CEAPTER V
FCURITR TRAUSFCRES AND POTHHTIAL THECRY
The materials of this chapter are drawn from references
(2], (3304 860, (110, (14}, [16].

5¢1 The Poisson intcgral

Let f bte a measurable fuanction on 2% such that

tr— () /(1 o+ 1™ Y isCintagrable. “The Poisson integrall
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define on Rﬂ+1 cxcept /Tor/ “yre 0. we always suppose that y > 0.
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5.1.1 Theorem. The Poisson integral U(xyy) tends to f(x) as

H—-——-—)Of e e O Rna

Proof; By Lemma (3.14), it suffices to prove convergence at every
Lebesgue point of f. Let x be a Lebesgue point of £, and let
E(r) = 1 |f(x) = f£(t)|dt.
jx=tigr

Since x is a Lebesgue point of f,
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(Geta) Er) = -'J-n----l:-)- = -——{n—-—-— if(x)=f(t)|dt =9 0,a8 r —> O,
n n
1 V r IB(x,r)\)

9B(x, )

Hence, given sn arbitrary € > 0, there exists a (small) 6 > O

such that IZ(r) < er® where 0 <r 6 . Since

. v : dt 7 F(x)=f(t)
£(x) = m—[fm /. a,-J Elx)atlt) i
[+ = 4 — L 1”. il
£(x)~£(%) [ .
Let y[-—----—-«-—-; , LAt = ¥ + ¥ + v = I +J_+1_a
(ix—t|2+y“)\n+1)/¢ 172773

jz=ti<y vL|x=t1<5 x=ti>H

Now, by(5¢1.2) II1| £ l; {If(x}-f(t)!dt —30, as y —C.

Tx-ti<y

5
A AR) =2 CE) | aE(r)
By (3.17) T l ( Vj._._.__......_ dt . = 3’] ~ .
| P {x-tln*q ) rn+1

yx-tig 8

Hence (as the proof of Theorem 3.15)

lim sup |1~/ tn¥De,

y—Y
Finally,
If(x)=Ff(£)|
|1T.| & ¥ S =————— gt o
31 9N IX~tln+1
|[x=t1>8
We claim that y 2 -£CNss 55 pinite.
n+-1
lx=-t
lx=ti> O
- oy * ‘ﬁ
f I£(x) iif)‘dt < lf{x){x dtn+1 % [ lf(t,L+1dt .
|x=t{ |x=t| jx=t|
Ix=ti> 0 [x=t|> 5 lx=t|»0

By (3.16) the first term is finite. Since |x=-t{> & ) O,
s A 1/

2. V> Gl /5 2 2
(11t 7) 1+ Il " +1) < 1+ (1x17+41) & B
|x=1| |z=t | S 0?

therefora
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n+ ¥ % = @
[x=t| -
: . 2y (n+1)/2
o | Azl (el L Ge DM
el , nel 2,(ne1)/2 n+1
-jx=t| (14 1t17) x=%|
|x=t1» B jx=ti> 6
f(t> | £(t) |
£ ¢ j ~—|—‘—‘7— LAt £ | =" dt (+@®
N ] e
|x=t1) 6

since ti1—|f(t) l/(1+|t¥n+1) is integrable. Then I,— 0, as y—0.

5
Hence the thceoren ie completaly proved.

For any moasurable Function £  on r™ such that
th_qlf{t)l/(1+ltln+1) i&/integrables We introducc "The Conjugate

Poisson intepgral"

V(Xg }') =

Vet
e}

o - ."‘t
£t ) dt, where y>0

2 : B i
{ L) *ya)(n+1)/?

V(x,y) ie the point. in R whose ith coérdinate is

% ok, )
e N 1) /2t
(ix—tf‘-i-y') I'l‘ 4 =

% 4

Il
Sel1el4 Theorem. Fon almostevery | xeR ;

1 ‘ t-x 1 x=t

e ft)——— dt 4 = Sf(t)..._._._.___.. dt-—30, as y-—30s
Cn jt=x| "t 1 Cq (|x=t| )(HM)/2

Ix=tI>y

Proof; The proof is similar teo that of Theorem (5.1.1). Let x

be a Lebesgue point of f.

t=x x-t _
S f(t)-—————-—lt_'xlﬁ_‘.,I at + ‘f(thx-ﬂ ‘_)(11*1)/(_{;1: -

IX=Tf >
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lt_xln+1

where & as in

is antisymmetic

r P
= | ) x=t _ }
| f(té|x-t[2 (nr1)/?lt + +
-t x=t|>8
|x=t|q ¥ Cix=tlg B [x=t|>
fl . - =
i '*-—--—--‘- n = T o4 Ly & T,
T e O *1’/9} i 58+
ti—ti
zore (5471 ‘ Caripn
TheoremiS5s1s1}e Since tiPHH¢(|x“t|2?y?}(n+1)/2
Wlt}' res P )Ct tc, ¥,
i
2t £, = 0, (Ogagdbegco)
(|" t} +32 (.-,q)/,“' a ' agbgct).
ag x=t|gb

Conscaguently, by (5.1.2)

( t
15,1 = ll {f<t’-f<xﬂ S 20t |
. (px=t1 4y )
|t=x{<y

{ 1—n ( |f(t)-f(x)]dt — 0 4 28 y =30,

Y t-x|<y
Similarly,
S —Jﬁﬂ—w dt .= 0, (Ocaghg @ ).
ft=x| 7

Yle have

I,
oy

We can show by expansion

(5e%e5)

Then

a < jt=x|1£b

| T,

Y& |t=x|< 8

| o

(|t= x\

<

n+l
2

2)(n*1)/2_ .

in+'1

(t)-f(xu}ct-x)[(iﬁ-x1“+f
jt=x| +

jt-x) ¢

+1)/2 N+
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yzj lf(t)—f(x)!

be=x 12 fe-x | Z4y5)
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and conparison term by term that

5\ (l'l—"l)/r_
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|t-wln+2

y< Jt=x|<5

5
.‘_1;_‘_1. y;-.i Is.kt)-f(x)ldt - i ;5 d=n(r)

where X(r) as in Theorcm(5.1.1)e 1ntcgrating by purt,

5
- 3 ls ’ -
n+1 _2f 5(r) Cne1) (ne2)  2(E(r)
|ID| s —L:—_- }v - T-_L'%‘_‘:-‘ :}rr s ;'lr ’
2 2 n-2 2 ne3
r y r
' ¥
s}
n+l 2 E(8) (ne1)(na2) 2 E(r)
< :}i—- - e e + hfneianiie ptima— dr-
~ S of o) W
2 6n+_ 2 rn+5
2ot ey = COF2) ) .
As y—30, 3y E{(8)5 tends to zoro, because & is fixed.
Consider § o0
o4 2
yZK Lga% dr ¢ y?I Eg dry % eyaJ lg dr = % 5
rt r r =
J ¥
whencey, 48 y-—-30, 1im sup }12| £ (;ﬂl)%n:é—)- £ for any arbitrarily

small €. Finally, we obtain by (5.1.3) and (5.1.5) that

r

]13| < n;'} yE] -IL:E%ILH-E dt —s 0y as y —0.
2 ; —Te
{X=t> IJ;

Hence the theorem is completely proved,

5«2 The Fourier Transforms of the Poisson Kernals

" ; Y 1t
The Poisson integral  Ulx,y) [f(t) -
b C 2 2.(n¢ 2!
n (|%=t] 4y )( 1/

and Conjugntc Poisson integral V(x,y) = 1 If(t) x-; 5 Tne1) /2 at
n (|x-t | +y°) Ot

n/2 n/2
in sccticn (5.1) are -(-gg-)——- (f!r.ty)(x) and L21(;_;_2___ (f#b‘r) (x) where

n n

ay and by are Peisscon Kernals of U and V respectively.
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In this section we want tc show that the Fourier transforms
of a and b are
B v

(5.241) 2. (u) = /T S ALLP. %yﬁu) = i 2 emyiul

/2 /2 -

respectively. B is the vector vnlued function which its!

components arz the Fouricer transform of the components of b

hj
respectively.
Suppose f is continuous function, and f » C, the
Riemann-Licuville integral is defined Ly
> ®
a 1 f a=1, ¢ :
(-1,)%2(x)) = [ £(£)(t=0°"Tdt  if a is rational
GIEE
nunber which is not negative integer end a £ 0,
. (=) .. . _ . .
,Ix[f(x)] = Jf L (x) if 2 is negative integer,
<O T
and i £f{x) |~ = PERIS
5262 Lemmae I[ﬂcJI'b — Ia+b, whenever they converge.
Proof; Ve may assume ‘that 'a # 0 and b # 0, otherwise there
is not hing te be proeve.
> Case 1 1If a43b are rational numbers which are not negative integers,
then =
a .b ap(=1)® b=1_,1
T ol [fG)] = I [== | £(£)(t-x)"" at}
() 4
k k
a+b -
O i, Hf(t)(t-z)b““dt(z-x)" Taz
I a )
e o [T2)[To) L
b k %
4 . 1ip D) Hf(t)(t_zﬁ Vepmad ™ Ve
k —w| (D[]
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o . %
"'1+ Y - -
S Sf(t-’j((t-z‘:“‘ T(z=x)"Tazat,
‘(a)rih)x &
Tt g = -E-E-i-(:- e Then
% 1
2eh . . ol -
o1l ) = SR S £() (6=) (B gy I(w-s)b 157 as
s [ ! 5
1, 02

a+h - . “
s el J £() (g=x) 2P) =g Iia"'b)[f(:é)j.

Case 2. If 2,b are negative imtogers, then

1l

I;[I?([f(x)l} ~ I;"“[f{-b)(x)] _ f(—a—b)(x)

112 [£(x)] e

B a+br
= X, tf(x)] N
le can show by induction on ~mw/ ' that

m

11" E(x)] = F(k) and TNl [f(x)] = £(x)s

X ¥ X X
Case 5« Suppose 2a is‘negative integer and b is rational number
which is not negntive integer.

If a » -b then asb » O and hence

IioI;: [£G) - = 1301;""1)"'(“*1” ) [£() ]

Iiozf'olf{:‘*-‘b) fx)] = Iia*b)[f(")]‘

If n { «b then ash <O,

Subcasc 5.1 If a4b is integer then b is positive integer and

hence
2ol 2] = LI G1P (o))
. I_(a+b)01(-b)oib[f(x)] ” I(a+b)[f(x}:l.
b'd X X x



L |

109

Subcase 3.2 If #4b 1is not integer then
SUEeEe 2 £

B it (o ) p (b)) fo
I o1 f(x)] = Lol Lf(i)l
- a 7(n+b) (a4b)
= I_pI-Yel: [£G0)] I, [£G0]
Similarly, we can show that InoIb = Ia+b, whenever b is

negative integer and a  is rational number which is not negative

integer. Hence the lewmma is completely proved.

2 .2 2. 2 ’ 2 .2 2 2
L\,t |t| = t‘l*...*.tn = P ATl ['l}.l T u,]+"'_*1’!'n - /P .

Suppose that the funetien//f is a radial function, i.c.,

£(t) = £(|t]) « Ve note HHAt by Theorem (4.1.17), the Fourier

~
transform f is also a/ rddial function. Suppose further that
(v o]

3 % 2 T , = 1
f is bounded continuous/ funectionh and 0O ¢ ( f(r)r 7dr <o,
#]

A
Consider the value of f(u) where. u = }P.O,...,O),

2 1 B P )
fw) = A (f(t)e 134
(o )“/9

f(r)at ...dt

n/2 n~1 2

(2n)

"
- n/ES gf(r)[ S as Jar,

(21’() 0 a (01r1)

2 2 2 2,2
wvhere r, = t2+...+tn = ---t1 . Consequently,
ol " @

»n 1 -
£(u) = e /5 e‘ﬂ 1dt, If(r)s r2Car

(2tt)n | n=", 1 1

- 0
3 GDi/pt1 5 (n=1)/2
= =/5 | @ r_‘_t,i-'*'-'——— f(r)r d
(2E)L,h I(n-1) 4

2 0
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1

‘ 22 (na3)/2 3
r&’]‘}{ﬁiTT S (r)cl £2) 103072922y,

Let £, =17, R = r" and g;xr—méé;. Consgider
= @© (n-‘]
“ . I 2y > =
mreiacas fLr)(ra-t‘ (n-3)/2, (r") = og(rc)(rZ-R) e
2 r|t1| i
{n=1)/2 %o o o (n—?)/a =
S frosm] = L-IH) [ffRo} .
Then a
2 1 Ler (m=-1)/2 e
flu) = T ol T (<1 f(r)}ar,
‘:!1 I_,I/TEJV e [
ol
w .
(IR &

Since f 1is continuous, /VRye@orollary (4.2.12)

AN (n-1)/°
(-Im}(n_')/r‘l_f(r}] R 5 ‘V)‘f/ﬂ}?‘n . Then
: R
=2Y75 =15 _=n-1)/,

(5.2.3)  f£(x) = & “r E-I ) { '/Prf}nl/fﬂ

which is called the Leray Formula.

YO
Let f£(u) = o VMU Uppen
2

iy ey
| Sy r | PPy

i

- 0
) e(?-Tr}O*O . G-EY#?ri i 22 .
y=ir -(ytir) §, ¥ +r2
n/, =1/ -(n=-1)/,
Thereforc, f(r) = 2 °pn Dy(-l ) *[——3-1.
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/2,172y (net) /20 (B2

Bl = % yi=ts dR(n-?)/E[YQ:R J-

We can show by induction on n that

1=1) /2 2 .
(=1 [_\1 ...,.} - (- I:‘\n--l)/ l-(n:'l-} 1

. £ . - p
IH_)(_H ‘] /2 "+R (U- * \(n+1)/
,11/}_’.]‘('11‘-?') y
Hence flr) = Seemeefmm
. , -
If n is even, then by Lénma (5.2.2)
n .
S
fir) n/'";-1/? (=30 R 2["""*2' ]
pat y +R
2 2
3 7 5t
= Zn/'“f-: I/Ry(-IR, 2&(-1 }Ll'e—q"']
& v 4R~
n/2 n/2_-1/2 a2 a2 .
(=1} "ﬁ::{\—lp [ ” R
an™ ' +R
o)
Since (—I.,)ﬁ/""[—;—,-"-'[ 3 -——l-[-—.-;"-(T-R)"V".ﬁT.
s -l ™ 1) & oom
y 4R | (3) ] v+t
TR
)
Let %7 = T =« R. Then 2xdx = 4T and
a 0
= 2
(=T )21“EH-J = 1 { — = dx
7<4R r(-._,—) ="+ (y 4R)
=B
[t X ]m _\E'I:
C _2-'- .
fﬁ£ E’ +R Jy7 4R

Then f(x)

1l
1
-t
M
a
L)
o,
:jtlf
N
—
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Ve can show by induction on n that

Hence

Then

So that

n D o4
a° 2{_1£L__] _ (-2 (F
B 2 CySery BH /2
¥ o 2 r2n+1

f(r) =

/£L72+ 2, (n11\/L

' 41,
e-y]u; N %(u) N 1 _1(u.t) ZL'rYn at
= = (om )n/a /n( Zn+1)/2
5[ (atly |
2= 2 1

i(u.t)
e &k «
In (En)n/ej' (y2+t2)(n*1)/2

I =-yiu |
PR

gy(u)

»
We can not caleculate by directly, because by is not

radial., L&t

Qq(t}

Consider
£(r)

i

1 4 =y ful -i(t.w)

2n}n/281u1 -

£

n . e
5 J-——L— S ylule l(t'u}du du ...dun

- (éﬂ)n/E IR ED g -
R -
u
1 10 =yiu =itten)
N e v 3 6.3 BN | (R |
(2n)n/;§58 1u‘ 3 ualu3 dunc‘u1
n-=-
~@ R ( 2\1/2
w Lot s omylul +...+u &y
_ 7 i 171, il e
S u113 ru i
{2 - %0 (Zn)( =) (ui+..,+ % 1/2
Tqn--’l '

~i(u,t +...+untr)

& 2 2 ‘Lu’...uu .
“2.4/2"
. i ')’(u +"'+u ) 1(u2t2+coc+u t )
i} .A-.-.,. } & n du du
n-‘ L
(2r)(_§t> (u1+¢..+u )1/_ ) ’
* -7

24
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2 2\1/2
_:(u1+s ) ~ilu t deaodu_t )
1 c o 2 e o i a
= H-_—?'l-"l '—-é'--*m e -ﬁ.ua.-. u’] 1
(2*)(;5_} (u115 ) '
LS = __.n-1
h
P o )
wherae 52 e u§+...+uf s r° = tf+...+ti « Let
-y(u§+sa)1/2
g(s) = £L~*~—-—77; . Therefore
(u?+sa}1 = 4
6 ®)
-isr . : 2.2 2 s %
[ o l”rg{s)ds = 2K0(u1jy +r°), where the equality is obtained
-

from [6;?118] and KL—hgﬂo(ax) it the function modified by

Hankel given by

(= %)
i
k (ax)/ = { £o8 XL at .
O

f,c2+ﬂa

S8ince g is continuous,
=ilu t deoedu_t )
n

gls) = ——— fir)e db iz 45
(Zn)(nﬁq)/ - € %
TR
By the Leray formula (5.2.3%)
(B3 =
2 2; - 2 ~isr 7
f{r) = 2 n {-¢R) [je g(s)ds]
-
(EHEALGE Rasel
s & €y 2(-IP) ~ [Kn(uq/yaﬁﬂ)l , whers r° = R.
Therefore 02 w HD
T L “=7"? / 2
) = L" WE. = 1% i » F
ﬁq(t_ 2 0 e uﬂ( IR) !.r»o(u,I y .R)]Ju1
-0

i 0 5
B3 [, e (35 o=
= 2 7 lgtqte )(-IR) [Ko(u1 ¥ +R)1du1

o~
ne? =2 3
(222 ey —iut
By 2 ra b T >
= i2 T (_IR) [dtql’b KO(uq y +R)du1]

-



114

a a8
Since “:é?' clxy o dx = —%:X €08 XV ax
,/21'2 ! /:(2+a2 jETE_CDAz*:’P‘
fw -
|
rlx 2 :
= .i_ E_CLEJ.E.___ dx = /.; Kotai"l' ‘) >
jen. 2 2 f
QO Jx +¢a

and hence by Corollary (L4.2.112)

O
} 0—13{}‘1{0(&13])&}. S | S
-0 /xaq-a‘:
( -2)/2 -8 =(n=2)/2(4a T
Then ¢, (t) " -I) [ﬂtq—- }
f; *a
. Am=2)/2 - y=(n=2)/2 1
-i2 . (=I_)
=4 [Lt1+y ﬂ)9/2J
If n is even, then ( '/
2 /2
; . (n=2)/2 (n=2)/2 a7 1 1
¢, (t) «i2 t (=1} e _)/e[( Z&R}3/2J'

t/e can show by induction on n that

_yin-2)/2,[ (B
}F(|t}2 2 (n+1)/2 :

g{n=2)/2 3 ;
ar(n-2)/2L (2 2+R)3/3’
n/’B[_(P-T-l)t
Then g1(t) - lf“(ltla 2 (n&T)/P ‘
If n is odd, then by Lemma (5.
(21:..’_)
g,(t) = -i2 t,(=1)

2. )‘
2 [0 1
2 d 2 i I
(-1.)
1r(2§l)\ R £t2 EJI
dR +y°4R)2
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? - i e
Consider (=I_ )" |—————m— = :;L- 1 (T=R) dT .
8 2 22 [G) ) .2, 2 2
(to+y 4)2 2°7 (t +y +T)2
i 1
he:
o} 2
LeE % = t2+yL+T s 2xdx = 4T,
—(J:_}
I
ar = 2 ) 22
3 1 f >
2 (t° +y 241)3(1-7)2 jéj+‘ o 4X (42 S Z4R)
©
- 2 . y where ¢ = )t‘,;'*yz't-h’ B
2/ 28
x Jx =c
C
ILet x = ¢ sec 8, dx =—c_sec/d Fan-O-4d0.
E -r
0 2 =
- 2
d ey M) o/} S, lees v A3 = g-,‘szl.n ﬂ; = &
it 4 ]l 2 i 2
(ta 2. m5 3 ¢ c 0 c
R 4t 4+T)2(T-R)2 0
Then (-IR)/I/& ] 3 % j':“-'é-a'—':-—— .
2 2 = ‘ 3t
(t3+y" 4212 (L 4y 4R)
e can show by inducticn on n that
d(n—'l)/Z [ -2
e = A R wa LAl a ) .:_.__2_‘—___.‘_‘
(=172 [y ® ) [t 47" 4m)®
Therefore n n+1
[
filel = - o (n41)/2 °
ifn( "y TS
That is i)
1 Y1 —yiug -i(i‘”,u)1 ""r(—_h—)t
e} e du = —— i1 .
nl v 1]«\ ]t; - )(——)
(2n)2 -
Then
5 {
" =y iu \c it.u) Er -"-L-'-?t
|y n _———é——a- (Bl dt, and hence
(2m)2 ! ifnC b “sy=) 2
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A 1 joi(t.u) i . il " -ylul
y' T V- 5 n4, - n jul” i

5.3 The Conjugate Function of Function in L

5¢3¢71 Theorem. Let f€L°(R™)

e B0 ) £ (x) = im ot (4) X ¢
(5.3.2) LA ﬁ%i;ouﬂ [ £(t) lt_ytn+1 1t, whepever it exists.
h tex)pe .
Then a) f£%(x) exists B Gy
e
b) ]f‘"iz :pfua (and hence £ ei (™)),
(B VAL
¢) lim =+ £ ("‘““‘j) dx Bl -f£(t) ase. .
£€—0'n fe<t)
[x=t|> <

f is said to be the Lonjugate function of f .

~

Proof; Iet T Dbe the Fourier transform of f :

y 4 )
F(u) = lifl in L5 e—len S M2t e 1) at.
T —sw (2n)2
ItICT
5y L0 ¢ =ii{u), -3
Le i3 1 = 1 2 1 SR = St — = I
et () 11(L1), 1 n(un)J oy tu1, un) 1uTF(u),

and let
‘ 2 9
hi{x) = 1im in L n
U N 2.1
TR (2n)FuicU

~i(xeu),¢
e 1( F&(u)'

1u.,

T " & e
If we can provc that £ (x) h(x) =a.e. then by Parseval-

1

Plancherel Theorem (4.%.1)
€ -
I “Q = ‘r ug

a) and b) hold. By Theorem (5.1.1)

o N
.
b

!2 - Hf"3 ’



—a

Y

117

(5.3.3) % 11‘\‘t)-—-—-—-1--—---—- : At — h(x) a.c. as y —a0.
o} § & (n#1)
: (3=t 1 “4y°)
By Theorem (5.17.4)
(5.3.4) = % £l omnd Tl) at - 2 | 2(6)—EE 4t —s0 a.e.
5 n+1 C N4
n ; P (=) n |E=x|
Clx=t] +y7) )
[t=x| >y
as y—0
If we can prove that
o 1 arin x=t v _al ¥
(5.3.5) - qu () sy 2= 1o s x
. (=t “ay™) (|x tl +y 2y

fe@sy then by (S.}.}),(Bg}.h) and definition (5.3.2), h(x) = £%(x)

Aeese Wo claim that (543.5)0holds. e . can write (5.3.5) as
(-f#b_)(t)/ = (A HEa ,)(t)
N ¥

Since the Fourier transform of (-f&by)(t} and (hmay)(t) are

e e
21}/2‘_(2;;1) i

Then (5.3,5) holds a.e. .

To prove c¢). Since

n
& N '\—é o
lim & (f (X)'(i+:' dx = (E“’ (£54p, (£) + fopp,(£) + ... +f§kpn(t))
e—p 0 nt |x-t§ ‘n
|x~=ti>e
By
where p.(t) = —— « Then its Tourier transform is
Py £ D+
n It}
C :‘. - s 8™ 4 J
5i Zn/zr( 3‘]) |u} 1 ul ' n
n u
= wi—tF¥ (0) =0 0o miBp? (u)

[u| jul'n
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11,1 U‘1 ] 'Llr‘ u )
= s e R I e BT Tesdbr sejee=2) (wis===[" (1 } ] = =Flu) ,
K P (P ) | et (o () F(u)

i _ﬂﬁ;g,(x-gl

Therefore lim =3 e dx = =f(t) DeCoos
g —0 “n I}I—ti o
Fk-t|> £
Hence the theorem is complately proved.

5.4 The Relation Botween the Conjupate Munction

and the Gegneralized FPotentials,

TN e . . . - T = . n "
Sel4.1 Definition; A réil-waluci Ffunction u defined on R™ and having

continuous sccond partiad/derivatives thercon is called

a
n D 5%y
harmonic function if /Ad/ /== Q' on Ry where Bu = 5 —_—

i=" D,
| N

wvhich is calles the Laplaciza of! u .
5¢4.2 Definition; The problem-eof dotermining the harmomic function
in a region vhich assumes=pressribed—valuec on the boundary is

alled 2 Dirichlet pwoblems—Ff instedd the normal derivative of

the harmonic function is prescribed on the boundary, the problem

is called a Noumann-problem,

" @ . n
Let T be a continuous function on R such that

th———e|f(t)]/(1+]t!n+1) is integrable. M. DNiesz defined the

Riemann-Liouville or Generalized Totential by

FlE®] = ey e,
n [zt
n/2 _af (£)
where M (a) = e iij:ji, -
n /) N=a
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In particular for a = 1 we obtain,
- i dt
- =% A\ . £ — —————
(5elie3) Jlf(xa] = T‘_(TT! £(E) . el
n o=t |
TS -
If we interprct x =25 a point (%,0) = (x yeooX ,O) Tl + (5iale3)
gives the value of
= ‘i P dt
8 UC,Y) = __ﬂ{f'\tj -
Mn(1) {ags ti L\(n 1)/2

on the hyperplanc y = O .

o M P, i n
S.lely Theorem. If £ is a contindows function on R such that

th*—ﬁlf(tﬁl/(1+itln+1) is-integrable, then the function

: = i+
a solution of Neumann proplem on half-space ¥>0 of R

the function f.

n-1-+ 1+
Procf: Since (n"q) o (n"“l)[—i ! B [( 2 ) B _'l
ULy 2 coe M (1) = : n/._ = T—n+1)/2 = T
n = { -?- i bol

’a ] 'L}f _— A .—1
rARAER == ‘f(t’uy{f|x NERENCE 17242

1

-Pf is

for

) ; at B
8% if(t)-—-———-————"? ?_)(n-!-'l)/Z" Uy

n (ix=t| 4y

9 : g .
By Theorem (5¢1¢1) [3}[—Pr(x'y)]]y:0 = llmOUtx,y) =
T =)

.. SF ; .
llext, wc must show that <P is harmonic function.

|

f(x).

)
5= g 3
=, [F" (1 3)] ¢

: £(t)=
oy n

J
W x- t[

1l
&l
o~

ol

-

~—
1

. =t ny”
= 5] &f(t) ?+ ?)(P+5)/h

2 (na1)/2%%
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2 ,f —_— = .'.'..1,....- ( ..2.}{ 1
5, [F o] = Gy | f0g o e 17282t
1 ( e
= = |£f(t) = = V.l%,5)
Cy (lx 1_}#_”? ) Il‘-’rl)/z_ i
--t
52 P) 1 ( i
"""": ? (X'J) = = . (4‘!Y) = = gf(t) |__________
3% 1[ ] Jx C, ’;}:.k,{x tl o 2 (n+1)/21
- _(']:_ ff(tjll{ t| “$y -(x -—t -n(x 't:_m At
n (|l t| (n+33/d
- 4 ]f(t) [T - +%i;(f(t) dt
p (lx=t 1% 45 $2 * (]:{-t|2+y2)
4 (xi-ti)2 0. ‘ (xi-t.)
" En f(t) S (n )dt - En £{t) iﬁ)dt'
({x=t1%4y%) (Jx=t |° 4”0 yh
Consider
n 2 &
~, L= ) s l
Z_Q 2[*Pf(XgY}J 3 '(I% f(t\ Jx + (-n—ﬁ 1t
.:f . ’ 2
1 I ’axi n ( I]{ t[ 'L)' )
2
3 2L e () —tt
' C ol )
& (x=t|% “)( )
-3 r(pylztl” na3,
. ( ix=t1%4 2)(
- B (o) —b=tl -t .
1". ({;{—ti ¥ )( )
f o
- —-;]: f(-t)lx-.tl "_..Y.._ At
.tn (n-i- )
(Ix-—tl +¥ )
Then ﬂ [-—Pf{x,y)l = 0 . Hence the theorem is completely proved.
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It YV = (%1,...,3}? )y then V(x,y) = VL-Pf(X,y)]l .
n

5¢4.5 Theorems If f is a continuous function on R® such that

n+1)

Vilta] = fFx) .

t—— |£(£) | /(14 |t] is integrable, then for almost svery x €R°,

Proof; By Theorem (5.1.4) and (5.3%.1),

lim [—U(x,y)] £%(x)  a.e. .

y-—0

since =V {x,y) VPf(x.y), and

1

lim [—V(x,y)]

Calt(x)]| .
y—0C

Then VI | £90%) a.e. o

1l
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