CHAPTER 1l
PROBLEM-SOLVING METHOD

31 Introduction

There are two major parts for the problem to be solved: a pipe and
pump part, and an open channel part. Solution for the first part can be
achieved using the Newton-Raphson iterative technique to linearize the
simultaneous nonlinear nodal material balance equations, followed by the
Gaussian elimination method to solve the system of linear equations. For the
second part, the flow rate and depth of every channel can be determined by
means of a material balance and nodal elevation changes.

3.1.1 Node
All nodes in the network, that are formulated from a number of
nodes, are identified by an index such as i or . The different types of node are
specified by a node-type vector Tj, with possible values for a representative
element Tjshown in Table 3.1,

Table 3.1 Value for elements of node-type vector (Tj)

Ti Interpretation

Pressure unspecified at node I.

Pressure specified (fixed) at node I.

Injection or withdrawal rate specified at node i.
Terminal node 1 with specified injection rate
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3.1.2 Connection elements
The nodal connections are connected directly to other nodes by
pipeling, pump or open channel. A connection matrix is established with
possible values for a representative element Cjj as in Table 3.2.

Table 3.2 Value for elements of connection matrix

Interpretation
No connection between node i and node .
Node i and node | are joined by a pipeline.
Centrifugal pump is connecting node ito nodej.
Node i and node| are connected by an open channel.
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32 Partl: Liquid flow in pipes and pumps

3.2.1 Pipe
The flow rate from node j to node 1 is given by:

j = for y>0 3.1
012 y (3.1)
The flow rate from node I to node| is given by:
Qi = - for y<0 (3.2)
where:

32pLH

a p=~P8’

and y =Pj-pi+P(Zj-zi).
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3.2.2 Pump
From equation (2.15), there are two Separate cases to he
considered for each of three possibilities, as follows:

1.Qji> 0, for flow across the pump from node ] to node
Qji = 0 for pi+pzi >pj+pzj+aji, (3.3)
Qji =V ajifb J for pj +pzj >Pj +pzj5s  (34)

Q = [P ~Pj +aji +P(Z~21)) s orvice (3.5)

2. Q4> 0, for flow across the pump from node| to node i:
Qij=0 for Pj+pzj >P; +pZ +ajj, (3.6)
Qi =~Vaij/bi for Pi +pzj > Pj +pzj, (3.7)

i = _1/ 4 'Pj+ayBECZj 2 oterwie, (38)

where:  P=pg.
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3.2.3 Partial derivatives

The partial derivatives for the Newton-Raphson method with
respect to pj and piare given in Table 3.3,

Table 3.3 Partial derivatives of flow rate for flow in a pipe

0= 2 Y
Partial derivatives i Qj; fpji fpji
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where; Yy =pj-pit+p(zj-zi).



Table 3.4 Partial derivatives of flow rate for flow through a pump

| . .. W
= QI =-
Partial b i \
Derivatives  Wji =Pj-Pi +aji+P(zj-zi) WI=pl*pj+aij+P(zi-z])
Inwhich: Gji =2 inwhich: Gj =2
0Q Q=1L k=], .
ap. dPj 2 bjiwji apj - arbjiwjj
90 R . Qi 1 1
5P] doi 2 Abjjwj i 2 Vhuw



3.2.4 Units and conversion factors

Table 3.5 British and SI units

Quantity British units Sl units
pressure, p psig kPa
flow rate, Q gpm m3hr
density, p kg/m3
viscosity, p centipoise mPa-s

length, L f m
diameter, D Inch mm
elevation, z i m

pipe roughness, f mm
gravitational acceleration, ¢ ft/sec2 m/sec2
Fanning friction factor, fF none none
Reynolds number, Re none none

perimeter, p f m
width, ft m

depth, h ft m
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Table 3.6 Conversion units for Qjj, p, and Rejj

British units Sl units
32 x 125 xpLj 32x10DxpLj
aji  2x144x322x (448.8)2xD]  ay = 1m2x36002x 1.01325X Dj
_ 9.81xp
1= 1By 0= 1.01325x10s
Pc 4x12x105xpQjj pc  4x106x pQj]
‘G = 74860 32.2 2.089 % 7Dj i SH00KTDj]

325 Nodal material balance
The nodal material balance equations for all nodes i at which the
pressure pi is not specified () 1) can he described as follows.
For steady-state, the net flows into any node i must equal to

Z€r0, S0
fi(P) = injection rate (or withdrawal rate)
+ Net flow infout by pipeline
+ Net flow infout by pump
=0 (3.9)
Here:

fi(P) is the net flow into node I.
p = [p,p2p3--., Pl (3.10)
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The equation for fj(P) becomes:

fi(P) = vj (injection (positive) or withdrawal (negative) rate)
t ATlej (two cases for pipeline)
j.Cji-
t _C__ggji (three cases for pumping in)
j Cji-

+ Qi (three cases for pumping out) (3.12)

j.cj=2

3.2.6 Newton-Raphson and Gaussian elimination method
The simultaneous nonlinear equations in the unknown pressure
that are obtained from nodal material halance at all nodes i are solved by the
iterative Newton-Raphson method as follows:

1 The estimates of fHj for all pipe connections (Cjj = 1) and the
pressures at all nodes are specified.

2. Find the appropriate partial derivatives of the functions fj(P)
with respect to pj (i,j = 1,2,..., ), which are stored as the elements of the left
hand side coefficient matrix, () of the simultaneous linear equations.

By first defining fji(p) :—dAp-i’\ (3.12)
The matrix becomes: P =[fii(P)], I<i<n,I<j<n (3.13)

Thus, the simultaneous linear equations are
<KP)5(P)=-f(P) (3.14)
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where: (P) = [f,(P), fAP), faP), ... , f(P)]1
OP = praw- POd are the solutions of the simultaneous linear equations.

Then, the partial derivatives of fi(P) with respect to p; are given
by one of following forms:

oy A fory>0 )
fy(p) ="} if Gi=1
ER o for y <0
fy(P) =" cqymppug  if Gi=2
y(r) = = il if Oy =2 315)

5]

The partial derivatives of fi(P) with respect to i are given by
summations as follow:

, : >
J,czﬁll_im for y>0

1 <
j,CZji:=|_ 5\/‘1/—%{5—3' for y<0

+ 3L (3.16)

£.(P) =3
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3 Use LU decomposition of the Gaussian elimination metho
with column pivoting only to solve the simultaneous linear equations with
()P) as the left-hand side coefficient matrix.

4, Substitute the solution from equations (3.15) and (3.16) t
find the correction vector 8P and stabilize the method of the method at all
nodes i by using a damping factor, a 5in the correction as follows:

Spi —orX8p* (3.17)
Where :

8pj s the value ofthe correction actually applied.

Sp* is the value of the correction obtained from the Newton-
Raphson method

b. Check the convergence after the corrections SPi have been
solved at all nodes i by using a criterion:

ISPil< E =123 .0 (318
Where 8 is the tolerance for the convergence criterion

6. If all of corrections do not satisfy the criterion, the current
vector of pressures is modified according to:

Pktl = Pk + 5Pk
Wwhere: Pk is the current vector (or matrix) of pressures
Pk+1 IS the updated matrix of pressures used for the next
iteration

8Pk is the matrix of pressure corrections just calculated
k  isthe iteration number
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1 After obtaining these new pressures Pk, the updated flo
rates (Qji) can be calculated by using equations (3.1) and (3.2) with the old

Fanning friction factor, f.5for all pipeline segments, and using equations
(3.5)-(3.10) to calculate the flow rate for all pumps.

8. The Reynolds numbers Reji, are computed for all pipelines as
follows:

4x12x105xpQj]
RGji = 7.48x 60 x 32.2 x 2.089 x 7Liinj

A 4x106xpQj
RGji = 3600x7ipDjj

for British units

for SI units

9 The program updates the Fanning friction factors as a functio
of the Reynolds number and roughness ratio in all pipeline segments as

follows:
For turbulent flow (Rejj> 4000):

-n -2

. 2185 145
= -1.737  0.269-§i In 0.269- o+ 3.19
fp. lbw 1R DL R 1y 1

For laminar flow (Reji < 2000):

" RC, (3-20)
Equations 3.21 and 3.22 are adapted from Wilkes [5]

10. The sequence of steps given above is repeated for sequential
iteration k = 1,2, 3, ... until the convergence occurs according to the criterion
or until a specified maximum number of iterations (ke is exceeded.
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33 Partll: Liquid flow in open channels

33.1 The assumptions
The flow in an open channel network must be calculated using
the following assumptions:

High

[
elevation @

Low
elevation

Figure 3.1 Channel branching for consider the assumptions

L 1t is always exposed to atmospheric pressure, o its inlet and
outlet pressures are always zero (gauge) (PAPB .. .pe=0).

2. The liquid in the channel (presumably always water) can only
flow downhill, so the flow is always in one direction.

3. The depth of the water will adjust to whatever input is
received into the channel.

4. The flow type in every channel is a steady and uniform.

5. The depth of the liquid that flow out from one channel to the
next at the same node must be the same (hB = hBD= hEB).

6. The effects of connected angle (Such as a) between any two
channels can be neglected.
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3.3.2 Calculation steps

1 After the first part is achieved, the flow rates at all nodes are
calculated.

........ — Pipe

Open channel
Figure 3.2 A simple channel branching

By considering the node that joins both pipes and channels (node
1), the flow rate in the channel A can be calculated from the flow out of the
piping system.

2. 1f node 2 is connected with  channels that slope down
further:
From material balance at node 2:

Qa=0Qi+ Q2+ Q3+-..+ Qn, oaisknown

From assumption number 5:
hi=h2=h3= .. =h,

Using equation (2.22) for every channel,  equations were generated.

O GAZIH( D3
o= fLihi+w] T bES (3.21)
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3 The depth of the inlet channel (channel A) is used as th

estimated depth for all outlet channels (channels 1 to ). Then calculate the
flow rate Qi to Q.1 by using equation (3.23)

S0, Qn=QA-(Q1+Q2+ Q3+--+Qn-)

4. Calculate the depth at the channel  (hn) from the inverse of
equation (3.23)

[0Aznd(wB)Q2h ; +[4fRLnQ2]hn+2fpnln nQ2=0

5. Update the depth at channel 1 from
nk+ h2k+h3ks ... +h,, K

hik+i -

Where: k = iteration number

6. Check the convergence after the new depth (hLkt) has been
updated by using the criterion;

hik+ —hj k| < A=12,3,..5 (322
Wwhere 8 is the tolerance for the convergence criterion

1. 1f the criterion is not satisfied, then use the updated depth
(h1kt) to recalculate the flow rates and the depths until the convergence
criterion is satisfied.



23

3.3.3 The adjacent nodes
After the flow rates and the depths at all outlet channels of the
current node (node 2) are solved, the program will continue to repeat the
calculation steps (3.3.2) for the adjacent nodes according to the elevation, until
all nodes in the open channels system are calculated.
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