CHAPTEHR ITI

DERTVATIVES

I1I.1 Expansicn of polypomisis

From the Binomial Thearem we know that if € {x} 1is 2
polynomial of degree n,then f (x + h) 1s alsc s pelynomial of

degreg n in = and

n
f{x+h) = f (b} + fl(h) X + fE(h} xZ + vev. + £ () %,
. Il
where fl{h}, fE(h], ...... ST fn(hj are some polynomials inm h.
. A
h - ; \.
Trhe derdivative of f (x) at x = h (dencted by DT (%3}

is defined to be the scefficient of x  in the expansion of {i + hl.

. Hote . This definiticn cbvicusly sllows us to wrlte

i h i .
Ff{x+h) = £ (B} + (D f (x} . .x + terms in higber powers of x.

-r

115 Llasheaof dusliabids: 006376

focording to the previcus definition the following formulae

are valid.

II1.3.1 . o (c} = {J, where ¢ is ¢onstant
X
] h
111.%.2 Dx fx) = 1
=1 ’
ITT.3.3 Di {xn} = hn . N being & positive integer
' h ' h b
171.3.L D 'f (x} + & (%) W = D Ti{x)+DI g (x)
X . x xX
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h .
111.3.5 D [} £ {x}] = e nﬁ £ {x)

1l

1I1.3.6 Dz [; (x} = (x{} f (h) Dz g (x) + g () Di f {x)

i

TI1.5.7 DZ [f = 1" n [F {h)q]“'l . Di ¢ (x), n being

g positive integer.

To prove that D: {c) = O
Proof. Let @ {x) = e
. 0 (x +hn) = o
h ' ]
¢ {h} + Dx P {x} -% + termz in higher powers of x = c.

By equating the coefficient of %, we have

=

D Q (x] = g
x
h
i.e D (c) = 0
x
h.
To prove that D {x) =1 {1
x
Froof. Let $ (x) = x
. $ {x + n} = x +nh
L.5 = @ (h) + [:Di $ {x) ].x + terms in hizhzr powers af x.
H.3. = h +x

. By equating the cecefflelent of x, we have

Dh $ (=} 1

h
i.e. I (x} = 1
x
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h n n-1
To prove that o {x} = nh
x
n
Proof. Let ¢ (=) = X
$ (x+8) = (x+n)"
n
= {h + x:l
“h
L.3. = § (b} + [D [0 (x}] x + terms in higher powers of x.
- X
n n=-1 .
H.5. = B ++-nh « % + terms In Righer powers of o,
", By equating the coefficlent of x, we have
k =
D P {x) 4\nn" .
x
h A
i.e. D {xn) - nh" X
x
I h h
Ta prove that ot ¢ (x) + g [x]} = D f {x) +D g (x)
x L ) X x
Proof. Let ¢ ({x) = f (x) + g (x)
. @ {x+ny s T (x+h)+g(x+h)
L.
L.3. = ¢ {(nh) -IL{]]K o] {x}] x + terms in higher powers of x.
B.5. =

f {h) + [Di; f {x}] ¥ + terms in higher powers of x.

h
+ g {h) +{Dx g {x)] X + toerms in higher powers of x.

f (k) + g (h) +[1}h f(x) + DI; g (x}] X + terms in
x

11

higher powers of %

By equoting the coefficient of %, we have

D: $ (x) = D: £ {x) + Di & (x)
I.e. D:l {f‘ {x) + £ [x}] = I}: f {(x) 1-.|',l‘l:E g [x]
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To prove that Dh [c f (x}} = o .D £ {x)
x [ } X
Procf. Let $ {x} = o f (x}
§ (x+h) = cf (x+h)
t.5. = @ {(n} + {D: gb{x]:l x + terms in higher.pﬁwers of x
H.3. =

el ! -
e« £ {h) + [D f [x}] x.+ terms in higher powers of x}
x

H

h .
e T (hY +2 { p, T (x) ] X + terms in higher powers of x

. By equating the ecoefficient of x, we have '

Di $(x) = c.D. £ (x)
1.e. Di E:: 2 (x}} AL ¢ D:. f (x)

To pr:cwe that D:: rf (Y & {x]qi = f (h} D]: g {x) + g (h) Dz f {x}
Pracf. Let f (x} = .f (x} & (x)
. Pfx+mn) = f{x+h) g {x+h)
"~ Ih 1
L.3. = @ {h) + 'ED:( ¢ {x) { X + texms in higher powers of X.
R.S. =G‘{h]+[rﬁ:f{x}%{x+ ..... }{g (h) + Dl;g{x] x+...}
r | T
SRECEICRLEC Dl g (x) +g (B D £ (x) ix+ moe

Dy eguating ecefficient of x, we have

o' g () = £ ()b p () + e )P, £ (x)
i.e. ni (te@] = @ a@+eh ni £ (x)
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o - = Il
To prove that D | f {x} | = nif {n) o f (x)
Proaf. Let § {(x) = e (x) |
¢ {x + h) =37 (x + h}i
h y
L.3 = § (h) + [D ¢ {x} } % + terms in higher powers of x
X
."'h T . o
R.8. =47 (h) +1D ¢ {x) lL.x + terms in higher powers of x %
L ox A .
AT
=<r (n) +'p r {(x} ] X * + terms in higher powers of x
X i
4 - n n-1 b
= Iy (n): +{1Ff (hﬂ LD f{x)}.x-r terms in
L ! i, - w
higher powers of x.
Dy equating the cocefficient of x, we have
b n-1 h
=~ h .
D29 (x) ~onfe @I D1 (x)
h - n n-1i n
i.e. b (t )] =nlr 0 R D f (x)
Iheorem ITT. L
If a polynomiel f {x} hna=s a maximum or minimem value at
x* = b then the derivative of fx] st ¥ = h is zero.
Proof. f (x) has 2 maximum or minimum vaduc at x = h, then
evidently g (x) = f (x +h) has 2 maximum or minimum value st
X = 4. I
Since g ix) = £ (x +h)
[ h -
g (x) = f {h) + t D, f {x) PR e,



By theorem II.5

1
L)

ol £ {x].

Examole JIT.5

Find the maximum =nd the minimum values of the function
fi{x) = x®-6x +9x
Let the Manection has a maximim or minimum walue at x = h

then by thewrem IXIY.L

Dx ; -6 %% + 9 xlﬂ = 0
3R?T - 12 h+9 = o
3(h-1) (0 - 3} = @
h = 10;1‘5
ILet g (x} = f{x+ 1)
f (x) = x® -6 x%F + 9x
CeoE ) = (x4 1)® -6 (x+ 1) 9 (x4 1)

-3 %% 2

1}

By theorem 1I.7, since the ecefficient of x® is negative,
g (e} = 4,
f(x+_§}

X - & x% + 9 x

f (x) has a maximum value f (1)
hgair, let h (x)
£ (x)

. . h (x)

H

(x+ 3Y -6 (x+ 3)% + 9 (x+ 3

3

-:J{_+§x2
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By theorem II.7, since the coeffilcient of ¥  is positive,

£ (x} hes s minimum value £ (3) = h (o} = o
Example ITI.0
Ppove that the function f (x} = x° + 3 x° + % x has no

maximum or pinimum wvalue.

Suppose f (%) has & maximum or minimum value st K = n,
T
then by theorem TIT.4 D f(x) = o
i.e. D | x® +3 %7 +3 xJ = ©
X s
’ 5 0% + 60+ 3 = o
" 2 {h® +2h + 1) - @
3 (h + l}E = L&)
h = -1
Let g [x) = f [x = 1)

(x - 132 +3 {x - 1}% +3 (x - 1)

el |

It

By corollery II.68 g (x) eennot have a maximum ar
minimum value at =% = o

f (x}) oammot have a maximum or minimum value.
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