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A vague binary operation on a set X with respect to Exxx and Ex is a
strong fuzzy function & with respect to a fuzzy equality Ex.x on X x X and a
fuzzy equality Ex on X. Moreover, a vague ring with respect to Ey,» and Ey
defined in 2007 by Sezer is a 3-tuple (H, 5, o) satisfying some certain conditions.
Vague ideals and vague prime ideals were defined in 2007 by the same author.
In this thesis, we present vague primary ideals and some elementary properties'
of vague prime ideals, vague primary ideals and their related vague ideals. In
addition, we give the sufficient condition of the vague ring of matrices to have
no vague prime ideals. Eventually, we give some sufficient conditions which
vague prime ideals, vague primary ideals and some related vague ideals are

coincide.
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Notation

The following notation are used frequently throughout this thesis.

R
R-‘r

min (a,b) ora Ab
max (a,b) ora Vb
(6.,3)

(1,5,3)

(G,0)

Ror (H,o,e)
<V(A : B),@,&>

the set of real numbers,

the set of positive real numbers,

the set of integers,

the set of non-negative integers,

the set of natural numbers (positive integers),
the set of rational numbers,

the set of positive rational numbers,

the set of integers modulo a natural number n,
the n x n matrix rings over a ring R,

a real open interval,

a real close interval,

a vague binary operation,

a characteristic functions of (a, b, ¢) corresponding
the vague binary operation o,

a fuzzy equality on X,

the minimum of a and b,

the maximum of a and b,

a vague group,

a vague ring,

a classical group,

classical rings,

a vague ideal quotient.



CHAPTER1I

Introduction and Preliminaries

In 1999, Demirci defined operations of a group to be compatible with a given
fuzzy equality which led to vague algebraic structures :- vague semigroups,
vague groups, vague rings which are related to semigroups, groups and rings,
respectively. Later on, general results of vague algebraic notions have been es-
tablished by Demirci and Sezer.

In 2007, Sezer defined in [7] a vague prime ideal of a vague ring as follows
: a proper vague ideal <P, D, ®> of a vague ring (H, S, ®) is said to be a vague
prime ideal if ® is a vague binary operation on H \ P. He also provided many
interesting results relating to vague algebraic notions.

In rings, ideals are crucial notion and primary ideals are directly closed to
prime ideals. This inspired us to define a vague primary ideal of a vague ring
which is similar to a primary ideal of a ring. We prove that every vague prime
ideal of a vague ring (H, o, ®) is a vague primary ideal of (H, 5, e). Moreover,
we are interested in studying some properties of vague prime ideals and vague
primary ideals which are parallel to those of prime ideals and primary ideals of
classical rings. Furthermore, we investigate properties of the followings: vague
left ideals, vague right ideals, vague ideals, vague prime left ideals, vague prime
right ideals and vague prime ideals.

In classical sense, Noetherian rings are well known rings which are beneficial
to investigate some properties of vague primary ideals. This led us to define
a vague Noetherian ring in the last chapter. We also define some other vague

ideals such as a vague irreducible ideal, a vague semiprime ideal in order to look



for some related properties among them. Eventually, we give some sufficient
conditions which vague prime ideals and vague primary ideals are coincide.

In this chapter, we gather some elementary concepts, some properties and
some results on vague semigroups, vague groups and vague rings.

In Chapter 2, we begin with some elementary properties of vague ideals. We
have an inspiration from the classical sense that the sum of ideals of a ring is
also an ideal of R. Next, we give some sufficient conditions of a vague ring
such that its maximal vague ideal is a vague prime ideal. Then we give the
sufficient conditions of the vague ring of matrices to have no any vague prime
ideals. Ultimately, for any vague prime ideal P, I, J of a vague ring (H, 6, ®) and
for each a € H, we define (P : a), (! : a), and (J : a), and give some elementary
attributes of them.

In last chapter, because ideals are crucial notion and primary ideals are di-
rectly closed to prime ideals, this inspired us to define a vague primary ideal
of a vague ring which is similar to a primary ideal of a ring. We prove that ev-
ery vague prime ideal of a vague ring is a vague primary ideal . Consequently,
we are interested in studying some properties of vague prime ideals and vague
primary ideals which are parallel to those of prime ideals and primary ideals of
classical rings. Next, we define and give some elementary properties of vague
Noetherian rings and also define some crucial vague ideals such as vague irre-
ducible ideals, vague semiprime ideals to look for some of their related proper-
ties. Eventually, we give some sufficient conditions which vague prime ideals

and vague primary ideals are coincide.

1.1 Fuzzy Sets

In this section, we introduce some concepts and elementary properties of fuzzy

sets that we use in this thesis.



Definition 1.1.1. [1] Let X be the universe. A fuzzy set is a pair (A, j14) where
Ais asubset of X and p4 is a map from X to the real closed interval [0, 1] which

is called a membership function of A (or a characteristic function of A).
We may write “A is a fuzzy set” instead of “(A, 114) is a fuzzy set”.

Example 1.1.2. [1] Let X be the universe. Basic examples of fuzzy sets are as

follows:

1. The empty fuzzy set ¢ with the membership function x, (z) = 0 for all
r e X.

2. The universal set X is characterised by the memberhip function pix (z) =1

forall x € X.

3. The fuzzy set A of all reals which are nearly equal to 10. Then, of course,
one shall consider the universe X = R*. One possibility for the member-

ship function of A now is to take it as

MA(@:max{o,l_“O——:”Q)}.

2

Definition 1.1.3. [1] A crisp set M is a fuzzy set with usual characteristic func-
tion j10 = X as its membership function, i.e., we consider crisp sets as special

cases of fuzzy sets, viz. those ones with 0 and 1 as membership degrees.

Definition 1.1.4. [1] Let A and B be fuzzy sets. Then we call A a fuzzy subset
of B, denoted by A C B, if jis (z) < pp (x) forallx € A.

The above definition shows that if A is a fuzzy subset of B then A is a classi-
cal subset of B.

We give a definition of fuzzy relation in the following.



Definition 1.1.5. [1] Let X and Y be nonempty crisp sets. If R is a fuzzy subset
of a fuzzy set X xY, then R is called a fuzzy relation from X toY where up (z,y)

is interpreted as the characteristic function of the ordered pair (z,y) in R.

Example 1.1.6. [1] Let 1 = {a1,az2,a3} and ps = {by, by, b3, by} . Consider R =
{(z,y) |r € p1and y € g2} as a fuzzy relation from ¢; to ¢,. Next we give an
example of characteristic functions of the ordered pairs (z, y) in R which can be

represented by a matrix with elements in [0, 1], e.g., by

pr b by by by
a; 08 03 0 0
as 1 07 1 02
a5 06 0.9 1 05

evidently, for examples, g (a1,b2) = 0.3 and g (as, by) = 0.5.

1.2 Vague binary operations and vague semigroups

The notions of Fuzzy equalities, strong fuzzy functions and their fundamental
properties were introduced by Sezer [7]. Our aim in this section is to recall these
notions and some of their elementary properties which will be needed in this
thesis.

The symbols “A”and “V”stand for the minimum and the maximum oper-
ations between finitely many real numbers, respectively ; and X,Y, Z always

stand for nonempty crisp sets in this thesis.

Definition 1.2.1. [2] A mapping Ex : X x X — [0, 1] is called a fuzzy equality
on X if the following conditions are satisfied :

(E1) Ex(xz,y)=1<x=yforallz,ye X,

(E2) Ex(x,y) = Ex (y,x) forall z,y € X,

(E3) Ex (x,y) N Ex(y,2) < Ex (z,2) forall z,y,z € X.



One can define a fuzzy equality on X with respect to the equality of the
elements of X. Indeed, the mapping EF5 : X x X — [0, 1], defined by

1, if x =y,

0, ifx#y,

ES (z,y) =

is obviously a fuzzy equality on X.

Definition 1.2.2. [4] Let E'x and Ey be two fuzzy equalities on X and Y, respec-
tively. Then a fuzzy relation ¢ from X to Y, denoted by 6 : X ~» Y is called a
strong fuzzy function from X to Y with respect to the fuzzy equalities Ex and
Ey, or a strong fuzzy function from X to Y for short, if the characteristic func-
tion s : X x Y — [0, 1] of 6 satisfies the following two conditions :

(F'1) for each x € X, there exists y € Y such that us (z,y) = 1.

(F2) foreach xy,25 € X and y1,y2 € Y,

s (1, y1) A ps (T2, y2) A Ex (21, 22) < By (Y1, 92) -

Sezer also provided an example of a strong fuzzy function.

Example 1.2.3. [7] Let X = RT and Y = Z;. Let o, 8 € [0, 1] be such that o < 3

and n € N. Define E'x and Ey as follows:

1, if Tl = To,

Ex (z1,2,) =
& if z1 # xo,
L if y1 = v,

Ey (y1>?/2) =
GO IR



Finally, define ;15 : X x Y — [0, 1] by

1, ify =0,
ps (z,y) = 1
min{—,g}, if y # 0.

r n

Therefore, o is a strong fuzzy function from X to Y with respect to the fuzzy

equalities Ex and Ey .
The concept of a vague binary operation on a set X are defined as follows.

Definition 1.2.4. [3, 4]
A strong fuzzy function 6 : X x X ~» X with respect to a fuzzy equality Ex x
on X x X and a fuzzy equality Ex on X is called a vague binary operation on
X with respect to Ex,x and Ex or a vague binary operation on X for short.
(V(x1,22) € X X XVx3 € X, s ((21,22) , x3) will be denoted by 5 (21, 2, 3) for
the sake of simplicity:.)

For the construction of vague groups, we first introduce the following well-

known definitions in the classical group theory.

Definition 1.2.5. A nonempty set X together with a binary operation o, denoted
by (X, o) is a semigroup if the associative property is satisfied :
(S)ao(boc)=(aob)ocforalla,b,ce X.

A semigroup (X, o) is a monoid if
(M) there exists an element e € X, called the identity element of X, such that
eoa=aandaoe=aforeacha € X.

A monoid (X, o) is a group if

(G) for each a € X, there exists an element of X, denoted by ¢! and called the

1 1

inverse element of a, suchthata ™ ca=cecandaoa™ " =e.
A semigroup (X, o) is said to be abelian (commutative) if the binary opera-
tion o has the following property :

(A)aocb="boa foralla,b e X.



The conditions (S) and (A) can be written in the following equivalent state-
ments, respectively :

(8/)Va,b,c,d,m,q,w € X, (boc =d and aod =m and aob = ¢ and
qoc= w) = m=w.
(A/)‘v’a,b,m,w € X, <aob:m and boa:w:>m:w>.

The binary operation o can be conceivable as a special vague binary opera-
tion 6 on X with respect to Ex, x and Ex satisfying the condition p5 (X x X) C
{0,1}. Then for each a,b,m € X, the classical notation a o b = m means that
11z (a,b,m) = 1, or equivalently, i (a,b,m) > 0. Therefore, regarding (S’) and
(A’) instead of (S) and (A), respectively, we observe that (S), (M), (G) and (A)

can be respectively represented in the following definition.

Definition 1.2.6. [3] Let ¢ be a vague binary operation on a nonempty set G with
respect to a fuzzy equality Fg . on G x G and a fuzzy equality E; on G. Then
1. G together with o, denoted by (G, o, Egxq, Eq) or simply (G, ), is called a
vague semigroup if the characteristic function s : G x G x G — [0,1] of &

fulfills the condition: for all a,b,¢,d, m,q,w € G,
Ha (bv ¢, d) N pis (CL, da m) N s (CL, b7 Q) N pis (Q7 ¢, w) < EG (m7 ’UJ) :

2. A vague semigroup (G, d) is called a vague monoid if there exists an identity

es € G, thatis an element e; € G satisfying the followings: foralla € G,
Hs (es,a,a) A pis (a,es,a) = 1.

3. A vague monoid (G, 9) is called a vague group if for each a € G there exists

an inverse a! € G, thatis an element o' € G satisfying

Us (a’l,a, 65) A s (a, a’l,ea) = 1.



4. A vague semigroup (G, o) is said to be commutative (abelian) if

ws (a,b,m) A ps (bya,w) < Eg (m,w) forall a,b,m,w € G.

Next, we introduce concept of vague semigroups and show that for each
classical semigroup (5, o), there exists a non-trivial vague binary operation such

that (5, 6) is a vague semigroup.
Proposition 1.2.7. Let S be any semigroup. Let ¢, d € (0, 1) be such that d < c. First,

we define a fuzzy equality E§, o, i.e.,

07 lf (xlayl) 7& <$2,y2> )

1? lf (‘rhyl) = <x27y2> y

By s [(v1,11) 5 (02, 92)] =

forall (x1,y1), (22, y2) € S x S.

Next, we define the characteristic function s (x,y, z) with the following properties :
1.Vz,y € S, 32, € Ssuchthat us (x,y, 2zy) =1,
2.V, y € S,Vz € S~ {2y} ps (z,y,2) =d.

Finally, for all z,y € S, we define

Then (S, 5, FS, g, Es) is a vague semigroup .

Proof. Evidently, E¢, ¢ and Eg are fuzzy equalities on S x S and S, respectively.
Next, we are going to prove that ¢ is a vague binary operation by showing that
o is a strong fuzzy function from S x S to S. We separate the proof into two
steps as follows:

1. forall (z,y) € S x S, there exists z € S such that us (z,y,2) =1,



2. forall (z1,11), (2,y2) € S x Sforall 2,2, € S,

s (21,41, 21) A pis (@2, Y2, 22) A B [(x1,31) 5 (T2, 92)] < Eg (21, 22) -

Notice that the first step is obvious from the given properties of the characteris-
tic function. In the second step, E§, ¢ [(21,v1) , (72, y2)] has possible values either

0 or 1. It suffices to show that

o if (95173/1) + (332792) , done.

o if (z1,11) = (22,92) , we just show that

fs (1, Y1, 21) A ps (22, Y2, 22) < Eg (21, 22) .

Therefore,
if 21 = %9, then ES (Zl, 22) = 1,
if 21 # 29, then ps (1,1, 21) A s (X2, Y2, 22) = d  but Eg(z1,22) = ¢, and

¢ > d. Thus the result is proved.

Hence, ¢ is a strong fuzzy relation so that ¢ is a vague binary operation . Fi-
nally, for the same reason as above, we obtain that <S, S, B, s, ES> is a vague

semigroup as desired. O

1.3 Vague Groups

The notions of vague groups, generalized vague subgroups and their funda-
mental properties were introduced by Sezer [7]. Our purpose of this section is
to recall these notions and some of their elementary properties which will be
needed in this thesis.

For the rest of this thesis, if G is a nonempty set, then the notation (G, )

always stands for the vague group (G, &) with respect to a fuzzy equality Ecx¢
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on G x G and a fuzzy equality E; on G.

Proposition 1.3.1. [3] For a given vague group (G,3o), there exists a unique binary
operation in the classical sense, denoted by o, on G such that (G, o) is a group in the

classical sense.

From now on, if 6 is a vague binary operation on a nonempty set X with

respect to a fuzzy equality Ex .y and a fuzzy equality E, then from [4, 5],

ps (a,b,¢) < Ex (aob,c) foralla,b,ce X. (1.3.2)

“"_ 7

The binary operation “o” in Proposition 1.3.1 is explicitly given by the
equivalence

aob=c< us(a,byc)=1 foralla,b,ceQG. (1.3.3)

In the next theorem, we show how a vague binary operation on X is related

to a binary operation mentioned in (1.3.3)

Theorem 1.3.4. Let X be a nonempty set and e be a vague binary operation on X with
respect to the fuzzy equalities Ex . x and Ex. Then there exists a binary operation e on

X such that

aeb=c ifandonlyif ps(a,b,c)=1 foralla,b,ce X.

Proof. Let a,b,c € X. Assume that s (a,b,c) = 1. Utilizing (1.3.2) and the fact
that 1 = 5 (a,b,¢) < Ex (a e b,c), we see that a e b = c. Conversely, assume that
a b = c. Suppose that 15 (a,b,c) # 1. Since @ is a vague binary operation on
X, there exists d € X such that ¢ # d and s (a,b,d) = 1. Therefore a @ b = d
contradicts the fact that e is a binary operation.

Hence a o b = cif and only if 5 (a,b,c) = 1 forall a,b,c € X. ]

“"_ 7

The binary operation “o”, defined by the equivalence (1.3.3), is called the

ordinary description of ¢ see [4, 5].
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We show in the following proposition that if e is a vague binary operation
on X with respect to the fuzzy equalities Ex, x and Ex, then e is commutative

if and only if e is commutative.
Proposition 1.3.5. Let X be a nonempty set and & be a vague binary operation on X
with respect to the fuzzy equalities Ex . x and Ex. Then

e is commutative if and only if e is commutative.

Proof. Let ® be a commutative vague binary operation on X. By Theorem 1.3.4,

we see that

ps (a,b,aeb) =1=ps(b,a,bea) foralla,be X

and apply the commutativity, we observe that

1 =ps(a,b,aeb) A ps(ba,bea) < Ex(aebbea).

Therefore Ex (e ®#b,bea) =1,i.e,aeb=bea foralla,bec X.
Conversely, suppose that e is a commutative binary operation. Applying

(1.3.2) and the commutativity of e, we see that

s (a,b,m) A ps (bya,w) < Ex (aeb,m) A\ Ex (bea,w)
= Ex (m,aeb) AN Ex (aeb w)

< EX (m7 ’U))

for all a,b, m,w € X. Hence @ is commutative as desired. ]

For a given fuzzy equality E; on a set G and for a crisp subset A of G, the
restriction of the mapping from E; to A x A, denoted by Ey4, is obviously a fuzzy

equality on A.
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Definition 1.3.6. [6] Let (G, S) be a vague group and A be a nonempty crisp

subset of G. Let ® be a vague binary operation on A such that
we (a,b,¢) < ps(a,b,c) forall a,b, c € A.

If (A, ®) is itself a vague group with respect to the fuzzy equalities E4x4 on
A x Aand E4 on 4, then (A, ®) is said to be a generalized vague subgroup of
(G,3), denoted by (A, ®) < (G,3).

For a given vague group (G, 6), because of the uniqueness of the identity and
the inverse of an element of (G, 3), it can be easily seen that if (A4, ®) vée. (G,3),
then the identity e of (4, ®) and the inverse z;' of z € A with respectto (A, ®)
are the identity eq of (G, 3) and the inverse z;' of z € G with respect to (G, 3),
ie, eq=egand 2" =z, respectively.

1
max (z, 1)
any z € R*. For z,y,u,v, z € RT, define the fuzzy equalities

Example 1.3.7. [7] Let « € [0, 1) be fixed, and set z* = A min (z, 1) for

1, ifr=uy,

— A —) , otherwise,
on R' and

1’ lf x, = (u,v),
Egr+wr+ [(2,9), (u,0)] = (z,y) = (u,v)
aV [(xQ). A?)° A (u?) A (Ugﬂ , otherwise,

onR™xR*, and for z, y, u, v, z € QT, also define the fuzzy equalities Eg+ (z,y) =

Eg+ (z,y) on QT and

E@+><@+ [(SL‘, y) ) (uv U)] = ERp+xr+ [(:C, Z/) ) (u7 U)]
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on Q" x QT. For n € N, we obtain that the fuzzy relations 6 and ®,, on R* x

RT x RT and QF x Q* x Q*, defined by

1, if z = xy,
ps (z,y,2) =
a(x®* ANy* Az*), otherwise,
and
1, if z = xy,
e, (T,y,2) =

a :
—(z* ANy* N z2*), otherwise,
n

are vague binary operations on R and Q7, respectively; furthermore, (R*,3)
and (QT,®,) are vague groups. Due to the definitions of ®, and 5, we have
M@n (SC, Y, Z) S s ('T7 Y, Z) for eaCh r,y,z € Q+/ i-e-/ <@+7 ©n> ’U.Ss. <R+7 6)
Proposition 1.3.8. [6] Let (G, ) be a vague group. If (A, ®) U; (G,0) and (B, e) U'gs'
(A,®), then (B, ) < (G,3).

We give another equivalent conditions of generalized vague subgroup as

follows:

Proposition 1.3.9. [6] Let (G, 5) be a vague group, A be a nonempty, crisp subset of G

and let ® be a vague binary operation on A. Then

(A,©) U.SS' (G,8) <= 1. pg (a,b,c) < ps(a,b,c) foreach a,b,c € A, and

2.27" € Aforeachz € A.

Corollary 1.3.10. [6] Let (G, 5) be a vague group and © be a vague binary opearation
on G such that ug (a,b,¢) < ps(a,b,c) foralla,b,c € G. Moreover, let es be the

v.S.

identity element of G. Then ({es},5) U; (G, ) and <G, 5)> < (G,3).

In this thesis, we denote the minimum of {z;},_; by /\ ;.
jeJ
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Corollary 1.3.11. [6] Let (G, ) be a vague group and let (A;, ©;) < (G, 3) for all

J € J. If x is a vague binary operation on ﬂ A; such that
jeJ

pa (z,y,2) < N\ o, (w,y,2) forall z,y,z € () A;,

jed jedJ

then <ﬂ Aj,;> < (A, O < (GL8) forall k € .

JjeJ
1.4 Vague Rings

In this section, similar fashion to classical algebra, we give the notion of vague
rings and vague subrings which are introduced by Sezer [7]. We also provide

some elementary properties and some examples.

Definition 1.4.1. [7] Let E}/«3 and Ey be fuzzy equalities on H x H and H,
respectively. Let © and e be two vague binary operations on H. Then, the 3-
tuple (H, o, e) is called a vague ring with respect to Ey .y and Ey, or a vague
ring for short, if the following three conditions are satisfied :

(VR1) (H,0o)is a commutative vague group,

(VR2) (H,e)isavague semigroup,

(VR3) (H,?3,e) satisfies the distributive laws, i.e., foreach a,b,c,d, t,z,y,z € H,

He (x,y,a) N s (IE, Zab) N s (CL, ba C) N Hs <y7 Zad) N Ha (iL‘,d, t) < EH (t,C) )

He ('1'7 Z,CL) N s (yaz7b) N s (aa b, C) N s (ma:%d) N s (dazat) < By (ta C) :

(VR4) A vague ring (H, 0, ) is said to be a vague ring with identity if there
exists e; € H such that p; (z, €5, 2) A ps (€5, z,2) = 1 for each z € H.

From now on, we write z ® y and z o y by zy and x + y, respectively. The

notation (H, o, ) always stands for a vague ring (H, 6, 8) with respect to E7«x
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and Ey. If (H,5,e) is a vague ring, then we write —a the inverse of a with
respect to the vague group (H, o) ; additionally, if (H, 8) is a vague group, then

we denote a~! the inverse of a with respect to the vague group (H, ) .

Example 1.4.2. Let (H, o, ) be a ring. For z,y,a,b € H and «, 3,7,v € R such

that 0 <v < < B <« < 1, define the fuzzy equalities

1, ifa =0,
EH ((I,b) =

a, otherwise,

on H and

L, if (a,b) = (z,y),
Erxrn ((a,0), (z,y)) = (a,b) = (z,y)

G, otherwise,
on H x H. Next, consider the vague binary operations

)
1, ifaob=c,
5:H x H~ H, with ps(a,b,c)=

|7 otherwise,

and

1, ifaeb=rc,

o

:H X H ~H, with us (a,b,c) =

v, otherwise.

In this case, it is clearly seen that (, 6, e) is a vague ring from the inequality in

(1.3.2) and the condition (F3).

Proposition 1.4.3. [4] If (H, 5, ®) is a vague ring, then (H, o, ®) is a ring where o and

e are ordinary descriptions of © and e, respectively.

Proposition 1.4.4. [7] Let (H, 5, e) be a vague ring and es the identity element of the
vague group (H, 5). Then, the following statements are satisfied for all m,n,x,y € H :

1. ps (z,e5,m) A ps (es,x,n) < Ey (m,n).
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2. He (_:Eu -y, m) N s (*/Ea y7n) < bEy (ma n) .
3. e (—es,x,—x) =1 = g (—es, —es, es) if (H, 0, ®) is a vague ring with identity es.
Definition 1.4.5. [7] Let (1,5, e) be a vague ring and A be a nonempty crisp
subset of H. Let & and ® be two vague binary operations on A such that

pg (a,b,c) < ps (a,b,c) and pg (a,b,¢) < ps (a,b,c) forall a,b,c € A.
If (A, &, ®) is itself a vague ring with respect to 4,4 and E 4, then (A, ®, ®) is
said to be a vague subring of (H, 3, ), denoted by (A, ®, ) < (H,3,e).

The following proposition and corollaries assure that some results of classi-

cal rings also valid for vague rings.
Proposition 1.4.6. Let (H, 5, ) be a vague ring and A be a subset of H. Let & and ©

be two vague binary operations on A. Then the following equivalence is satisfied :

(A,8,0) < (H,5,8) & 1.(A,d) < (H,3), and

2. pg (a,b,¢) < ps (a,b,c) forall a,b,c € A.
Next corollary explains that the intersection of vague subrings is also a vague
subring.

Corollary 1.4.7. [7] Let (H,5, ®) be a vague ring and (A;, ®;, ©;) < (H,5,e) forall

Jj€J Let A= m Aj, and let & and © be two vague binary operations on A such that
jeJ

pa (a,b,c) < /\ 11, (a,b,c) and g (a,b,c) < /\ 116, (a,b,c) forall a,b,c € A.

JjeJ jeJ
Then (A, ®,0) < (H,5,4).

Corollary 1.4.8. [7] Let (H,0,8) be a vague ring and es be the identity element of
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(H,3). Let @ and ® be two vague binary operations on 'H such that

H& (ZE,y,Z) S Ha (l’7y, Z) and 12%6) (xayv Z) S He (:anvz) forall T,Y,z € H.

V.7,

Then ({es},5,8) < (H,5,8) and (H,5,6) < (H,5,4).

1.5 Vague Ideals

In this section, we give some concepts and some fundamental properties of
vague ideals which are introduced by Sezer [7]. Ultimately, we give some ideas
of vague prime ideals and maximal vague ideals which are also introduced by

the same author.

Definition 1.5.1. [7] Let (H, 5, 8) be a vague ring and <A, D, ®> ”'g“ (H,o,e). If
foralla € Aand forall h,t,s € H

ps (a,h,t)=1=t€ A and ps(h,a,s)=1=s€ A,

then (A, ®,®) is said to be a vague ideal of (H,5,s), denoted by (A, ®,®) <
(H,5,9).

It is clear from Definition 1.5.1 that if us (H x H x H) C {0,1}, By = Ef,
Err = Ef e and (A, 8, 0) U'SZ' (H,o,e), then (A, @, ®) is an ideal of (H, o, e).
Therefore, in this case, a vague ideal (A4, ®, ©®) of (H, o, ®) is nothing but an ideal

of the classical ring (H, o, ®) in the classical sense.

Proposition 1.5.2. [7] Let (H, 3, ) be a vague ring. If (A, &, ®) < (H,3,8), then
(A, ®,®) is an ideal of (H, 0, ).

Proposition 1.5.3. [7] Let (H, 5, e) be a vague ring. Then
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where & and © are vague binary operations on H such that ug (a,b,c) < s (a,b,c)
and g (a,b,¢) < ps (a,b,c) forall a,b,c € H.

We give another equivalence conditions of vague ideals.

Proposition 1.5.4. [7] Let (H, 5, ®) be a vague ring, A be a nonempty crisp subset of
H and &, ® be two vague binary operations on A. Then

V' (H,5,8) e=1. (A,8) S (1,3),

OX

<f47é%
2. pg (a,b,¢) < pgs (a,b,c) forall a,b,c € A,
3.us(a,ht)=1=te Aforalla € A, h,t € H, and

4. pg (hya,s)=1=se Aforalla € A, h,s € H.

Proposition 1.5.5. [7] Let (H, 5, ®) be a vague ring and (A;, &;, ;) < (H,5,e) for
all j € J.If © and © are vague binary operations on ﬂ A; such that

jeJ

pa (a,b,c) < /\uo (a,b,c) and psz (a,b,c) < /\,u. (a,b,c),

Jje€J jeJ

then <ﬂ Aj,@7©> USZ (H,o,e).

jeJ

We give a crucial notion in vague structures called “vague prime ideal.”

Definition 1.5.6. [7] Let (H, o, 8) be a vague ring, A be a proper crisp subset of
Hand (A, ®,0) < (H,5,e).1f e is a vague binary operation on H . A, then
<A, d, ®> is said to be a vague prime ideal of (H, 3, e) .

Proposition 1.5.7. [7] Let (H, 5, ) be a vague ring and (A, &,®) ng (H,5,s). Then
the following two statements are equivalent.

1. <A, D, @) is a vague prime ideal of (H, 0, ®) .

2. us (z,y,2) < 1foreach z € Aand for each x,y € H \ A.
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Next, a relation between vague prime ideals of the vague ring (H, 3, e) and

prime ideals of the ring (H, o, ®) is provided.

Proposition 1.5.8. If (A, ®, ®) is a vague prime ideal of (H,5,), then (A, @, ®) is
a prime ideal of (H, o, e).

Proof. Let M and N be any ideals of A such that M ¢ Aand N ¢ A. Thus
there exists z € M, and y € N such that z,y € H ~ A. But p5 (2, y,2y) = 1 by
Proposition 1.5.7, we have zy ¢ A. Since xy € MN, it follows that MN ¢ A.
Hence (A, @, ®) is a prime ideal of (H, o, 8) as desired. O

Definition 1.5.9. [7] Let (M, S, ®) be a vague ring, A be a nonempty proper crisp
subset of H and (M, ®,®) g (H,5,8) . If there are no vague ideals (N, S, *)
such that

(M,8,5) S (N.&,%) < (H,5,8),

then (M, ®, ®) is said to be a maximal vague ideal of (H, 3, s).
Note that for a vague ideal (I, ®, ®) of a vague ring (H, 5, 8) where pg # s
and pz # s, we obtain that <] , @, ®> cannot be a maximal vague ideal since
<I7E~B7®> ; <1767;> - <Ha67;>
Proposition 1.5.10. [7] Let (H, o, ®) be a vague ring. If (M, ®, ®) is a maximal vague
ideal of (H, 0, ), then (M, ®, ®) is a maximal ideal of (H,o,e) .

Proposition 1.5.11. [7] Let (H, 5, ) be a vague ring. Then, maximal vague ideals of
(H,0,e) are (M, o, ®) where M is one of the maximal ideals of (H, o, e).

Finally, we give some examples about vague prime ideals and maximal vague

ideals in the following.

Example 1.5.12. [7] For the following vague binary operations &, ®, 6 and e, we

show that (2Z,®, ®) is a vague prime ideal of (Z,5,e) and (2Z,d,®) is not a
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maximal vague ideal of (Z,5, ). Let G = Z, A = 2Z and «, 3,7 € R be such that
0 <~ <0 <a< 1. Wedefine

1, ifu=wu,
E;:Z X7 —|0,1], Ez (u,v) =

a, otherwise,
Eoy : 27 % 27, — [0,1], Eoz (m,n) = Ez (m,n),

EZXZ - Eixz; E2Z><QZ - Egzxgzr

1, ifx+y=-z,

S:ZL X7~ 1, ps (x,y, 2) =
0, otherwise,
and
~ 1, ifa+0b=c,
@ : 27 X 27 ~~ 27, pg (a,b,c) =
v, otherwise.

V.S

We obtain that (2Z, @) < (Z,3). Moreover, let v, € Rbe such that 0 < v < <

1, and we define

1, ife-y=z,
¢ LXZL~17L, ps(x,y,z)=

n, otherwise,

and

_ 1,  ifa-b=c
© 127 X 27 ~+ 27, g (a,b,c) =

v, otherwise.

In this case, it is clearly seen that (Z, 5, ®) is a vague ring and © is a vague binary

operation on 2Z. Therefore, by using Proposition 1.5.4, we get (2Z,®, ®) ng
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(Z,3,8). On the other hand, since yg (a,b,c¢) = v < 1 for each a,b € Z \ 2Z
and for each ¢ € 2Z, it follows from Proposition 1.5.7 that (2Z, &, ©) is a vague

prime ideal of (Z, 5, 8) . Furthermore, since

(2Z,®, ®) is not a maximal vague ideal of (Z, 5, s) .
Next, we give a different example of vague prime ideals.

Example 1.5.13. Let p be a prime number. Consider (p), as an principal ideal of
(Z, 0, e) containing p. We show that <(p)l ,0, 3> is a vague prime ideal of (Z, 5, )
where ¢ and e are any vague binary operations of which o and e are the ordinary

descriptions, respectively. Suppose not, i.e.,
Jz,y ¢ (p);, 3= € (p); such that ps (z,y, 2) = 1.

Thus 2y = z € (p), . Therefore p|xy, that is p|x or p|y leads to a contradiction.

Hence ((p), , 5, ) is a vague prime ideal of (Z, 3, s).



CHAPTER II

Vague Prime Ideals

In this chapter, some elementary properties of vague ideals are first given. We
have an inspiration from the classical sense that the sum of ideals of a ring is
also an ideal. Next, we give some sufficient conditions of a vague ring that
every maximal vague ideal is a vague prime ideal. Then we give the sufficient
condition of the vague ring of matrices to have no vague prime ideals.
Eventually, for a vague ring (H, S, ®), we set up certain sets induced form a
vague prime ideal, a vague prime right ideal and a vague prime left ideal of

(H, 5, ) and also study their properties whether they are vague ideals.

2.1 Vague Ideals, Maximal Vague Ideals, Vague Prime Ideals
and Vague Irreducible Ideals

In this section, first, we give some properties of a vague ideal. Then every max-
imal vague ideal implying a vague prime ideal of a certain vague ring is pro-
vided. Finally, we show that the commutativity of a vague ring in Theroem 2.1.2

is neccessary.

Lemma 2.1.1. Let (H,3,8) be a vague ring, (A, ®, ®) and (B, B, 1) be vague ideals
of (H,5,8). If O and & are vague binary operations of H such that for each a,b, ¢ € 'H,

2V (CL, b, C) < s (aa b, C) and Ha ((l, b, C) < i (CL, b, C) )

then <A + B,Q, 6> is also a vague ideal of (H,5, ) where 5,3, 8,V and &,&, ], &
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are any vague binary operations of which + and - are the ordinary descriptions, respec-

tively.

Proof. First, we show that <A + B, @> U'SS. (H,0). Letz € A+ B.Thusz =a+b
for some a € Aand b € B. Since A and B are vague ideals of (H, 5, 8), we obtain
that —a € Aand —b € B. Therefore —z = (—a) + (—b) € A + B. By assumption,
for each a,b,c € A+ B, g (a,b,c) < ps(a,b,c). Therefore Proposition 1.3.9
gives <A + B, Q~7> U'SS' (H,o). Similarly, we have pg (a,b,c) < us (a,b,c) for each
a,b,c € A+ B. Finally, let k € A+ B and h,t € H be such that us (k, h,t) = 1.
Thust = kh. Since k € A+ B, wehave k = a+ bforsomea € Aand b €
B. Since p; (a,h,ah) = 1 = ps (b, h,bh), we obtain that ah € A and bh € B.
Therefore t = kh = (a+b)h = ah + bh € A + B. Analogously, we can show
that if ps (h,k,t) = 1, then t € A + B. Hence by Proposition 1.5.4, we have

<A + B, 9, 6> is a vague ideal of (H, 5, 8) as desired. [

Note that for any vague ring (H, 5, ) and = € H, we denote (z), the smallest
vague ideal of ‘H containing z. If H is also commutative and M is a nonempty

crisp subset of H, we denote M + (z), the set
{m+rz|meMandr e H}.
Since for each a,b,c € H,
s (a,b,¢) < ps (a,b,c) and pg (a,b,¢) < ps (a,b,c),

by Lemma 2.1.1, if M is a vague ideal of H, then (M + (), , 5, ®) is also a vague
ideal of H. In a classical commutative ring R with identity, every maximal ideal

of R is a prime ideal of R. The corrresponding result also holds in a vague ring.

Theorem 2.1.2. Let (H, o, ®) be a commutative vague ring with identity. If (M, o, e)

is a maximal vague ideal of (H, o, e), then (M, S, ®) is a vague prime ideal of (H, 5, e).
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Proof. Assume that (M, 3, e) is a maximal vague ideal of (, 6, 8) such that
ts (x,y,2) =1 forsome z,y € H~ M and z € M, i.e., zy = z € M. Consider the

following sequence
(M,5,8) S (M + (x);,0,8) C (H,5,8).

By the maximality of M and Proposition 1.5.7, we have M + (z), = H in the
classical sense. Therefore, there exist r € ‘H and m € M such that m + rz = 1.
Hence

y=ly=m+rz)y=my+r(zy) e M

which is a contradiction. Consequently, (M, 0,e) is a vague prime ideal of

(H, 5, e) as desired. O

Next example shows that the commutativity of a vague ring in Theroem 2.1.2

is neccessary.

Example 2.1.3. First observe that (M, (Zg) , +, -) is a non-commutative ring where
+ and - are the usual addition and usual multiplication of matrices. By Proposi-
tion 1.3.5, any vague ring (M, (Z¢) , 5, ®) is not commutative where 6 and e are
any vague binary operations of which + and - are the ordinary descriptions, re-
spectively. Since there is a one-to-one correspondence between the ideals of the
ring M., (Z¢) and the ideals of the ring Zg, evidently, {0, 3} is a maximal ideal of

Z¢. Therefore

a b _
7= | a,b,c,d e {0,3}
c

is a maximal ideal of (M, (Zs) ,+, -) . Thus by Proposition 1.5.11, it follows that
(Z,0, ) is a maximal vague ideal of (M, (Z¢), 5, e). But Z is not a vague prime

ideal because
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and (J3) € Z. Consequently, (Z,5, 8) is a maximal vague ideal of (M, (Zg) 5, )

but it is not a vague prime ideal of (M, (Zs) , 5, ®) as desired.

Next, we define and give some elementary properties of a considerable vague
ideal called “vague irreducible ideal” which is related to vague primary ideals

in Chapter 3.

Definition 2.1.4. Let (H, 5, 8) be a vague ring. A vagueideal (4, ®, ®) of (H, 5, )
is called a vague irreducible ideal if (A, ®,0) = (J,®,0) N (K, ®,®) implies
either (4,3,0) = (J,8,0) or (A,®,0) = (K,d,0) for any vague ideals
(J,&,0) and (K, ®,0) of (H,5,e).

Next lemma provides some properties of a chain of vague ideals.

Lemma 2.1.5. Let {<Ji, D, 0) i€ Q} be a chain of vague ideals of a ring (H, 5, ).
Then (\J J;, ®, ®) is a vague ideal of (H,3,s).

Proof. First, we show that (|J J;, &) < (H,3). Letxz € JJ;. Thus z € J; for
some k € €. Since Jj, is a vague ideal of (H, o, ), we obtain that —z € J;, C
\U J;. Evidently, for each a,b,c € JJ;, pz (a,b,¢) < ps(a,b,c). Therefore, by
Proposition 1.3.9, we have ({J J;, &) U'SS' (H, ). Similarly, p5 (a,b,¢) < us (a,b,c)
for each a,b,c € | J J;.

Finally, let a € |J J; and h,t € H be such that s (a, h,t) = 1. Then a € J; for
some k € (). Since Jj, is a vague ideal of (H, o, 8),t € J, C |J J;. Analogously, we
can show that if y5 (h,a,t) = 1, thent € |J J;.

Therefore, by Proposition 1.5.4, we have (|J J;,®,®) is a vague ideal of
(H, 5, e) as desired. O

Lemma 2.1.6. Let (A, ®, ®) be a vague ideal of (H,5,). Ifa ¢ (A, ®,®), then there

exists a vague irreducible ideal containing (A, ®, ®) but not containing a.

Proof. Let {<Ji, D,0)]1i € Q} be a chain of vague ideals of (H,3d,e) contain-
ing (A,®,®) but not containing a. Then, by Lemma 2.1.5, ({JJ;,®,®) is a
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vague ideal of (H, 3, 8) containing (A4, &, ®) but not containing a. Therefore, by
Zorn’s Lemma, the set of all vague ideals of (H, 5, ) containing <A, d, ©> but
not containing a has a maximal element, say (J, ®, ®) . Suppose that (J, &, ©) =
(M,®,0) N (N, &,) where (M,®,®) and (N, ®,®) are both vague ideals of
(H, 5, ) properly containing .J. We see that if

(M, ®,0),(N,&,0) € {{(J;,®,0)|icQ},

then they are contrary to the maximality of (J,®,®). Since A C J C M and
A C JC N,weobtaina € M and a € N. Consequently, a € M N N = J which

is a contradiction. Hence <J, D, ©> is a vague irreducible ideal of (H,5,8). [

Theorem 2.1.7. A vague ideal (A, ®,®) of (H,5,e) is the intersection of all vague
irreducible ideals of (H, 3, 8) containing (A, &,O) .

Proof. Let (A, &,®) be a vague ideal of (H,3,) and {<Ji,@,©>| i € Q} be
the collection of all vague irreducible ideals of (H,5,s) containing (A, ®, ®).
Obviously, A C () J;. For the reverse inclusion, let « ¢ A. By Lemma 2.1.6,
there exists a vague irreducible ideal .J of (H, 3, 8) containing (A, ®, ®) but not

containing a. Thus a ¢ () J;. Hence <A, ®, ®> = <ﬂ Ji, &, ©> . O

Proposition 2.1.8. Every maximal vague ideal of (H, 5, ®) is a vague irreducible ideal
of (H,5,8).

Proof. Let (M, o, e) be maximal vague ideal of (H, 5, 8). Suppose that (), S, e) is
not a vague irreducible ideal of (H, S, @), i.e., (M, 5,8) = (A, 5, 8)N(B, 5, 8) where
(A,5,8) and (B, 6, e) are vague ideals of (H, S, e) properly containing (M, 3, ).

Consider the following sequence
(M,5,8) G (A, 6,8) C(H,6,8) and (M,5,8) G (B,6,8) C (H,5,9).

By the maximality of (M, 5, e), we have (A,0,8) = (B,05,8) = (H,0,e). There-
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fore, M = AN B = H so that a contradiction occurs. Hence (), &, 8) is a vague

irreducible ideal of (H, 5, e). O

The converse of Proposition 2.1.8 is not true as we can see from the next

example.

Example 2.1.9. Consider the non-commutative ring (M, (Z,2),+, ) where +

and - are the usual addition and usual multiplication of matrices. Let (M, (Z2) , o

be a vague ring where ¢ and e are any vague binary operations of which + and
- are the ordinary descriptions, respectively. Since there is a one-to-one corre-
spondence between the ideals of the ring M, (Z,2) and the ideals of the ring Z,

evidently, Z,, has 6 ideals namely:

{0},{0.6},{0,4,8},{0,3,6,9}, {0,2,4,6,8, 10} , Z».

Consider the vague ideal (M, ({0,4,8}),5,) of (M, (Z12),35, ®). Write

for some vague ideals (A, S, e) and (B, S, e) of (M, (Z;3),0,e) . From the above
observation, clearly, A = M,, ({() 4,8}) or B =M, ({0,4,8}).
Therefore (M, ({0,4,8}),3, ®) is a vague irreducible ideal of (M, (Z») , 5, ®)

but (M, ({0,4,8}),3, ®) is not a maximal vague ideal since

Hence (M, ({0,4,8}),5,%) is a vague irreducible ideal which is not a maximal

vague ideal of (M, (Z,2), 5, ®) as desired.

7;>
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2.2 A Vague Ring without Vague Prime Ideals

In this section, we give an example of the vague ring of matrices having none
of vague prime ideals. In the following, we give an example of classical rings
possesses three prime ideals but all of the corresponding vague rings does not

have any vague prime ideals.

Example 2.2.1. Consider the ring (M, (Z) , +, -) and the vague ring (M,, (Z) , 5, o).
Obviously, there are only three proper ideals of the ring (M, (Z¢) , +, -), say

L={(09} Z={(0)] abecde {03}, T={(2})| a.bcde (0,21},

Moreover, all of them are prime ideals of (M, (Z) , +, -).

Proposition 1.5.8 shows that all possibilities of vague prime ideals of the
vague ring (M, (Z¢) , , ®) are (Z;,0, ), (Z5,0, ) or (13,0, ).
Note that

but (11),(31) ¢ ZyUZ,UZ;and (29) € Z:NZ,NZ;. Therefore (I3, 5, 8), (15,5, )
and (Z3, 6, ®) are not vague prime ideals of (M, (Zg) , o, o).
Hence the vague ring (M, (Z) , 5, ®) does not contain any vague prime ideals

no matter what vague binary operations ¢ and e are.
In fact, the ring Zg in Example 2.2.1 can be replaced by any ring with identity.

Theorem 2.2.2. Let R be any ring with identity. Then (M, (R), 0, ®) is a vague ring
without vague prime ideals where & and e are vague binary operations induced by the

usual addition + and the usual multiplication - of matrices, respectively.

Proof. Recall the fact that there is a one - to - one correspondence between the

ideals of the ring M, (R) and the ideals of the ring R via the map J — M, (J)
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where J is an ideal of R and
M, (J) = {[a;] |ai; € J foralli,j € {1,2,...,n}}.

Let J be a proper ideal of R,

11 1 1 1 1

11 1 0 0 0
A= &+ -0 and B=

11 - 1 0 0 --- 0

11 - 1 B |

Then A, B ¢ M, (J) since 1 ¢ J. Moreover, AB =0 € J, ie., us (A, B,0) = 1.
Thus (M, (J), 5, e) is not a vague prime ideal of (M, (R), 3, e).
This shows that (M,, (R),3, e) is a vague ring without vague prime ideals.

O

From the previous theorem, we conclude that (M, (Z,,) , 5, 8) is a vague ring

without vague prime ideals for any m,n € N.

2.3 Vague Prime Right Ideals and Vague Prime Left Ideals

In this section, we define a vague prime right ideal, a vague prime left ideal and
define specific sets induced from a vague prime ideal, a vague prime right ideal
and a vague prime left ideal. We also give some elementary attributes. In order
to define a vague prime right ideal and a vague prime left ideal, we first give

definitions of a vague right ideal and a vague left ideal.

Definition 2.3.1. Let (M, 5, ) be a vague ring and (A, ®, ®) 2 (H,o.8). If for
alla € Aand h,t € H, ps (a,h,t) =1 =t € Aholds, then <A, d, ®> is said to be

r.2.

a vague right ideal of (H,5,s), denoted by (A, &, ®) < (H,5,8).
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Analogously, if foralla € Aand h,s € H, ps (h,a,s) =1 = s € Aholds, then

- o~ - wvla
<A, D, ®> is said to be a vague left ideal of (H,o,e), denoted by <A, D, ®> <
(H, o, 3) .

Now, we define a vague prime right ideal, a vague prime left ideal and study

their elementary properties .

Definition 2.3.2. Let <H o, ) be a vague ring, A be a nonempty proper crisp
subset of H and (A, ®,®) USH (H,5,8). Then (A, ®,®) is said to be a vague
prime right ideal of <H, o, e) if

ps (r,y,2) <1 foreach z € Aand for each z,y € H \ A.

Definition 2.3.3. Let (H, o, ®) be a vague ring, A be a nonempty proper crisp
v l.i

subset of H and (A, ®,0) < (H,5,e). Then (A, &, ®) is said to be a vague
prime left ideal of (H, 3, ) if

ps (z,y,2) <1 foreach z € Aand foreach z,y € H \ A.

Definition 2.3.2, Definition 2.3.3 and the analogous proof of Theorem 2.2.2

yields the following proposition.

Proposition 2.3.4. Let R be any ring with identity. Then (M, (R), 3, ®) is a vague
ring without any vague prime right ideals and vague prime left ideals where 6 and e are
vague binary operations induced by the usual addition + and the usual multiplication -

of matrices, respectively.

Definition 2.3.5. Let (H, 5, 8) be a vague ring, a € H and P, I and J be a vague

prime ideal, a vague prime right ideal and a vague prime left ideal of (H, o, s),
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respectively. Define

(P:a)={ze€H|VbeHVceHus(a,z,b)=1=beP
and p (z,a,¢) =1 = c € PJ},

(I:a),={zeH|VeH[u(azb=1=bell},

(J:a),={zeH|VeceHus(z,a,c)=1=ce J]}.

By observing the above definition, if P is a vague prime ideal, then
(P:a)C(P:a).N(P:a),.

It is easy to see that for a vague prime right ideal / of a vague ring (H, S, e),
ifa € I, then ([ :a), = H,ie, (I:a), is not a proper vague ideal of (H,3,e)
so that (I : a), is not a vague prime right ideal. Similarly, if a € J, where J is
a vague prime left ideal of a vague ring, then (J : a), is not a vague prime left
ideal.

Let (H,,e) be a vague ring. Then (H, o, e) is a ring by Proposition 1.4.3.
From now on, we denote z o y and x e y by = + y and zy, respectively, for any
x,y € H. Moreover, the inverse of x € ‘H under o is written by —x.

Next, we show that (P :a),(/:a), and (J : a), are a vague ideal, a vague

right ideal and a vague left ideal of a vague ring, respectively.

Lemma 2.3.6. Let (H,5, 8) be a vague ring and (P, &,©) [(I,®,0), (J,&,)] bea
vague prime ideal [ vague prime right ideal, vague prime left ideal | of (H, S, ). Then
((P:a),®,0)[{:a),,d0) ((J:a),,®, 0)]isavague ideal | vague right ideal,
vague left ideal | of (H, 5, ) forall a € (H,5,s).

Proof. Evidently, if a € P, then ((P:a),®,®) is a vague ideal. Assume that
a ¢ P. First, we show that ((P : a),®) < (H,3).Letx € (P:a)and b,c € H.
Assume that p5 (a,2z,b) = 1 and s (z,a,¢) = 1. By Theorem 1.3.4, we have
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b = ar and ¢ = za. Since x € (P :a), it follows that axz,za € P. Since
(P,®) < (H,3), we obtain —ax, —wa € P. Likewise, —z € (P : a), by Theo-
rem 1.3.4 and y; (a, —x, —ax) = 1 = us (—z,a,—xa). By Proposition 1.3.9 we
have ((P: a),®) < (H,3) as desired.

Moreover, let h € H. Since P is a vagueideal, ax, za € P and p; (ax, b, azh) =
1 = us (h,za, hza), it follows that axh, hza € P. Similarly, we have xh, hz €
(P :a).Hence ((P:a),®,0) is a vague ideal by Proposition 1.5.4.

Analogously, ((I : a),,®,0) [((J : a),,®,®)] is a vague right [ left ] ideal of
(H,5,3) . [

Theorem 2.3.7. Let (H, S, ®) be a vague ring, a € H, <P, ®, ®> be a vague prime ideal
of (H,5,e). Then

((P:a),® O) isavague prime ideal < a ¢ P.

Proof. First, observe that if « € P, then (P : a) = H. Therefore <(P ca),d, ©>
is not a vague prime ideal. Conversely, assume that « ¢ P. Suppose that
((P:a),®,®) is not a vague prime ideal, i.e., there exist z,y ¢ (P :a)and z €
(P : a) such that u; (x,y,2) = 1. Since u;s (a,z,ax) = 1 and ug (x,a,za) = 1, we
obtain that ax ¢ P or xa ¢ P. Similarly, ay ¢ P or ya ¢ P. Since p; (x,y,2) = 1,
it follows that zy = z € (P : a) . Consequently, axy € P since y; (a, vy, ary) = 1.

We consider the following 4 cases.

1. ar ¢ Pand ay ¢ P.
Observe that p; (ax,y,ary) = 1,ax ¢ P and axy € P. Thus y € P. Since
P is a vague ideal and x5 (a,y,ay) = 1, we have ay € P leading to a

contradiction.

2. ax ¢ Pand ya ¢ P.

Similar to case 1, we yield a contradiction.



33

3. za ¢ Pand ay ¢ P.
First, we show that az ¢ P. Suppose not, i.e., ax € P.Since 5 (az, a, aza) =
1 and P is a vague ideal, axa € P. But since ys (a,za,aza) = 1 and za ¢ P,
it follows that axza ¢ P, a contradiction. Thus ax ¢ P. Hence another

contradiction occurs so we obtain that ax ¢ P and ay ¢ P.

4. xa ¢ Pand ya ¢ P.

Similar to case 3, using the result of Case 2 yields a contradiction.

From the above observations, ((P : a),®,®) is a vague prime ideal as desired.

]

For a vague ring (H, 5, 8) and a € H, we show that if (1, ®,®) and (J,®, ®)
are vague prime right ideal and a vague prime left ideal of H, respectively, then

(I :a), N (J:a), need not be vague prime ideals.

Example 2.3.8. Consider the vague ring (Z,5,8). We see that (3Z,5,s) and
(5Z, 5, e) are a vague prime right ideal and a vague prime left ideal of (Z, 3, ),

respectively. Evidently, (3Z : 7) = 3Z while (5Z : 7) = 5Z. Therefore
(3Z:7)N(5Z:7) =3ZN5Z = 15Z

which is not a vague prime ideal by Theorem 1.5.8.

Theorem 2.3.9. Let (H,5,8) be a non-commutative vague ring with identity and

(I,®,®) be any vague prime right ideal of (H,o, e). If

Q={U:a),= () (:a),

ac€H a€H~T

={zeH|VaeHIVbEH[us(a,z,b)=1=0be I},

then (Q,®, ®) is a vague ideal of (H, 5, ®) contained in I.

In particular, (Q, o, 8) is the largest vague ideal of (H, o, ®) contained in I.
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Proof. First, note thatif a € I, then (I : a), = H. Therefore

ﬂ([:a)T: ﬂ (I:a),.

a€eH a€H~I

By Lemma 2.3.6 and Proposition 1.5.5, we obtain that () is a vague right ideal of
(H, o, ). Thus, it suffices to show that () is a vague leftideal. Letx € Q,a € H~\I
and b,y € ‘H. Evidently, ay € H. Assume that 5 (ay, z,b) = 1. By theorem 1.3.4,
we have b = ayz. Since = € (), it follows that ayz € I. Since a is arbitary, yz € Q.
Therefore, () is a vague ideal of H as desired. Since es € H,z € [ forall x € Q.
This yields @) C I. Hence <Q, ®, ©> is a vague ideal of (H, o, ®) contained in / as
desired.

For the last assertion, let (K, o, ) be any vague ideal of (H, 5, e) such that
K C I. We show that (K,6,8) C (Q),5,8). Letz € K and a € H ~ [. Since
s (@, z,ax) = 1, we obtain ax € K C I. Consequently, z € (). Hence (Q, 3, ®) is

the largest vague ideal of (H, 5, 8) contained in /. O

From the previous theorem, the non-commutativity is neccessary because if
(H, o, ) is a commutative vague ring, then (,,, ({ : a), = I.

Note that it is not neccessary true that the intersection of vague right ideals
is a vague ideal as seen in Theorem 2.3.9. The following corollary is proved

analogously.

Corollary 2.3.10. Let (H, 0, ) be a non-commutative vague ring with identity and

(J,®,®) be any vague prime left ideal of (H, 5, ). If

K=(\(J:a)y,= () (J:a),

acH acEH~J

={zeH|VaeH\JVbEHu(z,a,b)=1=be J]},

then (K, ®,®) is a vague ideal of (H, 3, ®) contained in J.

In particular, (K, o, e) is the largest vague ideal of (H, o, ®) contained in J.
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Finally, Corollary 2.3.11 is the immediate result of Theorem 2.3.9 and Corol-
lary 2.3.10.

Corollary 2.3.11. Let (H, 0, ) be a non-commutative vague ring with identity and

(P, ®, ®) be any vague prime ideal of (H,5, ). If

M=()(P:a)= (] (P:a),
a€H a€H~P
then (M, ®, ®) is a vague ideal of (H, 5, ) contained in P.
In particular, (M, S, ®) is the largest vague ideal of (H, S, ®) contained in P.

In classical ring, we have a generalization of prime ideal which we called a
primary ideal, similar to vague ring we define a vague primary ideal in the next

chapter.



CHAPTER III
Vague Primary Ideals

In rings, ideals are crucial notion and primary ideals are directly closed to prime
ideals. This inspired us to define a vague primary ideal of a vague ring which
is similar to a primary ideal of a ring. We see that every vague prime ideal of a
vague ring is a vague primary ideal. Consequently, we are interested in study-
ing some properties of vague prime ideals and vague primary ideals which are
parallel to those of prime ideals and primary ideals of classical rings.

In classical sense, Noetherian ring is a well known ring which is beneficial
to investigate some properties of vague primary ideals. This led us to define a
vague Noetherian ring. We also define some crucial vague ideals such as vague
irreducible ideal, vague semiprime ideal in order to explore their related prop-
erties. Eventually, we give some sufficient condition which vague prime ideals

and vague primary ideals are coincide.

3.1 Vague Primary Ideals

In this section, we define a vague primary ideal and a vague irreducible ideal.
We also find out some elementary properties and their relations. In order to
define a vague primary ideal, we need to recall the definition of a primary ideal

of a classical ring as follows.

Definition 3.1.1. Let (H, o, ®) be a commutative ring and P be a proper ideal of
H. Then an ideal P of H is said to be a primary ideal if for each z,y € H,

xy € P=x € Pory" € Pforsomen € N.
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In the following, we define a vague primary ideal of a commutative vague

ring (H, o, e) .

Definition 3.1.2. Let (H, 5, o) be a commutative vague ring, A be a nonempty
proper crisp subset of H and (A, ®, ®) < (H,5,8). Then (A, ®,®) is said to be
a vague primary ideal of (H, o, e) if

Vo,y ¢ PIneNVz e P, [y" ¢ P = ps(z,y",2) <1].

Proposition 3.1.3. Every vague prime ideal is a vague primary ideal.
Proof. By choosing n = 1, the result holds. O
The converse of Proposition 3.1.3 is not true shown in the following example.

Example 3.1.4. Let p be a prime number. Consider (p*), as a principal ideal of
(Z,0, ®) containing p*. We show that ((p?),, 3, ®) is a vague primary ideal which
is not a vague prime ideal where 6 and e are any vague binary operations of
which o and e are the ordinary descriptions, respectively.

First, observe that p, p* ¢ (p?), but

Thus ((p*),, 5, ®) is not a prime ideal of (Z, o, ¢). By Proposition 1.5.8, we have
<(p3)i ,0, 3> is not a vague prime ideal of (Z, 5, ) as desired.

Next, suppose that ((p*),, 5, ®) is not a vague primary ideal, i.e.,
dzr,y ¢ (p?’)i ,Vne N, dz (p?’)i such that y" ¢ (p?’)l. and s (z,y", 2) = 1.

Thus zy" = z € (p*), for all n € N. Therefore, we have zy € (p*),, ie., p*|zy.

Consider 3 cases as follows:

1. (5% and ply) or (p?]y and pz)
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o If (p?|z and ply), then p*|y*. Thus y* € (p*), which is a contradiction.

e If (p?|y and p|z), then p?|y®. Thus y? € (p*), which is a contradiction.
2. p*lzorp’ly

o If p’|z, then = € (p*), which is a contradiction.

o If p?|y, then y € (p*), which is a contradiction.

Hence ((p?),, 5, ®) is a vague primary ideal as desired.

)

Proposition 3.1.5. If (A, ®,®) is a vague primary ideal of a vague ring (H,3,s),
then (A, ®, ®) is a primary ideal of the corresponding ring (H, o, e).

Proof. Let x,y € H be such that z,y™ ¢ P for all n € N. But us (z,y",2y") = 1
for all n € N. Since P is a vague primary ideal, y" ¢ P for all n € N. Therefore,
xy ¢ P as desired. O

Next, we give an example of a vague ideal of a vague ring such that it is not

a vague primary ideal.

Example 3.1.6. Let p and ¢ be distinct prime numbers. Consider (pg), as a prin-
cipal ideal of the ring (Z, o, o). We show that <(pq)i ,0, 5> is not a vague primary

ideal of any vague ring (Z, 5, e), i.e.,

dz,y ¢ (pg),,Yn € N,3z € (pq),, y" ¢ (pg);, and s (z,y", 2) = 1. (3.1.7)

By choosing z = p and y = ¢. Evidently, y" = ¢" ¢ (pq), for all n € N. Since

n > 1, we have

n

zy" =pg" = (pa) "~ € (pg),
for all n € N. This shows that zy" € (pg), and clearly p; (x,y",zy") = 1 for

i)

all n € N. Thus the equation (3.1.7) holds. Hence ((pg),,3,®) is not a vague

primary ideal of (Z, o, ®) as desired.
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3.2 Vague Semiprime Ideals

In this section, we define a vague semiprime ideal, a vague regular ring and also
study their elementary properties. The main theorem of this section shows that
if (H, 5, ) is a commutative vague regular ring, then every vague primary ideal
of a vague ring (H, 6, ) is a maximal vague ideal.

In order to define a vague semiprime ideal, we need to recall the definition

of a semiprime ideal of a classical ring.

Definition 3.2.1. Let (, o, ®) be a ring and A be a proper ideal of H. Then an

ideal A of H is said to be a semiprime ideal if for each ideal J of H,
JPCA=JCA

where J? = {szyz |n €N,z € J}.
=1

Definition 3.2.2. Let (H, o, ®) be a vague ring, A be a nonempty proper crisp
subset of H and (A, ®,®) < (H,5,8). Then (A, ®,®) is said to be a vague
)i

semiprime ideal of (H, 3, e) if
ps (x,z,2) < 1 for each z € A and for each z € H\ A.

In a classical ring, every prime ideal is a semiprime ideal. Similar to vague

ring, we obtain the analogous result.
Proposition 3.2.3. Every vague prime ideal is a vague semiprime ideal.
Proof. By choosing y = x in Proposition 1.5.7, the result holds. O

Proposition 3.2.4. If (A, ®, ®) is a vague semiprime ideal of a vague ring (H,3,s),
then (A, ®, ®) is a semiprime ideal of (H, o, e).
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Proof. Let M be an ideal of A such that M ¢ A . Thus there exists z € M such
that z € H\ A. But p; (z,z,2%) = 1, we conclude that 22 ¢ A because (A4, , ®)
is a vague semiprime ideal. Since z? € M?, we have M? ¢ A. Hence (A, ®, ®) is

a semiprime ideal of (H, o, ®) as desired. ]

In order to define a vague regular element, we need to recall the definition

of a regular element of a classical ring.

Definition 3.2.5. Let (H, o, ®) be a ring. Then an element a € (H, o, o) is said to

be a regular element if a = axa for some z € H.

A ring (H, o, e) is said to be a regular ring if every element in (H,o,e) is a
regular element.

Analogously, we give the definition of a vague regular element as follows:

Definition 3.2.6. Let (7,3, ) be a vague ring. Then an element a € (H, 5, s) is
said to be a vague regular element if a is a regular element of (H, o, ) where o

and e are the ordinary descriptions of 6 and e, respectively.

A vague ring (H, S, ®) is said to be a vague regular ring if every element in

(H, 0, e) is a vague regular element.

Proposition 3.2.7. If (H, 5, ) is a vague reqular ring, then (H, o, e) is a reqular ring

where o and e are the ordinary descriptions of 6 and e, respectively.
Proof. This follows immediately from Definition 3.2.6. O

Theorem 3.2.8. If (H, 3, e) is a commutative vague reqular ring, then every vague

ideal (I,®,®) of (H,3, ) is a vague semiprime ideal of (H, 5, ®).

Proof. Let (I,®,®) be avague ideal of a commutative vague regular ring (H, 5, o).
Suppose that (I, ®, ®) is not a vague semiprime ideal of (H, 5, 8), i.e., there exist

z ¢ I and z € I such that g (x,2,2) = 1 = ps (2,2, 2) . Thus 22 = z € I. Since
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(H, 0, ) is a commutative vague regular ring, by Proposition 1.3.5 and Propo-
sition 3.2.7, we obtain that (H,o,e) is a commutative regular ring. Therefore
x = xyr = z’y for some y € H. Since [ is an ideal of H and 2> € I, we have
v = z%y € Iy C I which is a contradiction. Hence a vague ideal (I, &,®) is a

vague semiprime ideal of (H, o, ®) as desired. O

Corollary 3.2.9. If (H, 0, ) is a commutative vague reqular ring, then every vague

primary ideal of (H, o, ®) is a vague semiprime ideal of (H, S, e).

To give next lemma, we recall Proposition 1.5.2 that if (I, &, ®) < (H,3,e),
then (I, @, ®) is an ideal of (H, 0, e). In fact @ and © are o and e, respectively.
So that we write (I, o, ®) instead of (/, ®, ®).

Lemma 3.2.10. Let (H, S, ®) be a commutative vague regular ring and <I, D, @> be a
vague ideal of (H,5,e). If a ¢ I, then a" ¢ I for all n € N.

Proof. Let n € N. First, observe that if n = 1, then we done. Assume that
n > 1. Note that (H, o, ) is a commutative regular ring and (/, o, e) is an ideal

of (H,o,e). Let a ¢ I. From the commutativity and regularity of H,

a = ara = a’r = a(ar) = (ava) ar = a’z*

for some x € ‘H. By the same process as above, we have a = a"y for some y € H.
Evidently, if a” € I, then a € I since [ is an ideal of ‘K which is a contradiction.

Consequently, a” ¢ I. The result holds. O

Recall that for a vague ideal (I, &, ®) of a vague ring (H, 5, ®) where 15 # 1

and pz # pus, we obtain that <I , @, ®> cannot be a maximal vague ideal since
<I7®7®> ; <1767;> g <H767;>

Theorem 3.2.11. Let (H, 5, ®) be a commutative vague reqular ring. Then every vague

primary ideal (P, 5, ®) of a vague ring (H, o, ®) is a maximal vague ideal of (H, 5, ®).



42

Proof. Let (P, 3, e) be a vague primary ideal of (H,5,s). Proposition 1.3.5 and
Proposition 3.1.5 provide that (H, o, ®) is a commutative regular ring and (P, o, o)

is a primary ideal of (H, o, e). Let (J, o, ) be an ideal of (H, o, ®) such that
(P,o,e) ; (J,0,8) C (H,o0,e).

Thus there exists p € J such that p ¢ P. Since p € J C ‘H and H is a regular ring,

p = pk for some k € H. By the distributive laws, we have
p(l—pk)=0¢€P. (3.2.12)

Butp ¢ P and P is anideal of H, by Lemma 3.2.10, we have p" ¢ P foralln € N.
Since (P, o, e) is a primary ideal of (H, o, ) and (3.2.12), we obtain that

(1—pk)e P CJ

Since p € J and J is an ideal of H, this implies that pk € J. Thus 1 = (1 — pk) +
pk € J. Hence (J,0,8) = (H,o0,e). Therefore, (P, 5, e) is a maximal vague ideal

of (H, 5, e) as desired. O

3.3 Related Relations

In this section, we define a new vague structures called a vague ideal quotient
and a vague Notherian ring. The main theorem of this section shows that if
(H,5,e) is a commutative vague Notherian ring with identity and &, ® are

vague binary operations on H such that for each a,b, c € H,
K (CL, b, C) < s (CZ, b, C) and 12%6) (aa b, C) < e (Cl, b, C) )

then every vague irreducible ideal (I, &, ®) in (H, 3, 8) is primary.
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Finally, we summarise related relations of the following vague ideals: maxi-
mal vague ideals, vague irreducible ideals, vague prime ideals, vague primary
ideals and vague semiprime ideals. Therefore, at the end, we obtain that the
condition for vague prime ideals and vague primary ideals to be coincide.

Let (A, ®,®) and (B,H, ) be vague ideals of a vague ring (H,35,s). We

define
V(A:B):{hEHWbEBVceH [,u;(h,b,c):1:>c€A}}.

We observe that V (A : B) # ¢ because A C V(A : B).

Lemma 3.3.1. Let (H, 3, ) be a vague ring, © and & be vague binary operations such

that for each a,b,c € H,
2] (CL, b, C) < s (CL, b, C) and Ha (CL, b, C) < e (aa b, C) :

Then <V (A:B),9Q, ;> is a vague ideal of (H, 0, ®).

Proof. First, we show that <V(A : B),®,6> vg (H,d). Letb € B, c € H and
x € V(A: B). Since us (z,b,2b) = 1, we have b € A. Thus —xb € A because
(A, ®,®) is a vague ideal of (H,5,e). Now, we have p; (—z,b, —zb) = 1 and
—xb € A. Thus —z € V(A : B). Because of the choices of O, & and Proposi-
tion 1.3.9, we have <V (A:B),9Q, ‘> U'SS' (H,8). Similarly to above, we have
ta (a,b,c) < s (a,b,c) for each a,b,c € V(A : B).

Finally, leta € V(A : B), b € B and h,t € H be such that y; (a,h,t) =1, ie.,
ah = t. Since y5 (h,b,tb) = 1 and B is a vague ideal of (H, 5, ), we obtain that
hb € B. For each ¢ € 'H, assume that p; (t,b,¢) = 1, i.e., c = tb. We show that ¢ €
A.Sincea € V(A : B) and p; (a, hb, ahb) = 1, this implies that ¢ = tb = ahb € A
as desired. Analogously, we can show that if y5 (h,a,t) = 1 thent € V(A : B).
Hence by Proposition 1.5.4, we obtain that <V (A:B),Q, &> is a vague ideal of



44

(H, 5, e) as desired. N
<V (A:B),Q, &> in the above lemma is called a vague ideal quotient.

Definition 3.3.2. Let (H,5,) be a vague ring. Let (A,&,®) and (B,H,) be
vague ideals of (H, 5, 8). We define a vague ideal quotient V (A : B) of Aand B

as

V(A:B)={heH|Vbe BVce€H [us(h,bc)=1=ce Al}.

Definition 3.3.3. Let (H, 5, ®) be a vague ring. Then (H, 5, ®) is said to be a vague

Notherian ring if every increasing chain of vague ideals
<J1’6~97®> g <‘]27é7®> g Ce

eventually stops, that is (Jj,, ®,©) = (Jr+1,d,®) = ... for some k.

Next Lemma shows that if (H, &, 8) is a vague Notherian ring, then (, o, o)

is a Notherian ring.

Lemma 3.3.4. If (H,3,e) is a vague Notherian ring, then (H,o,e) is a Notherian
ring where 6 and e are any vague binary operations of which o and e are the ordinary

descriptions, respectively.

Proof. Since the assumption of a vague Noetherian ring holds for all vague bi-

nary operations, by choosing

1, ifaob=rc,
us (a, b, c) =
0, ifaob #c,
and
1, ifaeb=rc,
/L;(Cl,b,C) =

0, ifaeb+#c,

the result holds. ]
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Note that if A and B are nonempty crisp sets, &, ®, 5, ® are any vague binary

operations, then (A, &,®) C (B, 5, s) if and only if
1. Ais a crisp subset of B,
2. pg(a,b,c) < ps(a,b,c)foralla,b,c e A and
3. ug (a,b,¢) < ps(a,b,c) foralla,b,c e A.
Next, we give an example of a vague Noetherian ring.

Example 3.3.5. Consider a vague ring (Z, o, e) where & and e are any vague
binary operations of which the usual addition + and the usual multiplication -
on Z are the ordinary descriptions, respectively. See that if (I, ®,®) is a vague
ideal of (Z, o, ), then (I,®,®) = ((m),, ,®) for some m € Z. From the above

note, it is easy to show that
((m),,&,0) C ((n),,E,0) & n|m.
We show that (Z, &, 8) is a vague Noetherian ring. Let
(J1,®,0) €+ C{(Jk-1,8,0) C (Jr, &, O) C (Jps1,B,0) C ...

be an ascending chain of vague ideals of (Z, 5, ). Since for each h € N, J, =

(ny,), for some n;, € Z, we obtain the following ascending chain of vague ideals
<(n1)z ) ENB: ©> g o g <(nk—1)i ) é; Ck:>> g <(nk>1 ) éB? ®> g <(nk+1)i 3 E~B7 CP:>> g e

If the chain did not terminate, n, would have been a proper divisor of n; and n;

a proper divisor of n,, etc. In particular,

]n1| > e > |nk_1| > |7’Lk| > |nk+1| > ..
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which is impossible since there can only be finitely many positive integers strictly

less than n,. Consequently, (Z, o, ®) is a vague Noetherian ring.
Lemma 3.3.6. Let (H,5,e) be a vague ring, (I,H,®), (A,®,®) and (B,®,0) be
vague ideals of (H,5,8). If (A, &,0) C (B, &,0), then

(V(I:B),8,0)C(V(I:4),8,0).

Proof. Let z € <V([ : B),®,®>,a € Aand ¢ € H be such that y; (z,a,c) = 1.
Then ¢ = za. Since 5 (z,a,xa) = 1and a € A C B, we obtain that ¢ = za € I.
Therefore, z € (V (I : A),®,®). Hence (V (I : B),®,0) C (V(I: A),®,O) as
desired. ]

Next theorem and corollary show that every vague ideal in a commutative
vague Notherian ring with identity is decomposition (means that any vague

ideal (A, 5, ®) of (H, 5, ®) is the intersection of the primary vague ideal of (H, 5, e)).

Theorem 3.3.7. Let (H, S, ®) be a commutative vague Notherian ring with identity. If

@ and © are vague binary operations on H such that for each a,b,c € H,
K (CL, b, C) < s ((Z, b, C) and 1276 (CL7 b, C) < e (aa b, C) )

then every vague irreducible ideal (I, &,®) in (H, 3, e) is primary.

Proof. Let (I,®,®) be a vague irreducible ideal in (H, 5, ). Suppose that
3o,y ¢ [,Vk € N, 3z, € I,y" ¢ I and s (x,yk,zk) =1,

i, zy*® € I forall k € N. For each ¢t € N, define J;, = V (I : (y');), the vague

ideal quotient of vague ideal I and (y");. For each n > 2, since

Sy ®,0) € S {10 8, 0) C{(1):,8,0),



47

by Lemma 3.3.6, evidently, we have

N

<J1,®,®>§<J2,@,©>g <Jn76~97®>g

Since (H, o, o) is a vague Notherian ring,
(J,8,0) = (Jn,®,0) = (J, ,®) forallm > n.

Next, define (K,®,®) = (I + (y");,®,®), the sum of ideals I and (y");. By
assumption and Lemma 2.1.1, we have (K, ®,®) is a vague ideal of (H,3,s).
We show that (1,®,0) = (JNK,®,®). Obviously, (I,®,6) C (J,®,®) and
(I,d,0) C (K,®,0). Now, let r € (JNK,®,®). Then r = s + ty" where
s € Tand t € H. Since (J,®,0) = (J,,®,©) = V(I :(y"):), B, O), y" €
(y™)i, and pz (r,y™,7y™) = 1, we obtain that ry” € (I,®,®). Therefore, ty*" =
ry" —sy® € Iie, t € (V(I:(y*™);),D,0) = V(I :(y"):),d, o). This yields
r=s+ty" € (I,®,0). Therefore (I,&,0) = (JNK,H,®). Since (I, d,0)
is a vague irreducible ideal, <I, ®, ©> = <J, o, ®> or <I, d, ®> = <K, o, ®>, we

analyze the following two cases :

o If (1,8,0) = (J,8,0) = (VI :(y");),®,©). By assumption zy" €
(I,®,®), this implies z € (V (I : (y");), D, ®) = (I, d,®) which is a con-

tradiction.

e If (1,3,0) =(K,®,0)=((y")i +1,H,0), theny" € {I,®,®) whichis a
contradiction.

Hence (I, ®, ®) is a vague primary ideal. O

From Lemma 2.1.1, Theorem 2.1.7 and Theorem 3.3.7, we can conclude the

following corollary.

Corollary 3.3.8. Let (H,5,e) be a commutative vague Notherian ring with identity.
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Then any vague ideal (A, 5, ®) of (H, S, ®) is the intersection of all primary vague ideals

of (H,,e).

Theorem 2.1.2, Proposition 3.1.3, Theorem 3.3.7, Proposition 2.1.8 and Theo-
rem 3.2.11 imply the following corollary.

Corollary 3.3.9. If (H, 0, e) be a commutative regular Noethrerian vague ring with
identity, then a maximal vague ideal, a vague irreducible ideal, a vague prime ideal and

a vague primary ideal under vague binary operations ¢ and e are coincide.

Note that, in fact, the vague binary operations ¢ and e in Corollary 3.3.9 can
be replaced by any vague binary operations & and ® on ‘H such that for each

a,b,c € 'H,

He ((1,, b, C) < Ms (CL, b, C) and 206} ((I, b, C) < W (CL, b, C) :

Eventually, we can conclude the related relations of the following vague ide-
als: maximal vague ideals, vague irreducible ideals, vague prime ideals, vague
primary ideals and vague semiprime ideals with vague binary operations 6 and

¢ in the following diagram.

(Proposition 2.1.8)

Maximal Vague Ideals

T

Vague Irreducible Ideals

+ comm vague + comm vague + comm vague
ring with 1 regular ring Notherian ring with 1
(Theorem 2.1.2) (Theorem 3.2.11 (Theorem 3.3.7)

+commutative

Vague Prime Ideals

Vague Primary Ideals

(Proposition 3.1.3)

+ comm vague
(Proposition 3.2.3) regular ring
(Corollary 3.2.9)

/

Vague Semiprime Ideal
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