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Developed Forms of Continuity and Momentum Equation for
the Hydraulic Routing Model.

(-1) Finite approximation in distance. As already
mentioned above in the discussion of flow representation,
it is assumed that the flow in the canal srstem will be
gradually varied, unsteady, free-surface flow in the
subcritical range. Differential equations expressing the
governing relationships for this type of flow have been
written and are readily available in engineering litera-
ture (6)1. To obtain numerical solutions for particular
flow problems, these equations are written imfinite
difference form, and computations are carried out using
small increments of time and distance. Such numerical
procedures are presented in considerable detail in the
literature (18, 21), but generally, the application is

limited to flow in a single channel or a simple junction
ot two channels flowing into a third. One or more of these
aPpIications might be applicable for flow in a small number
of channels and junctions, but would hardly be suitable for
subsystems of the magnitude required.

Equations for a system somewhat similar to
Bangkokl have been developed for a study of flow in the
network of the Sacramento-San Jaoaqin Delta (4), but the
mathematical model for that aT})pIication used a representa-
tion of flow considerably different from the one described
above. In that representation, all of the channel storage
was concentrated at the 'nodes, and the flow in the channels
accounted only for energy losses and accelerations. The
storage at the node was equal to half the storage in the
canals flowing to or from that node._ While such a reﬁresent-
ation may be suitable for flow in a set of existing cnhannels,
it was felt to be inadequate for a study where design was a
primary objective and many properties of the channel were
yet to be selected. -For example, if the design of a channel
were changed, the storage function at the nodes at either
end of the channel would have to be recomputed. Furthermore,
the examinations of the equations in that study indicated
that they were essentially the same as other finite-difference
equations where the increment of distance was assumed to be
small. No sgecial allowances were made for the possibility
of consideranle variation in the length of links between nodes.

1 Numbers in_parentheses in the body of the text refer to
citations in the list of references.
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For the mathematical model used in this study, it
Is apparent that the length L between nbdes is the equivalent
of the finite increment of X used in past applications. since
the distance between nodes may be expected to have any value,
the finite increment cannot be made constant. Furthermore,
It cannot be assumed beforehand that this length will be small
as is done in normal finite difference calculations. There-
fore, it was decided to write the equations of motion in a
form specifically suited to the representation of flow used
in this mathematical model.

The essential aspect of this finite approximation
can be most easily presented by considering an example with
the aid of Figure 7. In the figure, the amount of water
stored in the channel during the increment T of time is
xepresented by the volume enclosed between the water surface
shown br-the solid line for time 0 and that shown by the
broken line for time T. In the normal finite difference
approximation this volume might be estimated as the product
of the length of the channel, the average width of the water
surface at time 0 and the average change in depth. The
expression for this volume might be

4 (BOO + blo> ot +\ T - Yoo + YLO>

In the finite alpproximations for this mathematical model,
however, the volume of storage is obtained by treating X as
a variable hetween the values,0 and L. An infinitesimal
increment of volume at any value of X is written as the
product of the rate- of change of water surface elevation and
the width of the water surface at X. This product is
integrated with respect to X and t from 0 to L and 0 to T,
respectively. The resulting expression for the storage
during the time increment becomes

T L
by B(x, )dx dt
Ot
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In this expression, assumptions are made about the variations
in y and B, and the integration is actually carried out to
obtain an expression for the storage.

-2 First-order approximation, in time. In the math-
ematical model, the values of V and h are the unknowns to be
found at the end of a time increment, given the values at
the beginning. In the equations, the coefficients will involve
such variables as width B and cross section area A, which vary
with X and t as the water surface elevation varies. From the
expression for the finite approximation given in the. preceding
paragraph, it can be anticipated that the final form of the
equations will involve values of variables such as B and A at
time T, and 'these will depend on the values of h at that time.
Thus, in the equations, the coefficients of the unknowns will
contain the unknowns themselves or variables that depend upon
the values of the unknowns. Therefore, the equations for the
finite approximation are non-linear.

The general approach for solving these equations is
by iteration. In the'first step of the iteration, the values
of the unknowns at the beginnin% of the time increment are
used to compute the values of the coefficients. The equations
become linear and can be solved for the values of the unknowns
which are onIK first estimates of the actual values. In
recomputing the coefficients for the second step of the
iteration, the value of any variable is taken as the average
of the value at the beginning of the time increment and the
first estimate of the value at the end. Again, the equations
become linear and $re solved for the second estimate of the
unknowns. For tl)é third step, the coefficients are computed
using the average of values at the beginning of time increment
and the second estimate of the values at the end. The iteration
continues until successive estimates of the unknowns are within
some prescribed limit of error. The resulting estimate is
taken as the value of the unknowns at the end of that time
increment.  When this complete iteration is carried out for
each time increment, the resulting values of the unknowns are
second order approximations in time because the values at the
end of the time increment were considered in the coefficients.
When the process is stopped after the first step of the itera-
tion, the resulting values are first order approximations in
time because only the values at the beginning of the time
increment are used in the coefficients.
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While the X increment is determined by the length
between nodes and must vary throughout the system, the time
increment can be chosen arbitrarily.and' made constant
throughout the sgstem. In choosing the time increment, it
IS necessary to balance the factors that contribute to
efficiency of computation. Quite clearly, the second order
of approximation will require several steps of iteration for
each time increment, thus increasing the amount of computation
for a given number of increments. On the other hand, the
second order approximation generally allows longer time
increments to be used for the same degree of accuracy. Thus
for a given amount of time, fewer time increments are required.
It was anticipated that for the Bangkok drainage system, the
use of a first-order approximation with smaller time increments
would be more efficient than the second-ordér approximation
with longer increments. Therefore, as the equations were
developed, it was assumed that only first-order approximations
in time would be necessary. This has an important bearing
upon which terms in the finite approximations are retained
and which are dropped.

-3 Continuity equation for a link. The equation of
continuity for flow in a link is obtained by using a control
volume that can be seen in Figure 7. The control surface
enclosing the volume consists of the bottom and sides of the
channel, the cross section areas at the upstream and down-
stream end and the waiter surface at time t = 0. with this
fixed control volume, the change in channel storage shown in
Figure 7 between times 0 and T is treated as flux of fluid
upward through the top of the control surface during the time
increment T. Fixing the control surface to the water surface
at the beginning of the time increment is well-suited to the
assumption of first-order approximation in time, because the
areas, widths, and volumes associated with the control surface
are those at the beginning of the time increment.

Continuity requires that the sum of the inflows and
outflows through the control surface is zero, and the outflows
are treated as positive in order to establish a sign convention,
From Figure 7, the expression for outflows at the ends of the
channel can be written down by inspection as

Y ot VAo -7 Voo T VPR oo
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The possibility of inflow distributed along the length L is
accounted for by the term -qL where g i's the volume of inflow
I per unit of length of channel ﬁer unit of time, and the
negative sign indicates that the numerical value of q will
be positive when the flow is into the channel. The remaining
term in the outflows is the flux through the top of the
control surface.

The double integral expressing this flux was given
in Paragraph a above. To evaluate the iIntegral, it is
necessary to assume some relationship for the term in the
integrand. To obtain such an expression for y the value yQQ
is used as the reference value and the value at X and t is
obtained by expansion to give

VG = yoo s (3%)00 X + {(g¥)00 & ‘E‘[ EéY'xEO - (%%)OO]} t

The subscripts on the partial derivatives indicate that they

are evaluated at time 0. Because y is assumed to vary .linearly
with X and t, the partial derivatives are treated as constants.

To simplify the type script, a new set of constants is defined
as follows:

1 = y00

[}
1

= (% Do

- (I>L0 - <5000

and Equation 1 becomes

y(x,t) = y00 + 2x + 31+ 4

(1)
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Similarly, the width of water surface can be expanded as

—

= 5 9B oY
Blx,t) = By, + [(ax oot g, (ax>oo]x

OB > X 3B OB
+ 2(5§>00 (-3{)00 * T [(537)1,0 % - (), (%%éo] t(4)

Defining a new set of constants to replace the partial
derivatives by

= B00 (52)
"2 Clix> 00 * "» "0 (°/;() 00 (50)
£ = <°gy)00 (5¢)
N (T o0

and Equation 4 becomes
B(x,t) = £1 + mx + h*+ 4 1t (6)

The double integral expressing the channel storage or
flux through the top of the control surface can be evaluated by
substituting Equations 3 and 6 into the integrand and remembering
that in the first-order approximation B is evaluated at the
beginning of the time increment. The result is

T L T L

J o J I"Bdxdt =J J (s 4+ 4 £l (£1 + £2x)dxdt

0 0 0 0

LT E(E1 + 12 £20) 3 + (L/2£1-+ 1/3 £2L) (7)
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The product of an appropriate partial derivative with L or T

will give the difference between values of y or B at the two

ends of the link or the two ends of the time increment. Thus,
Equation 7 can be written as

f 3 atBaxat = T <y0T - yoo> S+ blo! (8)

0 0 + i (yL T -yLO> "B00 + 2blo>

The resulting first-order continuity equation becomes

- (v00 + vot,aco + (vle +V o - 2qL
+ 3] Ay0T - y00) (2B00 + blo’ + <yLT ' (B0O + 2p1o'] =0 19)

since the water-surface elevations, rather than the depths, are
matched at the nodes, it is convenient to write Equétion 9 in
terms of elevation by substituting h - z for y. All terms
containing z cancel, and the resulting equation is identical to
Equation 9 with y replaced by h. Furthermore, in order to keep
the values of h from being too large, it is possible to subtract
a constant value from all h. This constant can be treated as a
datum elevation from which h is measured. Representing it by Z,
y could be replaced by h - z in Equation 9.

-A Momentum equation for a link. The equation of
momentum is obtained using the same control volume as was used
for the continuity equations. The momentum equation is a
vector equation, but since the flow is assumed to be one
dimensional and in one direction, only forces and momentum
changes in the x-direction need to be considered. since the
momentum equation for the finite approximation is developed
directly from the definitions rather than from the differential
equation, it seems more appropriate here to state the momentum
relationship in wotds rather than in a differential equation.
This relationship can be expressed as
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(Pressure forces + weight forces - friction forces)x

efflux of x-momentum at downstream end)

influx of x-momentum at upstream end)

(
(

+ (efflux of x-momentum through top surface)
(

+ (x-acceleration of fluid inside control volume)

The subscript X on the forces indicates that the clomeonents in
the direction of flow are used. For the mathematical model,
a finite approximation was found for each of these items.

The pressure force in the x-direction is equal to
the total pressure of the cross section on the upstream end
minus that at the downstream end. In order to evaluate this
force, an expression was written for the difference in pressure
forces on two cross sections a small distance, dx, apart. This
force can he written as

-« X oax

The necessary expression for A is given by

A =al + a2x + a”t + ad-jjt
where
= Agg
a2 =# PO+ (~00 00
1y = Cdyy (g
a = (= (ay i)
« (2700 (% Lc 00 00

In the above expression for the pressure forces on the infini-
tesimal length, the first-order approximation for A is obtained
from the first two 'terms on the right-hand side of Equation 10.
The approximation for y is obtained by differentiating Equation

3 with respect to X.

(10)

(11a)
(lib)

(11c)

(lid)
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With these  bstitution9, the expression is
integrated with respect to X from 0 to L to obtain a finite
approximation for the difference between the pressure forces
at the two ends of the channel. In order to find the average
value over the length of the time increment, the expression is
also integrated with respect to t from 0 to T, and the result
Is divided by T. The integration is carried out and substi-
tutions are made in the same manner as in deriving Equation 8
for the channel storage. The result is

T L
it A@O@“ aX
= 4 (AOO + SLO> <y00 + yOT ' yLO 1 ywT1 (12)

For the weight forces, the volume enclosed by the
control surface was estimated as the product of the length and
the average of the two end areas. Letting Sq represent the
slope of the bottom of the channel in the direction of flow,
the expression for the weight force is

2 SO(A00 + AL10*

In deriving an,expression for the friction forces,
It was assumed that the energy gradient due to friction varied
linearly with distance along the channel and time. This
assumption leads to

f(x,t) = 1+ 2X+ 31+ 4 (13)

where the constants #, 2, 2 and have definitions analogous
to the constants ih Equations 5 and Il. This definition is not
exactly equivalent to the assumptions that the roughness factor
varies linearly with X. However, as will be seen from the actual
expression derived, only the values of the roughness factor and
energy slope at the ends of the channel are used in the first-
order approximation. In between the ends, whether the slope
varies linearly or the roughness factor varies linearly, is
immaterial.

as with the pressure forces, the friction force is
first written for an infinitesimal length of channel. Following
the normal procedure for deriving the momentum equation for



118

unsteady flow, the forces due to friction are assumed to be
Broportional to the friction loss over the length multiplied
y the cross-sectional area of the channel, giving an
expression of

-7 AA(X, 0)dx

where the minus sign indicates that the friction forces always
oppose the flow. Substituting the appropriate values for £
and A for a first-order approximation, integrating with respect
to x, collecting terms and substituting as indicated for
preceding expressions leads to the following result.

[ 7 (1+ 2X) (& * a,x)dx
0

-TL T
T [soo0(2a00 + ALO} + SL0AA00D + ALOJ (14)

In a first-order finite approximation for the
momentum flux through the ends of the control volume, the
cross section areas at the beginning of the time increment
are used. However, the velocity of flow is assumed to vary
with distance and time according to

v(x,t) = VI + V2X + v3t + v4d (15)

where v~ v2> v3 and v™ are defined in a manner analogous to
Equations 5 and 11. The average flux over the time increment
is obtained by integrating with respect to t and dividing by
T. With the sign convention that flux out of the control
volume is positive, the expression for the net momentum flux
through the ends is derived as follows:
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T /[ALOV2IL't> - fl00v2(0't) ] dt

AAL0(VL + V2L +V3t + vdt) - ' "I + v3t) ] dt

S AL ofho 4 VLOSVLT - "10° + L/3(VLT - VLO>]
)
- "flo.(poo + VOO(VOT - "00) + V3(vOL - v00)] (16)

The last term in each of the brackets the right
hand side of Equation 16 represents the square of the differ-
ence between the velocities at the beginning and end of the
time increment. Therefore, they are second-order terms and
should be ne?Iected in the first-order approximation. The
final form ot the expression becomes

PR ovio¥ir + P00 Yoo Yor oVt - QooVol 17)

The.flux of x-momentum through the top of the control
surface is similar to the flux of quig for channel storage,
except that the x-velocity of the fluid as it passes upward
through the surface must be taken into account. Therefore,

the integrand for the flux in Equation 7 must be multiplied

by velocity, as expressed in Equation 15. The substitution,
integration, and.replacement of appropriate terms can be
summarized as follows:
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;o 'v(x.t) M B(x,0)dxdt

S 00 <VIH VZX £ Vst o+ v L fo) (73 + f*) dxdt
=1 (yoT - [BO0«3VO0 + 3VOT + VLO + VLT>
+ BLOAVOO + VOT + VLO + VLT]
+211 IyLT - V. [B°°(v00 + VOT + vLO + VLT)
+ BLOAVOD + VOT + 3VLO + QV ] (18)

Equation 18 is still non-linear because it contains
products of the unknown depth and the unknown velocity at the
end of the time increments. |t must be assumed that either
the change in depth or the change in velocity over the incre-
ment is negligible. Selecting the change in depth as negligible
IS inappropriate because the very reason for this flux of
momentum is the change in water depth. Thus, as would be
expected, with no change in depth, the right hand side of
Equation 18 becomes zero. Therefore, it was decided to'treat
the brackets containing terms with widths and velocity as
coefficients of the depths in the parentheses. In this case,
the appropriate assumption for the first-order approximation
is th$t the velocity of the fluid passing upward throu%h the
control surface is essentially constant, or that the change in
velocity during the time increment is negligible, with this
assumption, the final first order expression for this part of
the momentum flux becomes

Ljr v Bdxdt =21 (y 0T - y00)[.00,3v00 +VL0O) + BLO(v00 +  0)

+ 12T LT - [* 00 4V o+ 00 +3 ]
(19)
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The final term in the momentum equation is the
x-acceleration of the fluid inside the control surface.
The average rate of this momentum change during the time
intervals can be written as

£
T dv A(x,0)dxdt (V3 o+ VAL

i it

- St (vot - v00> (2A

Fam Vs el oo T AL (20)

The expressions for forces and momentum changes are
collected together for the equation of momentum. The effect
of inflow along the sides of the channel are not considered
explicitly because this inflow is considered to have no
x-momentum _since it enters perpendicular to the direction
of flow. The fact that this side-channel inflow is accelerated
inside the control volume is taken into account when the
continuity equation and the momentumfequation are solved
together. As with the continuity equation, water surface
elevation is a more convenient variable than water depth
because the elevations are matched at nodes. By substituting
h-1 for Yy, the momentum equation has the following form
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p £ *Tfenoo + 2a1q) LT

- (A0 AID) I

4 12Tg B0OO(3v00 + VLO} + BLO(VOO + VLO}  OT
Ago + al0
+ "12Tg Boo(voo + vlo) + blo(voo t 3vlo} |1
(Ago + AL0)
4 (hLO * h0OA

+1fei{h°°[Boo(3V°® + Vlo) + Blo(V°0 + V.1

+ \o [B<io(voo + VLO) + blo<voo + 3Vlio>

6 5 [voo(2a00 + alo> + vlo(aco + Vv |

A1 fO0(2A00 +\o> + SELO(AQ0 + 2 )] (21)

Just _as in Equation 9, h in Equation 21 could be replaced b
h - Z, the elevation of the water surface above some datum

1-5 Continuity at nodes, since the representation of the
canals in the mathematical model assume no storage of water at
the nodes, continuit% at a node requires that the sum of all
rates of flow into the node is equal to the sum of all rates
out. During the increment of time, the velocity of flow from
the node to a channel, and the cross-section area of the
channel at the node, both change, with this variation, there
are two Fossmle statements for continuity. One is that the
total volume of outflow or the average rate of outflow is

equal to the total volume or' avera?e rate of inflow. The other
is that the outflows must equal inflows at some instant of time.
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In the mathematical model the second alternative
Is used, and the instant of time is the end of the time
increment. The flow from a node to a channel at the end of
the time increment can be written in terms of values at the
beginning in the following manner:

=V t

= (VQ + AV) (AQ + AA)

=[vo + (VT -V ] (>0+ (*1 - a0)

= VoA * AgVp - Vg) + VoA - Ag) + (Ap - Ap) (V- vy (22)

Only a single subscript, 0 or T, is needed at the node to
designate values at the beginning and end of the time incre-
ment, respectively.

Equation 22 is non-linear because it contains a term
in which the unknown velocity at the end of the time increment
is multiplied by the unknown area. However, this term is the
product of the change in velocity and, the change in area over
the time increment, which makes It second order in time.
Therefore, the term can be dropped from the equation. since
water-surface elevation is to be one of the unknowns, the
difference AT - Ag can be replaced by the product of the channel
width and the rise in elevation. Although the channel width is
not constant throughout the rise, if the expression is to be
first order, the width at the beginning of the time increment
Is used. Thus, Equation 22 becomes

Qq = AgVy + VyBy(hy - hp) (23)

With this type of expression for each section of
channel at the node, the continuity for the node becomes

VA QY+ VoBthy - Mlf Qg =0 (24)

The summation sign includes both inflows and outflows with the
sign convention that outflow is positive. The term Q t refers
to any flow to or from the node that is not via the channels,
again with the sign convention that outflow is positive.
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