (e Iy T+ 9 I+ 39y %) §3Y  * G,

1 n=2 (—2q2)}
+ 5 q2 . _——q‘],- qZ H

1 n-1 n=-1 by n=1 n-1
= -a-(qf qz)(q1 + 495 )+ 3(':1,14:12){:1,l - 9, )s

1, n n=1 n=1 n e IR n=1 n-1
= E(qi* 9,9 + 9 ¢ q2)+ -z{qi- Uy =9 qz-l-qg)a

= %(qq + qg)c
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Next, assume that f, g are functions on S into F of the
form (3e%+1)es For any n,e N, in N, we have

n n n, n
2
g(n,a)f(nya)+ g(nya)f(n,a) = 'g-(q11+ qzi}(ti,i -qzz)

n n n n
2 2
* ‘g (q1 + d, )(q,l"l - qzi)s

n,+n i Y n n n n,+n
i) q Ny By Ny DD,
'g'(q1 “9% 9%+t YH =%

+n n. n n, n n.+n
= 2 172 12
+ q1. — q‘l q2 1"‘ q1 q2 - Q2 ) 9

+n n.+n
2 1" 2
'\ - q2 )’

n
= B(q‘l
= f(nia + nza).

From (3.9.1) we see that

(3.949) £(0) = Bay = )

B
o

and

f(a) = plqy = q,) .
Since B ¥ O and q, # Ay hence

(3+9410) f£(a) # Qe

Furthermore,

2
Zg(a)2 - g(2a) 2a -:';'-'(CI_1 + q2)2 - %(q.l + qgh

1.2 B L Rk e
F(a, + 29,9, + 9) = 5(q; + )

= 999



22

*
Since 0 q2£ F » hence we have
(349.10) 2g(a)% = g(2a) ¥ 0 .,
2
If g(a) = g(2a) then

- 3 + 5,

1 2
-4-(q1 + '-12)

r - 2
'z(ql v q, - Zqiqz) = 0y

1 2

o TR

which is contrary to the condition 9 # qye Therefore,

(3.9411) g(a)2 # g(2a)e

Hence (f,9) is a type I solution of (%).
LEMMA 3.10 Let S, F be as in lemma 3.9, Then (f,g) is a type II
solution of

(¥) £f(x + y) = g(x)f(y) + g(y)f(x)

on S into F if and only if f,g are functions on S into F of the

form

f(na) = npq" ,
(3e10.1)

g(na) = qn

%
for all n in N, where B8, q € F
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PROOF Let (f,g) be a type II solution of (#) on S into Fy; hence

we have

(341042) 2g(a)? - g(2a) # 0
and

(3410.3) gta)? = g(2a) .

Observe that

g@? = ga)? s [g(a)® - gl2a)]

- 2g(a)>=-g(28),

# Oe
Hence
(341044) g(a) # 0.
Let q = g(a)e Then
(3.10.5) g € P .

f(a)

ETET » Since f(a) ¥ 0 and g(a) ¥ 0y hence

Let B =
B
(3.10.6) B € F ,

Observe that (3.10.1) holds for the case n =(i. Let k € He
Assume that

£(ka) = kBL s

(361047)

g(ka) = qk ]

From (¥) , we have

£f((k + 1)a) = g(a)f(ka) + g(ka)f(a).
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By the assumption (3.10.7)y; it follows that
k k
(3e108) £((k + 1)a) = ga k Bq + 9 « BqQy

= (k + 1)pg*?,

Since g(a)z = g(2a), hence, from lemma 3.7 we have
gl(k + 1)a) = g(a)g(ka)a

By the assumption (3.10.7); it follows that
(3+10,9) gl{(k + 1)a) = q.qk.

= qk+1.

Thereforey, (3.10.1) holds for all n in M .

Next, assume that f, g are functions on S into F of the

form (310¢1)«s For any nyy Ny in Qs we have

nq Ry By ny
(3.10,10) g(n.la)f(nza)+g(n2a)f(n1a} = q .nzﬂq + q .n.lﬂq ’

n.+ n
2
= (n1+ nziﬁq 1 I

= f(nia+ nza).

From (3+10.1); we have

(3410411) £(0) = 0,
(3+410412) £(a) = Bg # 0Oy

(3410613) 2g(a)2 - g(2a) = 2q2 - ng
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and

(3.10.14) g(a)2 = qz ’

= g(2a)o

Therefore, (f,g) is a type II solution of (%) on S«

LEMMA 3.11 Let S, F be as in lemma 3,9, Then (f,g) is a type III

solution of
(%) f(x + y) = g(x)f(y) + g(y)f(x)

on S into F if and only if f, g are functions on S into F of the
form

0 if n= 0
f(na) =

otherwise »

(Z211e1)
. 1 if n= 0,

g(na) =
\x %-q“ otherwise

.
for all n in W, where 8, 9 £ F ,

PROOF  Let (£,9) be a type III sc¢lution of (%) on S into Fy hence
(3.1142) 2g(a)% = g(2a) = 0

and

(3s113) g(a) # 0

Let

(341144) g w w3l 4 u w 2gleds

2g(a)
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Since f(a) # 0 and g(a) # 0, hence
»
(3+11.5) Pr 9 € F .

It can be verified that (3.11.1) hold for the case -
ns= 0' 1, 2e

Let n > 3., Assume that

0 if k= 0,
f(ka) =
qu otherwise
(3e1146)
1 if k=0,
g(ka) =
\, ‘ %- qk otherwise

for 211 k < ne Observe that

(2.11.7) £(na) = g(a) f((n=1)a) + gl(n=1)a)f(a),

1 1

= 238" + 3 " upa,

- ﬂqn-
From lemma 3.7¢ Wwe have

(3.1148) g(na) = g(a)g((n=1)a) +[g(2a)-g(a)2]Lg((m2)a)
n=2 N
+ I g(a) g((n—?—i)a)] ¥
i=1
qn-‘l +[%q2- %qz}[ % qn,--2

1 4 1 n=2-i 1 n-23
1i.dq P T F
Sai, BES AIE =2

nj

- %

3

b

+
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i=1 2 2!1"2
-3
1 n 1 nt1l i 1 1
=a=q +=q -{ + I + ]s
4 2 2 4eq 25¢3 2n—2‘
3
10,310 { il ) 1 }
- - + = q M - ?
4 4 121 21 zn-i
1 1
TR0 S U 'Eh"' Z'n-:) P
21 +749 1 = B
1=

Next, assume that £, ¢ are functions on S into F of the
form (3e1141)« For any ngs Ny in [py Wwe have

n n n n
(3¢11+9) g(n,a)f(nya) + g(n,a)f(n,a) = %- q 1-Bq % % q zoﬁq 1.
n,+ n,

= Bq ’

It can be verified from (3.11.1) that (3.11.39) also hold for the

cases where n,1 = 0 or n, = Oe

From (3.11.1) we see that
(3011.10) f(O) = 0’

(3e11e11) £(a) = Bqg «# Oy
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2
(3.11012) 2gla)® = g(2a) = 2. = g° = 3

&l
<
t
™
\Q
-

= 0
and

(3.11.13) g(a) = %q,

# Oa
Thereforey, (f,g) is a type III solution of (#) on S.
LEMMA 3,12 Let S, F be as in lemma 3.9. Then (fyg) is a type
TV  solution of
(%) f£(x + y) = g(x)f(y) + g(y)f(x)

on - into F if and only if f;g9 are functions on S into F of the

form
ifn=1,
f(na) =
0 otherwise ,
(361261)
1 itn=20 7
g(na) =
0 otherwise

&
for all n in Ny where p € F,

PROOF Let (f,g) be a type IV solution of (%) on S into F,
hence

(3.12.2) 2g(a)? = g(2a) = 0

and

(301263) g(a) = 0,
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Let
(3.12,4) B = f(a) .

Since f(a) ¥ 0, hence

(3412.5) p € F'.-.

From (3e1242) and (3412a3)y we have
(3e12.6) g(2a) = Oe
From (¥) and (3.12.3) respectively, we have

(3e1247) f(2a) = 2g(a)f(a),
= Qe

Observe that for any n in P we have
(3.12.8) £(2na) = g(2a)f(2/n-1)a) + g(2(n=1)a) £(2a),

::0'

We also have

(3.12.9) £((2n+ 1)a) = g(2a)f((2n-1)a) + g((2n=1)a)f(2a),
-0,

Therefore

(3012410) £(na) = 0O

for all n in P such that n # 1. For any n in [P s it follows
from (%) that

£f((n + 1)a) = g(a)f(na) + g(na)f(a).

From (3.12+10), it follows thag
(3e12011) g(na) = 0

fc: all n in Pe Therefore, (fy,g) are of the form (3+1241)e
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Next, assume that f, g are functions on S into F of the

form (3.12.1)« For any ngy 0, in P » we have
(3.12.12) g(nia)f(nza) + g(nza) f(nia) = 0y
= f(nla * nza).

It can be verified from (3.12.1) that (3.12,12) also hold for the

cases where n, = 0 or n, = O.

We see from (3.12.,1) that
(3e12013) £(0) = 0y
(7:12e14) f(a) = B #F 0O,
(3.12.15) 2g(a)? = g(2a) = 0,
and
(3.12416) g(a) = Oe

Therefore, (f,g9) is a type IV solution of (¥) on Se

We may now summarize the results obtained in corolary 3.3

and lemma 349 = lemma 3412 in the following theorem.

THEOREM 3413 Let S be a cyclic monoid with generator a, F be an

algebraically closed field of characteristic different from 2e

Then (f,9) is a non-trivial solution of

(%) f(x + y) = g(x)f(y) + g(y)f(x)
on S into F if and only if f, g are functions of the form
f(na) = pq"” ,

(3e13,1)
g(na) = % qn

»
for all n in N » where By ¢ € F , or
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£(na) = B(d) =y )

(3a13.2) 1 & n
g(na) = = (cL1 + qz)

for all n in N » where Py Y 9 € F*such that 9 # d,y or

f(na) = ann ?

(3e1343)

g(na) = qn

*
for all n in N s where By, @ € F 4 or

0 1f n=01»
f(na) =
Bqn otherwise ¢
(3-2304)
b | " n=0 »
g(na) =
% qn otherwise

. &
for all n in N y where B, @ € F , or

- B if n= 1 .9

f(na) =
{1 O otherwise »
(3e1345)
1 ifn=0
g(na) =
’ 0 otherwise

oy
for all n in N s where B £ F
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