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A type is a symbol used to -separate objects in the universe
into different groups. The objects in traditional predicate logic have
no types (or, equivalently, they all have the same type), so in some
theories which need at least two classes of object, such as the theory
of vector spaces or homomorphisms of two groups, we can not write some
theorems using untypes predicate logic. This thesis proposes a
' predicate logic with types. In it we will formulate syntax, sematics,
and; formal proofs, and prove some metatheorems, including the
Soundness Theorem. Finally, we will give counterexamples to show that
the Compactness and Completeness theorems fail in this logic.
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Introduction

Type theory has been a topic of research interest to computer scientists,
mathematicians, logicains and philosophers for a number of year. For computer
scientists, it is the most important part of a programming language. It is used
to detect static errors. Many static errors in a program can be detected if the
language has a strong type system. Moreover, types provide information for
the compiler (or interpreter) to generate more efficients code.

For mathematicians and logicians, types look a bit different. A type is just a
symbol used to separate objects in a universe into different groups. It is not used
to detect errors or provide any information. A type in the sense of mathematics
is a tool used to help model the real world using mathematics. Without types,
traditional predicate logic cannot express any useful statement. For example,
consider the statement: |

Let Gy and G, be groups, e; an indentity of G, and ey an identity of Go. Let =

h: Gy = G, be a homomorphism. Then h(e;) = €.
We cannot express this statement formally using traditional predicate logic be-
cause the universe of the model of the group will include elements from both G,
and G, so when we define h we cannot restrict the domain of 4 to elements in
the group G;. "

In this thesis, we will use types to extend the expressive power of predicate
logic. The experience of computer scientists working on functional program-
ming languages has shown that including higher-order types in a type system
can greatly increase the usefulness of that system. Therefore, the type systems
used in this thesis will include types of all finite orders, even thouht it means the
resulting logic will be incomplete. v

The logic studied in this thesis will be much like traditional predicate logic,
except for the addition of types. Therefore, the main outline of the theory should
look quite familiar, although many details will be different. In particular, we
will follow the standard pattern of studying the syntax of terms and formulas,
introducing structures to give their semantics, and defining formal proofs using
axioms and rules of inference. In the end most of the details can be hidden in the
lemmas, so the proofs of most of the metatheorems are similar to the standard
proofs for ordinary predicate logic. Of course, there are some differences, since
the Compactness and Completeness theorems fail to be true in the new logic.

In Chapter 1 we cover some general background material that is not directly
related to the new logic, but will be needed later in the thesis. In Chapter 2
we define the syntax and semantics of the new logic, as well as formal proofs,
and prove a few results that are closely related to the definitions. In Chapter3
we prove several metatheorems, including the Soundness theorem, and gives a
counterexample to show that Complactness and Completeness theorems fail.
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