CHAPTER IV

BOUNDARY LIMIT OF F(X,y)

4.1 Introduction

We recall that, for each p > 0, we define the class of c?
to consists of all those systemsof conjugate harmonic functions
+
F(X,y) = (u(x,y), vy (X¥)5ss., vn(x,y)) defined on B_ . satisfying
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for y > 0.

We shall exploit (4.1.1) and theorem 2.2.1, to obtain

boundary values of F(X,y).

k.2 Boundary limit theorem

Lemma 4.2,1 Suppose y is a positive measure on X, 1 ¢ p < = ,
£fe LP(), £ e LP(y), £ (X)» £(X) a.e., and lfnlp—>{| fIlP as n— ®,

then || f-fnhp-» 0 as n— =,

Proof By the inequé.lity Ia-blp < yp(|a| P+|b|p), 2> 0,52 0,

0 < p<w» , where YP = max (1,2 P-l), we get
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Since Iflp, Ifnlp and If-fnlp are all integrable, hn is
u=-integrable.

By Fatow's lemma we get
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Since ZYP(ﬂfllp)p is finite, we may substract it and obtain
gim sup f [f-f [P au ¢ o | (4.2.2)
oo ¥ 2
But, if a sequence of nonnegative real numbers fails to converges
. to O, then it upper limit is positive. Thus (4.2.2) implies that
vim (S |e-£ /P an = 10,
me X a
B Sy Lim (] f-fnﬂ )P = 0 or
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Theorem 4.2.3.  Suppose F(X,y) forms a system of conjugate harmonic

functiong @nd satisfies
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for 1 < p <, then %im F(X,y) = F(X,0) exists for almost
y=>0

P
all X in R_and for p > 1, gim s 1EX F(X,0)|" 4y = o,

n+l
y+0 Bn
(x°+(14y)?) 2

Proof Let w(X,y) be one of the components u(X,y), vl(x,y),...

oA vn(X,y) of F(X,y). The inequality (4.2.4) implies that

s LEn|? iy
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If p =1, by theorem 3.2.1, there is a harmonic ma jorant

hw of w such that
hw(x,y) = ky + I (X,y) where V is a Radon

measure on Rn such that

5(n+1)
s (z%41) djvl(z) < ¢ and k is the constant

given in the theorem 3.2.1.

Since w is also a harmonic function in R 1 ° then
w(X,y) = h (X,y) = ky+ I (Xy) ((X,y) e &, ).
By the proposition 3.4.4, we have
Lim w(X,y) = w(X,0) exists for almost all X in R and
yo' o
is equal to Dv(X). This proves that
Lim  F(X,y) = F(X,0) exists for almost all X in R -

y+0
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For the case p > 1, by theorem 3.2.2, there exists a

harmonic majorant hw of w such that

h(Y) =T (%) ((X,¥) e B,.)

where f_ ¢ Kp(Rn) and for almost all X in Rn we have

;i‘ghw""y) = fw(x).

Again, since w is a harmonic function, gim w(X,y) = w(X,0) exists
y+0

for almost all X in R and is equal to fw(X).
This means

2im F(X,y) = F(X,0) exists for almost every point X in R .
y-+0

To show the last part of theorem we note that, by theorem 3.4,6,
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By lemma L4.2,1, we get
gim s |- DfaF ¥ - X = | ax = 0,
0 R = (n+1) = (n+1’
(xP4+(14y)2)2P (14%%)2P
5 i §
» =5 (n+l) ~= (n+1)
Since %im (X2+(1+y)d) °p = (X2+l) » s Wwe get
y>0
|w(x,y)-£_(x)|®
Lim f ¢ X = 0. (4.2,5)
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By the inequality (a+b)™ < 2™(a"v™) (a > 0, b > 0), together
with (4.2.5) we get

>0 R l(n+l)
B (xP+(14y)%)2

ax = o,

the theorem is now completely proved.
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