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ïììĊę �

ïìîĈĒúąÙüćöøĎšóČĚîåćî

ïìîĊĚ Ýą×ĂÖúŠćüëċÜÙüćöøĎšóČĚîåćîìĊęđÖĊę÷ü×šĂÜÖĆïÖćøýċÖþćēÙøÜÜćîüĉì÷ćýćÿêøŤîĊĚ

ïìîĉ÷ćö ���� ÖċęÜÖøčð (S, ·) ðøąÖĂïéšü÷đàêĕöŠüŠćÜ S Ēúą ÖćøéĈđîĉîÖćøìüĉõćÙ · ïî S ìĊę

ÿĂéÙúšĂÜÿöïĆêĉÖćøđðúĊę÷îÖúčŠö îĆęîÙČĂ (a · b) · c = a · (b · c) ÿĈĀøĆïìčÖ a, b, c ∈ S

đøĊ÷Ö x ∈ S üŠć ÿöćßĉÖðÖêĉ ëšćöĊ y ∈ S àċęÜ x = x · y · x

đøĊ÷ÖÖċęÜÖøčð (S, ·) üŠć ÖċęÜÖøčððÖêĉ ëšć x đðŨîÿöćßĉÖðÖêĉ ÿĈĀøĆïìčÖ x ∈ S

êĆüĂ÷ŠćÜ ���� ÖĈĀîéĔĀš G = {a, b} Ēúąîĉ÷ćö ∗ ïî G éĆÜîĊĚ

∗ a b

a a a

b b b

ÝąĕéšüŠć G đðŨîÖċęÜÖøčð <�>

óĉÝćøèć a ∈ G ÝąĕéšüŠćöĊ b ∈ G àċęÜ a ∗ b ∗ a = a ∗ a = a

óĉÝćøèć b ∈ G ÝąĕéšüŠćöĊ a ∈ G àċęÜ b ∗ a ∗ b = b ∗ b = b

ÿøčðĕéšüŠć (G, ∗) đðŨîÖċęÜÖøčððÖêĉ



�

êĆüĂ÷ŠćÜ ���� ÖĈĀîéĔĀš G = {a, b, c} Ēúąîĉ÷ćö ∗ ïî G éĆÜîĊĚ

∗ a b c

a a a a

b a a a

c a a a

ÝąĕéšüŠć (G, ∗) đðŨîÖċęÜÖøčð <�>

óĉÝćøèć c ∗ a ∗ c = a ∗ c = a, c ∗ b ∗ c = a ∗ c = a Ēúą c ∗ c ∗ c = a ∗ c = a

éĆÜîĆĚî c ĕöŠđðŨîÿöćßĉÖðÖêĉĔî G

ÿøčðĕéšüŠć ÖċęÜÖøčð (G, ∗) ĕöŠđðŨîÖċęÜÖøčððÖêĉ

ïìîĉ÷ćö ���� [1] ĔĀš X đðŨîđàêĕöŠüŠćÜ ÖċęÜÖøčðÖćøĒðúÜđêĘöïî X đðŨîÖċęÜÖøčð (TX , ◦) đöČęĂ ◦ ÙČĂ

ÖćøðøąÖĂï ēé÷ìĊę

TX = {α | α : X → X}

×šĂêÖúÜ ĔĀš X đðŨîđàêĕöŠüŠćÜ ÿĈĀøĆïĒêŠúą f, g ∈ TX đ×Ċ÷î fg Ēìî g ◦ f

ïìîĉ÷ćö ���� ĔĀš X đðŨîđàêĕöŠüŠćÜ Ēúą I đðŨîđàêéøøßîĊ ñúĒïŠÜÖĆĚî×ĂÜ X ÙČĂ

đàê P = {Ai ⊆ X | i ∈ I} àċęÜÿĂéÙúšĂÜÖĆï

�� Ai &= ∅ ÿĈĀøĆïìčÖ i ∈ I

��
⋃
i∈I

Ai = X

�� Ai ∩ Aj = ∅ ÿĈĀøĆïìčÖ i, j ∈ I ìĊę i &= j

êúĂéēÙøÜÜćîđúŠöîĊĚ ÖĈĀîéĔĀš X đðŨîđàêĕöŠüŠćÜ Ēúą P = {Ai ⊆ X | i ∈ I}

đðŨîñúĒïŠÜÖĆĚî×ĂÜ X

ÿĈĀøĆïĒêŠúą α ∈ TX ĒúąĒêŠúą x ∈ X ĔßšÿĆâúĆÖþèŤ xα Ēìî õćó×ĂÜ x

õć÷ĔêšôŦÜÖŤßĆî α

ÿĈĀøĆïĒêŠúą α ∈ TX ĒúąĒêŠúą Ai ∈ P ĔßšÿĆâúĆÖþèŤ Aiα Ēìî õćó×ĂÜ Ai

õć÷ĔêšôŦÜÖŤßĆî α

îĂÖÝćÖîĊĚ N Ēìîđàê×ĂÜÝĈîüîîĆïìĆĚÜĀöé



�

ïìîĉ÷ćö ���� ÿĈĀøĆï α ∈ TX ĔĀš rank(α) Ēìî ÝĈîüîÿöćßĉÖ×ĂÜđàê im(α) = {xα |

x ∈ X} îĂÖÝćÖîĊĚ ëšć rank(α) = r ēé÷ìĊę r ∈ N Ēúšü Ýąđ×Ċ÷îđàê {xα | x ∈ X} đðŨî

{xjα | j ∈ {1, . . . , r}} đöČęĂ x1, . . . , xr ∈ X

3BLCVE ĕéšĔĀšîĉ÷ćöĔî [3] đàê TP,X đöČęĂ P đðŨîñúĒïŠÜÖĆĚî×ĂÜđàê X ĒúąĔîēÙøÜÜćîîĊĚ đøć

ÝąĒîąîĈđàê TP,k éĆÜïìîĉ÷ćö ���

ïìîĉ÷ćö ���� ĔĀš k ∈ N Ēúą P = {Ai ⊆ X | i ∈ {1, . . . , k}} đðŨîñúĒïŠÜÖĆĚî×ĂÜ X îĉ÷ćö

TP,X = {α ∈ TX | ∀Ai ∈ P∃Aj ∈ P,Aiα ⊆ Aj}

TP,k = {α ∈ TP,X | rank(α) = k Ēúą ∀Ai ∈ P∃ !xjα ∈ im(α), xjα ∈ Ai}

ĔîēÙøÜÜćîîĊĚ ÖĈĀîéĔĀš X đðŨîđàêÝĈÖĆéìĊęĕöŠĔßŠđàêüŠćÜ ÝąĕéšüŠć (TP,X , ◦) đðŨîÖċęÜÖøčð (ÝćÖ

[3] (TP,X , ◦) đðŨîÖċęÜÖøčð÷ŠĂ÷×ĂÜÖċęÜÖøčð (TX , ◦)) đøćÝąóĉÝćøèćüŠćÿĆïđàê TP,k ×ĂÜ TP,X đðŨî

ÖċęÜÖøčððÖêĉĀøČĂĕöŠ Ēúąìšć÷ÿčé đøćÝą÷ÖêĆüĂ÷ŠćÜÿöćßĉÖðÖêĉ×ĂÜđàê TP,X − TP,k

êĆüĂ÷ŠćÜ ���� 	êĆüĂ÷ŠćÜÿöćßĉÖ×ĂÜ TP,X 
 ĔĀš X = {1, 2, 3, 4, 5, 6, 7} Ēúą óĉÝćøèć

P = {{1, 2, 3}, {4, 5}, {6, 7}} àċęÜßĆéđÝîüŠć P đðŨîñúĒïŠÜÖĆĚî×ĂÜ X îĂÖÝćÖîĊĚ ĔĀš

A1 = {1, 2, 3}, A2 = {4, 5} Ēúą A3 = {6, 7}

óĉÝćøèć ĒñîõćóôŦÜÖŤßĆî f éĆÜøĎð

ÝąĕéšüŠć im(f) = {1, 2, 3, 7} ĒúąßĆéđÝîüŠć f ∈ TX

óĉÝćøèć A1



�

1f = 1, 2f = 1 Ēúą 3f = 2

đóøćąÞąîĆĚî A1f ⊆ A1

óĉÝćøèć A2

4f = 3 Ēúą 5f = 3

đóøćąÞąîĆĚî A2f ⊆ A1

óĉÝćøèć A3

6f = 7 Ēúą 7f = 7

đóøćąÞąîĆĚî A3f ⊆ A3

ÝċÜĕéšüŠć ∀Ai ∈ P∃Aj ∈ P,Aif ⊆ Aj

ÿøčðĕéšüŠć f ∈ TP,X

êĆüĂ÷ŠćÜ ���� 	êĆüĂ÷ŠćÜÿöćßĉÖ×ĂÜ TP,k
 ĔĀš X = {1, 2, 3, 4, 5, 6, 7} Ēúą óĉÝćøèć

P = {{1, 2, 3}, {4, 5}, {6, 7}} àċęÜßĆéđÝîüŠć P đðŨîñúĒïŠÜÖĆĚî×ĂÜ X îĂÖÝćÖîĊĚ ĔĀš

A1 = {1, 2, 3}, A2 = {4, 5} Ēúą A3 = {6, 7}

óĉÝćøèć ĒñîõćóôŦÜÖŤßĆî f éĆÜøĎð

ÝąĕéšüŠć im(f) = {1, 4, 6} ĒúąßĆéđÝîüŠć f ∈ TP,X

ÝąđĀĘîĕéšüŠć rank(f) = 3 = ÝĈîüîÿöćßĉÖ×ĂÜñúĒïŠÜÖĆĚî P

óĉÝćøèć A1

đĀĘîßĆéüŠćöĊ 1 ∈ im(f) đóĊ÷ÜêĆüđéĊ÷üàċęÜ 1 ∈ A1



�

óĉÝćøèć A2

đĀĘîßĆéüŠćöĊ 4 ∈ im(f) đóĊ÷ÜêĆüđéĊ÷üàċęÜ 4 ∈ A2

óĉÝćøèć A3

đĀĘîßĆéüŠćöĊ 6 ∈ im(f) đóĊ÷ÜêĆüđéĊ÷üàċęÜ 6 ∈ A3

éĆÜîĆĚî ∀Ai ∈ P ∃ ! xjf ∈ im(f), xjf ∈ Ai Ēúą rank(f) = ÝĈîüîÿöćßĉÖ×ĂÜ P

ÿøčðĕéšüŠć f ∈ TP,k

êĆüĂ÷ŠćÜ ����� 	êĆüĂ÷ŠćÜÿöćßĉÖðÖêĉ×ĂÜ TP,X 
 ĔĀš X = {1, 2, 3, 4, 5, 6, 7} Ēúą P =

{{1, 2, 3}, {4, 5}, {6, 7}} àċęÜßĆéđÝîüŠć P đðŨîñúĒïŠÜÖĆĚî×ĂÜ X îĂÖÝćÖîĊĚ ĔĀš

A1 = {1, 2, 3}, A2 = {4, 5} Ēúą A3 = {6, 7}

óĉÝćøèć ĒñîõćóôŦÜÖŤßĆî f éĆÜøĎð

ÝąĒÿéÜüŠć f đðŨîÿöćßĉÖðÖêĉĔî TP,X îĆęîÙČĂ ÝąĒÿéÜüŠć öĊ g ∈ TP,X àċęÜ f = fgf
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îĉ÷ćö g éĆÜĒñîõćó

óĉÝćøèć fgf ÝąĕéšüŠć

ÝćÖĒñîõćóđĀĘîßĆéüŠć fgf = f

êŠĂĕðÝąĒÿéÜüŠć g ∈ TP,X

ÝćÖĒñîõćó im(g) = {1, 4, 5, 7} ĒúąßĆéđÝîüŠć g ∈ TX

óĉÝćøèć A1

1g = 4, 2g = 4 Ēúą 3g = 5

đóøćąÞąîĆĚî A1g ⊆ A2

óĉÝćøèć A2

4g = 1 Ēúą 5g = 1
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đóøćąÞąîĆĚî A2g ⊆ A1

óĉÝćøèć A3

6g = 7 Ēúą 7g = 7

đóøćąÞąîĆĚî A3g ⊆ A3

ÝċÜĕéšüŠć ∀Ai ∈ P ∃Aj ∈ P,Aig ⊆ Aj

éĆÜîĆĚî g ∈ TP,X

ÿøčðĕéšüŠć ∃g ∈ TP,X , f = fgf

îĆęîÙČĂ f đðŨîÿöćßĉÖðÖêĉĔî TP,X

êĆüĂ÷ŠćÜ ����� 	êĆüĂ÷ŠćÜ×ĂÜÿöćßĉÖ×ĂÜ TP,X ìĊęĕöŠđðŨîÿöćßĉÖðÖêĉ
 ĔĀšX = {1, 2, 3, 4, 5, 6, 7}

Ēúą P = {{1, 2, 3}, {4, 5}, {6, 7}} àċęÜßĆéđÝîüŠć P đðŨîñúĒïŠÜÖĆĚî×ĂÜ X îĂÖÝćÖîĊĚ ĔĀš

A1 = {1, 2, 3}, A2 = {4, 5} Ēúą A3 = {6, 7}

óĉÝćøèć ĒñîõćóôŦÜÖŤßĆî f éĆÜøĎð

ÿööêĉ f đðŨîÿöćßĉÖðÖêĉĔî TP,X îĆęîÙČĂ öĊ g ∈ TP,X àċęÜ f = fgf

đóøćąÞąîĆĚî xf = x(fgf) ìčÖ x ∈ X

ēé÷đÞóćąĂ÷ŠćÜ÷ĉęÜ 2f = 2(fgf)

ÞąîĆĚî 3 = 3(gf) = (3g)f

ÝċÜĕéšüŠć 3g ∈ {1, 2, 3} ⊆ A1
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đîČęĂÜÝćÖ 4f = 4(fgf)

ÞąîĆĚî 2 = 2(gf) = (2g)f

ÝċÜĕéšüŠć 2g = {4, 5} ⊆ A2

éĆÜîĆĚî 2g ∈ A2 ĒêŠ 3g ∈ A1 àċęÜìĈĔĀšĕéšüŠć g /∈ TP,X ÝċÜđÖĉé×šĂ×ĆéĒ÷šÜ

éĆÜîĆĚî f ĕöŠđðŨîÿöćßĉÖðÖêĉĔî TP,X



ïììĊę �

ÖċęÜÖøčð÷ŠĂ÷ðÖêĉ TP,k ×ĂÜÖċęÜÖøčð TP,X

ĒúąÿöćßĉÖðÖêĉïćÜêĆü×ĂÜ TP,X

ëċÜĒöšüŠć Ĕî [3] ĕéšÖúŠćüüŠć (TP,X , ◦) đðŨîÖċęÜÖøčð÷ŠĂ÷×ĂÜ (TX , ◦) ĒêŠĕöŠĕéšöĊÖćøóĉÿĎÝîŤĕüš đøćÝċÜ×Ă

ĒÿéÜÖćøóĉÿĎÝîŤ×ĂÜ×šĂÙüćöîĊĚ

ìùþãĊïì ���� ÖĈĀîéĔĀš X đðŨîđàêÝĈÖĆéìĊęĕöŠĔßŠđàêüŠćÜ k ∈ N Ēúą P = {Ai ⊆ X | i ∈

{1, . . . , k}} đðŨîñúĒïŠÜÖĆĚî×ĂÜ X ÝąĕéšüŠć (TP,X , ◦) đðŨîÖċęÜÖøčð

ïìóĉÿĎÝîŤ� đîČęĂÜÝćÖ TP,X ⊆ TX ÞąîĆĚî đøćÝąĒÿéÜüŠć (TP,X , ◦) đðŨîÖċęÜÖøčð÷ŠĂ÷×ĂÜ (TX , ◦)

ĔĀš z ∈ X îĉ÷ćö f : X → X ēé÷ìĊę f(x) = z ÿĈĀøĆïìčÖ x ∈ X

đóøćąÞąîĆĚî Aif = {z} ìčÖ i ∈ {1, . . . , k}

éĆÜîĆĚî f ∈ TP,X ìĈĔĀšĕéšüŠć TP,X &= ∅

êŠĂĕðÝąĒÿéÜüŠć TP,X öĊÿöïĆêĉðŗé

ĔĀš f, g ∈ TP,X Ēúą Ai ∈ P ÞąîĆĚî÷ŠĂööĊ Aj, Aj′ ∈ P àċęÜ Aif ⊆ Aj Ēúą Ajg ⊆ Aj′

éĆÜîĆĚî Aifg = (Aif)g ⊆ Ajg ⊆ Aj′

îĆęîÙČĂ Aifg ⊆ Aj′

đóøćąÞąîĆĚî fg ∈ TP,X

éĆÜîĆĚî (TP,X , ◦) đðŨîÖċęÜÖøčð÷ŠĂ÷×ĂÜ (TX , ◦)

ÿøčðĕéšüŠć (TP,X , ◦) đðŨîÖċęÜÖøčð
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êŠĂĕðÝąĒÿéÜüŠć (TP,k, ◦) đðŨîÖċęÜÖøčð÷ŠĂ÷ðÖêĉ×ĂÜ (TP,X , ◦)

ìùþãĊïì ���� ÖĈĀîéĔĀš X đðŨîđàêÝĈÖĆéìĊęĕöŠĔßŠđàêüŠćÜ k ∈ N Ēúą P = {Ai ⊆ X | i ∈

{1, . . . , k}} đðŨîñúĒïŠÜÖĆĚî×ĂÜ X ÝąĕéšüŠć (TP,k, ◦) đðŨîÖċęÜÖøčð÷ŠĂ÷×ĂÜ (TP,X , ◦)

ïìóĉÿĎÝîŤ� ÿööêĉĔĀš X đðŨîđàêÝĈÖĆé×îćé n

ÝąĒÿéÜÖŠĂîüŠć TP,k &= ∅ ēé÷ ĔĀš x1 ∈ A1, x2 ∈ A2, . . . , xk ∈ Ak îĉ÷ćö f : X → X ēé÷

f(x) = xi đöČęĂ x ∈ Ai

éĆÜîĆĚî Aif = {xi} ìčÖ i ∈ {1, . . . , k} éĆÜîĆĚî f ∈ TP,X

đîČęĂÜÝćÖ x1 ∈ A1, x2 ∈ A2, . . . , xk ∈ Ak ÞąîĆĚî x1, . . . , xk êŠćÜÖĆîĀöé

ìĈĔĀšĕéšüŠć rank(f) = k Ēúą im(f) = {x1, . . . , xk}

đóøćąÞąîĆĚî TP,k &= ∅ îĂÖÝćÖîĊĚ đĀĘîßĆéüŠć TP,k ⊆ TP,X

êŠĂĕðÝąĒÿéÜüŠć (TP,k, ◦) öĊÿöïĆêĉðŗé ĔĀš f, g ∈ TP,k éĆÜîĆĚî fg ∈ TP,X đóøćąüŠć TP,X

đðŨîÖċęÜÖøčð ĒúąÝąĕéšüŠć rank(f) = k éĆÜîĆĚî öĊ x1, . . . , xk ∈ X ìĊęêŠćÜÖĆîĀöé àċęÜ im(f) =

{x1f, . . . , xkf} Ēúą x1f, . . . , xkf êŠćÜÖĆîĀöé ĔĀš Xf = {x1, . . . , xk} đĀúČĂđóĊ÷ÜĒÿéÜüŠć

rank(fg) = k Ēúą ∀Ai ∈ P ∃ ! xjfg ∈ im(fg), xjfg ∈ Ai

ÖŠĂîĂČęîÝąĒÿéÜüŠć ∀Ai ∈ P ∃ ! xj ∈ Xf , xj ∈ Ai

ĔĀš Ai ∈ P Ēúąēé÷ĕöŠđÿĊ÷îĆ÷ìĆęüĕð ÿööêĉüŠćöĊ x1, x2 ∈ Xf àċęÜ x1, x2 ∈ Ai

ÝćÖ f ∈ TP,X đóøćąÞąîĆĚî öĊ l ∈ {1, . . . , k} àċęÜ Aif ⊆ Al

éĆÜîĆĚî x1f, x2f ∈ Al đîČęĂÜÝćÖ f ∈ TP,k đóøćąÞąîĆĚî x1f = x2f ìĈĔĀšĕéšüŠć rank(f) < k

×ĆéĒ÷šÜÖĆï rank(f) = k éĆÜîĆĚî ∀Ai ∈ P∃ !xj ∈ Xf , xj ∈ Ai

đøĊ÷ÜúĈéĆïÿöćßĉÖĔî Xf ĔĀöŠēé÷ ĔĀš Xf = {xi1 , . . . , xik} đöČęĂ ximf ∈ Am ìčÖ m ∈

{1, . . . , k} ĒúąÝąĕéšüŠć im(f) = {xi1f, . . . , xikf}

ĔĀš Xg = {(xi1f)g, . . . , (xikf)g} éĆÜîĆĚî Xg ⊆ im(g)

êŠĂĕðÝąĒÿéÜüŠć Xg = im(g) ÿööêĉ Xg &= im(g)

ÞąîĆĚî Xg ⊂ im(g) ÝċÜĕéšüŠć öĊ z ∈ X àċęÜ zg ∈ im(g) ĒêŠ zg /∈ Xg

ÝćÖ z ∈ X éĆÜîĆĚî öĊ β ∈ {1, . . . , k} àċęÜ z ∈ Aiβ ÞąîĆĚî z, xiβf ∈ Aiβ

ÝćÖ g ∈ TP,X đóøćąÞąîĆĚî öĊ γ ∈ {1, . . . , k} àċęÜ Aiβg ⊆ Aiγ

ÝćÖ g ∈ TP,k ìĈĔĀšĕéšüŠć zg = (xiβf)g ∈ Xg

àċęÜđðŨî×šĂ×ĆéĒ÷šÜ éĆÜîĆĚî Xg = im(g)

ÝċÜĕéšüŠć im(fg) = (imf)g = {xi1fg, . . . , xikfg} = im(g)

éĆÜîĆĚî rank(fg) = rank(g) = k
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đóøćąüŠć g ∈ TP,k ÝċÜĕéšüŠć ∀Ai ∈ P∃ !xjg ∈ im(g), xjg ∈ Ai ĒêŠđóøćąüŠć

im(g) = {xi1fg, . . . , xikfg} = im(fg) ÞąîĆĚî ∀Ai ∈ P∃ !xilfg ∈ im(fg), xilfg ∈ Ai

éĆÜîĆĚî fg ∈ TP,k

ÿøčðĕéšüŠć (TP,k, ◦) đðŨîÖċęÜÖøčð÷ŠĂ÷×ĂÜ (TP,X , ◦)

ĔîêĂîîĊĚđøćìøćïĒúšüüŠć (TP,k, ◦) đðŨîÖċęÜÖøčð÷ŠĂ÷×ĂÜ (TP,X , ◦) ĔîÿŠüîëĆéĕðÝąĒÿéÜüŠć (TP,k, ◦)

đðŨîÖċęÜÖøčð÷ŠĂ÷ðÖêĉ×ĂÜ (TP,X , ◦) îĆęîÙČĂÝąĒÿéÜüŠć ∀f ∈ TP,k∃g ∈ TP,k, f = fgf

ÿĈĀøĆïìčÖ f ∈ TP,k đ×Ċ÷î f =

(
Xi

fi

)

i∈{1,...,k}
ĒìîÖćøïĂÖüŠć X = X1 - · · · -

Xk 	ÿĆâúĆÖþèŤ - Ēìî ÷ĎđîĊ÷îĒïïĕöŠöĊÿŠüîøŠüö
 rank(f) = k, im(f) = {f1, . . . , fk} Ēúą

{fi}f−1 = Xi ìčÖ i ∈ {1, . . . , k} àċęÜđðŨîÖćøĔßšÿĆâúĆÖþèŤìĊęðøćÖäĔî [1]

ÖŠĂîìĊęÝąóĉÿĎÝîŤìùþãĊïì ��� ÝąóĉÿĎÝîŤïìêĆĚÜ ���

ïìêĆĚÜ ���� ÖĈĀîéĔĀš X đðŨîđàêÝĈÖĆéìĊęĕöŠĔßŠđàêüŠćÜ k ∈ N Ēúą P = {Ai ⊆ X | i ∈

{1, . . . , k}} đðŨîñúĒïŠÜÖĆĚî×ĂÜ X ÿĈĀøĆïìčÖ f =

(
Xi

fi

)

i∈{1,...,k}
∈ TP,k ĕéšüŠć ∀Xi ⊆

X∃ !Aj ∈ P àċęÜ Xi = Aj

ïìóĉÿĎÝîŤ� ĔĀš f =

(
Xi

fi

)

i∈{1,...,k}
∈ TP,k ēé÷ìĊę rank(f) = k, im(f) = {f1, . . . , fk} Ēúą

{fi}f−1 = Xi ìčÖ i ∈ {1, . . . , k}

ĔĀš i ∈ {1, . . . , k} óĉÝćøèć Xi

ÝąĒÿéÜüŠć ĕöŠöĊìćÜđÖĉéÖøèĊîĊĚĕéš

öĊ Aα, Aβ ∈ P àċęÜ α &= β, Xi ∩ Aα &= ∅ Ēúą Xi ∩ Aβ &= ∅ − (∗)

ÿööêĉđóČęĂĀć×šĂ×ĆéĒ÷šÜ ĔĀš x1 ∈ Xi∩Aα Ēúą x2 ∈ Xi∩Aβ đóøćąÞąîĆĚî x1f = fi = x2f

ÝćÖ x1 ∈ Aα, x2 ∈ Aβ Ēúą ÝćÖ f ∈ TP,X ÷ŠĂööĊ Aα′ , Aβ′ ∈ P àċęÜ Aαf ⊆ Aα′ Ēúą

Aβf ⊆ Aβ′ éĆÜîĆĚî x2f = x1f ∈ Aα′ Ēúą x2f ∈ Aβ′ îĆęîÙČĂ Aα′ ∩Aβ′ &= ∅ ÝąĕéšüŠć α′
= β

′

đĀúČĂßĆĚîĔî P ĂĊÖ k − 2 ßĆĚî àċęÜĔîĒêŠúąßĆĚîÝąöĊÿöćßĉÖ×ĂÜ im(f) ĕéšĕöŠđÖĉî � êĆü đóøćąÞąîĆĚî

rank(f) ≤ (k − 2) + 1 = k − 1 àċęÜ×ĆéĒ÷šÜÖĆï rank(f) = k

ÞąîĆĚî ÿĈĀøĆï Aα, Aβ ∈ P ëšć Xi ∩ Aα &= ∅ ĀøČĂ Xi ∩ Aβ &= ∅ Ēúšü α = β

îĆęîÙČĂ ∀Xi ⊆ X∃ !Aα ∈ P,Xi ∩ Aα &= ∅

ÝċÜĕéšüŠć ∀Xi ⊆ X∃ !Aα ∈ P,Xi ⊂ Aα ∨ Aα ⊂ Xi ∨Xi = Aα

ĔĀš Xi ⊆ X ÞąîĆĚî öĊ Aα ∈ P đóĊ÷ÜßĆĚîđéĊ÷üđìŠćîĆĚîìĊę Xi ⊂ Aα ĀøČĂ Aα ⊂ Xi ĀøČĂ

Xi = Aα ÝąĕéšüŠć ĕöŠöĊìćÜđÖĉéÖøèĊ Aα ⊂ Xi öĉđßŠîîĆĚî ÝąĕéšüŠćöĊ Aβ ∈ P ēé÷ìĊę α &= β Ēúą

Aβ ∩Xi &= ∅ àċęÜ×ĆéĒ÷šÜÖĆï (∗)
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×ĆĚîêŠĂöćÝąĒÿéÜüŠć ĕöŠöĊìćÜđÖĉéÖøèĊ Xi ⊂ Aα ÿööêĉüŠć Xi ⊂ Aα

ÞąîĆĚî öĊ x1 ∈ Xi Ēúą x2 ∈ Aα −Xi đóøćąÞąîĆĚî x1f = fi

ÝćÖ f ∈ TP,X ÷ŠĂööĊ Al ∈ P àċęÜ Aαf ⊆ Al ĒúąÝćÖ x1, x2 ∈ Aα éĆÜîĆĚî x1f, x2f ∈ Al

ÝćÖ f ∈ TP,k đóøćąÞąîĆĚî x2f = x1f = fi éĆÜîĆĚî x2 ∈ Xi ×ĆéĒ÷šÜÖĆï x2 ∈ Aα −Xi

éĆÜîĆĚî ÝċÜÿøčðüŠć ∀Xi ⊆ X∃ !Aα ∈ P,Xi = Aα

îĆęîÙČĂÿĈĀøĆïìčÖ f ∈ TP,k ĕéšüŠć ∀Xi ⊆ P∃ ! Aj ∈ P àċęÜ Xi = Aj

ìùþãĊïì ���� (TP,k, ◦) đðŨîÖċęÜÖøčð÷ŠĂ÷ðÖêĉ×ĂÜ (TP,X , ◦)

ïìóĉÿĎÝîŤ� đóĊ÷ÜóĂìĊęÝąĒÿéÜüŠć ÿĈĀøĆïĒêŠúą f ∈ TP,k ÝąöĊ g ∈ TP,k àċęÜ f = fgf

ĔĀš f =

(
Xi

fi

)

{1,...,k}
∈ TP,k ēé÷ĕöŠđÿĊ÷îĆ÷ìĆęüĕð ĔĀš f1 ∈ A1, . . . , fk ∈ Ak ēé÷ïìêĆĚÜ ��� ĕéš

üŠć {X1, . . . , Xk} đðŨîñúĒïŠÜÖĆĚî P đßŠîÖĆî ĔĀš X1 = A1′ , . . . , Xk = Ak′ ēé÷ 1
′
, . . . , k

′ ∈

{1, . . . , k} Ēúą 1
′
, . . . , k

′ êŠćÜÖĆîĀöé

ÿĈĀøĆïĒêŠúą i ∈ {1, . . . , k} ĔĀš gi ∈ Xi Ēúą Yi = Ai îĉ÷ćö g =

(
Yi

gi

)

i∈{1,...,k}
ÝąĒÿéÜüŠć f = fgf

ĔĀš x ∈ X ÞąîĆĚî öĊ i ∈ {1, . . . , k} àċęÜ x ∈ Ai′ = Xi éĆÜîĆĚî xf = fi Ēúą

xfg = fig = gi đóøćąüŠć fi ∈ Ai Ēúą Ai = Yi

ÞąîĆĚî xfgf = gif = fi = xf đóøćąüŠć gi ∈ Xi

đóøćąÞąîĆĚî f = fgf

ÿčéìšć÷ÝąĒÿéÜüŠć g ∈ TP,k ĔĀš Ai′ ∈ P ÞąîĆĚî Ai′ = Xi ÝćÖ gi ∈ Xi éĆÜîĆĚî gi ∈ Xi =

Ai′ ĒúąÝćÖ P đðŨîñúĒïŠÜÖĆĚî ÝċÜĕéšüŠć ∀Ai′ ∈ P∃ !gi ∈ im(f), gi ∈ Ai′

đóøćąÞąîĆĚî g ∈ TP,k

ÝîëċÜ×èąîĊĚìøćïĒúšüüŠć (TP,k, ◦) đðŨîÖċęÜÖøčð÷ŠĂ÷ðÖêĉ×ĂÜ (TP,X , ◦) îĆęîÙČĂÿöćßĉÖìčÖêĆü×ĂÜ

TP,k đðŨîÿöćßĉÖðÖêĉ ÞąîĆĚîĔîēÙøÜÜćîîĊĚÝċÜÿîĔÝìĊęÝąĀćÿöćßĉÖðÖêĉ×ĂÜ TP,X − TP,k ēé÷Ýą

óĉÝćøèćÿöćßĉÖ×ĂÜ TP.X−TP,k đöČęĂÖĈĀîéđÜČęĂîĕ×ïćÜĂ÷ŠćÜđóĉęöđêĉö îĆęîÙČĂ óĉÝćøèć f ∈ TP,X−

TP,k àċęÜÿĂéÙúšĂÜđÜČęĂîĕ× (∗) 	àċęÜðøąÖĂïéšü÷ 	�
 
 	�
 Ēúą 	�



	�
 rank(f) = k

	�
 ∃ !Aj ∈ P ìĊęöĊ fα, fβ ∈ imf ēé÷ìĊę α &= β àċęÜ fα, fβ ∈ Aj Ēúą

	�
 ìčÖ Al ∈ P ìĊę l ∈ {1, . . . , k} − {j} ëšć Al ∩ im(f) &= ∅ Ēúšü ∃ !fγ ∈ im(f) àċęÜ

α, β, γ ĒêÖêŠćÜÖĆîĀöé fγ ∈ Al Ēúą {fγ}f−1 = Al

ēé÷ĕöŠđÿĊ÷îĆ÷ìĆęüĕð ĔĀš f1, f2 ∈ A1 Ēúą f3 ∈ A3, . . . , fk ∈ Ak

đóøćąÞąîĆĚî X3 = A3, . . . , Xk = Ak



��

óĉÝćøèćÙüćöđðŨîĕðĕéš×ĂÜ X1 Ēúą X2 đîČęĂÜÝćÖ X3 = A3, . . . , Xk = Ak éĆÜîĆĚî X1 Ēúą X2

êšĂÜöĊÙüćöđÖĊę÷ü×šĂÜÖĆï A1 Ēúą A2 đìŠćîĆĚîēé÷ÿćöćøëĒïŠÜđðŨîÖøèĊêŠćÜė éĆÜîĊĚ

êŠĂĕðÝąĒÿéÜüŠć ÿöćßĉÖ×ĂÜ TP,X − TP,k ìĊęÿĂéÙúšĂÜÖøèĊ (i)− (v) đðŨîÿöćßĉÖðÖêĉ îĆęîÙČĂ

ÝąĒÿéÜüŠć

ÿĈĀøĆï f ∈ TP,X − TP,k ìĊęÿĂéÙúšĂÜ ÖøèĊ (i)− (v) ÝąöĊ g ∈ TP,X − TP,k àċęÜ f = fgf

ĒúąÿöćßĉÖ×ĂÜ TP,X − TP,k ìĊęÿĂéÙúšĂÜÖøèĊ (vi) Ēúą (vii) ÝąĕöŠđðŨîÿöćßĉÖðÖêĉ

àċęÜĔîÖćøĒÿéÜ×šĂÙüćöđĀúŠćîĊĚ ÝąĔßšÿĆâúĆÖþèŤìĊęÖúŠćüĕüš×šćÜêšî



��

ìùþãĊïì ���� ÿĈĀøĆï f ∈ TP,X − TP,k ëšć f ÿĂéÙúšĂÜÖĆïÖøèĊ (i) ĒúšüÝąĕéšüŠć ÝąöĊ g ∈

TP,X − TP,k àċęÜ f = fgf

ïìóĉÿĎÝîŤ� ÿćöćøëĒïŠÜđðŨîÖøèĊ÷ŠĂ÷ĕéš � ÖøèĊ

�� f1 ∈ X1 Ēúą f2 ∈ X2

�� f1 ∈ X2 Ēúą f2 ∈ X1

�� f1, f 2 ∈ X1

�� f1, f 2 ∈ X2

ÖøèĊ � f1 ∈ X1 Ēúą f2 ∈ X2

đúČĂÖ g = f éĆÜîĆĚî g ∈ TP,X − TP,k

êŠĂöćÝąĒÿéÜüŠć f = fgf

ĔĀš x ∈ X ÞąîĆĚî öĊ i ∈ {1, . . . , k} àċęÜ x ∈ Xi

ÞąîĆĚî xf = fi ĒúąđîČęĂÜÝćÖ fi ∈ Xi ÝċÜĕéšüŠć

xfg = xff = fif = fi éĆÜîĆĚî xfgf = fif = fi = xf

ÝċÜĕéšüŠć xf = xfgf ìčÖ x ∈ X

ÿøčðĕéšüŠć f = fgf

ÖøèĊ � f1 ∈ X2 Ēúą f2 ∈ X1

đúČĂÖ g = f éĆÜîĆĚî g ∈ TP,X − TP,k

êŠĂöćÝąĒÿéÜüŠć f = fgf

ĔĀš x ∈ X ÞąîĆĚî öĊ i ∈ {1, . . . , k} àċęÜ x ∈ Xi

ÖøèĊ x ∈ X1 Ýąĕéš xf = f1 ÞąîĆĚî xfg = f1f = f2 đóøćąüŠć f1 ∈ X2

éĆÜîĆĚî xfgf = f2f = f1 = xf đóøćüŠć f2 ∈ X1



��

ÖøèĊ x ∈ X2 Ýąĕéš xf = f2 ÞąîĆĚî xfg = f2f = f1 đóøćąüŠć f2 ∈ X1

éĆÜîĆĚî xfgf = f1f = f2 = xf đóøćüŠć f1 ∈ X2

ÖøèĊ x ∈ Xi đöČęĂ i ∈ {3, . . . , k} Ýąĕéš xf = fi ÞąîĆĚî xfg = fif = fi đóøćąüŠć fi ∈ Xi

éĆÜîĆĚî xfgf = fif = fi = xf

ÝċÜĕéšüŠć xf = xfgf ìčÖ x ∈ X

ÿøčðĕéšüŠć f = fgf

ÖøèĊ � f1, f 2 ∈ X1

ĔĀš gl ∈ Xl ∩ A1 đöČęĂ l ∈ {1, 2} Ēúą gl ∈ Xl đöČęĂ l ∈ {3, . . . , k}

ĒúąĔĀš Y1 = X1 − {f2}, Y2 = X2 ∪ {f2} Ēúą Yl = Xl đöČęĂ l ∈ {3, . . . , k}

îĉ÷ćö g =

(
Yi

gi

)

i∈{1,...,k}
ßĆéđÝîüŠć g : X → X Ēúą g /∈ TP,k

êŠĂĕðÝąĒÿéÜüŠć f = fgf ĔĀš x ∈ X

ÖøèĊ x ∈ X1 Ýąĕéš xf = f1 ÞąîĆĚî xfg = f1g = g1 đóøćąüŠć f1 ∈ X1 − {f2} = Y1

éĆÜîĆĚî xfgf = g1f = f1 = xf đóøćąüŠć g1 ∈ X1

ÖøèĊ x ∈ X2 Ýąĕéš xf = f2 ÞąîĆĚî xfg = f2g = g2 đóøćąüŠć f2 ∈ X2 ∪ {f2} = Y2

éĆÜîĆĚî xfgf = g2f = f2 = xf đóøćąüŠć g2 ∈ X2

ÖøèĊ x ∈ Xi đöČęĂ i ∈ {3, . . . , k} Ýąĕéš xf = fi ÞąîĆĚî xfg = fig = gi đóøćąüŠć

fi ∈ Xi = Yi éĆÜîĆĚî xfgf = gif = fi = xf đóøćąüŠć gi ∈ Xi

ÝċÜĕéšüŠć xf = xfgf ìčÖ x ∈ X

ÿøčðĕéšüŠć f = fgf

×ĆĚîêŠĂöć ÝąĒÿéÜüŠć g ∈ TP,X ĔĀš x ∈ Ai đöČęĂ i ∈ {1, . . . , k}

ÖøèĊ x ∈ A1

đîČęĂÜÝćÖ Yl = Al ìčÖ l ∈ {3, . . . , k} ÞąîĆĚî x ∈ Y1 ĀøČĂ x ∈ Y2

ÖøèĊ x ∈ Y1 ÝąĕéšüŠć xg = g1 ∈ A1

ÖøèĊ x ∈ Y2 ÝąĕéšüŠć xg = g2 ∈ A1

éĆÜîĆĚî A1g ⊆ A1

ÖøèĊ x ∈ A2

ÞąîĆĚî x ∈ Y1 ĀøČĂ x ∈ Y2 ìĈîĂÜđéĊ÷üÖĆîÖĆïÖøèĊ x ∈ A1

éĆÜîĆĚî A2g ⊆ A1

ÖøèĊ x ∈ Ai đöČęĂ i ∈ {3, . . . , k}

ÞąîĆĚî x ∈ Yi ÝąĕéšüŠć xg = gi ∈ Ai

éĆÜîĆĚî Aig ⊆ Ai



��

ÝċÜĕéšüŠć ÿĈĀøĆïĒêŠúą i ∈ {1, . . . , k} ÝąöĊ j ∈ {1, . . . , k} àċęÜ Aig ⊆ Aj

ÿøčðĕéšüŠć g ∈ TP.X − TP,k

ÖøèĊ � f1, f 2 ∈ X2

ĔĀš gl ∈ Xl ∩ A1 đöČęĂ l ∈ {1, 2} Ēúą gl ∈ Xl đöČęĂ l ∈ {3, . . . , k}

ĒúąĔĀš Y1 = X1 ∪ {f1}, Y2 = X2 − {f1} Ēúą Yl = Xl đöČęĂ l ∈ {3, . . . , k}

îĉ÷ćö g =

(
Yi

gi

)

i∈{1,...,k}
ßĆéđÝîüŠć g : X → X Ēúą g /∈ TP,k

êŠĂĕðÝąĒÿéÜüŠć f = fgf ĔĀš x ∈ X

ÖøèĊ x ∈ X1 Ýąĕéš xf = f1 ÞąîĆĚî xfg = f1g = g1 đóøćąüŠć f1 ∈ X1 ∪ {f1} = Y1

éĆÜîĆĚî xfgf = g1f = f1 = xf đóøćąüŠć g1 ∈ X1

ÖøèĊ x ∈ X2 Ýąĕéš xf = f2 ÞąîĆĚî xfg = f2g = g2 đóøćąüŠć f2 ∈ X2 − {f1} = Y2

éĆÜîĆĚî xfgf = g2f = f2 = xf đóøćąüŠć g2 ∈ X2

ÖøèĊ x ∈ Xi đöČęĂ i ∈ {3, . . . , k} Ýąĕéš xf = fi ÞąîĆĚî xfg = fig = gi đóøćąüŠć

fi ∈ Xi = Yi éĆÜîĆĚî xfgf = gif = fi = xf đóøćąüŠć gi ∈ Xi

ÝċÜĕéšüŠć xf = xfgf ìčÖ x ∈ X ÿøčðĕéšüŠć f = fgf

ÿćöćøëĒÿéÜĔîìĈîĂÜđéĊ÷üÖĆïÖøèĊìĊę � ÿøčðĕéšüŠć g ∈ TP,X − TP,k

ìùþãĊïì ���� ÿĈĀøĆï f ∈ TP,X − TP,k ëšć f ÿĂéÙúšĂÜÖĆïÖøèĊ (ii) ĒúšüÝąĕéšüŠć ÝąöĊ g ∈

TP,X − TP,k àċęÜ f = fgf

ïìóĉÿĎÝîŤ� ÿćöćøëĒïŠÜđðŨîÖøèĊ÷ŠĂ÷ĕéš � ÖøèĊ

�� f1 ∈ X1 Ēúą f2 ∈ X2

�� f1 ∈ X2 Ēúą f2 ∈ X1

�� f1, f 2 ∈ X1

�� f1, f 2 ∈ X2



��

ÖøèĊ � f1 ∈ X1 Ēúą f2 ∈ X2 Ēúą ÖøèĊ � f1 ∈ X2 Ēúą f2 ∈ X1

đúČĂÖ g = f éĆÜîĆĚî g ∈ TP,X − TP,k

ĒúąóĉÿĎÝîŤđĀöČĂîÖøèĊ � ĒúąÖøèĊ � ×ĂÜìùþãĊïì ���

ÿøčðĕéšüŠć f = fgf

ÖøèĊ � f1, f 2 ∈ X1

ĔĀš gl ∈ Xl ∩ A1 đöČęĂ l ∈ {1, 2} Ēúą gl ∈ Xl đöČęĂ l ∈ {3, . . . , k}

ĒúąĔĀš Y1 = X1 − {f2}, Y2 = X2 ∪ {f2} Ēúą Yl = Xl đöČęĂ l ∈ {3, . . . , k}

îĉ÷ćö g =

(
Yi

gi

)

i∈{1,...,k}
ßĆéđÝîüŠć g : X → X Ēúą g /∈ TP,k

ĒúąóĉÿĎÝîŤđĀöČĂîÖøèĊìĊę � ×ĂÜìùþãĊïì ���

ÿøčðĕéšüŠć f = fgf

×ĆĚîêŠĂöć ÝąĒÿéÜüŠć g ∈ TP,X ĔĀš x ∈ Ai đöČęĂ i ∈ {1, . . . , k}

ÖøèĊ x ∈ A1

đóøćąÞąîĆĚî x ∈ Y1 ĀøČĂ x ∈ Y2

ÖøèĊ x ∈ Y1 ÝąĕéšüŠć xg = g1 ∈ A1

ÖøèĊ x ∈ Y2 ÝąĕéšüŠć xg = g2 ∈ A1

éĆÜîĆĚî A1g ⊆ A1

ÖøèĊ x ∈ A2

đóøćąÞąîĆĚî x ∈ Y1 đìŠćîĆĚî đóøćą Y2 ∩ A2 = ∅ ÝąĕéšüŠć xg = g1 ∈ A1

éĆÜîĆĚî A2g ⊆ A1

ÖøèĊ x ∈ Ai đöČęĂ i ∈ {3, ..., k}

đóøćąÞąîĆĚî x ∈ Yi ÝąĕéšüŠć xg = gi ∈ Ai

éĆÜîĆĚî Aig ⊆ Ai

đóøćąÞąîĆĚî ÿĈĀøĆïĒêŠúą i ∈ {1, ..., k} ÝąöĊ j ∈ {1, ..., k} àċęÜ Aig ⊆ Aj

éĆÜîĆĚî g ∈ TP.X − TP,k



��

ÖøèĊ � f1, f 2 ∈ X2

ĔĀš gl ∈ Xl ∩ A1 đöČęĂ l ∈ {1, 2} Ēúą gl ∈ Xl đöČęĂ l ∈ {3, . . . , k}

Ēúą Y1 = X1 ∪ {f1}, Y2 = X2 − {f1} Ēúą Yl = Xl đöČęĂ l ∈ {3, . . . , k}

îĉ÷ćö g =

(
Yi

gi

)

i∈{1,...,k}
ßĆéđÝîüŠć g : X → X Ēúą g /∈ TP,k

ĒúąóĉÿĎÝîŤđĀöČĂîÖøèĊìĊę � ×ĂÜìùþãĊïì ���

ÿøčðĕéšüŠć f = fgf

×ĆĚîêŠĂöć ÝąĒÿéÜüŠć g ∈ TP,X

ĒúąóĉÿĎÝîŤìĈîĂÜđéĊ÷üÖĆïÖøèĊìĊę � ×šćÜêšî ÿøčðĕéšüŠć g ∈ TP,X − TP,k

ìùþãĊïì ���� ÿĈĀøĆï f ∈ TP,X − TP,k ëšć f ÿĂéÙúšĂÜÖĆïÖøèĊ (iii) ĒúšüÝąĕéšüŠć ÝąöĊ g ∈

TP,X − TP,k àċęÜ f = fgf

ïìóĉÿĎÝîŤ� ÿćöćøëĒïŠÜđðŨîÖøèĊ÷ŠĂ÷ĕéš � ÖøèĊ

�� f1 ∈ X1 Ēúą f2 ∈ X2

�� f1 ∈ X2 Ēúą f1 ∈ X1

�� f1, f 2 ∈ X1

�� f1, f 2 ∈ X2

ÖøèĊ � f1 ∈ X1 Ēúą f2 ∈ X2 Ēúą ÖøèĊ � f1 ∈ X2f2 ∈ X1

đúČĂÖ g = f éĆÜîĆĚî g ∈ TP,X − TP,k

ĒúąóĉÿĎÝîŤđĀöČĂîÖøèĊ � ĒúąÖøèĊ � ×ĂÜìùþãĊïì ���

ÿøčðĕéšüŠć f = fgf

ÖøèĊ � f1, f 2 ∈ X1

ĔĀš gl ∈ Xl ∩ A1 đöČęĂ l ∈ {1, 2} Ēúą gl ∈ Xl đöČęĂ l ∈ {3, . . . , k}



��

ĒúąĔĀš Y1 = X1 − {f2}, Y2 = X2 ∪ {f2} Ēúą Yl = Xl đöČęĂ l ∈ {3, . . . , k}

îĉ÷ćö g =

(
Yi

gi

)

i∈{1,...,k}
ßĆéđÝîüŠć g : X → X Ēúą g /∈ TP,k

ĒúąóĉÿĎÝîŤđĀöČĂîÖøèĊìĊę � ×ĂÜìùþãĊïì ���

ÿøčðĕéšüŠć f = fgf

×ĆĚîêŠĂöć ÝąĒÿéÜüŠć g ∈ TP,X ĔĀš x ∈ Ai đöČęĂ i ∈ {1, . . . , k}

ÖøèĊ x ∈ A1

đóøćąÞąîĆĚî x ∈ Y1 ĀøČĂ x ∈ Y2

ÖøèĊ x ∈ Y1 ÝąĕéšüŠć xg = g1 ∈ A1

ÖøèĊ x ∈ Y2 ÝąĕéšüŠć xg = g2 ∈ A1

éĆÜîĆĚî A1g ⊆ A1

ÖøèĊ x ∈ A2

đóøćąÞąîĆĚî x ∈ Y2 đìŠćîĆĚî đóøćą Y1 ∩ A2 = ∅ ÝąĕéšüŠć xg = g2 ∈ A1

éĆÜîĆĚî A2g ⊆ A1

ÖøèĊ x ∈ Ai ÿĈĀøĆï i ∈ {3, . . . , k}

đóøćąÞąîĆĚî x ∈ Yi ÝąĕéšüŠć xg = gi ∈ Ai

éĆÜîĆĚî Aig ⊆ Ai

đóøćąÞąîĆĚî ÿĈĀøĆïĒêŠúą i ∈ {1, . . . , k} ÝąöĊ j ∈ {1, . . . , k} àċęÜ Aig ⊆ Aj

éĆÜîĆĚî g ∈ TP.X − TP,k

ÖøèĊ � f1, f 2 ∈ X2

ĔĀš gl ∈ Xl ∩ A1 đöČęĂ l ∈ {1, 2} Ēúą gl ∈ Xl đöČęĂ l ∈ {3, . . . , k}

ĒúąĔĀš Y1 = X1 ∪ {f1}, Y2 = X2 − {f1} Ēúą Yl = Xl đöČęĂ l ∈ {3, . . . , k}

îĉ÷ćö g =

(
Yi

gi

)

i∈{1,...,k}
ßĆéđÝîüŠć g : X → X Ēúą g /∈ TP,k

ĒúąóĉÿĎÝîŤđĀöČĂîÖøèĊìĊę � ×ĂÜìùþãĊïì ���

ÿøčðĕéšüŠć f = fgf

ĒúąóĉÿĎÝîŤìĈîĂÜđéĊ÷üÖĆïÖøèĊìĊę � ×šćÜêšî ÿøčðĕéšüŠć g ∈ TP,X − TP,k



��

ìùþãĊïì ���� ÿĈĀøĆï f ∈ TP,X − TP,k ëšć f ÿĂéÙúšĂÜÖĆïÖøèĊ (iv) ĒúšüÝąĕéšüŠć ÝąöĊ g ∈

TP,X − TP,k àċęÜ f = fgf

ïìóĉÿĎÝîŤ� đîČęĂÜÝćÖ f1, f2 ∈ A1 ÞąîĆĚî ÝċÜÿøčðĕéšüŠć f1, f2 ∈ X1 đìŠćîĆĚî

ĔĀš gl ∈ Xl ∩ A2 đöČęĂ l ∈ {1, 2} Ēúą gl ∈ Xl đöČęĂ l ∈ {3, . . . , k}

ĒúąĔĀš Y1 = X1 − {f2}, Y2 = X2 ∪ {f2} Ēúą Yl = Xl đöČęĂ l ∈ {3, . . . , k}

îĉ÷ćö g =

(
Yi

gi

)

i∈{1,...,k}
ßĆéđÝîüŠć g : X → X Ēúą g /∈ TP,k

êŠĂĕðÝąĒÿéÜüŠć f = fgf ĔĀš x ∈ X

ÖøèĊ x ∈ X1 Ýąĕéš xf = f1 ÞąîĆĚî xfg = f1g = g1 đóøćąüŠć f1 ∈ X1 − {f2} = Y1

éĆÜîĆĚî xfgf = g1f = f1 = xf đóøćąüŠć g1 ∈ X1

ÖøèĊ x ∈ X2 Ýąĕéš xf = f2 ÞąîĆĚî xfg = f2g = g2 đóøćąüŠć f2 ∈ X2 ∪ {f2} = Y2

éĆÜîĆĚî xfgf = g2f = f2 = xf đóøćąüŠć g2 ∈ X2

ÖøèĊ x ∈ Xi đöČęĂ i ∈ {3, . . . , k} Ýąĕéš xf = fi ÞąîĆĚî xfg = fig = gi đóøćąüŠć

fi ∈ Xi = Yi éĆÜîĆĚî xfgf = gif = fi = xf đóøćąüŠć gi ∈ Xi

ÝċÜĕéšüŠć xf = xfgf ìčÖ x ∈ X

ÿøčðĕéšüŠć f = fgf

×ĆĚîêŠĂĕð ÝąĒÿéÜüŠć g ∈ TP,X ĔĀš x ∈ Ai đöČęĂ i ∈ {1, . . . , k}

ÖøèĊ x ∈ A1

đóøćąÞąîĆĚî x ∈ Y1 ĀøČĂ x = f2

ÖøèĊ x ∈ Y1 ÝąĕéšüŠć xg = g1 ∈ A2

ÖøèĊ x = f2 ÝąĕéšüŠć xg = g2 ∈ A2

éĆÜîĆĚî A1g ⊆ A2

ÖøèĊ x ∈ A2

đóøćąÞąîĆĚî x ∈ Y1 ĀøČĂ x ∈ Y2

ÖøèĊ x ∈ Y1 ÝąĕéšüŠć xg = g1 ∈ A2



��

ÖøèĊ x ∈ Y2 ÝąĕéšüŠć xg = g2 ∈ A2

éĆÜîĆĚî A2g ⊆ A2

ÖøèĊ x ∈ Ai ÿĈĀøĆï i ∈ {3, . . . , k}

đóøćąÞąîĆĚî x ∈ Yi ÝąĕéšüŠć xg = gi ∈ Ai

éĆÜîĆĚî Aig ⊆ Ai

đóøćąÞąîĆĚî ÿĈĀøĆïĒêŠúą i ∈ {1, . . . , k} ÝąöĊ j ∈ {1, . . . , k} àċęÜ Aig ⊆ Aj

éĆÜîĆĚî g ∈ TP,X − TP,k

ìùþãĊïì ���� ÿĈĀøĆï f ∈ TP,X − TP,k ëšć f ÿĂéÙúšĂÜÖĆïÖøèĊ (v) ĒúšüÝąĕéšüŠć ÝąöĊ g ∈

TP,X − TP,k àċęÜ f = fgf

ïìóĉÿĎÝîŤ� đîČęĂÜÝćÖ f1, f2 ∈ A1 ÞąîĆĚîÝċÜÿøčðĕéšüŠć f1, f2 ∈ X2 đìŠćîĆĚî

ĔĀš gl ∈ Xl ∩ A2 đöČęĂ l ∈ {1, 2} Ēúą gl ∈ Xl đöČęĂ l ∈ {3, . . . , k}

ĒúąĔĀš Y1 = X1 ∪ {f1}, Y2 = X2 − {f1} Ēúą Yl = Xl đöČęĂ l ∈ {3, . . . , k}

îĉ÷ćö g =

(
Yi

gi

)

i∈{1,...,k}
ßĆéđÝîüŠć g : X → X Ēúą g /∈ TP,k

êŠĂĕðÝąĒÿéÜüŠć f = fgf ĔĀš x ∈ X

ÖøèĊ x ∈ X1 Ýąĕéš xf = f1 ÞąîĆĚî xfg = f1g = g1 đóøćąüŠć f1 ∈ X1 ∪ {f1} = Y1


éĆÜîĆĚî xfgf = g1f = f1 = xf đóøćąüŠć g1 ∈ X1

ÖøèĊ x ∈ X2 Ýąĕéš xf = f2 ÞąîĆĚî xfg = f2g = g2 đóøćąüŠć f2 ∈ X2 − {f1} = Y2

éĆÜîĆĚî xfgf = g2f = f2 = xf đóøćąüŠć g2 ∈ X2

ÖøèĊ x ∈ Xi đöČęĂ i ∈ {3, . . . , k} Ýąĕéš xf = fi ÞąîĆĚî xfg = fig = gi đóøćąüŠć

fi ∈ Xi = Yi éĆÜîĆĚî xfgf = gif = fi = xf đóøćąüŠć gi ∈ Xi

ÝċÜĕéšüŠć xf = xfgf ìčÖ x ∈ X

ÿøčðĕéšüŠć f = fgf

×ĆĚîêŠĂĕð ÝąĒÿéÜüŠć g ∈ TP,X ĔĀš x ∈ Ai đöČęĂ i ∈ {1, . . . , k}



��

ÖøèĊ x ∈ A1

đóøćąÞąîĆĚî x = f1 ĀøČĂ x ∈ Y2

ÖøèĊ x = f1 ÝąĕéšüŠć xg = g1 ∈ A2

ÖøèĊ x ∈ Y2 ÝąĕéšüŠć xg = g2 ∈ A2

éĆÜîĆĚî A1g ⊆ A2

ÖøèĊ x ∈ A2

đóøćąÞąîĆĚî x ∈ Y1 ĀøČĂ x ∈ Y2

ÖøèĊ x ∈ Y1 ÝąĕéšüŠć xg = g1 ∈ A2

ÖøèĊ x ∈ Y2 ÝąĕéšüŠć xg = g2 ∈ A2

éĆÜîĆĚî A2g ⊆ A2

ÖøèĊ x ∈ Ai ÿĈĀøĆï i ∈ {3, . . . , k}

đóøćąÞąîĆĚî x ∈ Yi ÝąĕéšüŠć xg = gi ∈ Ai

éĆÜîĆĚî Aig ⊆ Ai

đóøćąÞąîĆĚî ÿĈĀøĆïĒêŠúą i ∈ {1, . . . , k} ÝąöĊ j ∈ {1, . . . , k} àċęÜ Aig ⊆ Aj

éĆÜîĆĚî g ∈ TP,X − TP,k

ìùþãĊïì ����� ÿĈĀøĆï f ∈ TP,X − TP,k ëšć f ÿĂéÙúšĂÜÖĆïÖøèĊ (vi) Ēúšü ÝąĕöŠöĊ g ∈ TP,X

àċęÜ f = fgf

ïìóĉÿĎÝîŤ� ÿööêĉüŠćöĊ g ∈ TP,X àċęÜ f = fgf óĉÝćøèć x1 ∈ X1 Ēúą x2 ∈ X2

éĆÜîĆĚî x1f = x1fgf îĆęîÙČĂ f1 = f1gf éĆÜîĆĚî f1g ∈ X1 ⊆ A1

Ēúą x2f = x2fgf îĆęîÙČĂ f2 = f2gf éĆÜîĆĚî f2g ∈ X2 ⊆ A2

×ĆéĒ÷šÜÖĆï g ∈ TP,X đîČęĂÜÝćÖ f1, f2 ∈ X1 ⊆ A1 ĒêŠ f1g ∈ A1 Ēúą f2g ∈ A2



��

ìùþãĊïì ����� ÿĈĀøĆï f ∈ TP,X − TP,k ëšć f ÿĂéÙúšĂÜÖĆïÖøèĊ (vii) Ēúšü ÝąĕöŠöĊ g ∈ TP,X

àċęÜ f = fgf

ïìóĉÿĎÝîŤ� ÿööêĉüŠćöĊ g ∈ TP,X àċęÜ f = fgf

óĉÝćøèć x1 ∈ X1 Ēúą x2 ∈ X2

éĆÜîĆĚî x1f = x1fgf îĆęîÙČĂ f1 = f1gf éĆÜîĆĚî f1g ∈ X1 ⊆ A2

Ēúą x2f = x2fgf îĆęîÙČĂ f2 = f2gf éĆÜîĆĚî f2g ∈ X2 ⊆ A1

×ĆéĒ÷šÜÖĆï g ∈ TP,X đîČęĂÜÝćÖ f1, f2 ∈ X2 ⊆ A1 ĒêŠ f1g ∈ A2 Ēúą f2g ∈ A1

ÝćÖìùþãĊïì ��� � ìùþãĊïì ���� ÿøčðĕéšìùþãĊïìĀúĆÖ

ìùþãĊïì ����� ÿĈĀøĆï f ∈ TP,X − TP,k ìĊęÿĂéÙúšĂÜđÜČęĂîĕ× (∗) ĕéšüŠć

f đðŨîÿöćßĉÖðÖêĉ ÖĘêŠĂđöČęĂ f ÿĂéÙúšĂÜđÜČęĂîĕ×ĀîċęÜĔîÖøèĊ (i) ëċÜÖøèĊ (v)



ïììĊę �

×šĂÿøčðĒúą×šĂđÿîĂĒîą

ēÙøÜÜćîđúŠöîĊĚöčŠÜđîšîìĊęÝąóĉÿĎÝîŤüŠć TP,X đðŨîÖċęÜÖøčð÷ŠĂ÷×ĂÜ TX Ēúą TP,k đðŨîÖċęÜÖøčð÷ŠĂ÷

ðÖêĉ×ĂÜ TP,X õć÷ĔêšÖćøðøąÖĂï îĆęîÙČĂ ĒêŠúąÿöćßĉÖ×ĂÜ TP,k đðŨîÿöćßĉÖðÖêĉ ĔîêĂîĒøÖēÙøÜ

ÜćîîĊĚĕéšöĊĒñîÖćøìĊęÝąýċÖþćÿöćßĉÖĂČęîîĂÖđĀîČĂÝćÖÿöćßĉÖĔîđàê TP,k üŠćđðŨîÿöćßĉÖðÖêĉĀøČĂĕöŠ

ÝċÜĕéšđøĉęöýċÖþćÝćÖ f ∈ TP,X − TP,k ìĊęöĊÿöïĆêĉ

	�
 rank(f) = k

	�
 ∃ !Aj ∈ P ìĊęöĊ fα, fβ ∈ imf ēé÷ìĊę α &= β àċęÜ fα, fβ ∈ Aj Ēúą

	�
 ∀Al ∈ P ìĊę l ∈ {1, . . . , k}− {j} ëšć Al ∩ im(f) &= ∅ Ēúšü ∃ !fγ ∈ im(f) àċęÜ α, β, γ

ĒêÖêŠćÜÖĆîĀöé fγ ∈ Al Ēúą {fγ}f−1 = Al

đøćóïüŠć ÿćöćøë×÷ć÷ĒîüÙĉéîĊĚĂĂÖĕðĕéšđðŨî

ÿĈĀøĆï f ∈ TP,X − TP,k ìĊęöĊÿöïĆêĉ

	�
 rank(f) = k

	�
 ∃ !Aj1 , Aj2 ∈ P ìĊęöĊ fα, fβ, fγ, fδ ∈ imf ēé÷ìĊę α, β, γ, δ êŠćÜÖĆîĀöé àċęÜ fα, fβ ∈ Aj1

Ēúą fγ, fδ ∈ Aj2 Ēúą

	�
 ∀Al ∈ P ìĊę l ∈ {1, . . . , k} − {j1, j2} ëšć Al ∩ im(f) &= ∅ Ēúšü ∃ !fε ∈ imf àċęÜ

ε,α, β, γ, δ ĒêÖêŠćÜÖĆîĀöé fε ∈ Al Ēúą {fε}f−1 = Al

ĀøČĂĂćÝ×÷ć÷ĒîüÙĉéĂĂÖĕðĔîúĆÖþèą

ëšć |X| đðŨîÝĈîüîÙĎŠ óĉÝćøèć f ∈ TP,X − TP,k ìĊęöĊÿöïĆêĉ

∃ !Ai1 , Ai2 , . . . , Ai k
2

ìĊęöĊ fj1 , fj2 , . . . , fjk ∈ im(f) ēé÷ìĊę j1, j2, . . . jk ĒêÖêŠćÜÖĆîĀöé àċęÜ

fj1 , fj2 ∈ Ai1 , fj3 , fj4 ∈ Ai2 , . . . , fjk−1
, fjk ∈ Ai k

2

ĀøČĂ

ëšć |X| đðŨîÝĈîüîÙĊę óĉÝćøèć f ∈ TP,X − TP,k àċęÜ

∃ !Ai1 , Ai2 , . . . , Ai# k
2 $

ìĊęöĊ fj1 , fj2 , . . . , fjk−1
∈ im(f) ēé÷ìĊę j1, j2, . . . , jk−1 ĒêÖêŠćÜÖĆî

Āöé àċęÜ fj1 , fj2 ∈ Ai1 , fj3 , fj4 ∈ Ai2 , . . . , fjk−2
, fjk−1

∈ Ai# k
2 $

ĀøČĂÝą×÷ć÷ĒîüÙĉéĕðĔîìĉýìćÜĂČęîîĂÖđĀîČĂÝćÖ×šĂđÿîĂĒîąđĀúŠćîĊĚÖĘĕéš



��

đĂÖÿćøĂšćÜĂĉÜ

<�> %PMJOLB
 *�
 BOE &BTU
 +�7BSJBOUT PG ųOJUF GVMM USBOTGPSNBUJPO TFNJHSPVQT�

%FQBSUNFOU PG .BUIFNBUJDT BOE *OGPSNBUJDT
 6OJWFSTJUZ PG /PWJ
 ����� QBHF �

<�> .JUDIFMM
 +�%� $PNQVUJOH B ųOJUF TFNJHSPVQ� 4DIPPM PG .BUIFNBUJDT BOE 4UBUJTUJDT


6OJWFSTJUZ PG 4U "OESFXT
 ����� QBHF �

<�> 3BLCVE
 +� 3FHVMBSJUZ PG B 1BSUJDVMBS 4VCTFNJHSPVQ PG UIF 4FNJHSPVQ PG 5SBOT�

GPSNBUJPOT 1SFTFSWJOH BO &RVJWBMFODF� %FQBSUNFOU PG .BUIFNBUJDT
 'BDVMUZ PG

4DJFODF
 4JMQBLPSO 6OJWFSTJUZ
 ����� QBHF� �
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Ăćจćø÷ŤทĊęปøċกþć øĂงýćÿตøćจćø÷Ťǰดø.ǰýจĊǰđพĊ÷øÿกčú 
ผĎšดĈđนĉนกćø นć÷พชøǰพúĂ÷đพĘชøŤǰđúขปøąจĈตĆüนĉÿĉตǰ5933533923 
 ÿćขćüĉชćคณĉตýćÿตøŤǰõćคüĉชćคณĉตýćÿตøŤĒúąüĉท÷ćกćøคĂöพĉüđตĂøŤ 
 คณąüĉท÷ćýćÿตøŤǰจčāćúงกøณŤöĀćüĉท÷ćúĆ÷ 
_________________________________________________________________________ 
 
ĀúĆกกćøĒúąđĀตčñú 

กึęงกรčปሺ𝑆𝑒݉𝑖𝑔݌ݑ݋ݎሻሺ𝑆,∙ሻ ปøąกĂบดšü÷đซตĕöŠüŠćงǰ𝑆 ĒúąกćøดĈđนĉนกćøทüĉõćคǰ∙ǰบนđซตǰ𝑆 ทĊę
ÿĂดคúšĂงÿöบĆตĉกćøđปúĊę÷นกúčŠöǰนĆęนคČĂǰሺ𝑎 ∙ 𝑏ሻ ∙ 𝑐 ൌ 𝑎 ∙ ሺ𝑏 ∙ 𝑐ሻ ÿĈĀøĆบทčกǰ𝑎, 𝑏, 𝑐 ∈ 𝑆  

đøĊ÷กกċęงกøčปሺ𝑆,∙ሻ üŠćǰกึęงกรčปปกติሺ𝑅𝑒𝑔݈ݑ𝑎ݏݎ𝑒݉𝑖𝑔݌ݑ݋ݎሻ ถšćǰÿĈĀøĆบĒตŠúąǰݔ ∈ 𝑆 öĊǰݕ ∈ 𝑆 ซċęงǰǰǰ
ݔ ൌ ݔ ∙ ݕ ∙  ݔ𝑒ሻ ของǰݏݎ𝑒ݒüŠćǰตัวผกผันሺ𝑖݊ ݕĒúąđøĊ÷กǰ ݔ

ĔĀšǰ𝑋 đปŨนđซตǰนĉ÷ćöǰกึęงกรčปการĒปลงđตĘมบน ǰ𝑋 ሺ𝐹ݎݐ݈݈ݑ𝑎݊ݏ𝑓݉ݎ݋𝑎ݐ𝑖ݏ݊݋𝑒݉𝑖𝑔݌ݑ݋ݎሻሺ𝑇௑,∘ሻ   
ēด÷ทĊęǰ𝑇௑ ൌ ሼߙ | ߙ ∶ 𝑋 → 𝑋ሽ Ēúąǰ∘ǰคČĂกćøปøąกĂบሺ𝐶ݏ݋݌݉݋𝑖ݐ𝑖݊݋ሻ ซċęงǰሺ𝑇௑,∘ሻǰđปŨนกċęงกøčป 

ÿĈĀøĆบǰߙ ∈ 𝑇௑ǰĔชšÿĆญúĆกþณŤǰߙݔǰĒทนǰ𝑖݉𝑎𝑔𝑒 ขĂงǰݔ ∈ 𝑋 õć÷Ĕตšǰߙǰนĉ÷ćöǰݎ𝑎݊𝑘ሺߙሻǰคČĂǰจĈนüน

ÿöćชĉกขĂงđซตǰ𝑖݉ሺߙሻ ൌ ሼݔ | ߙݔ ∈ 𝑋ሽ ถšćǰݎ𝑎݊𝑘ሺߙሻ ൌ ēด÷ทĊę ݎ ǰݎ ∈ ℕǰĒúšüǰจąđขĊ÷นǰሼݔ | ߙݔ ∈ 𝑋ሽ đปŨนǰ
൛ݔ௝ߙ ห 𝑗 ∈ ሼ1, … , 𝑘ሽሽ 

ĔĀšǰ𝑘 ∈ ℕǰĒúąǰ𝑃 ൌ ሼ𝐴௜ ⊆ 𝑋 | 𝑖 ∈ ሼ1, … , 𝑘ሽሽǰđปŨนผúĒบŠงกĆĚนሺ𝑃𝑎ݐݎ𝑖ݐ𝑖݊݋ሻ ขĂงǰ𝑋ǰนĉ÷ćöǰ𝑇௉,௑ǰĒúąǰ

𝑇 ดĆงนĊĚ 
𝑇௉,௑ ൌ ሼߙ ∈ 𝑇௑ | ∀𝐴௜ ∈ 𝑃∃𝐴௝ ∈ 𝑃, 𝐴௜ߙ ⊆ 𝐴௝ሽ 
𝑇 ൌ ൛ߙ ∈ 𝑇௉,௑ ห ݎ𝑎݊𝑘ሺߙሻ ൌ 𝑘 Ēúąǰ∀𝐴௜ ∈ 𝑃∃! ߙ௝ݔ ∈ 𝑖݉ሺߙሻ, ߙ௝ݔ ∈ 𝐴௜ሽ 

 ĔนēคøงงćนนĊĚǰđøćÿนĔจüŠćǰđöČęĂǰࢄ đปŨนđซตจĈกĆดทĊęĕöŠĔชŠđซตüŠćงǰĒúšüÿĆบđซตǰࢀ ขĂงǰࢄ,ࡼࢀ đปŨนกċęงกøčป÷ŠĂ÷
ปกตĉĀøČĂĕöŠǰĒúą÷กตĆüĂ÷ŠćงÿöćชĉกขĂงđซตǰࢄ,ࡼࢀ െ  ࢄ,ࡼࢀǰทĊęöĊตĆüผกผĆนĔนǰࢀ
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2. ĔĀšตĆüĂ÷ŠćงÿöćชĉกขĂงđซตǰ𝑇௉,௑ െ 𝑇ǰทĊęöĊตĆüผกผĆนĔนǰ𝑇௉,௑ 

ขĂïđขตขĂงēคøงงćน 
ýċกþćÿĆบđซตǰ𝑇 ขĂงǰ𝑇௉,௑ ēด÷ǰ𝑋 đปŨนđซตจĈกĆดทĊęĕöŠüŠćง 

üĉธĊกćøดĈđนĉนงćน 
1. ýċกþćคüćöøĎšพČĚนฐćนđกĊę÷üกĆบกċงกøčปǰกċęงกøčปปกตĉǰĒúąกċęงกøčปกćøĒปúงđตĘö 
2. ýċกþćกćøđปŨนกċęงกøčป÷ŠĂ÷ปกตĉขĂงđซตǰ𝑇 
3. ĔĀšตĆüĂ÷Šćงÿöćชĉกǰ𝑇௉,௑ െ 𝑇 ทĊęöĊตĆüผกผĆนĔนǰ𝑇௉,௑ 
4. đขĊ÷นøĎปđúŠöēคøงงćน 
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