CHAPTER 11l
CARMICHAEL QUOTIENTS OVER POLYNOMIAL
RINGS OVER FINITE LOCAL RINGS

For this chapter, we discuss the polynomial ring over a finite local ring and
construct the Carmichael quotients over this ring in Section 3.1. Then we give the
congruence relation of these quotients as in Section 2.2. Next, in Section 3.2, we
consider (R[x]/fR[x])x the unit group of the quotient ring of R[x] modulo f in
the case that / is @ monic primary polynomial. Some special properties of this
polynomial give more detail about a structure of (R[x]/fR[x])x. Importantly, this
detail yields an idea to define the A dth power residue symbol. Finally, we use this
symbol to define the Carmichael quotients of degree d and give relations of these
quotients and the Euler quotients of degree d and the Wilson quotients defined
in [o].

3.1 Carmichael quotients over polynomial rings over finite
local rings

Alocal ring IS a commutative ring with identity which has a unique maximal
ideal. Let R be a finite local ring and M the unique maximal ideal. Let k := RjM
and define the reduction map 7: R —>k by letting a £ R, @ = a+ M. In
addition, for a polynomial h = o+ ogx + ...+ anxn £ i?[x], we define h =
QO+a[X + ...+ R £ k[x] and we say that h is regular if its reduction h £ k[x]
is not the zero in K[x]. Note that every monic polynomial in R[x] is regular.
Moreover, if h is reqular then there exists a monic polynomial h* £ R[x] and a
unit £ R[] such that uh = h* This condition was shown in [9]. Then we may
study only the monic polynomial in our work.
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Let / be a monic non-constant polynomial in R[x], Then we have the division
algorithm for / stated that for any h GR[x], there exist unique v,r G/7x] where
deg(™) < deg(/) such that h — v 1f +:. Denote ¢ by j and it is called the
quotient when / divide h.

Let {R{x}/fR[x])x be the unit group of the quotient ring of /2[X] modulo / and
a G/7[x]. We say that and / are relatively prime if aR[x] +  R[x] = R[X], I..,
there exist g, GR[x] such that ag+ fh = 1 That is, a+fR[x] G (R[X]/fR[x])x.
Let o(a + fR.[x]) be the order of a+ fR[X] in (R[X]ff R[x])x. We define A/) =
lem {o(c + R.[X}) Ic+R[x] G (RIXI/FR[X])x} = exp((/?[x])/II?[x])x). Hence,
arf) » fR[x] —1+ fR[X], 1.e, ax = I(mod /). Then we get the polynomial

claty= N =
which is called the Carmichael quotient for / base a. Note that this quotient
I well-defined by the division algorithm of /.

Theorem 3.1, Let f Gfex] be a monic non-constant polynomial and a G /2[x]
relatively prime to f. Denote ( )f is the subgroup of (R[x]ffR[x])x generated by
a+ fR[x] and o(a) —1(8)f| We have

Ca,/) } (mod /)

nr [7

U ey

where [—} IS the quotient when f divides ar.

Proof. For any polynomial ? with deg(r) < deg(/) and r + fR[x] G ( )f. there
exists cr G R[x] such that ar = cr(mod /) and deg(rr) < deg(/); that is, ar —CT —
a;r [. Since a+ fR{x), r + fR[x] G(a)f, we have cr +fR{x] G (a)f. Then when
r runs through all the polynomials with deg(r) < deg(/) and r + fR[X] G( )t, $0
does cr. Let Cr be the product of all such polynomials cr.
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Dividing it by Cayields
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Next, we consider the previous equation in modulo f 2
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Now, we have
_ ar
1= an f A dcg({)w.cg(l)g% 5 (mod / 2)

r+/R[x]e(a)/
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Finally, divide this congruence by /, we get that

Cla; f)= u’\mf— 1 = (1”‘”:\1(("({)) E alr afr (mOd /)
| s -
A(l) 1 oar
°(a) . rEdeg ar —f (mOd /)
/%I xle(aS)
as desired.

lamthong and Meemark [6] defined the Wilson quotients over polynomial rings
over finite local rings as follows. For a monic non-constant polynomial / in R[X]
. We let, Aj! be the product of the coset representatives of the group of unit
(R.[XVER{x])x, in other words, it is the product of all element in the set {a G
/2rla and / are relatively prime and deg(o) < deg(/)}. We shall let tj — b if
6+ fR[x] is the unique element of order two in (R.[x}/fR[x])x and deg(6) < deg(/),
and tf = 1 otherwise, so that we have AM = e/(mod /). Note that b = —1 if the
characteristic of R is not equal to 2 This congruence gives the Wilson quotient

for [ as the polynomial
A} =27

f
Theorem 3.2. Let f £ /2X] be a monic non-constant polynomial. Assume that
the characteristic of R is not equal to 2. Then

m/) OKMCN a1
a, F eglgt?vey prim

Proof. For each a & /2[x] where a and / are relatively prime and deg(a) < deg(/),
we rewrite the Carmichael quotient for / base a as a¥* —: +/ -C(a. /). Then

W(J) =
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AAD= v cA = N q.+!C(a, )
at?\fe ?/gp(ﬁme a F erglgat?\fqugéﬁme

1+ n2 c@f) (mod/2).
a,F erglgat?\fqugp(ﬁme

Next, we rewrite the Wilson quotient for / as AM = €f +f 1 if). We obtain

(A )= (8l IV()AP=3, - ) (modf)
=1+ )) (mod/2)

Finally, we know that er = e/Lin modulo /. Then

1+ c<a ) = L+ T<l A()IMA() (mod £2)
a,Id erglgot?\fqugéﬁme
X C(a,f) =¢ (mod /).
a,P ?glg?\feq)e/gp(ﬁme
This completes the proof. O

3.2 Adth power residue symbol

Let R be a finite local ring and M its unique maximal ideal. Let k := R/M
arid define the reduction map 7: R —>k as in the last section. For this chapter,
assume that k is a field of order g = ps where p is a prime number and € N.
By Theorem XVIL1.2 in [9], we have that the unit group of R is isomorphic to the
group kx X (1 + A/) Recall that kx is a cyclic group of order q—1=ps- 1
s0 exp(kx) = q—L Moreover, 1+ M is a p-group which has p power elements
then exp(l + M) = pe for some e GN. Since ps—1 and pe are relatively prime,
exp(i?x) = Lem (exp(kx), exp(l + M)} = exp(kx) -exp(l + M).
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A monic polynomial / G/?[x] is primary it t = 1 for Some monic irreducible
polynomial of degree in k[ and « GN. Let/ be a monic primary polynomial.
The special property of / is that its quotient ring R[x}/fR[x] is a finite local ring
with a unique maximal ideal mf = (M. TI)/fR[x] (for more detail, see [4]). Note
that

(R.IXVR.LA(M.TRES) = RX]I(M. 1) = KLA/(Tr) &k,

where kn is a finite field of order g". After we have that R[x}/ R{x] is a finte
local ring, as ill the last paragraph, we have (/2] LJIP[]x = kx X (1 + mf)
where kx is a cyclic group of order qn - Larid 1+ mf is a p—group, so A/) =
exp((2 [ NI ) = exp(kx) -exp(l + mfy — gn —1) 1pi for some / 6 n,

By the map [ —r +fR.[x}for all r GRx. we call embed Rx into (R/fR.[x])x.
Now. we can consider kx which is a cyclic group of order g —1 as a subgroup of
Rx and so of (R./fR\X])x. For a divisor d of g —1, Rx and (R./f R[X])x have a
unigue cyclic subgroup of order d.

Lemma 3.3. Let f G/?[x] ke a monic primary polynomial and G /7[x] relatively
prime to f. For a divisor d of q—L there exists unique 3 G kx (embedded in Rx)
such that = /3(mod /).

Proof. Since (a~d~)J + fRfx] = 1+ fR\x], the order of a~* + f R[] divides d.
Since d is a divisor of |kx| = q- 1 and kf is a cyclic group containing kx. there
exists a subgroup of kx of order d containing ~ “ + /2}']. Therefore, there exists
3in kxsuch thata~ =//(mod /). Moreover, the division algorithm of / implies
that 3 is unique. [

Let / G R[x] be a monic primary polynomial and a G R[] relatively prime
to /. Fora divisor d of g —1, define 1 —j = ft where ft is the unique element

in Rx such that a-x~ = //(mod /). We call this symbol that the A.dth power
residue symbol of @ modulo /. In [s], lamthong and Meemark defined dth
power residue symbol of a modulo /, denoted by y . Which is the unique

d
a in Rx such that a a = «(mod /) where (p(f) = \(R[X)/t R[X])x| They also
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had the Euler quotient of degree d for / base aas a polynomial

Ej(ad) == -

Next, we find some relations hetween ofil power residue symbol and Afitli power
residue symbol. Since A(/) 10(/), we obtain

b33 a-dL (o SPY = {3Y  (mod 1) and

[a\ ) . [aW)\ . 1,
Vil -a*- ‘A ~y-1-)y mofA"'
\. [\ | Aj
NN =
However, these two symbols he . L, 0 €J /jd \(J}?]Ad \(a Iy

Proposition 3.4. Let / G i2[x] 6e a monic primary polynomial and r 6 /£[x]
where r and f are relatively prime. We have that

(j)j = Liffind, only if = 1

Proof. We know that (~jj = Y]j S0 the converse is obvious. Assume

that .1 Note that}r N Since
|1+AEIJ gnd Al + Mj) are botFﬁ power(%%q me emsg (/E [%/guch that

8 “viTvl) =g “>(N), = (N Th™M1- (N]%»  Mer

of { j /) d in the group kx divides p5. However. kx is a cyclic group of order

q—1=ps—1Land ps—1is relatively prime to p. Hence, (- 1X dzl.
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3.3 Carmichael quotients of degree

Let / be a monic primary polynomial in p[x], We define the Carmichael
quotient of degree d for / base a as a polynomial.

2ol G)A,d

c d{a,f) = f

Note that, in case d = 1, this quotient reduces to the Camichael quotient C(a,f)
as in section 3.1. Next, we consider the Euler quotient of degree d for / base a
and we have

0 _(; W (5
o - NS

. | ¢ = Cd(aM.f).

We will complete this chapter with a congruence relation between the Carmichael
quotients of degree d and the Wilson quotients.

Theorem 3.5. Letf G/7[x] be @ monic primary polynomial. For any divisor d of
—1. We have

(1) cd@a /) = —p-t-fw(r) (mod/).
a]ld ?glg?\fe%e/gé{i)me e

Proof. For any a G y2X] with deg(a) < deg(/) and a and / are relatively prime,
we rewrite the Carmichael quotient of degree d for / base a as follows:

[Ci(o,/)+ (;)Al=a"-



Then
(A 71 ) Az n aAH1
a F ?glgat?\fe%e/gp(ﬁme
«7) +fcd(a))
a,e?g.gna%gggmme 4
7 Hf
oAl A e
Consider
N <a H MZ1
F rglgt?veqflg ? viy A a]{d(?glgat\feq)e/géﬁme A)
7 N
\a, f r l(a()l\jgﬁ/gg }me
- (A ]) A
Al)
<t g
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;fcd(aj)

(mod 1)

(mod 1)

(mod 1)
(mod 1)

By Lemma 3.3, both sides of this congruence lie in = «. This implies that they are

equal. Then we have

pote ) “) " fCd(a
i, O ().

\

)
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Consider this equation in modulo / 2, we obtain

MO Al & \

L4 ) (mod /2
\ o, ﬂ rglg%eqy pr? (I)A’d
"0 _f E cd(af) (mod/2)

N R .
Rewriting the Wilson quotient for / as (/)x!=4 +/ « (L) implies that

(AJ)N =
=~ e aVC() (mod /2).

Therefore.

L +f.,“”“ (¥ - | (modf)

a Frel&vé’ly prlme
! (mod /2)

rglt< g
- _Am ALQ]V

rg I(a r?mp

Since €f —e 1 in modulo /, we have

@/)I 'V (/)  (mod/)

(mod /)

l
a?rgl \ 0
1

a,l rgl vely pr?me

as desired. -
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