CHAPTER TI¥
THE QUATERNIONS EEFPRESENT A ROTATION IN FOUR DIMEMSIONG

Consider the geomctrical rotatdions in four dimensions as in
chapter II.
Rotaticn 1 rotates the WOX plane about the YOZ plane through an

angle E%ﬂ . The matrix R. of chapter IT is the matrix of the

1

transformation, It has been stated in chapter TI that the gquaternion
equation (1) in chapter I1 can represent the rotation in four

dimensicns, Hence, the matrix R, of chapter II must be equal to

1

the matrix B of ghapter III, By equating eaech element we obtain

sixteen equatiens -
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Since the modulus of p is equal to 1,
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A+ a™+ b+ ©
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and equation {49) becomes
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Then ég(dgaf afs b2+ ) = 0,
ar CSP = O

But by (50) , O % O therefore B = Ol
From (33) and (48) d¥a°= o
From (39} end (41) dyad = o0
From (38) and (4%) d¥v = o0
From (36) and (47) S¥e = 0
or 0¥ =R
Hence % =i O

Since, the modulus of p, | p| . 18 equal-to 1,
we have é,E + 6{-2“ 32.,. -32 = 1

Substituting the values of of , P, bl form the results above,
we get the gguation fc? é » Solving fcr the value of é '

we obtain

— “
] 1 + cos 612

= i\’r =

Substituing this value of 15 in (50} ., we obtain

J

of - T s5in 912
j 2(1+ cos 612}
Then we get the quaternion
PR L R
-t 2 . \/E(l i cos ﬂlE} )
Similarly we find-.that p is given by
o g"f 1 + cos dzith ) 5in 612 . .
ﬁ 2 jé(l + co8 612}
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By substituting in the original equation (1) of chapter II,

we find that these two guaternions can be only

o - s f L + cos 912 ) gin 512 .
= y
H 2 \fE(l + oos 612
P ’ 1l + cos 612 sin 812
b=+ - —
2 [2{1 + Cos 912}
1

where the aigns outside the brachets must be the same. For
convenience we choose the plus signs only, because the plus and
minus signs give the same transformation. So, the guaternions

which represent the rotation 1 are

1l + cos 512 sin 612
r = - JI ¢ 1 [
2 2(1 + coa 612}
1 + goa B, sin &
and TT _ 12 1z - 1.
2 JE(l + COS elz)

Rotation 2 rotates the XCY plane about the W0OZ plane thraugh

an angle 52} « The matrix HE of chapter I1 1s the matrix of ths

transformation, By the same method as abhove , we obtain the

quaternions which represent thes retatlon 2. They are

-

1+ cos ©_, sin O
2
p = Hj > _ . 2> ko,
2 JE(l + cos 625}

f 1 + cos G sin @
and ﬂ = ' 23 - 23 L k.

¥ Ja(1 + cos ,5)
Rotation 3  rotates the YOZ plane akout the WOX plane through

sn angle O, . The metrix R

3 3

transformation. By the same metﬁcﬂ{ we obtain the quaternions

of chapter IT is the matrix of the
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which represent the rotation 3. They are

-

. ]1 + oas E3hh ) - sin eih i
J 2 JEfl + cos eih]
1 + cos Bid 5in 55h
and ﬁ? = -+ — i .
¥ > 42(1 + cos e}h}

Botation 4 rotates the WOY¥ plane about the XO0Z plane through an
angle 813. The matrix RQ of chapter II is the matrix of the

transformation . The gusternions whilch represent the rotation 4 are

L+ cog B )

15 sin Gl}
p o= | 5 i
2 J2(1 + cos &)
- l + gos 513 sin 613 )
o= a — 3.
2 JE(l + COZ 613}
Hotation 5  rotates the X0Z plane about the WOY plane through an

angle 524‘ The matrix H5 of chapter Il iz the matrix of the

transformation. We get the gquaternions which represent the rotation?

bty the same method, They are

j l +« cos G;L‘ sin Ezh .
P = -t 4 J o
2 JEtl + cos Gah}
ﬁ i /l + COS 52,{- } sin GE# ;
2 fa{l + COB 924)

Rotation 6 rotates the WOZ plane about XO0Y plane through an angle
B,y » The matrix R6 of chapter [I is the matrix of the transformation.

We get the following guaterndoens for the rotation
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