CHAPTER II TS

MAXTMA AND MINIMA

The funeticn f (x) in the domain of real numbers 1s said
to e maximum at x = h, if there exists p > o such that 1f
‘:""‘:_a{“: .

then £ {n) > £ (h + 3)

and f (h} - £ (h - 3),

[chik Nkl 3

The function T {(x} 1is sald to be minimum at x = h,
If there exists > o such that if, o < 3 < u,
&
3)

then f (h) < £ (h

+

snd £ (h) < ° (h

Exomple J1.%

Frove that the functisn f {x) | x| 4is minimum at x & .
Wwe have f (o) = o |
and f (o + 3} = {3!
= &
£{o-3) = {3
= O
o ()t o+ @) and £ (0)f {o-3) forall 3y

r W gan be chosen-



o

Exspple TT.L
Prove that the functicn £ {(x) = x® -6 x +9x
1s maximyn at x = 1.
We have T (1} = 1 -6 +9
= &
T(1+3) = (L+3)*-6(r+3)2%+9(1-2a)
- b3y
= L-0° (3-29)
£{1-3} = (1-3)® -6 (1+ )2 +9(1-2
= by _ o
= b4 - F (3 +23)

Clearly see that we ean make both £ (1 + 3) and §.{1 - &)

less than (1) by making both 3% (3 - &) and ® (3 + 3)

positive,
i.e. by choosing p = 3.
Jemmp I3.5
‘akl
If o 31 and A< —_ , then
& + iiaaaan + |l a
’ k+1[ l n‘
the polynomials P, = o + a O+ vianannn + a En_k
1 k k41 n
and P = a_ +a {~ ) + ..... + & {_a)“"k
2 k k+1 n

have the same sign as ak .



Proof. Pl -8 = 3 [Ek+l +a D+ wraanan +2_d

If ak} g, (1) 4implies

_ 1|P1 - ak‘{‘ak

- & F -5 =—
y<=F, -8 =

If a <" o, {1) dimplies
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if a > o, {2} implies

-8 <P -ak{_ak
o = PE{: 2 a
P'E::.-c} ?

if ak<o, © {2) implies

i |
1PE—Ekl<‘; —Ek

- {*ak}'(: P, - ak-(- 2

L 2 akr,":_ PE< o
- -
L] PE“\‘_ ]
Ilf the polynomial f (x) = a_ *+ a.X + aExE Fowren anxn
1s maximum or minimum at x = o, then El = O.
Froofl. Suppose a, A o i.e. either. al‘} o or 51{ o
case (1) if al} o
= n-1
let A = a_ +ad+a. 0% 4+ oi.... + 8 0
1 1 3
and A, = a, + aE{fa} + a}(—a}z 4+ aauF an{—aﬁnﬂ'
] 124]
where . o< 3«1 e2nd 3 <<



then by lemma IT.5 ,"51 ard ﬂE have the seme sign as a

1
1.e. AI} o and Iaej‘ﬁ* o
now becouge | T {a) = A,
and . £ (3} = 8, + ala + aEG.E = + anﬂn
and £{-3) - a_+a(-3)+ aEF-a32_+.-+an(-a)“
F{d = f (o) + 3 Al
and £ {-3) = £ (o} + {—‘3:“:'*2

-+ Ffor o&Dd<1 and 5<

|52| +
we have f [-3) <f {0}(:1‘ {a)
| i-e. if aljb 0, r (=} sanbot be maximow or minimum st x = o
case (#1) if 31{0
similar to easc (1), we may prove that [ (x) canbol. be
maximim or minimim at §x =
foe. if @, ';d’ o, f {x) ocanmot be maximum or minimu

at x = o, whigh is contradictory to the hy-pothesis'

Ihecrem 1I1.7

n .
Let f (x) = c+alx+52x2+ ...... +ax if ¥ is ap

ever number sueh that all a8, = o for 1 < k, then £ {x) hasz

a maximum or minimum wvalue at x = 0, according as ak <o

3 0.
T“Ek,o



Proof. For o< o0 1 and . k |
: 15 ! awnseres T {4
b kel n
£ {o) = c
k+1 n
f(a:' = C+aa + T E"- F osrwnn PR +Ela
k+1 ¢
= f (o) +0 I LELTERTRRTRELTLD (1}
) n-k
where h 5 B, F B, D F eeerrrmemrocararaaen +a o
1 X K+l "
' .3 k+1 n
and f (-9) = e¢+a_{-9) +n {-2) +oainen +a {-2)
k k+l
.k
= f (o) + {-2) R R o--- {2)
I
where A = 8, + a8 A-D) b cereirrraraaaraaann + 2 {"a]n-k
= k K+l

Ir ak{ o, then by lemma II.5 Al{ o and RE< o

. k > .
sinece Xk 1z even, o  and [—a}k ara positive.

T from (1) £} - £ (o) = ¥ &

f{(3) - £ {0} 1s negative

L £(S)> £ (D) rernrennnn ()
| from (2) £ - £ (o) = (-3 a
e £ {(-3) - £ (0) 1is negetive

. £ (o) > 1 (-d) e (W)

The inequalities {3) and (4) show that

f (x) i1 meximum at = = o

Similarly If ak)- o we may prove that f (x) is minimum at

x = Ou



Coreollapy JII.8

. 1If k' 18 apipdd number and a # o, then f (x} has no

maximem orF minimum value at X = a.-
- ' |ak|
Proof. For ¢ £.3< 1 and 3{‘ - 1
.......... +!a
‘ 1-:+1| 1 nl
f (o) = ¢
K ¥+l n
£ {a) =c+aka +ak+la L R + a8 0
K
- f (0) + a ﬂl ------------ E RN NI B {l}
n—k
where 3 = &a + & GIF PN TAT (PO BN S S + a3
' 1 k k+1 r
k k+1
and £ (-3} = e +a (<3} +8 LD 4 eerrenn +a (-3)°
K+l
= F{a) + [-3) 8 ciiiiiiiiiiiaasas (2)
n-k
where HE = Ayt ak+1(—5'jl + oieiaarnn Prar e ean + ﬂn{—fﬁ}

a ;.l.' 3, then eilther ak{o or ak.\.- o
case (1) if akﬂf o, then by lemma TI.5
f-'l.l< o and A2< 6]
k Tk
sinece k is ocdd, O 15 potitive and (-9} is negative
.. from (1) f{a) -f ey = Q4

", £ {0) - £ (o) 1is negative

. £ DV £ (0) vevrennar e (3)



k

from {&) £ (-3) - f (o) = (&) =&

2

c o £ (-3} - f (o) is positive

R LAY T E (=3) iieaniraannd e ()

from (3) and (4)

we have

£f{9) < f (o)L f (-0)

T (I} cannot have a maximam or & minimum value at

case (11)

k k
slnce k is odd, & is positive and (-3} i= negetive

.. from {1)

from {5} ana (%)

if ak:3*n, then by lemma IT.5

A o and £ g

1 2

k
f (3} -1 (o) = 2 ﬁl
£ (a) - F(a) 1s pésitive
£ (Ehan AleNckorN - LN IERQITY - - (5)
k
£ -3 - f o) = {-& ﬁe
Li-a) - ¢ () is negative

£ (-1 (o) ....-.. feererees (6]

'we have

f(-a) < f (o} 1 (3)

f {x) ecannct have a maximum or 2 minimun value at

X

10

e



11

frem cese i) and {41} 1t is seen that if a, ~ o, and k is odd,

then f (x) hes no meximus or minimum value at X = o

11.9 Extension of lemga 11.5

I the series

B +n xi+a, X +a, X 4.

k h+1l h+2 k+3

is absolutely convergent for o} ;;:;;gm, then there exists p >o

such that 1f o < 3 < p, then the Infinite polynomials

= + A aa+ﬂ aa+rrvii;i4it*t‘l
"1 St 21 t Prp k+3

and P

/ = T I
0 a + ak+1{—a] + a}HE{—E) + El]“_z}( =) I

hawve the =mame zign as &

k
Vo
Mo Byl
Proof. Chovse 4 = —-- : R
i i 2 i a’
i + + M L] + v
A i Ek+ll ™ i 3ol \ k+.4~
e
then ob¥iously é m and H {( . — e
la, i3 ma ‘+rn"‘\a b+ .
k411 t O k+2 k+3
ta
- L] 1
. A< m ané B{J l—-—--1 — S
' : it arsremsn-
!akﬂ! + m lak+gj+ m ! Elk+5!

P -2, = o (&

A = S P
L R T )

e . \
EPl - ak]l .:\ iEB!', lak_'_l\ + &alﬂgal + ’lak+5aal- F oueanns }



1z

‘o EP - ! i + ! + s b v dbiraa
e SUCLILL AL MY Je45
. iF - a‘||.f'i P S bebi 1)
1 k! k|
If ek\) 9, (1) implies that
P -a i€ a
1T kN Pk
-~ ak(‘. Plv ak< a]-:
0<P1<2 ah
i.e. P >0
1f akf\' a, {1} jmplies that
: :
P12l (- my
. - (-ak]< Pl - Ek < - By
e
. 2a { p Lo
i-c P o
1
- = 3 a . L S
Again P - &, {-a) [ak+l + a}c+2[ 3} + Y 'jl: ) J

A
d
L%
|
i
=
R——
e
[5L]
=
e

--------------

If a % ¢, (21 implies that
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- . - ak< P_— aka Ek
- { P 2 a
0B, L 22y
1.e- P > o
2 .
1f e o, (2) implies that

- a

- £
1P - 2l (- oy

n / _ ;"_-
P - l:--akzl o EE ak <. ak
- e a {: PE < o
1.e. P : a

. <

Hoboe By this extension the thecrems II.&6 snd II-7 and the
corollary IT.B sre sutomatically extended to be valid even for
tne infinite polynomials which reproscnt most rational functions

and transcendental funetions.

Exampie I1.10
Prove that the function £ (x} = eF - x 1z minimum at
x = O
a™ = 1+ x +“Ef + Eﬁ + wassrrasrrssanen
’ 2t 51
. £ (x) = S R

21 =l
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for o€ x { 1;

1 = 1
1
o ! = 2t
=

X 1
3! é 31
I

X 1
nt S: ni

and the series 1+EL'+ +.........'+:L 4+ yisamsinnenn

convergea to e~ 1
« « Hy Welerstrags N-tLest
2 xS

the S.Er-iEs 1+ 2a 4 2 g AR
at o %y

is absolutely convergent for o < x < 1
. . By (tbe catended) thecrem YI.7, since the coefficient of x*

is positive. £ (x) Is mipimum at = = o.
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