
CHAPTER IV

THE LIMITING SEQUENTIAL WIENER 
AMD FEYNMAN INTEGRALS

C o ro lla ry  3*3 suggests a n a tu ra l extension o f the sequen tia l 
Wiener in te g ra l,  since under i t s  hypotheses the sequen tia l Wiener in te g ra l  
becomes an a n a ly t ic  fu n c tio n  o f i t s  parameter and approaches a l im i t  as 
X •> a from w ith in  ร . I t  is  n a tu ra l in  th is  case to  c a l l  the l im it in g  
value o f the รพ  ̂ in te g ra l as A -»• o from w ith in  8  the “ l im it in g  รพ0 
in te g ra l.

D e f in it io n  น. 1 Let 0 be a f ix e d  non-vanish ing complex number such th a t  
0 < arg 0 $ n / li .  We de fine  the l im it in g  sequen tia l Wiener in te g ra l w ith  
parameter p as fo llow s :

(น .1 .1) ร  0 F (x)dx = £im+ f  aexp( 1C)F(x)dx  
c [a ,b ] e-*0 c [a ,b ]

whenever F (x) is  a fu n c t io n a l such th a t the r ig h t  member e x is ts . In  
p a r t ic u la r  i f  a = p / i , we de fine  the l im it in g  Feynman in te g ra l as 
fo llow s ะ

~*"f p SWpexpi(Tr/b-e )
(น .1.2) f  F(X)dx = Üim+ f  F(x)dx

c [ a , b ]  e-*-0 c |p . , b 3

whenever the r ig h t  member has meaning.
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I t  is  c le a r th a t C o ro lla ry  3.3  gives an existence theorem fo r  
the l im it in g  sequen tia l Wiener in te g ra l and, in  p a r t ic u la r ,  the l im it in g  
Feynman in te g ra l.

Theorem น.2 Let p > 0 and the  in te rv a l [a ,๖] he g iven , and le t  A he 
the open sec to r o f numbers A such th a t 0 < arg A < 7โ/น. Let F(y) be a 
Bore l fu n c tio n a l defined fo r  a l l  y o f the form Ax(" ) 3 where A e A* and 
X  £ c [a ,h ] , and A* denotes the c losure o f A w ith  A = 0 om itted . Let F 
also s a t is fy  the fo llow in g  fo u r cond itions :

1. F(Ax) is  a n a ly t ic  in  A on A fo r  each X in  c [a ,b ] .
2. F(Ax) is  a continuous fu n c tio n  o f A on A* fo r  each X in

c [a ,b ] .
3 . F(x) and F(a*x) are continuous func tions o f X in  the uniform  

topology a .u . in  c [a ,b ] , where a* = p e1^ ร 0 < 0* < 7t/I+.
น. For a l l  X in  c [a ,b ] and a l l  Y in  (0 , IT A ) ,

|F (e iY x ) | < M

fo r  some M > 0.
Then the l im it in g  p-Feynman in te g ra l e x is ts  on c [a ,b ] and 

+ fp
(น .2 .1 )' F (x)dx = I  F ( / ip x )  dx.

c [a .b ] c [a ,b ]

Moreover both members o f ( 3 .2 .2 ) e x is t and are continuous and the e q u a lity  
holds on the set H defined by

H = {A : A ^ 0, 0 <arg A < ÏÏ/น , I a ] < p} 3
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and the members o f (3 -2 .2 ) are a n a ly t ic  in  A ins ide  H and approach the  
members o f ( it. 1 .2 ) as A -*■  / ip  from w ith in  H.

P ro o f: As in  the p roo f o f Theorem 3 .2 3 we have (3-2.1+) and
( 3 . 2 . 5 ) e x is t on H, and they are equal fo r  re a l X in  H. Moreover i t  
fo llow s  as before th a t (3.2.1+) and (3 .2 . 5 ) are continuous on H and ana­

l y t i c  in  the in te r io r  o f H, and hence th a t ( 3 .2 . 8 ) holds on H. Also  
fo r  re a l p o s it iv e  X and fo r  A such th a t arg A = 9*3 0 < | a | < p ,
( 3 . 2 . 10 ) holds since the hypotheses o f Theorem 2 .7  are s a t is f ie d . We 
can re a d ily  see th a t the r ig h t  member o f ( 3 . 2 .8 ) is  un ifo rm ly  bounded 
in  every compact subset o f H, and thus the argument given in  Theorem 
3 .2  can be used to  e s ta b lis h  the existence and e q u a lity  o f the members 
o f ( 3 . 2 .2 ) on H and th e ir  c o n t in u ity  on H and a n a ly t ic i ty  in  the in te r io r  o f H. 

Moreover from cond it io n  1+ o f the hypothesis we see th a t the r ig h t  member 
o f (1+.1.2) e x is ts , and from cond itio n  1,2,1+ we see th a t the  r ig h t  member 
o f ( 3 .2 .2 ) approaches the r ig h t  member o f (1+.1.2) as A / I p  from w ith in  
H. Thus Theorem 1+.2 is  es tab lished . ^

C o ro lla ry  1+.3 The conclusions o f Theorem 1+.2 remain v a lid  i f  the  
a n a ly t ic i ty  o f F(Ax) in  cond it io n  1 o f the hypothesis o f Theorem 1+.2 is
replaced by the ha rm on ic ity .
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