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 โลหะในหมู่ IIA หรือท่ีเรียกวา่แอลคาไลน์เอิร์ทมีการเปล่ียนวฏัภาคเชิงโครงสร้างภายใต้

ความดนัสูงท่ีหลากหลายมากเน่ืองจากการเกิดการถ่ายโอนของอิเล็กตรอนจาก ชั้นอิเล็กตรอน 

(orbital) s ไปยงั ชั้น d รวมทั้งยงัมีโครงสร้างท่ีไดรั้บการคน้พบ  แต่ยงัไม่สามารถระบุสมมาตร ท่ี 

ชดัเจนอีกเป็นจาํนวนมาก วทิยานิพนธ์น้ีจึงตอ้งการศึกษาโครงสร้างรวมถึงสมมาตรของผลึกผงของ

ธาตุโลหะเหล่าน้ี ซ่ึงไดแ้ก่ แคลเซียม (Ca) และสตรอนเชียม  (Sr) สาํหรับแคลเซียมนั้น มีการ

เปล่ียนวฏัภาคเชิงโครงสร้างจากโครงสร้าง fcc ซ่ึงมีสมมาตร mFm3  ท่ีความดนัท่ีระดบันํ้าทะเล 

(1 atm) ไปยงัโครงสร้าง bcc ซ่ึงมีสมมาตร mmI 3  ท่ีความดนั 5.4 GPa และเปล่ียนวฏัภาคเชิง

โครงสร้างไปยงัโครงสร้าง β-tin ซ่ึงมีสมมาตร amdI /41  ท่ีความดนั 33.2 GPa สุดทา้ยโครงสร้าง 

β-tin ไดเ้ปล่ียนวฏัภาคเชิงโครงสร้างไปยงัโครงสร้างท่ีมีสมมาตร Pnma  ท่ีความดนั 91.8 GPa 

  สาํหรับสตรอนเชียม โครงสร้างในช่วงระดบักลางของความดนั (20 GPa - 40 GPa) ไดรั้บ

การตรวจสอบโดยการคาํนวณ ab initio โดยใช ้Perdew Burke Ernzerhof (PBE) ฟังกช์นันอล พบวา่ 

โครงสร้าง fcc เปล่ียนวฏัภาคเชิงโครงสร้างเป็นโครงสร้าง bcc ท่ีความดนั 1.4 GPa และเปล่ียนวฏั

ภาคเชิงโครงสร้างเป็น hcp ท่ีความดนั 23.8 GPa สาํหรับศกัยข์อง  screened exchange-Local density 

Approximation ( sX-LDA) ฟังกช์นันอล  พบวา่เอนทาลปีของโครงสร้าง β-tin มีพลงังานตํ่ากวา่

โครงสร้าง hcp ดงันั้น การใชศ้กัยข์อง sX-LDA ฟังกช์นันอล ทาํใหผ้ลของสตรอนเชียมสอดคลอ้ง

กบัการทดลอง เน่ืองจากผลการคาํนวณศกัยข์อง PBE ฟังกช์นันอลไม่สอดคลอ้งกบัการทดลอง  
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The Group IIA metal, also known as alkaline-earth, undergoes the structural phase 

transitions under high pressure due to s to d orbital electron transition. It has been reported to 

possess several novel crystal structures, however, the full structural details has not been 

identified. In this thesis, structural studies of these metals have been carried out using 

computational method. Density Functional Theory (DFT) and Molecular Dynamics (MD) are the 

computation approaches which have been exploited to calculate the transition behavior.  For 

calcium, the ambient crystal structure is the face-centered cubic (fcc) with space group mFm3 . 

Under higher pressure, it transforms to the body-centered cubic (bcc) with space group mmI 3  at 

5.4 GPa and then transforms to the Ca-III structure which is the β-tin structure with space group

amdI /41 at 33.2 GPa. Finally, it transforms to the Pnma  structure at 91.8 GPa.  

For strontium, at medium pressure range (20 GPa-40 GPa), structures were investigated 

by ab initio calculation and special interest has been given to the variation of exchange-
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CHAPTER I 

INTRODUCTION 

“Anyone who  is not shocked by the quantum theory does not understand it.” 

___Niels Bohr 

  

 Quantum theory was fully developed by Schrödinger in 1926, where he presented the 

equation later known as the Schrödinger’s equation. The energy levels of hydrogen atom can be 

successfully solved based on this equation but it is very hard to obtain the exact solution for many-

body systems. To describe behaviors of the many-body systems, various approximation methods had 

been constructed since 1927, firstly by Born and Oppenheimer. In the same year, Hartree suggested a 

method by including the electron-electron interaction in the Hamiltonian, and assumed that the 

behavior of electrons could be described by product of wave function of each electron. Since the 

system is a many-body system by its nature, the interaction of an electron with the rest of the 

electrons in the system can be viewed as the interaction of an electron with an electron density, which 

is more appropriate than solving for interactions of each pair of electrons individually. This resulted 

in the Schrödinger-like equation taking the form of a Hamiltonian operating on a wave function being 

equal to a product of an eingenvalue and the wave function (HΨ=εΨ). Employing this technique, the 

energy is a function of an electron density and the electron density is a function of electron positions. 

Mathematically, the function of a function is called a functional. In 1930, Fock proposed the 

existence of an electron-electron interaction, called the exchange potential, which must be added the 

equation in order to calculate the energy of many-body systems. The equation that includes this 

exchange term is now called the Hartree-Fock equation.   

In 1964, Hohenberg and Kohn proposed Density Functional Theory (DFT) which is a method 

for solving many-body problems. They replaced the wave function basis by an electron density and 

demonstrated that the unique ground state properties of a system can be determined. In 1965, Kohn 

proposed the Kohn-Sham equation by adding the correlation of an electron-electron interaction or the 
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correlation potential. The effect of including the correlation potential is that the total energy of the 

many-body system is lower than that obtained from solving the Hartree-Fock equation. Therefore, it 

is believed to yield the most probable relative total energy of the real system. The Kohn-Sham 

equation may also be called “Schrödinger-like” but it is not a Schrödinger’s equation because the 

Kohn-Sham equation only exists in the functional form. This remarkable discovery enabled W. Kohn 

to receive the Nobel Prize in Chemistry in 1998. 

Calcium (Ca) and strontium (Sr) are the alkaline-earth metals. When Ca and Sr atoms are 

under high pressure, their electrons are known to transfer from the s orbital to the d orbital. Structural 

phase transitions of calcium and strontium can be shown in Fig 1 

 

Figure1: Phases diagram of calcium and strontium under high pressure [1].  

Calcium is put to study under high pressure. In this work, a special attention will be given to 

the high pressure phase of Ca-III, which we believed to be a simple cubic structure. At present, there 

is vagueness about Ca-III that several crystal structures have been nominated. This thesis will 

investigate all the proposed structures using ab initio method and compare the material result with 

previous theoretical and experimental studies. Properties of high-pressure phases in Ca will also be 

discussed. The stability of Ca-III is confirmed by the enthalpy-pressure relation. Transition 

mechanism between the two related structures, from the bcc structure to the β-tin structure, will be 

demonstrated. 

Molecular Dynamics (MD) calculation has also been carried out in order to investigate the 

physical properties of calcium under room temperature. MD has been proved to be capable of 

predicting the properties of strontium under non-zero Kelvin temperature, using the Hellmann-

Feynman theorem [2] to solve for the force acting on nuclei. The MD result is independent of the 

DFT calculation which has employed the unified approach of MD proposed by R. Car and M. 
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Parrinello [3]. The detail of structural phase transitions, given by the potential well (path of the 

transitions), will be investigated. This method will reveal the energy barrier between the two 

structures. This approach appears to be a clear demonstration to show transition mechanism between 

the two related structures. 

Phase transitions of Sr, will also be presented; similar techniques will be employed to explain 

its structural phase transitions. The aim of this thesis is to investigate and clarify the structural 

sequence proposed by several research groups. The investigated structures are, fcc structure, bcc 

structure and β-tin structure. The calculation also focused on the new structure of strontium since 

there have been several attempts to describe the phase transitions. From experimental report using 

powder x-ray diffraction, M. Winzenick and W. B. Holzapfel [4] found Sr-III structure to be an 

orthorhombic structure with space group Imma. A more recent report by T. Bovornratanaraks [5] 

found the crystal structure of Sr-III to be a tetragonal structure with space group I41/amd, also called 

“β-tin”. A theoretical simulation work of A. Phusittrakool et al. [6] employing an ab initio method 

have found that the monoclinic structure, Sr-IV, is more stable than the β-tin structure (Sr-III). These 

works reveal some inconsistency between experimental and theoretical work on the high-pressure 

structures of Sr-III. In this work, theoretical investigation will be carried out using ab initio method, 

and density functional theory (DFT), performed using Cambridge Serial Total Energy Package or 

CASTEP code [7-8]. A special consideration will be given to the optimization method which is an 

extremely sensitive parameter for high pressure investigation. This research will employ the Kohn-

Sham equation [9] which is a self-consistent field method, exploiting the Generalized-Gradient 

Approximation (GGA) functional of Perdew-Burke-Ernzerhof (PBE) [10] as an exchange-correlation 

functional. Moreover, the physical property of strontium is investigated under room temperature 

using MD calculations.  

The DFT has been used to calculate the properties of structure at zero Kelvin temperature. In 

contrast, MD has been employed to reveal structures at the temperature above absolute zero. Since 

MD is a classical mechanics method for observing the motion of nuclei under certain 

thermodynamics conditions, the DFT is a quantum many-body method, mainly considering the 

electrons terms via Born-Oppenheimer approximation which will be explained in section 2.1. The 
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difference between DFT and MD is time dependency of electron and nuclei motion in solid. DFT is 

the measurement of electron density in imaginary time and MD is a measurement of nuclei position in 

real time.  

 



CHAPTER II 

Density Functional Theory 

“If you can't explain it simply, you don't understand it well enough.” 

___ Albert Einstein 

 

 Density Functional Theory (DFT) is a powerful theoretical tool for calculation of the 

structural phase transitions. In this study, DFT has been employed in order to investigate structural 

properties of calcium and strontium under extreme conditions. The equation derived by Kohn and 

Sham called the Kohn-Sham equation [9], can be written as following: 

                                                                          

)()()(
2
1 2 rrrV iiieff

 Ψ=Ψ



 +∇− ε                                                                      (2.1) 

where the effective potential is
               

                                                                               
)()()(][ rVrVrVrV XCeeexteff
 ++= .                                                                  (2.2) 

)(rVext
 is the external potential. )(rVee

  is the electron-electron interaction potential and )(rVXC
  is 

the exchange-correlation potential.   

DFT is the most popular method for solving many-body problems. This method uses an 

approximation for the exchange-correlation energy function that will be discussed in section 2.4 and 

2.5. Before arriving at Eq. (2.1), we shall begin with a theory further back where the original idea of 

calculating total energy has been derived. 
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2.1 Born-Oppenheimer Approximation 

The Born-Oppenheimer approximation was the first crucial step that made a total energy 

calculation for a many-body system possible. The full Hamiltonian can be written as following: 
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                                  (2.3) 

where the five terms in the right hand side of Eq. (2.3) are the kinetic energy of electrons, the 

electron-nuclei interaction, the electron-electron interaction, the kinetic energy of nuclei, and the 

nuclei-nuclei interaction, respectively. Since the nuclei are much heavier than individual electrons, 

they assumed that the nuclei were at rest, and only electrons are moving. Therefore, Eq. (2.3) can be 

written in a simplified form as shown below: 
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                                                        (2.4) 

This is the Born-Oppenheimer approximation, which gives a reasonable energy for a simple system 

but it might still be inappropriate for solving more complicated systems.  

 

2.2 Hohenburg-Kohn Theorem 

 

In this study, some approximations for exchange-correlation function have been used. The 

starting point for application of DFT to the real system comes from the Hohenburg-Kohn theorem 

[11] consisting of two theorems as following. 

The first theorem states that “the ground state expectation value of any observable quantity, H, is a 

unique functional ground state density”, can be written as: 

[ ])(0 rnH ε=ΨΨ .                                                                              (2.5) 

( )rn 
0  is an electron density which is a function of electrons positions. [ ])(0 rn ε  is an energy which 

is a function of density. 
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The second theorem states that “the ground state energy can be determined by minimizing 

total energy, which is a function of electron density, by variational principle of the energy functional, 

[ ])(0 rn ε ”. This can also be written in mathematical form as shown below: 

 

[ ] 0)(

0

=
=nnn

rn
δ

δε 
.                                                                         (2.6) 

The exact ground state energy, 0ε , corresponding to the ground state density, ( )rn 
0 , is given 

by [ ])(00 rn εε = .
  

 

2.3 Self-consistent Kohn-Sham equation 

 

The condensed matter systems are complex by their nature, it is extremely difficult to find 

the ground state energy of electron. To overcome this difficulty, Kohn-Sham equation (Eq. (2.1)) has 

been used to solve the energy problem. 

[ ] [ ] [ ])()()(
)()()(

2
1)()( 0 rnErdrnrV

rr
rrr

rdrdrnTrn xcext
qjqjkiki 




 

++
′−

′+= ∫∫∫
∗∗ ϕϕϕϕ

ε  .             (2.7) 

The right hand side of the total energy equation in Eq. (2.7) consist of four terms: non-interacting 

kinetic energy functional, the electron-electron interacting energy (Hartree energy), the external 

potential energy due to nuclei and exchange-correlation energy functional. The total energy obtained 

by solving the Kohn-Sham equation (Eq. (2.1)) is in the Hartree unit. The total energy depends on the 

exchange-correlation energy functional, ( )[ ]rnExc
 ; this term defines the approximate exchange-

correlation functional by using only the local density. Therefore, the ground-state energy has been 

determined using self-consistent field (SCF) method [9]. The SCF procedure is shown in Fig 2.1.  
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Figure 2.1: Diagram of SCF method 

In SCF method, the electron density is initially guessed and the effective potential functional 

is calculated. Then the Kohn-Sham equation is solved, resulting to the Kohn-Sham orbital and the 

total energy. This procedure is repeated until the electron density converges. The entire numerical 

procedure described in Fig 2.2  

 

Figure 2.2 Schematic of the SCF method 
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In the process of solving the Kohn-Sham equation using the SCF method, the Kohn-Sham 

orbitals can be expanded using the basis set: 

∑
=

=Ψ
P

i
i

n
in rCr

1
)()(  ϕ .                                                                             (2.8) 

where n
iC  is a coefficient of basis in Kohn-Sham orbitals. Substituting back into Eq. (2.1), one gets 

the following equation: 
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=+∇−  .                                                (2.9) 

In Eq. (2.9), the maximum index, P, can take any value up to infinity but it has been chosen 

as large as possible to give the Kohn-Sham orbitals accurately. Multiplying Eq. (2.9) by a complex 

conjugate ( )rj
*ϕ , and integrating over three-dimension space, one can then obtain an equation shown 

below, 

)()()()()](
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iiijeff

P

i

n
i
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=+∇−                      (2.10) 

where the left hand side is the Hamiltonian matrix,Η , and the right hand side is the overlap 

matrix,Ο . Thus, Eq. (2.10) can be written in the matrix form shown below: 

ΟΩ=ΗΩ ε                                                                   (2.11) 

where Ω  is an eigenvector. Thus, Eq. (2.11) is a PxP matrix that has to be solved for eigenvalue,ε .  

This equation can also be called the “secular equation”. 
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2.4 Local density approximation (LDA) and Generalized gradient approximation (GGA) 

 

As previously mentioned, it is even more difficult to find the ground state energy from of the 

Schrödinger equation because it is a many-body problem. However, the exchange-correlation energy 

can be solved using the variation method in order to find the exchange-correlation potential. The 

exchange-correlation energy functional can be written in term of density as below: 

[ ] [ ] rdrnrnrnE xcXC
 )()()( ∫= ε                                                                           (2.12) 

where ( )[ ]rnxc
ε  is the exchange-correlation energy functional which can be named as Local Density 

Approximation (LDA) invented by Perdew and Zunger [12]. The LDA depends on electron density, 

which describes the homogeneity of electron gas. In contrast, Generalized Gradient Approximation 

(GGA) was initialized by Perdew, Burke and Ernzerhof [10] for inhomogeneity electron gas 

calculation purposes. In general, GGA gives better agreement with experimental data than LDA does; 

however, practically, there are a number of approximate functionals that have been found to yield 

good results for various physical problems. Finally, GGA has been chosen for our calculation as it 

includes more realistic physical effects than those of the LDA and more accuracy can be expected. 

Therefore, ground state energy is given by 

( )[ ] XCHexte EVVTrn +++=ε                                                                          (2.13) 

where XCE  is the exchange-correlation energy, and can be expressed as 

[ ] [ ] rdrnrnrnrnE xcXC
 )()(),()( ∫ ∇= ε .                                                              (2.14) 

Eq. (2.14) represents exchange-correlation energy functional of the GGA, which depends on electron 

density and gradient of electron density. 

 On the other hand, in some crystal structures, LDA and GGA might not give the best possible 

agreement with experiments. Thus, screened-exchange (sX-LDA) could be another option to be used 

in the calculation which will be described in section 2.5. 

 

 

 



 11 

 

 

 

2.5 Screened-exchange (sX-LDA) 

 

  A. Seidl et al. [13] developed the Generalized Kohn-Sham schemes (GKS), its exchange-

correlation is a combination technique between LDA and nonlocal exchange potential, written as: 

 

)()(),()()()(
2
1 2 rrdrrrVrrVr iii
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 ϕεϕϕϕ =′′′++∇− ∫ .                           (2.15) 

 

)(rVLOC


is the Hartree potential, and ),( rrV XC
NL ′  is the nonlocal part of the exchange-correlation 

potential.  
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2
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.                                     (2.16) 

 

Eq. (2.16) shows the nonlocal exchange-correlation energy, XC
NLE , developed by S. J. Clark 

and J. Robertson [14], )(rik
ϕ

 

is Kohn-Sham orbital and sk  is the reciprocal screening length, 

usually having the value of 0.764 bohr-1, known as the Tomas-Fermi screening length. Finally,  The 

total exchange-correlation energy for screened exchange is shown below, 

 
XC
LOC

XC
NL

XC EEE +=
 

 .                                                                                         (2.17) 

 

Eq. (2.17) obviously combines of the nonlocal exchange-correlation energy, XC
NLE ,

 

and local 

exchange-correlation energy, XC
LOCE . The nonlocal exchange-correlation energy can also be defined in 

a similar manner with the LDA functional [12] which was previously discussed in section 2.4. Hence, 

the local exchange-correlation energy can be written as following:  

 

     

)()()( nnn HEG
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LOC εεε −= .                                                 (2.18) 
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)(nHEG
LOCε  is the same function as appear in the LDA in Eq. (2.12) and )(nHEG

NLε , the nonlocal 

functional to HEG, can also be written as: 

 

)()()( nFnVn HEG
x

HEG
NL =ε  .                                                       (2.19) 

 

where )(nF  is  
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where 
)(

)(
nk

kn
F

s=α  and )(nV HEG
x is the pure exchange energy per electron. 

 

2.6 Bloch’s theorem 

 

The lattice in crystal or periodic system has invariant conditional symmetry in both 

translation and rotation. Therefore, it is not a straightforward problem to perform a calculation in the 

entire system. However, if a complex system that has a periodic structure, it can be viewed as a self-

repeating unit cell. The calculation of electron wave function can be reduced by only calculating the 

electron wave function of a periodic system. This would take a form of a plane wave multiplied by a 

periodic function, known as the Bloch’s theorem. 

 

LRkin
k

n
k eruRr




 ⋅=+Ψ )()(                                                                                (2.21) 

 

where k


 is the Bloch wave vector, n  is a band index and LR


 is translation lattice vector in real 

space, can be expressed by fundamental translation vectors ( 21,aa 
and 3a ) as 

332211 amamamRL


++= , where 21,mm and 3m  are integers.  In Bloch’s theorem, there are 

conditions for wave function and energy eigenvalue, which are 

 

)()( Gkrn
k


 +Ψ=Ψ
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+= εε                                                                                 (2.23) 



 13 

 

where G


 is the reciprocal lattice vectors, define as πmRG L 2=⋅


for all LR


where m is an arbitrary 

integer. This reciprocal lattice vector has maximum value corresponding to the cutoff energy as 

demonstrated below: 

m
G

cut 2

2
max

2
=ε  .                                                                                          (2.24) 

Eq. (2.24) can be described by Bloch's theorem, i.e., the electronic wave functions at each 

wave vector, k


,  can expand in terms of a discrete plane-wave basis set.  An infinite number of plane 

waves were required for such expansion. Moreover, the plane waves with small kinetic energies are 

more important than those with large kinetic energies. Hence, the plane wave basis set can be 

truncated to include only plane waves which have kinetic energies that are smaller than cutoff energy. 

Therefore, for a periodic system, the basis set can be expressed as following: 

rGi

j

n
j

n
k

jekCru



 ⋅∑= )()(  .                                                                         (2.25) 

 

2.7 Molecular dynamics (MD) 

 

In this section, the physical property was described by the molecular dynamics (MD). It 

should be worth making a remark that although the DFT is fairly popular and appropriate for solving 

condensed matter system, it has a limitation. The major flaw comes from the fact that DFT 

calculation is performed under extremely low temperature (0 K). Therefore, the obtained results from 

the calculation are based on unrealistic thermodynamic condition. Occasionally, this limitation gives 

rise to a significant discrepancy between experimental and theoretical reports, due to the fact that 

most experiments have been carried out under room temperature. To account for temperature effect, 

MD simulation has been developed. Once again, the full Hamiltonian as stated in Eq. (2.3). Since the 

full Hamiltonian includes the nuclei terms, the effect of temperature on the motion of nuclei has been 

included in order to predict the evolution of the structure at non-zero temperature. In order to describe 

the moving nuclei, an exerting force acts on an individual nuclei can be written as following.  
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where IR


is a nuclei position, and the total energy,
 
ε , can be expressed as 

 

ΨΨ= Hε                                                                                     (2.27) 

 

where Ψ  represents the Kohn-Sham orbital. By substitute Eq. (2.27) into Eq. (2.26), we get:  
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Eq. (2.28) is the Hellmann-Feynman force [2], where wave function can be normalized using ordinary 

condition: 1=ΨΨ . 

MD method can predict equilibrium and nonequilibrium by using the dynamical properties of 

solid under temperature. R. Car and M. Parrinello [3], who proposed the unified approach theory in 

1985, in which they combined DFT calculation in MD method through Hellman-Feynman theorem as 

shown in Fig.2.3: 
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Figure 2.3: Diagram of Molecular Dynamics (MD) method. 

 

 

Fig. 2.3 is a schematic diagram of MD method, its procedure of calculation in a cycle begin from 

classical mechanics with given pressure and temperature, equation of motion or Newton’s equation, 

II aMF 
=  where M is a mass of nuclei. The acceleration has been integrated in order to obtain the 

velocity, and doubly integrated to obtain the position of the nuclei. To find the evolution of motion, 

the enough time steps will be required in this method. Finally, the calculation will provide the average 

velocity of the nuclei. Moreover, the velocity can be described by the Maxwell-Boltzmann 

distribution which the equivalent temperature can be expressed as 

 

TNkmvI B2
3

2
1 2 =                                                                                         (2.29) 

 

where Bk  is the Boltzmann constant.  

Both DFT and MD have been employed for structural phase transitions in this thesis. There 

are several differences between two approaches. Firstly, MD is explicitly interested in the nuclei-

nuclei terms as the forces acting on nucleus must be determined, but the DFT has not included nuclei- 

nuclei term which has already been discussed in section 2.1. Secondly, the observable time is not 

considered in DFT which provides the static physical properties (solving only time-independent 

problems); in contrast, MD is an important tool to understand the dynamics properties, and it can 

calculate the time-dependent quantities. Therefore, the time in MD consists of two parts  the real 
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time and the imaginary time. Finally, DFT can only be performed at T = 0 K, but MD can also 

describe systems at the non-zero temperature system.  

 

2.8 Phonons calculation 

 

In this study, the structural phase transitions under high pressure have been identified based 

on the DFT calculation at 0 K. Although in several cases, DFT calculations reveal good agreement 

with the experimental report, it cannot confirm the novel high-pressure phase explicitly. Generally, 

the stability of crystal structure can be represented by phonon frequencies caused by lattice dynamics. 

Therefore, phonon calculations have also been used to confirm as well as the result from enthalpy-

pressure relation. The expansion has to be performed for the total energy in the structural equilibrium 

coordinates [15], which are 
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The force acting on atoms can be calculated explicitly, as following: 
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At equilibrium, the force term (
ακ

ακ
,

, u
EF 

∂
∂

= ) is zero and the harmonic approximation of the 3rd and 

higher order terms are assumed to be negligible. Where ακ ,u  is the vector of atomic displacements 

from equilibrium position and κκ
αα
′
′Φ ,

,  is the matrix of force constants, defined by 
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Eq. (2.30) was calculated through DFT calculation. 

Secondly, plugging this into Newton’s equation of motion yields matrix eigenvalue equation, which 

is: 
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mmmD εωε 2=                                                                      (2.32) 

where the dynamical matrix is: 
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The result of phonon calculation can be obtained from the eigenvalue, 2
mω , which describe a 

frequency dispersion relation of structure. If a set of frequencies is a positive, the structure will be 

stable. In contrast, if the frequencies is a negative value, the structure will be unstable. 

In this thesis, both DFT and MD were performed in Ca and Sr. The PBE functional was used 

in Ca for both DFT and MD calculations. The proposed high-pressure phase has been obtained from 

an enthalpy-pressure relation and has also been confirmed by the phonons calculation. Similarly for 

Sr, the DFT and MD have been employed for this study. However, for the higher pressure phase of Sr 

where the dominance of d-electron can be assumed [5], the sX-LDA functional is used for Sr-III 

structure. 
 



CHAPTER III 

CALCIUM 

“The secret to creativity is knowing how to hide your sources.” 

 
___ Albert Einstein 

 

Calcium (Ca) is an alkali-earth metal known for the structural phase transitions under high 

pressure due to the s-to-d orbital electron transfer. In 1984, H. Olijnyk and W. B. Holzapfel [16], using 

x-ray diffraction, confirmed an ambient pressure crystal structure of Ca to be face-centered cubic 

(fcc) structure with space group mFm3 . Under high pressure, it transforms to the body-centered 

cubic (bcc) structure, which has space group mmI 3  at 19.7 GPa and transforms to Ca-III which is 

simple cubic (sc) with space group mPm3 at 32.0 GPa. [16]. Theoretical work was also carried out 

by Y. Yao et al. [17], who performed the molecular dynamics (MD) calculation at temperature 300 K, 

50 K and 5 K using NVT ensemble. They found that the third phase is β-tin structure stable at 50 K. 

In this thesis, the high-pressure phase of Ca, Ca-III, will be fully investigated using both DFT and 

MD calculation. The goal for this works is to clarify experimental reports using theoretical studies 

under high-pressure. The unified approach of Molecular Dynamics (MD) and Density Functional 

Theory (DFT) proposed by R. Car and M. Parrinello [3] will be employed. For the high-pressure 

phases determination, we used DFT method via CASTEP together with self-consistent field scheme 

[8] to calculate the enthalpy of the phases to verify phase transition. The Generalized-Gradient 

Approximations (GGA) and Perdew-Burke-Ernzerhof (PBE) [10] exchange-correlation functional 

have been employed in all of the calculations. The ultrasoft pseudopotentials calculation treats 3s2, 

3p6, 4s2 states as valence states. The electronic wave function at each k-point can be expanded in 

terms of a discrete plane-wave basis set described by Bloch’s theorem. In practice, the plane wave 

can be expanded into infinite terms, but is truncated to include only plan-wave that has kinetic energy 
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which is smaller than the cutoff energy. However, the truncation of the basis set at a finite cutoff 

energy will also lead to an error in the calculated total energy. It is possible to reduce the magnitude 

of the error in a systematic way by increasing the value of the cutoff energy which will also increase 

the time of calculation. Thus, the cutoff energy has to be optimized in terms of error minimization and 

time consumption. The optimization can be done by observing the energy convergence as 

demonstrated in Fig. 3.1 and Fig. 3.2: 
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Figure 3.1: Calculated total energy with the cutoff energy for fcc structure in calcium. 
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Figure 3.2: Calculated total energy with k-points mesh for fcc structure using Monhorst-Pack scheme. 

The cutoff energy at 600 eV is chosen for the rest of the calculation due to the fluctuation of energy 

being less than 0.01 meV during the convergence test. From E-V data points, the energy-volume 

curves were fitted to the third-order Birch–Murnaghan equation of state [18], as seen below: 
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where E0 is the minimum energy, V0 is volume at equilibrium point, B0 is bulk modulus at ambient pressure 

and B'0 is pressure derivative of bulk modulus at ambient pressure. The stability of high-pressure phases was 

determined using the minimum enthalpy, H=E+PV. 
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3.1 fcc-bcc-sc structural phase transitions 

Under high pressure, the experimental report by H. Olijnyk and W. B. Holzapfel [16] shows 

that the fcc structure is transformed to the bcc structure at 19.7 GPa and then the bcc structure is 

transformed to the sc structure at 32 GPa. In this work, the first principle technique or ab initio 

calculation has been used. The chosen cutoff energy is 600 eV and 3s2, 3p6, 4s2 states as valence 

states. The high-pressure phases of Ca such as fcc, bcc, and sc were fully reinvestigated. The 

Monkhost-Pack (MP) [19] grid size sampling for the fcc, bcc, sc structures are 10x10x10 resulting in 

the total number of 35 k-points used for all the structures. For all these three well-known phases, the 

geometry optimization method has been used. This method employs stress calculation on the structure 

and performs atomic displacement to minimize the stress. The optimized structure is then used for 

final total energy calculation. Therefore, the total energy is obtained from the fully relaxed unit cell. 

This procedure is repeated for several desired pressure values. The resulting E-V data for all the 

calculated structures can be used to find the parameters for the 3rd order Birch-Murnaghan equation of 

state [18] which are E0, V0, B0 and B'0. The fitted parameters are shown in table 3.1 below: 

 

                  Parameters 

 

Structures 

E0 
(eV) 

V0 

(Å3) 
B0 

(eV) 
B'0 

(eV) 

fcc -1001.58 45.54871 0.07560 3.48328 

bcc -1001.54 43.26432 0.08703 3.48991 

sc -1001.14 42.85177 0.06716 3.63231 

 

Table 3.1 Parameters for the 3rd order Birch-Murnaghan equation of state for the fcc, bcc and sc 

structures. 

As shown in Fig. 3.3, the Enthalpy-Pressure (H-P) curve, the fcc structure is transformed to 

the bcc structure with lattice parameters a =4.05514 Å at 5.4 GPa by geometry optimization. With the 

increasing pressure, it transforms to the sc structure with lattice parameter a = 2.628853 Å at 41.4 

GPa. 
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Figure 3.3: The difference of enthalpy of bcc and sc structure with that of fcc structure  at ambient 

pressure. 

Therefore, the predicted phase transition sequence of Ca under high pressure using DFT calculation in 

this thesis is 

fcc (0-5.4 GPa) →  bcc (5.4-41.4 GPa) →  sc (41.4 GPa). 

The prediction reveals the same sequence of structural transformation as previously reported by H. 

Olijink and W. B. Holzapfel [16], however, the predicted transition pressures are still underestimated 

which can be expected from DFT calculation [8]. 

More recent theoretical study by Y. Yao et al. [17] suggested that Ca-III could exist as a β-

tin structure and not the sc structure as previously detected in an experiment [16]. This contradiction 

between theoretical and experimental reports has been discussed for over a decade [16, 17] and most 

of the theoretical evidence fails to provide a clear explanation [16, 17]. The next section of this thesis 
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will demonstrate the contradiction between various sources and provide a sensible solution to this 

problem. 

 

3.2 bcc-β-tin structure phase transitions 

The early experimental reports showed that Ca transforms from the fcc structure to the bcc 

structure at 19.7 GPa [16]. Under further compression, it transforms to the sc structure at 32 GPa 

[16]. Recently, the experimental study by W. L. Mao et al. [20] proposed that Ca-III structure should 

be rhombohedral (rh) which is a slightly distorted form of cubic lattice.  The proposed rh structure is 

only the different structure form of the sc lattice by a small angle distortion 9.89 , which 

is 90≠== γαβ . Intensity integration of the x-ray powder diffraction data for Ca-III shows that 

the 111 reflection in sc is singlet but the same reflection in rh is a doublet, which comes from 111 
and 111 . 

 

Theoretical work on the high-pressure phases of Ca-III was predicted by Y. Yao et al. [17] to 

be the tetragonal β-tin structure at zero temperature. The report clearly shows that the β-tin structure 

has lower enthalpy than that of the sc structure. This research carefully reinvestigates Ca-III structure 

using DFT and MD simulation. In the case of DFT, enthalpy difference has been fully reexamined. 

The configuration for DFT calculation is similar to those previously employed earlier in this thesis, 

which are MP grid size sampling 10x10x10 for the β-tin structure resulting in the total number of 75 

k-points used for the calculation. Geometry optimization method has also been used in order to obtain 

the relaxed unit cell. Total energy of the structure is then calculated from this fully relaxed unit cell. 

The resulting E-V data for all the calculated structure can be used to find the parameters for the 3rd 

order Birch Murnaghan equation of state which are E0, V0, B0 and, B'0 which are shown in table 3.2  
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                     Parameters 

 

Structures 

E0 
(eV) 

V0 

(Å3) 
B0 

(eV) 
B'0 

(eV) 

fcc -1001.58 45.54871 0.07560 3.48328 

bcc -1001.54 43.26432 0.08703 3.48991 

sc -1001.14 42.85177 0.06716 3.63231 

β-tin -1001.28 43.89352 0.06454 3.63424 

 

 

Table 3.2 The Birch-Murnaghan 3rd equation of state parameter for the fcc, bcc, sc and β-tin 

structures. 
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Figure 3.4: Enthalpy difference of the bcc, sc and β-tin structure related to the fcc structure stable at 

ambient pressure. 

The predicted transition sequence under high pressure is 

fcc (0-5.4 GPa) →  bcc (5.4-33.2 GPa) →β-tin (33.2 GPa). 
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Fig 3.4 shows the transition sequence similar to the one reported by Y. Yao et al. [17]. At 

33.2 GPa, H-P curve reveals that the bcc structure transforms to the tetragonal β-tin structure with 

space group I41/amd with a = 5.283899Å and c = 2.830642 Å. The enthalpy difference clearly shows 

that the tetragonal β-tin structure is thermodynamically favorable than sc structure. However, it is 

worth noting that all the DFT calculations have been performed at T = 0 K but all the experimental 

reports have been carried out at room temperature. Therefore, the sc structure could be a temperature 

stabilized structure due to thermal effect. 

 

3.3 Phase transitions β-tin- mR3  structure 

As previously shown in section 3.2, the bcc structure is transformed to the β-tin structure at 

33.2 GPa. However, there is vivid evidence from the x-ray diffraction experiment by W. L. Mao et al. 

[20] showing that the bcc structure should transform into the rh structure. In order to explain this 

complicated problem, higher-pressure structure of Ca, Ca-IV, is needed to be studied in greater 

details. This Ca-IV calculation has been performed using energy cutoff at 600 eV and MP grid of 

10x10x10 k-point. Under this condition, the β-tin structure is transformed into the rh structure or 

mR3 structure. From E-V data points, the energy-volume curve was fitted using the 3rd Birch–

Murnaghan equation of state [18]. The resulting E-V data for all the calculated structure can be used 

to find the parameters for the 3rd order Birch-Murnaghan equation of state which are E0, V0, B0 and B'0. 

The fitted parameters are shown in table 3.3. 
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                      Parameters 

 

Structures 

E0 
(eV) 

V0 

(Å3) 
B0 

(eV) 
B'0 

(eV) 

fcc -1001.58 45.54871 0.07560 3.48328 

bcc -1001.54 43.26432 0.08703 3.48991 

sc -1001.14 42.85177 0.06716 3.63231 

β-tin -1001.28 43.89352 0.06454 3.63424 

mR3  -1001.14 42.86168 0.06706 3.63317 

 

Table 3.3 The Birch-Murnaghan 3rd equation of state parameter for the fcc, bcc, sc, β-tin and mR3  

structures. 
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Figure 3.5: Enthalpy difference of the bcc, sc, β-tin and mR3  structure related to the fcc structure 

stable at ambient pressure, the mR3  and sc structure have small difference in enthalpy. 

From Fig. 3.5, the predicted transition sequence is 
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fcc (0-5.4 GPa) →  bcc (5.4-33.2 GPa)→β-tin (33.2-117.3 GPa)→ mR3  (117.3 GPa). 

The rhombohedral mR3  structure can also be viewed as an angle distortion from the sc 

structure. The calculated H-P curve shows that the β-tin structure is transformed to the 

mR3 structure at 117.3 GPa. 

Under higher pressure, the β-tin structure has been reported to undergoes structural phase 

transition and transform to the P41212 structure then to the Cmca structure by H. Fujihisa et al. [21] 

and finally to the Pnma structure by Y. Nakamoto et al. [22] which were candidate for structure of 

Ca-IV, Ca-V, and Ca-VI, respectively. In this study, we are interested in the Cmca structure as the 

P41212 structure has not been found in our calculated enthalpy-pressure relation. This will be 

discussed future in section 3.6 

Moreover, we can confirm the stability for both the β-tin structure and the rhombohedral 

mR3  structure from phonon calculation. In this work, special interest will be given to bcc structure 

and the sc structure. Phonon dispersion and density of phonon state will be calculated β-tin structure 

was calculated the dispersion at 60 GPa and was finally shown to have positive phonon frequencies 

indicating the stability of the β-tin structure. In the calculation, energy cutoff at 310 eV and 3x3x5 q-

points have been used as the optimum parameters. Moreover, finite displacement method was 

implied. Similarly, for the mR3 structure, energy cutoff at 310 eV and 8x8x8 q-point have been 

used. The result of phonons calculation is shown: 
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(b) 

Figure 3.6: Phonon dispersion with density of phonon state of the β-tin and the mR3 structure (the 

β-tin structure at 60 GPa (a) and the mR3  structure at 60 GPa (b)). 

 In this work, we have found that the β-tin structure is more stable than the mR3 structure 

from the result of phonon calculation in pressure range of 20 GPa to 80 GPa which confirmed the 

existence of the β-tin structure at room temperature as reported by Yao et al. [17]. Although mR3  

structure is less favorable at low temperature (near absolute zero), it was proved to exist at room 

temperature by W. L. Mao et al. [20].  
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3.4 Transition path from the bcc to β-tin structure 

 In section 3.3, we have found that the bcc structure transforms to β-tin structure at 33.2 GPa. 

Thus, we confirm a structural phase transition between the bcc structure and the β-tin structure 

through transition pathway under high pressure, at 60 GPa. In this study, two transitions pathway 

have considered which are through two subgroup namely Pmma and mR3 .  For the first subgroup, 

calculation has been performed with the cutoff energy of 600 eV and treats 3s2, 3p6, 4s2 states as 

valence states. MP grid was used with size sampling of 10x10x10 for the bcc structure resulting in the 

total number of 110 k-points. Similarly, in the second subgroup, MP grid was used with size sampling 

of 10x10x10 for the bcc structure resulting in the total number of 125 k-points.  

              

           (a)                                         (b) 

Figure 3.7: (a) Transitions path from the bcc to sc through subgroup mR3  with calculated enthalpy 

barriers at 60 GPa. The atoms in yellow present the rhombohedral angle in primitive bcc structure. (b) 

Transitions path from sc to the β-tin structure with space group I41/amd following the Pmma 

subgroup pathway with calculated enthalpy barriers at 60 GPa. [17] 
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The transition path from the bcc to β-tin structure is shown below: 
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Figure 3.8: Path transition of the bcc structure to the β-tin structure at 60 GPa. 

In Fig. 3.8, the bcc structure transforms to the β-tin structure at 60 GPa through 

subgroup mR3 , Pmma. The calculated rotate angle of mR3  structure β = γ = α = 109.47° to 90°. 

And then move atom in z-axis from 0 to 0.125 and consider enthalpy with respect to z-coordinate, 

because atom of calcium (in the Pmma structure) has site 2e (0.25, 0, 3z) and 2f (0.25, 0.5, z) [17] 

which is shown in Fig. 3.8. Hence, the bcc transforms to the β-tin structure to be a metastable state. 

 

3.5 Phase transitions from the bcc to 3R  structure 

As mentioned in section 3.2, DFT calculation has been only carried out at 0 K. To see the 

effect of temperature, another calculation method, molecular dymamics, has also been used via 

CASTEP. The calculation treats 3s2, 3p6, 4s2 states as valence states. The simulated bcc super cells 

consist of 16 Ca atoms. The sampling brillouin zone (BZ) was chosen by MP which was 4x4x4 k-

points for the bcc structure. The MD techniques using the GGA PBE functional have been employed 
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in all calculations. The ultrasoft pseudopotentials energy cutoff was set to 310 eV using NPT 

ensemble. Pressure was set at 60 GPa and temperature was set at 50 K. 

                            

 (a)                                                                      (b) 

Figure 3.9: The bcc super cells structure by MD method (a) at initial condition and (b) at final 

condition. 

From Fig. 3.9, the starting bcc super cells structure has been calculated using MD method 

under NPT ensemble with the starting lattice parameter a = 6.784 Å. After 500 times step, the lattice 

parameters become 6.333 Å. The reduction of lattice parameters is caused by pressure (P) in the NPT 

ensemble.   

For high-pressure effect, the lattice parameters decrease as well as the nucleus move around 

equilibrium position. The Hellmann-Feynman force [2] acts on the nucleus and drive the system to 

the equilibrium point. However, in this study, the bcc structure transforms to the rhombohedral 

structure with space group 3R through the face-centered orthorhombic structure with space group 

Fddd.  
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Figure 3.10: the bcc structure by first principle molecular (MD) calculation, the bcc structure 

transforms to the rhombohedral structure, space group 3R , under NPT ensemble at 60 GPa and 50 K. 

The MD calculation shows that the starting bcc structure transforms to the face-centered 

orthorhombic structure with space group Fddd then undergoes another transformation to become the 

rhombohedral structure with space group 3R . Fig. 3.10 shows the evolution of structure from MD 

calculation using NPT ensemble. The structure under low temperature at 50 K and high pressure at 60 

GPa has been simulated using the integration time step of 10 fs and integrated total simulation time of 

5 ps. Bcc structure was found to transforms to the face-centered orthorhombic structure with space 

group Fddd for only a short period of time around ~0 to 1 ps. After ~1 ps, the face-centered 

orthorhombic structure is transformed into a rhombohedral with space group 3R  which is stable 

around ~1 to 5 ps. This calculation has employed the unified approach of the MD, within the MD 

scheme with the force acting on the nuclei arises from the temperature effect. The structure is then 

evolving in order to minimize this force. Although W. L. Mao et al. [20] found that Ca-III is mR3  at 

room temperature. However, our theoretical calculation predicted that Ca-III to be  3R  structure. 
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Figure 3.11: Phonon dispersion with density of phonon state of the 3R , structure at 60 GPa. 

From the result of MD calculation, the 3R  structure is stable at 60 GPa. From Fig. 3.11, the 

3R  structure has been calculated for the phonon dispersion and density of phonon state at 60 GPa. 

The 3R structure is calculated using its primitive cell and the energy cutoff is set to 310 eV and using 

4x4x4 q-points, respectively. It was calculated using finite displacement. Moreover, the result shows 

that all the frequency of phonon in 3R  structure has positive value.  Therefore, the stability of 3R  

structure over this pressure range is assumed. 

From phonons calculation at 60 GPa, the 3R structure is more stable than the mR3  

structure. This is also theoretically predicted to be the stable structure at 0 K via DFT calculation. Fig. 

3.10 shows result of MD calculation as the enthalpy versus simulation time step. The result from MD 

calculation will be compared with the results obtained from DFT calculation at 0 K. For DFT 

calculation of high-pressure phases, geometry optimization has been performed as well as using the 

simulate unit cell technique. The optimized structure obtained from DFT is the rhombohedral 

structure with space group 3R . The MP grid size for the 3R  structure is 6x6x6. This resulting in 

the total number of k-points used is 38. This research focuses on the structural phase transitions under 

high pressure. Therefore, the stress acting on unit cell must be calculated and unit cell must be 

optimized accordingly. Finally, the total energy can be obtained from the relaxed unit cell. From E-V 

data points, the energy-volume curve was fitted using the 3rd Birch–Murnaghan equation of state [18]. 
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The resulting E-V data for all the calculated structure can be used to find the parameters for the 3rd 

order Birch-Murnaghan equation of state which are E0, V0, B0 and, B'0. The fitted parameters are 

shown in table 3.4 below: 

 

        Parameters 

 

Structure 

E0 
(eV) 

V0 

(Å3) 
B0 

(eV) 
B'0 

(eV) 

fcc -1001.58 45.54871 0.07560 3.48328 

bcc -1001.54 43.26432 0.08703 3.48991 

sc -1001.14 42.85177 0.06716 3.63231 

β-tin -1001.28 43.89352 0.06454 3.63424 

mR3  -1001.14 42.86168 0.06706 3.63317 

3R  -1001.47 45.95937 0.06507 3.53662 
 

Table 3.4 The Birch-Murnaghan 3rd equation of state parameter for the fcc, bcc, sc, β-tin, mR3 and 

3R structures. The units are in eV and Å3. 
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Figure 3.12: Enthalpy difference of the bcc, sc, β-tin, mR3 and 3R structure related to the fcc structure stable 

at ambient pressure, all phases were calculated using DFT calculation. 

From Fig. 3.12, the predicted transition sequence is 

fcc (0-5.4 GPa) →  bcc (5.4-33.2 GPa)→β-tin (33.2-109.6 GPa)→  3R  (109.6 GPa). 

 In Fig. 3.12 shows that the β-tin structure transforms to the 3R structure at 109.6 GPa. 

Moreover, we have found that the 3R  structure is stable than the mR3  structure. 

MD calculation leads to the novel phase which is the 3R  structure at the pressure of 60 GPa 

and temperature of 50 K. Moreover, the 3R  structure was also calculated by DFT calculation 

temperature at 0 K.  

 

3.6 Candidate for superconducting Ca-IV phase  

 Under high pressure, the Curie’s temperature, Tc, rises with the compression. Ca-V was first 

calculated by Y. Yao et al. [23] who proposed that Ca-V had an orthorhombic Cmca structure and 
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possessed a superconducting property. However, due to the limitation on computing resource, the 

superconducting property has not been investigated. But structural phase transition to the Cmca 

structure has been a subject of considerable interest and has been fully investigated. In order to 

explain the higher-pressure structure, the crystal structure of Ca-IV needed to be studied in great 

detail. This Cmca structure calculation has been performed using energy cutoff at 600eV and MP grid 

of 4x3x4 k-point. From E-V data points, the energy-volume curve was fitted using the 3rd Birch–

Murnaghan equation of state [18]. The resulting E-V data for all the calculated structure can be used 

to find the parameters for the 3rd order Birch-Murnaghan equation of state which are E0, V0, B0 and B'0. 

The fitted parameters are shown in table 3.5 below: 

 

        Parameters 

 

Structure 

E0 
(eV) 

V0 

(Å3) 
B0 

(eV) 
B'0 

(eV) 

fcc -1001.58 45.54871 0.07560 3.48328 

bcc -1001.54 43.26432 0.08703 3.48991 

sc -1001.14 42.85177 0.06716 3.63231 

β-tin -1001.28 43.89352 0.06454 3.63424 

mR3  -1001.14 42.86168 0.06706 3.63317 

3R  -1001.47 45.95937 0.06507 3.53662 

Cmca -1001.27 43.36386 0.07135 3.53874 

 

Table 3.5: The Birch-Murnaghan 3rd equation of state parameter for the fcc, bcc, sc, β-tin, mR3 and Cmca 

structures. The units are in eV and Å3. 
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Figure 3.13: Enthalpy difference of the bcc, sc, β-tin, mR3 , 3R and Cmca structure related to the 

fcc structure stable at ambient pressure. 

From Fig. 3.13, the predicted transition sequence is 

fcc (0-5.4 GPa) →  bcc (5.4-33.2 GPa)→β-tin (33.2-75.2 GPa)→Cmca (75.2 GPa). 

For the high-pressure phase of Ca, there are still high uncertainty between 3R and Cmca 

structure from both experimental and theoretical point of view. However, from the enthalpy-pressure 

relation in Fig. 3.13, Ca-IV can be clearly seen to posses the Cmca and not the 3R . Since this was 

calculated by DFT thus phonons calculation will be used to confirm the existence of  high-pressure 

phase. In phonon calculation, the Cmca structure has been calculated at 80 GPa. And the result 

obtained is shown: 



 

 

 

38 

-200

-100

0

100

200

300

400

ZRSGYTZ

 

 
Fr

eq
ue

nc
y 

(c
m

-1
)

G
0.000 0.002 0.004 0.006 0.008 0.010

-200

-100

0

100

200

300

400

 

 

Fr
eq

ue
nc

y 
(c

m
-1

)

Density of phonon state (1/cm-1)

 

Figure 3.14: Phonon dispersion with density of phonon state of the Cmca structure at 80 GPa. 

From Fig. 3.14 phonon dispersion and density of phonon state have been calculated. For of 

phonon calculation, Cmca structure was considered at 80 GPa and the energy cutoff was set to 310 

eV with 4x4x3 q-points, respectively. It was calculated using the finite displacement. From phonon 

dispersion and density of phonon state, the orthorhombic Cmca structure is indicated to be unstable 

under the pressure of 80 GPa.  

 

3.7 Superconducting Ca-IV  

Ca-IV is a high-pressure phase that was predicted from other researchers to be a 

superconducting phase in 2008, T. Ishikawa et al. [24] found that the candidate structure for Ca-IV is 

a tetragonal (helical structure). In the same year Y. Yao et al. [23] proposed Ca-IV to be Pnma 

structure and has  superconducting properties at which Curie’s temperature, Tc, increase with 

pressure. 

http://publish.aps.org/search/field/author/Ishikawa_Takahiro�
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Figure 3.15: The Pnma structure at 91.8 GPa by DFT calculation. 

Since the Cmca structure is unstable at 80 GPa as demonstrated in section 3.6. Therefore, in 

this research, the high-pressure phase Pnma structure will be investigated for their stability under this 

pressure range. The energy cutoff for this calculation is set to 600 eV and 8x9x12 k-point for the 

Pnma structure. Both cutoff energy and k-point sampling were tested for convergence prior to the 

calculation. Wyckoff position, the symbols used to describe atomic positions, of Ca atoms for Pnma 

structure is 4c (0.326, 0.250, 0.614) [23]. The resulting E-V data for all the calculated structure can be 

used to find the parameters for the 3rd order Birch-Murnaghan equation of state [18]. The total energy 

is obtained from the fully relaxed unit cell. This procedure is repeated for several desired pressure 

ranges. The fitted parameters are shown in table 3.6. 
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                         Parameters 

 

Structures 

E0 
(eV) 

V0 

(Å3) 
B0 

(eV) 
B'0 

(eV) 

fcc -1001.58 45.54871 0.07560 3.48328 

bcc -1001.54 43.26432 0.08703 3.48991 

sc -1001.14 42.85177 0.06716 3.63231 

β-tin -1001.28 43.89352 0.06454 3.63424 

mR3  -1001.14 42.86168 0.06706 3.63317 

3R  -1001.47 45.95937 0.06507 3.53662 

Pnma -1001.61 51.32110 0.04638 3.59197 

 

Table 3.6: The Birch-Murnaghan 3rd equation of state parameter for the fcc, bcc, sc, β-tin, mR3 and 

Pnma structures. 

Fig. 3.15 illustrates the Pnma structure of Ca at 91.8 GPa which lattice parameter is a = 

4.594037 Å, b = 3.538989 Å and c = 3.147829 Å. 
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Figure 3.16: The enthalpy difference of the bcc, sc, β-tin, mR3 , 3R , Cmca and Pnma structure 

related to the fcc structure stable at ambient pressure. 

The present phase transition under high pressure proposed from this research 

fcc (0-5.4 GPa) →  bcc (5.4-33.2 GPa)→  β-tin (33.2-91.8 GPa) →Pnma (91.8 GPa). 

From section 3.5, our DFT calculation results suggested that the β-tin structure (Ca-III) 

transforms to the 3R (Ca-IV) at 109.6 GPa. However, from our experience, Pnma was added in this 

section to be one of Ca structure and finally concluded to be Ca-IV structure because of its lower 

enthalpy comparing to that of 3R  .  

Although, Yao et al. revealed another report [17] showing that tetragonal structure with 

symmetry P41212 is the structure of Ca-IV, enthalpy obtained from the P41212 structure is still higher 

than those of the Pnma structure [25]. This shows that Pnma is more favorable structure which is in a 

good agreement with the previous report of Y. Yao et al. [23] and also with an experiment conducted 

by T. Yabuuchi et al. [26].  



 

 

 

42 

Furthermore, from the enthalpy-pressure relation shown in Fig. 3.15, β-tin structure 

transforms to the Pnma structure at 91.8 GPa. The stability of the Pnma structure is then confirmed 

by phonon calculation at 100 GPa using the energy cutoff 310 eV, 3x4x5 q-points and with the finite 

displacement method. 
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Figure.3.17: Phonon dispersion with density of phonon state of the Pnma structure at 100 GPa. 

 In Fig. 3.17, the Pnma structure is favored at 100 GPa because the phonon dispersion shows 

all positive frequency at 0 K.   

As discussed above, even though the P41212 and the Cmca structures cannot be confirmed to 

be the stable structures by H-P relation and phonon calculation, the enthalpy difference of P41212, 

Cmca and Pnma structures are extremely small and their diffraction patterns are also similar to one 

another which also mentioned by T. Ishikawa et al. [27]. 

In conclusion, structural phase transitions reported by others [17, 21, 22] are summarized in 

Fig. 3.18. The fcc structure, space group mFm3 , transforms to the bcc structure, space group 

mmI 3 , at 19.7 GPa [16] and then transforms to the β-tin structure, I41/amd, at 34 GPa [17] and 

then transforms to the P41212 structure at 78 GPa [17] then transforms to the Cmca structure at 143 

GPa [21] and then transforms to the Pnma structure at 158 GPa [22]. In this study, the result 
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confirmed the fcc to the bcc transformation at 5.4 GPa and then transforms to the β-tin structure, 

I41/amd, at 33.2 GPa and then transforms to Pnma structure at 91.8 GPa which is the final structure 

up to 120 GPa. The comparison between the previous reports and the result from this thesis are 

concluded in the diagram below: 

 

Figure.3.18: The diagram of structural phase transitions in calcium under high pressure. 

  



CHAPTER IV 

STRONTIUM 

“Once we accept our limits, we go beyond them.” 

 
___ Albert Einstein 

  

Strontium (Sr) is an alkaline-earth metal, which undergoes a structural phase transitions 

under high pressure due to its electrons transfer from s-to-d orbital. At ambient pressure, crystal 

structure of the Sr is the face-centered cubic (fcc) structure which has mFm3 space group. Under 

high-pressure it transforms to the body-centered cubic (bcc) structure which has mmI 3 space group. 

With the increasing pressure, it transforms to the I41/amd (β-tin) structure. In experimental studies 

using powder x-ray diffraction technique, H. Olijnyk and W. B. Holzapfel [16] showed that fcc-to-bcc 

and bcc-to-Sr-III transitions were observed at 3.5 GPa and 26 GPa, respectively. From experimental 

work using powder x-ray diffraction technique by M. Winzenick and W. B.Holzapfel [4], they have 

reported the crystal structure of Sr-III to be an orthorhombic structure with space group Imma. The 

more recent experimental study by T. Bovornratanaraks [5] using two-dimensional pattern obtained 

from Debye-Scherer rings reveal that the Sr-III is, in fact, a tetragonal structure with space group 

I41/amd [5]. From theoretical study using ab initio method, Phusittrakool et al. [6] found that, under 

extremely high pressure, the monoclinic structure of Sr-IV is more favorable than the β-tin structure. 

It is worth noting that all the calculation has been carried out at 0 K and no significant contribution 

from the temperature have been made for all the theoretical study in the past. 

 In this thesis, special interest has been given for the medium pressure range between β-tin 

structure and the hcp structure at 20 GPa-40 GPa. The Density Functional Theory calculation (DFT) 

has been employed in order to verify the β-tin structure as well as the hcp structure. Comparison 
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between the experimental and theoretical results has been carried out. Molecular Dynamics (MD) 

Simulation  technique has also been used to investigate the temperature effect on structural phase 

transitions in Sr. 

 Firstly, Structural phase transitions in Sr has been calculated, the calculation is performed 

using CASTEP code [7-8] with self-consistence field method [9]. The optimization techniques use 

Generalized-Gradient Approximation (GGA) and Perdew-Burke-Ernzerhof (PBE) [10]. The 

exchange-correlation functional has been employed in all of our calculations. The ultrasoft 

pseudopotentials calculations treat 5s2, 4p6, and 3d2 as  valence states. The previously reported high-

pressure phases of Sr such as fcc, bcc, β-tin, hcp and Cmcm structures were verified. Cutoff energy 

were set to 700 eV which have already been tested for energy convergence. The acceptable tolerance 

for all the energy convergence used in this thesis is less than 0.001 meV. 
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Figure 4.1: Calculated total energy with cutoff energy for fcc structure in strontium. 
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For the fcc as well as Cmcm structure, The sampling Brillouin zone (BZ) was chosen by 

Monkhost-Pack mesh (MP) [19] resulting in 12x12x12 k-points for both structure.  

4 6 8 10 12 14

-836.3090

-836.3085

-836.3080

-836.3075

-836.3070

-836.3065

-836.3060

-836.3055

 

 

To
ta

l e
ne

rg
y 

(e
V/

at
om

)

Set of k point sampling mesh

 

Figure 4.2: Calculated total energy with k-points mesh for fcc structure using Monhorst-Pack scheme. 

Energy-volume (E-V) curve has been calculated using data point from the fitting of Birch-

Murnaghan third order equation of state [18]. Enthalpy difference has also been calculated for all the 

proposed structures. The stability of high-pressure phases was determined by considering the 

minimum enthalpy, H=E+PV. In order to produce H-P curve, the energy and pressure have been 

calculated according to the equation (4.1) and (4.2), that is 
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where E0 is the minimum energy, V0 is the equilibrium volume, B0 is the bulk modulus at ambient 

pressure and B'0 is bulk modulus pressure derivative at ambient pressure. 

 

4.1 fcc-bcc- β-tin structural phase transitions 

In order to verify the reported high-pressure phases, the calculation started with fcc structure 

which is the ambient structure of strontium. Under high pressure, the experimental report by H. 

Olijnyk and W. B. Holzapfel [16] shows that the fcc structure transforms to the bcc structure at 3.5 

GPa. Under further compression, M. Winzenick and W. B. Holzapfel reported that it transforms to the 

orthorhombic structure with Imma symmetry at 28 GPa [4]. This research aims at verifying the 

experimental report using theoretical studies that is the ab initio or first principle calculation. The 

chosen cut off energy is 700 eV and the selected valence states are 5s2, 4p6and 3d2. The convergence 

test using these parameters gave the energy tolerance less than 0.01 meV. The high-pressure phases of 

Sr such as bcc and β-tin were fully investigated. The Monkhost-Pack (MP) [19] grid size sampling 

for the fcc, bcc and β-tin structures are 12x12x12 resulting in the number of k-points used are 56, 56 

and 126 for the fcc, bcc and β-tin structure respectively. All the three phases put under investigation, 

geometry optimization method and simulate unit cell techniques have been employed. This research 

focuses on the structural phase transitions under high pressure. Therefore, the stress acting on unit cell 

must be calculated and cell must be optimized accordingly. Finally, the total energy can be obtained 

from the relaxed unit cell. The resulting E-V data for all the calculated structure can be used to find 

the parameters for the 3rd order Birch-Murnaghan equation of state [18], which are E0, V0, B0 and B'0 . 

The values obtained from this investigation is shown in table 4.1. 
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                      Parameters 

 

Structures 

E0 
(eV) 

V0 

(Å3) 
B0 

(eV) 
B'0 

(eV) 

fcc -836.332 58.68618 0.05139 3.51896 

bcc -836.314 56.00378 0.05950 3.53175 

β-tin -836.045 55.25095 0.04908 3.7305 

 

Table. 4.1 The parameters for 3rd order Birch-Murnaghan equation of state parameter for the fcc, bcc 

and β-tin structures. 
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Figure 4.3: Enthalpy difference of the bcc and β-tin structure related to the ambient bcc structure. 

From Fig 4.3 this research will focus on the β-tin structure instead of the Imma structure. Due 

to the fact that, the Imma structure reported by M. Winzenick and W. B. Holzapfel [4] can also be 

viewed as a distorted β-tin structure. Moreover, the more recent report by T. Bovornratanaraks [5] 

confirms that Sr-III is the β-tin structure. The transition from fcc structure to the bcc structure occur 

at 1.46 GPa with lattice parameter a = 4.600163 Å and on further compression it transform to the β-

tin structure at 33.3 GPa with lattice parameters a = 5.545683 Å and c = 3.006632 Å. 
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The structural phase transitions under high pressure reported by others and this research is show 

below: 

fcc (0-3.5 GPa) →  bcc (3.5-26 GPa)→β-tin (26-37.7 GPa)  : other’s work 

fcc (0-1.4 GPa) →  bcc (1.4-33.3 GPa) →β-tin (33.3 GPa) : this research 

However, by using DFT calculation, A. Phusittrakool et al. [6] found that the Sr-IV structure is more 

favorable than the β-tin structure under high pressure. 

 

4.2 bcc-Cmcm structural phase transitions 

 In the previous section, the calculation carried out by following experimental report which is 

found that the predicted phase transition agrees with experimental result. However, the DFT 

calculations assume the temperature at 0 K but all the experiments have been carried under room 

temperature. In order to cope with this contradiction, the MD calculation has been employed for 

crystal structure prediction under non-ambient condition. By using this method, the temperature can 

be defined through NPT ensemble. In this section, the bcc structure was simulated using super cells 

approach and set the number of atom to be 16 atoms. For thermodynamic parameters, the pressure has 

been set at 30 GPa and the temperature has been set to 300 K respectively. The MD calculation has 

been done at gamma point (Γ-point). 
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Figure 4.4: MD calculation of Sr under 300 K and 30 GPa result using NPT ensemble. 

Fig 4.4 shows result of MD calculation as the enthalpy versus simulation time step to 

compare with the results obtained from DFT calculation at 0 K which will be discussed in the next 

step. The enthalpy difference calculated from all high-pressure phases of strontium will be compared. 

Special consideration will be given in the difference between the bcc structure obtained from DFT 

and MD method. For DFT calculation of high pressure phases, geometry optimization has been 

performed as well as using the simulate unit cell technique which is the orthorhombic structure with 

space group Cmcm. The MP grid size for the Cmcm structure is 12x12x12. This resulting in the total 

number of k-points used is 216. This research focuses on the structural phase transitions under high 

pressure. Therefore, the stress acting on unit cell must be calculated and unit cell must be optimized 

accordingly. Finally, the total energy can be obtained from the relaxed unit cell. From the calculation, 

by using E-V data equation of state parameters, which are E0, V0, B0 and B'0 can be obtained from 

fitting the H-P curve with 3rd order Birch-Murnaghan equation of state. The values obtained from this 

investigation is shown in table 4.2. 
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        Parameters 

 

Structures 

E0 
(eV) 

V0 

(Å3) 
B0 

(eV) 
B'0 

(eV) 

fcc -836.332 58.68618 0.05139 3.51896 

bcc -836.314 56.00378 0.05950 3.53175 

β-tin -836.045 55.25095 0.04908 3.73050 

Cmcm -836.323 59.90937 0.04546 3.55297 

 

Table. 4.2 The parameters for 3rd order Birch-Murnaghan equation of state for the fcc, bcc and Cmcm 

structures.  
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Figure 4.5: Enthalpy difference for the bcc, the β-tin and Cmcm structure compared to the bcc 

structure, the most stable structure at ambient pressure. 
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The structural phase transition sequence of strontium under high pressure reported by other groups can 

be compared with this work as follow: 

fcc (0-3.5 GPa) →  bcc (3.5-26 GPa)→β-tin (26-37.7 GPa) : other’s works 

fcc (0-1.4 GPa) →  bcc (1.4-24.3 GPa) →Cmcm (24.3 GPa) : this research 

The transition sequence of strontium has been considered using the enthalpy-pressure (H-P) 

curve. The DFT calculation result at 0 K suggests that the transition from the ambient pressure fcc 

structure to the bcc structure is at 1.4 GPa. Bcc, then, transforms to the orthorhombic structure with 

spacegroup Cmcm at 24.3 GPa with lattice parameters a = 3.353825 Å and c = 5.432187Å. In order to 

fully investigate the structural phase transitions under high pressure, the calculation had been 

considering the bcc structure under high temperature because structural phase transitions from the bcc 

structure to the β-tin structure had been observed by experimental measurement carried out at room 

temperature. The result of MD calculation reveals that the bcc structure transforms to the Cmcm 

structure under the condition of NPT ensemble, which are 16 atoms, 30 GPa and 300 K. However, the 

experimental work by T. Bovornratanaraks [5] has found that the Sr-III is tetragonal β-tin structure 

with space group I41/amd. This paradox have been  investigated further using newly proposed 

functional which also discussed in great detail in section 4.5. 

 

4.3 β-tin -hcp structural phase transition 

 In section 4.1,  the computational setup has based on the structure obtain from experimental 

report. This research found that structural phase transitions match result of experiment explicitly. 

However, the DFT calculation was performed at 0 K but while the experiment has been carried out at 

room temperature. Therefore, the temperature effect on structural phase transition has not been taken 
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in to account for this method. On the other hand, MD calculation included all the temperature effect 

in order to predict the most stable structure under extreme condition. Hence, the MD calculation have 

been employed for strucutre prediction in this thesis. In MD calculatiom, the temperature can be 

defined through NPT ensemble.  

In order to understand and explain the instabilty of the experimentally observed β-tin 

structure which has been pointed out by A. Phusittrakool et al. using DFT calculation [6]. The β-tin 

structure has been simulated using super cells structure with16 atoms. The NPT ensemble has been 

calculated under the pressure of 40 GPa and temperature of 300 K. The calculation has been 

performed at gamma point (Γ-point).  
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Figure 4.6: MD result of Sr using NPT ensemble under 300K and 40 GPa. 

Fig 4.6 shows enthalpy energy versus simulation time step obtained from the MD 

calculation. This will be compared with the result obtained from the DFT calculation at 0 K. The 

interesting point raised from this H-P relation will be mentioned the next step.  
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In this section, The hcp structure suggested by the MD calculation with space group P63/mmc 

have been fully investigated using optimization techniques. The enthalpy difference for phase 

transitions of the strontium structure have been calculated. Moreover, the difference between of the 

β-tin structure in DFT and MD methods have been considered. In DFT calculation, high-pressure 

phase determination employed geometry optimization method to simulate unit cell with space group 

of P63/mmc. The MP grid size sampling used for the hcp structure is 12x12x12 resulting in the total 

number of k-points used is 114. In this study, structural phase transitions under high pressure at 0 K is 

considered. Therefore, the stress acting on unit cell must be calculated and cell must be optimized 

accordingly. Finally, the total energy can be obtained from the relaxed structure. From the 

calculation, the E-V equation of state parameters, which are E0, V0, B0 and B'0, can be obtained from 

fitting the H-P curve with 3rd order Birch-Murnaghan equation of state [18]. The values obtained from 

this investigation is shown in table 4.3 below: 

 

                       Parameters 

 

Structures 

E0 
(eV) 

V0 

(Å3) 
B0 

(eV) 
B'0 

(eV) 

fcc -836.332 58.68618 0.05139 3.51896 

bcc -836.314 56.00378 0.05950 3.53175 

β-tin -836.045 55.25095 0.04908 3.73050 

hcp -836.323 59.82489 0.04565 3.55246 

 

Table. 4.3 The Birch-Murnaghan 3rd order equation of state parameters for the fcc, bcc and hcp 

structures.  

 



 55 

0 20 40 60 80

-0.30

-0.25

-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

0.25

0.30

 

 

En
th

al
py

 d
iff

er
en

ce
 (e

V/
at

om
)

Pressure (GPa)

 fcc
 bcc
 I41/amd
 hcp

 

Figure 4.7: Enthalpy differerence of the bcc, the β-tin and the hcp structure related to the bcc 

structure stable at ambient pressure. 

The transition sequence under high pressure reported by other research group and those obtain from 

this study are shown below: 

fcc (0-3.5 GPa) →  bcc (3.5-26 GPa)→β-tin (26-37.7 GPa) : other’s work 

fcc (0-1.4 GPa) →  bcc (1.4-23.8 GPa) →hcp (23.8 GPa) : this research 

To determine the the structural phase transitions, one may consider only the enthalpy-

pressure (H-P) curve. The H-P curve result obtained from DFT calculation at 0 K then reveals that the 

fcc structure at ambient pressure transforms to the bcc structure at 1.4 GPa and then transforms to the 

hcp structure at 23.8 GPa with lattice parameters a = 3.353825 Å and c = 5.432187 Å. The 

experimental work carried out by T. Bovornratanaraks [5] has found that the structure Sr-III is the 

tetragonal β-tin structure, however, in this work, by using MD calculation, it has been found that the 

bcc structure transforms to the hcp structure which is not in a good agreement with the experimental 

report [5]. In order to overcome this discrepancy between experimental and theoretical studies, the 
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investigation on stability of the β-tin structure and the hcp structure have been carried out. In DFT 

calculation, the hcp structure has enthalpy difference which is obviously lower than those of the β-tin 

structure. Moreover, the result of MD method shows that the β-tin structure is not a stable structure 

under the given thermodynamic variables and it has a high tendency to evolve to the hcp structure. 

 

4.4 Distortion of the hcp structure under high pressure  

 In section 4.2 and 4.3, several attempted has been made in order to explain high-pressure 

phase of strontium via MD method. It has been found that the bcc under high temperature of 300 K 

and high pressure of 30 GPa transforms to the orthorhombic Cmcm structure as well as the β-tin 

structure transforms to hcp structure at 40 GPa and 300 K. In order to determine the cause of the 

structural phase transitions in strontium, the two high pressure phases, Cmcm and hcp, have been 

closely examined. Special cares have been given to the relationship between the enthalpy difference 

and pressure, H-P relation, which is show in Fig 4.8 by using DFT calculation at 0 K. 
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Figure 4.8: Enthalpy difference of the bcc, the β-tin, the hcp and Cmcm structure related to the bcc structure. 
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Fig 4.8 shows that the enthalpy difference of Cmcm and hcp structure compare to the bcc are 

remarkably similar over the entire pressure range. In order to closely examine these high-pressure 

phases of strontium, the enthalpy difference between these two structures have been studied upto the 

pressure of 60 GPa. The result is shown in Fig 4.9 below: 
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Figure 4.9: Enthalpy differerence of the hcp structure compared with Cmcm structure. 

The Cmcm structure is finally distorted to the hcp structure. However, the result of DFT 

calculation found that the β-tin is an unstable structure which is not agree with the experimental 

result although the temperature effect had been included into this calculation. 

 

4.5 The exchange-correlation functional for hcp and β-tin structure 

 From the previous section, the hcp structure appears to be a good candidate for the Sr-III 

structure since the experiment reported that the β-tin structure has higher enthalpy than the hcp 

structure does. The only remaining point of interest is the exchange-correlation functional which is 

designed for the ambient condition while the data obtained from this high pressure was calculated by 
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PBE functional. Hence, in this section, the modern functional will be compared in order to identify 

the most suitable functional for high pressure study. Firstly, Sr atom is simulated in a massive cubic 

unitcell with lattice parameter a = 50 Å and angle is α=β=γ=90˚. One Sr atom is added into this 

empty box. The atomic position is x = 0.5, y = 0.5 and z = 0.5. The cut off energy is set to 700 eV 

using gamma point (Γ-point). Secondly, The LDA, PBE and sX-LDA functionals are put into the test 

and then consider the energy difference compare to the experiment. The result is shown in table 4.4 

below: 

 

 

Figure 4.10: The big simulated unitcell of strontium. 
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Figure 4.11: Energy levels versus electrons configuration of isolate strontium atom. 

Fig 4.11 shows the energy levels versus electron configuration of isolate strontium atom. It 

has been found that the sX-LDA functional gave electrons configuration remarkably close to the 

experimental value where the energy levels between p and d are distinguishable while the LDA and 

PBE functionals gave energy level closer to experiment but their electron configuration are 

indistinguishable. For high pressure structural phase transition in alkaline-earth metals, the s to d 

electron transfer has played a key role for transition phenomena. Therefore, one may assume the 

significance of distinguishability between the p and d orbital for high pressure investigtion. Hence, 

the sX-LDA functional will be used to clarify the source of discrepancy between experimental and 

theoretical studies. 
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Electrons 

configuration Exp LDA PBE sX-LDA 

5s2 0 0 0 0 

5s5p 1.773941 2.240499 2.241292 2.303036 

 1.797089 2.240516 2.241327 2.303044 

 1.845932 2.240538 2.24137 2.303049 

5s4d 2.249907 2.240584 2.243665 2.634492 

 2.257309 2.24062 2.243667 2.634495 

 2.269757 2.325179 2.243672 2.634498 

5s4d 2.496548 2.325206 2.243838 2.63451 

5s5p 2.688442 2.325215 2.243843 2.634513 

5s6s 3.597907 3.565583 3.425555 3.530979 

5s6s 3.790324 3.638688 3.521684 3.625418 

4d5p 4.121765 3.686003 3.569562 3.673875 

 4.161767 3.686631 3.569984 3.675426 

Table.4.4: Electrons configuration versus energy levels obtained from the experiment (Exp), 

exchange-correlation potential (LDA and PBE) and screened exchange potential (sX-LDA). 

Moreover, the single point energy has been calculated for the  simulated β-tin structure with 

space group I41/amd compare to the hcp structure with spacegroup P63/mmc. Both structures have 

been calculated using the sX-LDA potential functional with cutoff energy of 660 eV. The MP grid 
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size sampling for the β-tin and the hcp structures are 3x3x5 and 5x5x4 respectively resulting in the 

total number of k-points used for β-tin and the hcp are 9 and 10 respectively. 
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Figure 4.12: PBE potential functional of hcp and β-tin structure. 
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Figure 4.13: sX-LDA potential functional of hcp and β-tin structure. 
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The result from sX-LDA potential functional can be used to explain the reason why the β-tin 

structure cannot be theoretically predicted using conventional functional. Fig 4.12 and Fig 4.13 show 

that, by using the sX-LDA, the β-tin structure has a lower potential functional that those of PBE. The 

long-time unsolved problem has now uncovered. Thus, the focusing point is now on the structural 

phase transition between the β-tin structure and the hcp structure in medium pressure range between 

20-40 GPa. The DFT calculation using sX-LDA and PBE over this medium range pressure and found 

that the hcp structure switch to the β-tin structure ostensibly. Due to the limitation on computing 

resources, all the phases cannot be effeciently calculated using sX-LDA. However, we have found 

that sX-LDA functional provided a good agreement with the experimental report. Moreover, the 

result of MD method shows that the β-tin structure is unstable at 300 K and it has a tendency to 

evolve to the hcp structure.  



CHAPTER V 

CONCLUSIONS 

“There's an answer, if you reach into your soul and the sorrow that you know will melt away.” 

___ Mariah Carey 

 

 In conclusion, we had been studying structural phase transitions of calcium and strontium 

under high pressure. The computational investigation had been made for all the high-pressure phases 

reported from experiments [16]. In this thesis, the computational work started from calcium because 

there are large uncertainties in high-pressure crystal structure over the medium pressure range [17]. 

At these uncertainties, they have been studied  by both experimental and theoretical research groups. 

Experimental reports have been theoretically verified using the ab initio calculation which has started 

from ambient pressure up to 120 GPa. At ambient pressure, crystal structure of Ca is face-centered 

cubic (fcc) with space group mFm3 . Consequently, at higher pressure, it transforms at 19.7 GPa to 

the body-centered cubic (bcc) structure with space group mmI 3 and then transforms to Ca-III which 

is simple cubic (sc) structure with space group mPm3 at 32.0 GPa. In this work, we found that the 

3R structure is more stable than the mR3 . Moreover, the phonons calculation suggested the 

presence of 3R structure at 60 GPa at 0 K, while the mR3   was reported by W. L. Mao et al. [20]. 

However, as far as we know that at low temperature Ca-III is the tetragonal structure (β-tin) by B. 

Lia et al. [28]. Moreover, in this calculation, we have also found that the β-tin structure is more 

favorable than the mR3 structure at 60 GPa using phonons calculation at 0 K.  

In the medium pressure range, we found that Ca-III is tetragonal structure (β-tin) 

corresponding with theoretical work carried out by Y. Yao et al. [17]. They found that the Ca-III is  

β-tin structure stable at 5 K and 40 GPa using MD method. Moreover, the stability of β-tin has been 
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confirmed using the H-P relation obtained from the DFT calculation. In this study, we also confirmed 

the presence bcc structure via MD method at 50 K and 60 GPa. The bcc structure transforms to 

rhombohedral with space group 3R , at 50 K and 60 GPa, through the Fddd structure in the medium 

simulation time steps. In this research, the DFT calculation reveals that both 

 

R3 and β-tin structures 

are stable at 60 GPa and at 0 K using phonons calculation  However, the medium pressure range H-P 

result shows that the enthalpy of the β-tin structure is significantly lower than those of the 

 

R3  

structure. Under higher pressure, potential candidate for the Ca-IV structure are Pnma and Cmca 

which are both superconducting phases because their Curie’s temperature, Tc, rises with the 

compression. In this study, the β-tin structure had been observed to undergo structural phase 

transition to the Cmca structure at 75.2 GPa regarding to H-P relation. However, from phonons 

calculation at 0 K, the Cmca structure is unstable at 80 GPa. In this work, the β-tin structure was 

found to transforms to the Pnma structure at 91.8 GPa calculated by DFT method. Moreover, the 

Pnma structure has been predicted by phonons calculation at 100 GPa. Furthermore, the result of 

Pnma structure is in a good agreement with theoretical work reported by Y. Yao et al. [23].  

For strontium, it was first observed by powder x-ray powder diffraction by H. Olijnyk and W. 

B. Holzapfel [16]. Afterward, T. Bovornratanaraks [5] showed that the fcc transformed to bcc and 

then to tetragonal structure which has space group I41/amd. In this study, all the strontium phases 

were investigated by ab initio calculation and special interest have been given to the medium pressure 

range (20 GPa- 40 GPa) structures. The fcc structure transforms to the bcc structure at 1.4 GPa and 

then transforms to the β-tin structure at 33.3 GPa.  

In this study, the MD calculation show that the bcc structure transforms to the Cmcm at 30 

GPa and 300 K. The DFT calculation suggested that the fcc structure transforms to the bcc structure 

at 1.4 GPa and then transforms to the Cmcm at 24.3 GPa.  Under 40 GPa and 300 K, the result of MD 

calculation show that the β-tin structure finally evolved to the hcp structure. The second attempt on 

the DFT calculation has been made in order to verify the hcp structure detected in the MD calculation 



 65 

which shows that the hcp structure is stable at 23.8 GPa. The hcp structure can be linked to the the 

structural distortion from the Cmcm structure and it is more favorable over this pressure range (20 

GPa – 40 GPa).  

Due to the limitation on our computing resources, all the phases cannot be efficiently 

calculated using sX-LDA potential functional. Hence, this thesis had emphasized on the hcp structure 

and the β-tin structure by using the sX-LDA potential functional, the enthalpy calculation of β-tin 

structure is significantly lower than those obtained from the hcp structure. Thus, the hcp structure is 

predicted to switch to β-tin structure ostensibly. This can also be used to explain the reason why the 

β-tin structure cannot be theoretically predicted using conventional functional. Therefore, the sX-

LDA functional has proven to be the most suitable potential functional for this type of material which 

can provide a good result compare to the experimental report. 
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