CHAPTER V

APPLICATIONS TO GEOMETRY

In this chapter, we apply the results in previous chapters
to solve some problems in geometry. The main results in this chapter
are due to L.Carlitz (seef2) ). However, for the proof of the main
results we follow the method considered in F.R.Jung [?] for the
problem of similar nature, Throughout this chapter, F denotes a finite
field of odd order q and of odd characterigtic Pe

The results of Corollary 4.8 lead to the following theorems.

5.1 Theorem. Let Sn denote an n-dimensional affine space with F as
base fields If n 3 4, there are no hyperplanes of Sn contained in

the complement of the guadric Qn(a) defined by

"

2 2
a,X, +eeet a X
n'n

1%9 a (a1.-.an#’0}.

Proof. By the first statement of Corollary 4.8, a hyperplane

Ln-1(b) of 5 defined by

b

Lt}

qu1+...+ bnxn

always has a common point with Qn(a) if n 2 4. Therefore if n > 4,

there are no hyperplanes of Sn contained in the complement of Qn(a).

52 Theorem., Let Tn dencte an n-dimensional projective space with

base field Fo If n » 3, a quadric Qn of Tn defined by

2 2 2
(5=1) agXgt 2 X teest @ X 0 (a0a1...an £ 0)
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has at least one point in common with a given hyperplane,

(5=2) Ln T b0x0+ b1x14...+ bnxn = 04

Proof., Since Qn has a point in common with Ln if and only if
Ns,n+1(0'0) > 1, the theorem follows from the second assertion of
Corollary 4,8,

Let Q  denote the quadric of T defined by (5-1). By a quadrie,
we shall mean a diagonal quadric; there is no loss in generality in
making such an assumption (for example, see L,E.Dickson [5,§§168] )s
1t ¥(a) denotes the Legendre symbol in F, that is, Y(a) = -1, -1,
or O aecording as 5 is a square, a non=square or zerc in F, then we
define the exterior of Q, as the set of points (xo,x1,...,xn) of T

such that

YAQ (xgs Kqaeees X)) = +1,

where Qn(xo, Xypeees xn) = aox§+ a1xf+...+ anxi « Similarly, the

interior of Qn is the set of points of Tn such that
’V(Qn(xo' x1,00v1 xn)) = =1,
For a given hyperplane Ln defined by

b X+ b1x

oXo tToeet bnxn = 0’

1
where at least one of the bj is non-zero, we let NE(Ln) denote the
number of points of L in the exterior of Q and NI(Ln) the number
of points of Ln in the interior of Qe The numbers NE(Ln) and
NI(Ln) are determined explicitly in Theorem 5.3. Moreover, we find
as a direct consequence of Theorem 5.3 that NE(Ln) = NI(Ln) or

NE(Ln)+NI(Ln) = qn'1 . Finally, we determine the number of points
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in the interior and in the exterior of Qn(see Theorem 5,8).

We consider the sum

?
" 2 2 2y
(5=3) S = Z '\V(aoxo-» a,X teeet a X ),
where the summation is over all X € F such that
Clearly,
(5=5) s = 2. Y(a)¥a),
atF
where N(a) denotes the number of solutions of the system of equations
a x2+ a x2+ + a xz 2\ \ &
070" "1 )P RERERLGT
’ b b b = 0
oXot PqXqtesst D X = .
If 'g(a) = =1 or q=1 according as a £ O or a = 0O, and if
n b2
(5=6) h=a,oieeea E 1.
1=0 'a;
i
then by Theorem 4.7, we obtain N(a) as follows.
Case 1« (B # 0 = D),
a¥2 + N g=1) Y ((~1)¥aB) if t = 2k+1,
N_ ,(a,0) = {
’ 47 if t = 2k.

Using £t = n+1 and put k = m, we get

" 4 " U=V ((-1)™aB)  if n = 2m,
N(a) =

2£

q if n 26;1,

’
where m = m=1,



Case 2. (B £ 0 #£ D),
a®"% = =" Wi(=1)n)

 J
a¥72 &+ &1 vy ((-1)*aD)

Since D = ~aB, we get
a®™ 1 ™1 Y ((~1)"4B)
M) = { i ,.
™+ q" Y ((=1)"aAB)
Case 2- (B =0 = a)c

q 2 Y ) a)
N .(a,0) = {
S't

t-2
a
Consequently,
> '} 1] t1
a“"+ q"(q=P-N=1)"""a)
N(a) =
2m=
q

Case 4¢ (B = 0 # a).
qt-z— qk"1AV({-1)kA)

ngt(a'O) K {
a¥% VY ((~1)¥an)
Consequently,
%™~ q™ Y ((=1)™Ta)

N(a) = {

22 B WY (1) ")
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if ¢

if n

if n

if ¢

if ¢

ifn

if n

it %

if ¢

ifn

if n

Thus when B # 0, it follows from Case 1 and 2 that

i

2k+1'

2k.

2m,

'
2m+1.

Zk'

2k+1

/
2m+1,

2me.

2k,

2k+1.

/!
2m+1,

2m,
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a®™ Ty ¢™7T 4 ((=1)"aB) € (a) if n = 2m,
(5=7) N(a) = { , X ,
a2™+ g™ ¥ ((=1)"aaB) 18 B Bl

Substituting from (5-7) in (5-5) we get, when B # 0,

0 if n = 2m,
(5-8) S = { . .
/
q"(q=1) ¥ ((~1)™aB) if n = 2m+1,
When B = 0, it follows from Case 3 and 4 that
2m=1 m m .
q +.q- Y ((=1)"a8) if n = 2m,
(5-9) N(a) = { , = S
M ((-1)“‘*1A)g(a) if n = 2me1.
It follows that, when B = 0,
qm(q-’l) b ((=1)"8) if n = 2m,
(5-10) s = {
0 if n = Zm;1.

7
Let NE(Ln) denote the number of solutions X1 Xq9eeey X oOf

(5-11) b0x0+ b1x1+...+ bnxn = (0]

s
such that {"{’(a x + a1x§+...+ anxﬁ) = +1 and NI(Ln) denote the number of

5 2 2 2
solutions of (5=11) such that q1"(an0+ A X +eent anxn) = =1,

Then it is clear that

il

(5=12) N;:(Ln) '1 E{H Y (a x + a x2+...+ a x )} -; M,

=41

1]

(5=13) NI(Ln)

2 2
1x1+to.+ anxn)} 11 M,

1 ."l- Y ( 4
_22{ agXgt @




where in each case the summation is over all Xt Xqreeey X, that

satisfy (5=11) and M is the number of solution& of the system of

equations
2 2 2
aox0+ a1x1+...+ anxn = O
(5=14)
boxo+ b1x1+...+ bnxn = Qe

In view of (5-3), (5-12) and (5=13) may be replaced by
)]

‘ n
(5-15) N.(L ) = 1(q +S-M)

o n -2'

# n
(5~16) Np(L ) = A(g7=5-M).

2

The number M is determined by using Theorem 4,7 or can be easily
obtained from (5-7) and (5-9). Therefore when B # 0O,

(5=17)

!

{ ™l g™ (g=1) ¥ ((-1)™aB)  if n = 2m,
M -
42n if n = 2m41;

when B = 0O we have

Plles

o if n = 2m,
(5~18) M = y ( [

4%+ ¢™(g=1) ¥ ((~1)"*"a) if n = 2m+,

If follows from (5-8) and (5=17) that when B £ 0O

a=" 1 @™ Y(g=1) ¥ ((-1)®AB)  if n = 2m,
(5"19) S+M - {

/ / /
2 /
a“™+ q™(q=1) ¥ ((=1)"aB) if n = 2m+1
1

(5=20) S-M
i/
2m

{ g P V) Will)®amy 48 = 2m,
/ /
=q“" q™(q-1) Y ((-1)™aB) if n = 2mi1;
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when B = 0 we get using (5-10) and (5-18)

qzm“1+ q"(q=1) ¥ ((-1)™) if n = 2m,
(5-21) S4M = g , 3
L 2®% oflqadd ML) E) T
2m=1 m m .
( ) -q + q (g=1) Y ((=1)"a) if n = 2m,
5"22 S-M =
“qZe q(g=1) ¥ ((=1)"T0) if n = 2mtt.

St

4 ’
o .
From the definition of NE(Ln).LI(Ln),NE(Ln) and NI(Ln

it is clear that

/ 7
(5-23) NE(Ln) = (q-'!)NE(Ln) v N(L) = (q-’])NI(Ln).

Thus substituting from (5-19),(5-20),(5-21) and (5-=22) in (5-15)
and (5-16) we obtain the explicit values of NE(Ln) and NI(Ln)

as followse

Case B # 0.
For n=2m  (a=DNy(L) = 1{a°" ¢®" "= ¢""(q=1) ¥((-1)"aB)}
- 2
= 1 {a® Nqg-1= q" N (g=1) ¥ ((-1)"AB)}.
2
Then N_(L ) = 1 {a®™ "= ™" Y((-1"™B)}
L n 'é' N

’ ¢ / E
1 {q2m+1- 0%+ q®(q=1) ¥ ((-1)"aB)}

For n = 2&11. (q-1)NE(Ln)
- %{qem(q—‘!)-'- a'(g=1) ¥ ((-1)"4B)} .

! 4 /
Then  NL(L ) = %,{q2m+ q™ ¥ ((-1)"aB)}.




€0

For n = 2m, (q-1)N.(L ) 1 {qz‘“-— ®® 1. ™ (q-1) ¥ ((-1)"aB)}

{a®™ M a=1)= " a=1) ¥ ((-1)"aB)}.

V] PN

Then  Ni(L) {qam_1- ar 1 ¥ (1) 0m)) .

k.
2

/ ¥y ’
For n = 2m+1, (q-1)NI(Ln) j_{q2m+1- qam- a"(gq=1) qV((-1)mAB)}

i

4 / /
1{a®™(a=1)= q"(q=1) V((-1)"aB)}.
2

Then NI(Ln)

U}

',jg" {qzm- Y ((-1)mAB)}.

Case B = 0.

1 {qa’“- qz‘“"1+ a"(qe1) “V((-*l)ma)}

—

For n-= 2m, (q-1)NE(Ln)

"

1 (q=1)+ qm(q—1) I.‘fJ((--‘l)n'llft)}..

]

Then  Ni(L ) " Y (1" ).

/
For n = 2m+1, (q-‘t)NE(Ln)

L]

mq=1)= q"(a-1) ¥ (1))}

fl

Then  N,(L ) R i ¥

n

{ 2m=

ad s

1{a - q;-’“f- a"(g=1) ¥ ((=1)"w))
14’

e

fa™

For n = 2m, (q-1)NI(Ln) 2m-1_ q"(g=1) *V((-1)mA)}

o
2

n

1 {®™ (a=1)= q"(g=1) ¥ ((-1)"W)].
2

{
Then N (L) {qam"'- " Y ((-1)Ta).

4
2



’
For n = 2m+1, (q-1)NI(Ln)

Then NI(Ln)

61

/ / / 7/
2

L]

1 2nf, my ny m+1
__{q (gm1)= q (g=1) Y ((=1) A)}.
2

on  m ‘1
1 {a"" " Y (="},
2

Hence we have the following theorem.

53 Theorem. (L.Carlitz [2, Theorem 1}). Let Q, denote the

nonsingular quadric

a x2+ a xz
070 1

defined by

2
1+on.+ anxn = (0]

and let Ln denote the hyperplane

bo%q

X, .+ ’o,1

X +teeest+ b X = Ce
| nn

Furthermore, let A and B be defined as in (5-6), If NE(Ln) denotes

the number of points of Ln in the exterior of Qn and NI(Ln) denotes

the number of points of Ln in the interior of %n then we have,

when B # O,

NE(Ln)

NI(Ln)

When B = O, we have

1_{q2m'1- ™ ¥ ((-1)"aB)}  if n = 2m,
2

o o m’ ’
J[{q +q Y ((-1) AB)} if n = 2m+1 ;
2
1{a - Y (0™B)) it = 2w,
2

2 ' y ; \ /
_1 {q m— qm W((-‘I)mAB)} ifn = 2m+‘|‘
2
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1 {®™ N " ¥ (-n")) if n = 2m,
Ng(L ) = - o= ;

%{qa“‘- ™ Y (-1} it n o= 201 g

h | {qzm'1- a" Y (-1} if n = 2m,
Np(L ) = £ A :

%{qam- Q" Y (-1 )} if n o= 2m41.

As immediate consequences of Theorem 5.3, we obtain the

following theorems.

*A
5.4 Theorem. With the notation of Theorem 5.3 we have Nés!i) ==NI(Ln)

/s
when B #0Oand n=2mor B=0and n = 2m+1. In the remaining cases

N1
NE(Ln) + NI(Ln) = q o

"

5.5 Theorem, NE(Ln) 0 if and only if one of the following

conditions holds.

(i) B #£0, n= 1 and NWABY =2 9N :
(ii) B =0, n=1and Y (-4) = 41 3
(iii) B =0, n=2 and ¥ (-A) = -1 ,

NI(Ln) = 0 if and only if one of the following conditions is
satisfieda
(i) B#0, n=1and Y (AB) = +1 ;

(ii) B =0, n =1 and Y (-a)

+1

-u

(iii) B =0, n =2 anda Y (-a)

1]

+1

5.6 Theorem. Let NE denote the number of points in the exterior

of Qn. Let P be the number of solutions of the equation
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+esat B xz) = +1e
n'n

i 2 2
(5-24) N‘(aoxo+ a,x,

Then P = (q-ﬂ)NE.

Proof. Let x = (xo, x1,...,xn) be a ' point in the exterior of e
2 2 o

Then we get nY(aoxo-i- a1x1+f..+ anxn) = +1, Given B be any non-zero
glement of F and let Bx = (on, BX, 9000y an) y then

2 2 2 2 2 2 2
“P(aO(BxO) + a1(Bx1) +teoet an(an) ) = Y (agxot a X +eaet a x))
= +1. Hence Bx is a solution of (5-24), Also, it is clear that
any solution of (5-24) is of the form Bx = (ﬂxo, qu,..., an)
where (xo, X 9eee9 X ) ds in the exterior of Q. Since the number

of non-zero elements in F is (gq-1), we therefore have (q-1)NE = Ps

Similarly, we obtain
57 Theorem. The number of solutions of the equation

qP(aox§+ a1x§+...+ anxi) = w1

is (q-1)NI. where N, denotes the number of points in the interior

of Qn.

Let N be the number of solutions of
(5=25) aoxg+ a1x§+...+ anxi I
It follows that N, = N/2, For if x = (xo, X490ee9 X ) is a solution
of (5-25), then 6x = (exo, 0% 0000y an) where 8 € F is also a
solution of (5-24), Thus for every two solutions =x =(:x0,ix1;...,ixﬁ?
of (5-25), there are (q=1) solutions of (5-24), Conversely, any

solution of (5-24) is of the form 6x,whorc x is a solution of (5=25)
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*
and € € F 4 Thus P = N(g=1)/2. Consequently, by Theorem 5.6

we have NE = P = Ne
q=1 &

Similarly, NI is half the number of solutions of

ax2+ax2+ +a'*{2 =
g’ Rafataset B L = iy

where p is a fixed non=-square of F.

By Theorem 4,6, we have therefore the following result.

58 Theorem, If Qn denotes a non-singular quadric of discriminant A,

that isy, A = a2 ee0 2, then
=

0
1{q2m+ g" Y ((=1)"a)} if n = 2m,
2 Y
N, = L , 5 '
E Ja_{qm“- CNWA=-D™)] if 0= 2me g
1 {-qu_ a" Y ((-"n)} if n = 2m,
2
iy = 2m+1  m a1 . oo
%{q - q" ¥ (=) if n o= 2m+1 3
f
wvhere m = m-1,
59 Theorem. With the notation of Theorem 5.8 we have Np = Ny
vhen n is odd and NE + Np = 6 en 4 Vs o
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