CHAPTER 1II

TRANSFORMATION SEMIGROUPS

Schein has shown in [8] that the full transformation semi-
group on any set X is quasi-inverse. In this chapter, we prove that
the partial transforqat;on semigroup on any set X is also quasi-
inverse. It is shown that the full transformation semigroup on a
set X is orthodox if and only if the cardinality of X, |X| < 2, and
the partial transformation semigroup on a set X is orthodox if and
only if the cardinality of X, |X| < 1. Right—invérse transformation
semigroups and generalized inverse transformation semigroups are also

studied.

Let X be a set. Letsrx and TX denote the full transformation
semigroup on the set X and the partial transformation semigroup on
the set X; respectively. Note that for any set X, TX is a regular

semigroup andfrx is a regular subsemigroup of TX‘

The following theorem has been proved by Schein in [8] :

2,1 Theorem [8]. For any set X, the full transformation semigroup

on the set X, X’ is quasi-inverse.

Using Theorem 2,1, it can be shown that for any set X, '1‘X

is also quasi-inverse.
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2.2 Proposition. For any set X, the partial transformation semi-

group on the set X, TX’ is quasi-inverse,

Proof : Let a € Ty. Then a S ‘J:ﬁa' Since S’m is quasi-
inverse and o € (J;a’ there exists an inverse subsemigroup T of ‘I&a

such that a € T, Because (IM_ is a subsemigroup of TX and T is an

inverse subsemigroup of (Im containing o, T is an inverse subsemi-

group of T, containing ao. This proves that TX is quasi-inverse as

X

required. * #

For any set X, let |X| denote the cardinality of X. If X is

a finite set and assume X = {1, 2, ... , nl}, ti.ien for k’l,kz, ety kn

€ X, the notation a = (k k wouey kn) denotes the map on X defined

2!

no = kn' For convenience, for any set X,

ll
by 1o = kj, 20 =k, «.o

0 and 1 are denoted for the zero and the identity of TX; respectively.

In Chapter I, we show that if X = {1, 2, 3}, thr-_'ng“X is not
orthodox. The two following theorems show that for any set X, "TX
is orthodox if and only if |X| < 2 and TX is orthodox if and only if

€] = 2,

2.3 Theorem. For any set X, the full transformation semigroup on X,

9.

y» 1s orthodox if and only if |1X| = 2.

Proof : Assume |X| < 2. If |X| =0 or |X| = 1, then E(jx) =

9;{, so ‘J'X is a band and hence TX is orthodox.

Assume |X| =2, say X = {1, 2}. Thenfrx = {1, A5 Oy or.3}

where a; = (2 1), a, = (1'1) and a, = (2 2). Therefore E(Jy) =
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{1, az,_as}. Begause @,0, = 0y and a0, = 0, E(g;)'ls.a subsemi-
group of(IX, "S0 (J,X is orthodox.
Conversely, suppose |X| > 2. Let a, b, c be three distinct

elements in X. Define o and B &g% by
c, if x#¢ b
b, if x = b

b, if x # a
xB ={

a, if x=a

Xo

for all x € X and

for all x € X. Since xmz = (xa)a = ca =c = xo if x # b and

ba2 = (ba)a = ba, 02 = o and so a G‘E(g%). Because sz = (xB)B =
bB = b = xB if x # a and a82‘= (aB)B = aB, 82 =g, so B €& E(g;().
Since a(Ba) = (aB)a = aa = ¢ and a(Ba)2 = (aBa)Ba = c(Ba) = (cB)a =
ba = b, (Ba)z # Ba, so Bo * E(gg), hencesrg is not orthodox. This

proves. that iffrX is orthodox, then |X| < 2. #

2.4 Theorem. For any set X, the partial transformation semigroup,

T, is orthodox if and only if |x]. <ok

Proof : Assume |X| < 1. If |X| = 0, then Iy = {0} and so
T, is orthodox. If |X| = 1, then Ty = {0, 1} and therefore it is a

band so that TX is orthodox.

Conversely, suppose |X| >1, Let X' = {a, b} where a, b are
two distinct elements of X. Then TX‘ = 40, 15 Qys Oos Ogy @y, Qg
A 37} where

Ao, = {a} = Vo Ao, = {b} = Va
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Boy = {a}, Va, = Ik} ‘3% = {v}, Va, = {a}
= o = = ’ ' =
&as = X, ‘G’on5 {a} , ba X', Va6 {v}
= ! = = =
&u? = X Va7 and ao b and, ha? a.

Under the composition of maps, we have the following table :

% [.0 | %Yk N | %2 | %

Gy 0 o, 0 &3 0 a; | g | %3 .ai

@, 0 @ | 9 0 a, 0 o [% | %

ag 0 o G 0 o 0 g u.6. e

P 0 ag 0 a 0 05 ds ag fag

o, 0 ay |y, ag |, &l ag  fog 1 :
Fl.:om the table, E(TX') = {0, 1, O Oy 0'5’, 0.6} but o 0p = a3¥E(;IX|)-

Then Ty, is not orthodox. Because Ty, is a subsemigroup of Ty and

. al’ '36 S E(TXI) c E(TX) .and 0"136 - {13f E(Txr)s a.is a6 € E(Tx) and

is not orthodox. This shows that T, is or-

a1a6¢ E(TX)' Hence T X

X
thodox implies |[X| < 1. #

The next two-propositions give the necessary and sufficient

conditions fpr a full transformation semigroup and a partial
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transformation semigroup to be right-inverse or to be generalized

inverse.

2.5 Proposition. For any set X,

A
[ o]
-

(1) Eg{is right-invefse if and only if |X| <

A
(=1

and - (ii) TX is right-inverse if and only if [X| <

Proof : (1) Assumefrk'is right-inverse. ThengX is orthodox,
so |X| < 2 by Theorem 2.3,
Conversely, assume |X| < 2. If |X| = 0, then g; = {0}. If

X| =1, then T, = {1}. Hence if |X| < 1, thenirx is clearly a right-

inverse semigroup. Assume |X| = 2. Thean% = {1, a 29 a3} where

> B

Ay 0y, 05 are defined as in the proof of Theorem 2.3. Because

2 3

E(G&) = {1, %y a3}, a a. =a.a, and o a0, = it

2%3%2/" SN A 2 22%3 = %3 = %2y
then follows thatfrx is right-inverse.

(ii) Assume TX is right-inverse. Then TX is orthodox, so

|X| < 1 by Theorem 2.4.
Conversely, assume |X| < 1. If |X| =0, then ™ {0}, so

Tx'is right-inverse. If |X| = 1, then TX = {0, 1}, so T, is clearly

X

right-inverse:s #

2.6 Proposition. For any set X,

A
%]
-

(i) trk is generalized inverse if and only if |X] <

A
H
.

and (ii) TX is generalized inverse if and only if IX{ <

Proof : (i) Assume gX is generalized inverse. Then UK is

orthodox, so |X| < 2 by Theorem 2,3,
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Conversely, assume |X| < 2. If lXi-= 0, then(jg = {0}, 1If
|X| =1, then ‘Ix = {1}. Hence if |X| <1, t:hen‘jX is clearly a gen-
efalized inverse semigroup. Assume |X| = 2. Then!I% = {1, %15 Ops a3}
where a, @y, 0y are defined as in the proof of Theorem 2.3. Because
E(g;) = {1, %y a3} and aza3.= oy and a0, = az,frx is a generalized
inverse semigroup. |

(ii) Assume TX is generalized inverse. Then TX is orthodox,
so |X| < 1 by Theorem 2.4.

Conversely, assume |X| < 1. If |X| = 0, then Tg = {0}. If

|X| = 1, then Ty = {0, 1}. Hence Ty is a generalized inverse semi-

group. i

In Chapter I, it is shown that a regular subsemigroup of a
quasi-inverse semigroup need not be quasi-inverse but its ideals are.
Let X be a set. For each cardinal c, let

D, = I{ae T ] |aa] < c}.

Then 0 € Dc. It is clearly seen that Dc is a subsemigroup of TX for
each cardinal c. Let c be a given cardinal number. To show Dc is

regular, let o € D.. Because T, is regular, there is B € T, A such

A
that o« = aBa., Then B & Ty and |AB| = |aa| 2 c+ Therefore B € Dc
and hence o is a regular element of Dc' This proves that Dc is a
regular subsemigroup of TX' In general, Dc need not be an ideal of

T An example is given as fagllows :

Xl

Example. Let X =ﬂ where R is the set of real numbers and let n be

a positive integer. Then D = {a e Tfll |aa| < n}. Let a, BE:TGL
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be defined by Aa = {0} = Va and AB -R and V8 = {0}. Then o € D_s
but Ba *-Dn because ABa -R which is uncountable. Hence Dn is not

an ideal of TR #

The previous example shows that for any set Xy Dt, defined

as before, need not be an ideal of .T However, Dc is always a

Xa

quasi-inverse subsemigroup of TX for. any set~X-and for any cardinal c.

2.7 Proposition. Let X be a set. For any cardinal c,

D, = JEETL | tac] < c}

is a quasi-inverse subsemigroup of-TXo

Proof : Let c be any card;nai number. DC is a subsemigroup
of T, as the previous mention. Let a € D.. Then a €T, which is a
quasi-inverse semigroup [Proposition 2.2], there exists an inverse

subsemigroup B of T N such that o € B. Because |Aa| < c, Tﬂ is a

A o

subsemigroup of Dc“ Therefore B is an inverse subsemigroup of Dc

containing a. Hence Dc is a quasi-inverse subsemigroup of TX' i

Let X be a set. For each cardinal c, let

R {oeT

c

and F
c

1A

|va| = cl,

x |
{o & g; r | va |

IA

c}. Efe> B

X

The following proposition shows that Rc is an ideal of T, for any
cardinal c and FC is an ideal of!]; for each cardinal c such that:

c >0,
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2,8 Proposition. Let X be a set. For any cardinal c,

R, = {a€Ty | |va| < ¢}
is an ideal of TX and for ¢ > 0,
£, {a € 9& | |va] < e}

is an ideal offrxo Hence R.c is a quasi-inverse subsemigroup of TX
for any cardinal c, and for each cardinal c such that c > O,ﬁFc'is-

a quasi-inverse subsemigroup ofsrk.

Proof : Let c be a given cardinal number.: Since 0 € Rc’

Rc # ¢. Let o € Rb‘B €T Then |Vo| < c. Because VBa & Va,

X.
(Va NAR)R and B is a

[vBa| < |Va| < ¢, so Ba € R,. Because VaB

map, |vaB| = |(Vaf\ﬁ8)5| < ‘Vuf\ﬁﬁl £ |Va|

1A

c, so-af € Rcc Hence
R is an ideal of T..

c X
Next, let c be a cardinal such that ¢ > 0. Then Fc # ¢. By

the same argument as above, we have Fc is an ideal offrie #

From the proof of Proposition 2.7 and the proof of Proposi-

tion 2,8, the following remark follows easily :

2.9 Remark. Let X be a set. For any cardinal c such that ¢ > 0,

D
c

(0 €1, | |8a] < c

=1}
[

and {o €Ty | [Va| < ¢}

c
are quasi-inverse subsemigroup of TX’ and if ¢ > 1, then
7 o= a
Fc = {a.€ 'K | |Va| < ¢}

is a quasi-inverse subsemigroup ofsrx and also an ideal oftrx°
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