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APPENDIX

This appendix shows proof for พนน > พ ’นน; where พ ’ is the updated matrix 
พ  after a redundant measurement has been eliminated and Wjiu and W ’iiii are 
diagonal elements of matrices พ, พ ,. The expression พนil > W’iiii is equivalent to 
the expression พ + นน > พนน; where พ*' is the updated matrix พ  after a redundant 
measurement has been added. We aim at showing that พ + นน >  พนน.
The matrix พ  is given by:
พ = A r(ASAT)-1A 
The matrix พ is given by:
พ + = [/4+] r (A+S + [ a +J )-* A +
where A +, ร'+ are the updated matrices A (constraint matrix) and ร (covariance matrix 
of measurements) after a redundant measurement has been added.
We obtain the new constraint matrix A + corresponding to the system to which a 
redundant measurement is added by simply adding one constraint relating this new 
measurement with some other redundant measurements in the system:
We write A + at form:

f A 0

II ท X m ท X 1
v[5 ,., lx w ]  ร  7

where vector [Bj, Ô] = [1 X (m+1)] is the last row corresponding to the new constraint 
relating the new redundant measurement with some other redundant measurements in 
the systems; vector [0; §] = [(n+1) X 1] is the last column corresponding to the new 
redundant measurement (Ô can take value of 1 or - 1).
The new covariance matrix of measurements is:

f  r  1

ร += m  X m  
[0, 1 X m \

0
m  X 1

ร .

(we assume ร  &  ร + are diagonal matrices)

where m, ท are the (old) number of redundant measurements and the (old) number of
constraints, respectively.
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T h en :

( • ^ พ 7 ' =
a s a t 1 \ a s b T~
n x n  n x 1

[_B1S A T , 1 X พ ] B 'S B f + ร 1ร 2

f p  Q ^ 
V *  ร ;

-1

X - P 'Q Y
-Y R P

w h ere:

-1

Y  = (ร  -  R P 1 Q)-1 
X = p - ‘ + P , Q Y R P I

(fo r m u la  tak en  fro m  N o b le , B . an d  D a n ie l, J .w .  1 9 8 8  A p p lie d  lin e a r  a lg eb ra  
3 rd e d it io n , p .4 1 , P re n tic e  H a ll).
In th is  c a se  ร  and  Y  are sca la rs .
T h en :

[ a +J  (A+S+[ a +J  ) - 'a +M พat] M l[x] น'2นเ['ผ ตุ!
[ « ]  ร  J [ - F p p - 7 ]  Y  น 5 / ]  5  J

j v * ] +[s f[-™•-'!]] [ [ V y r 'e n ] +Y[i,ๆ]') nA] [0]'
5 x [ - F / U ° - ' ]  S Y  น 5 / ]  5 ,

( [ a t x ]  + [ b J[-YRP-j ]])[/!] + { [ a t [ -P - i Q YÏ\ + y [ b T ])[*,]] ^[[/l^-P-'ôF]] + Y [«/■ ]] 
[ô[-FPP"'][/l] + <5y[P,.]j ร2Y

W e

fV +

c o n cen tra te  o n ly  o n  d ia g o n a l e le m e n ts

y4+ ]  f / l +5 ,+ ^ + J y 1 A r and  m atr ix  พ  = AT(ASATy IA
C o n sid er:

\i ([A Tx ]  + [B f[ .Y R P - , ] ] ) [A ]  + ( [ A r [ - P - , Q Y }] + Y [B j ' ] ) [B i ] 
= [ a :r XA  ] + [ b I  [ -Y R P ']A  ] + [ A T [ - P I Q Y]B i ] + Y [ b [  Bt ]

o f  m atrix

N o w  w e  h ave:
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Y  = (ร  - RP' 1 Q) ' 1 (a  sca la r ) >  0  b e c a u se  m a tr ix  (A S A Ty l o r  (21+5 + เ^"'"] y 1 is
p o s it iv e  d e f in ite  (B a g a je w ic z , M ,  and  R o ll in s , D . ( 2 0 0 4 ) .  O n  th e  C o n s is te n c y  o f  
th e  M e a su r e m e n t and  G L R  te st  fo r  G r o ss  Error D e te c t io n . S u b m itte d  to  C o m p u ters  
&  C h e m ic a l E n g in e e r in g .)
-YRP-1 =~y [b  1รAT^ASAT Y
- P * Q Y  =  - [ a s a tJ 1 [a s b ï ~\y  = - y [a s a t J 1 [ A S B j  ]

X  = P ' 1 +P'IQYRP' 1 = [a SAt y  + [ a s '/*7'] -1 [a S B ^ y [ b ,SAtJ a SAtJ 1

= [a SAtJ 1 + Y^ASATy [ A S B f  ] [ æ,.&47'] [ æ S>17'] _1
T h erefo re:

ไ ร โ ] [ ]̂  = -Y^BjSAT^A SA Ty  [A]

= โ ]  \LBiSATJ^ASATJ { [a ] = -YB? BjS\^AT~^ASA

ไ4t [-P'7g y  ][£,.] = ไ4r ] -Y^ASA7 ~ x a s b J  [5,.]

= - y [ a t ^A SA t ]"‘ [ a s .รโ][ร,.] = -Y^ATl̂ ASAr y  [a ]SBJ Bj
T h en :

\ a TXA + Bj [-YRP'I ]A^ + ̂ AT[-P 'IQY]Bj + Y bJ b 1
r  T า r — 1 r r~ ■-1 r  -1r  -1r  -r 'ไ- 1 ^K a s a t + Y\ ASA1 a s b J BjSAT ASÂ ‘ๆL J \ L - - L J J

-YbJ BjS

- M ASA'
-YBj BjS

-Yb J  BjS
ASA'

T

T +Y\iASAT' ASBj BjSAT " a s .AT ]  j [a ]

ASAT \ a ] - Y  A T ASAT \ a ]Sb JB j+ Y ^ B fB j 

\ a ]+Y a t ASAT x ASbJ  BjSAT ASAT^ \ a ] 
a s a t l [A ]-r'/l7'J/hS/tr ] { [a ]s b JB j + Y bJB j 
\ a ] + y a t a s a t }̂ \ à ^ s b J BjS  a t a s a t [a ] 

ASAT \ a ] - Y  AT~[a SAT  ̂ \ a ]SbJB i + Y bJB j

N o w

a s a t  ̂ 1 [a ] \ s b J  BjS
= พร(ร; Bj )ร พ  = พรBSพ  
where B = b J  b  j

ASA1 - l .
M
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( s in c e  พ  = A T(A S A Ty 1A )
D ia g o n a l e le m e n ts  Bji o f  m a tr ix  B (m X  m) are hi w h e r e  b, are e le m e n ts  o f  th e  v e c to r  
Bj (1 X  m). M a tr ix  B is  a lso  a sy m m e tr ic  m a tr ix  w h o s e  e le m e n t  Bjj =Bji = b 1bj (bi, bj 
are e le m e n ts  o f  th e  v e c to r  Bi an d  ca n  b e 0 , +1 or -1 ).
T h en :

A Tl^ A S A T y  [À \+ y \lA t 1̂A S A T ^ 1 [À ^ S b J Bts  J 7 [a ]

-Yb J  BtS ^A T ~^ASAT J 7 [a ] - y \1A T ~^ASAT j 7 [a ]S B [ B ■1 + y [ b [  B i ]
= [/l7" J/t»S/lr y 7 [a ] + Y {WSBSW - BSW - WSB + b ) = พ  + Y(พรBร พ  - BSW - WSB + ร )

W e h a v e  Y  > 0 . T h ere fo re  i f  d ia g o n a l e le m e n ts  o f  th e  m a tr ix  WSBSW -  BSW - WSB + B 
are p o s it iv e  th en  w e  h ave: พ + m i > Wan b e c a u se  พ + HU =  Wjiii + YxD iagonal 
elem ents ii o f  m a tr ix  WSBSW - BSW - WSB + B .
I f  w e  a s su m e  th at ร  & ร*  are d ia g o n a l m a tr ices , th en  d iagonal elem en t 11 o f  m atr ix  
WSBSW is  g iv e n  by:

(WSBSW) 11 = 2  (พรร)บ(รพ)J1 = (พnSnBn + Wu S22B21 + ... + WlmSmmBm1)รทพน
+  (wแร!!B \ 2  +  พ I 2^22^22 + - •  + พ ! ท,รท,ท,B m 2  ) ร 2 2 พ 2 !

+ (wแรแB\m + พ12ร22B2m + ■■■ + พ! mรmmBmm )รmmพ'm 1
B e c a u se  m atr ix  B  is  a  sy m m e tr ic  m atrix  w h o s e  e le m e n ts  B,J = B ji  = b,bj, w e  h ave:
(WSB.รพ) 11 =  (พ11ร 11๖1 + พ!2 ร 2 2 ร 2  +  -  +  พ!ท,รท,ท,bm )b1ร11พ11 

+ (พ11 »ร', 1b1 + พเ2ร22̂ 2 +  —  + พ!ท,รท,ท, K  )1>2ร22พ21

- < ™ *  +5:ไX
It can  b e  e a s i ly  v e r if ie d  that m atr ix  พ  is  sy m m e tr ic  ( s in c e  A S A T is  sy m m e tr ic ,  
th ere fo re  (A S A t)a  is  a lso  sy m m e tr ic , th u s พ  = A T(A S A Ty IA  is  a sy m m e tr ic  m a tr ix ), 
in  o th er  w o rd s: Wjj =  Wji 
T h erefore:
(W SBSW )n = (พ111ร11๖1+ พ12ร11๖1 + ... + WlmSmmbm)(๖1ร11พ11 +๖2ร22 พ21+... + ๖mSmmWm1) 

=  (พ! 1ร1 A  + พ!2ร 2 2 ^2  +  -  + พ!ท,รท,ท,K  ) 2 

D iagonal elem ent 77  o f  m atr ix  W S B  is  g iv e n  by:
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(WSB) 11= X  {พ ร )Xj B jX = พx1ร1XBX1+ พ112ร22B21+ ..WXmรmmBmX

- (พนรนbibi + พx2ร22b ^  + ■ •■ พ\mSmmbmb[)
=  1 > ! (พ ! !ร ! !1 > !  +  พ 1 2 ร 2 2 & 2 +  ■ ■ พ!

D iagonal e lem ent 11 o f  m a tr ix  BSW  is  g iv e n  by:

( พ )  1,= ร ุ (*)ij( ร พ ) j 1 = £ 11พ 11 + £ 1̂ 22^ 21 + ...£1,A A l

ะ= 6เ61ร1] ^  1 +  Z>jZ>2'ร,22^21 + ■ ■ ■ b\bm^mm^m\
-  ^(1\ร!!พ!! +  b2ร22พ2x + —bmSmmพm\)

= (พuรub\ + WX2ร22b2 +■ ■ พ!ท,รmm̂ m)
D ia g o n a l e le m e n ts  B1 1  o f  m a tr ix  B x sb i2
T h e r e fo r e , th e  diagonal e lem ent 11 o f  m atr ix  WSB s  IV - BSW - WSB + B is  g iv e n  by:

(พนรทb]+ w12ร22b2+.. พ1msmmbm)2 -b{(พ11ร11b1 +พ12ร22b2 +...พ1msmmbm)
- £1 (พ115'11£1 + พ 2ร22b2 +  ...พ1mSmmbm ) +  bเ2
=  (พ11ร11b1 + พ12ร22b2 + ..พ XmSmmbmŸ  - 26 ](พ11£ 1 1 b1 + พ12.ร22.b2 + ■ ■ พ!mSmmbm) +  6]2 
= [(พ!!ร!!1>!+พ!2ร22b2 +..พ XmSmmbm) - 6 ] f >  0

In  g e n e r a l, th e  diagonal e lem ent ii o f  m atr ix  WSBSW - BSW - WSB + B is: 

[{WiXSub!+Wi2S22b2 +.. + พ11ร11b1+... + พ1mรmmbm) - 6 , f > 0 

A n d  th e  u p d a ted  พน is:

พน = พน +Y[{WaSxxbx+W12ร22b2 + ..+ พนรน b,+... + WmSmmbm) - b jf  > พu
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