CHRAPTER 11
THE SUMS OF BASIC 3EQUENCES AND THETR PERTODS

" First we tonsider any infinite sequence of binary digita

Ve may davids it into equal sets of eonsecutive digits. For
example, H may be dividsd into scte eontaining three oonsecutive
digits each thus 3

We shall write

{1){(3) _
H = byhhg,
{23 (3 _
H = hyhohe,
Hc}j(}] = h?hahgf and EO OnN.

In general, when the sequence H is divided into sets containing

n consecutive Aigits each, we shall represent the m~th set by

{m){n)

the symbol H « Thus we may #rite

po. gD g2 ()

Definition A sequence H has pericd n 1f there exists a Ieast
positive integer n auch that

x(1)(n) g2 {(n) _ H{E}(n} . vus = gl@l(n) = ooy

far all positive intepersm.



Dafinitiu; H*

3

is defined 4o be the Sequense cbtained from B by

raplacing all O'a by 1'A and all 1's by O's. H* will be ealled

the complement
Qe!ina
o =
I =
11 =
AE -
A} =
hﬂ o
A5 =
AE =

of H.

QOCQOQ0000 4.
1111111111 ,a»
0101010101 ...
001100110011 ,..

000111000111 ...

0000111100001111 ... ISR
00000111110000011111 ...

000000111111000000111111 ,..

Definition The se¢quencas Ak shall bte called basio maesquencea,

Define G+
[ I
1l +
l +

This definition
{Ch 1l +}

Let K

Then we define

0 L]
1,
0 = 1,
o .
of the operation denoted by the symbol + makes

an Abelian group.

and K e two segquencas

= hlhzh} [N hi -ua

= k1k2k5 A ki -y



H + K = h1+ k1‘h2+ kE, h3+ kjnlnil, hi + ki’or-o 1

where hi+ k, is computed as ﬁbn?e.

i
In thecrems 1 to 6 we give the basic properties of the »

operatlon,

Theorem 1 If H and K are any two sequences of hinary digits, then

H+K = K+ H,
Proof Case 1 For all i, if hi = O,_and ki = Oy then
hi+ ki =0 +0=0=04+0= ki+ hi'
Case ¢ For all i, if hi = O,and ki = 1, then
hya k, =0+ 1=1=14+0 = ko hy.
Case 3 For all 1, if hi =1, and k, = 0, then
h,+ k, =1 + O =1 =

2+ 1 = ki+ hi .

Caze & For all i, if by = 1, and k, = 1, then

1

n,+ k, =1 +1=0=1+1=kK.+ h. .
1 1

Hence H+ X = K+ H

b

-ﬂJgD-

Hote that this ecwmmutative law iz a result of the fact

that {.D. 1, +} is an Abelian group.

Theorem 2 If H, K and E are any three sequences of binary digits,
them H + {K +23) = {H + K} + R .,

Froof Case 1 For all i, if hi =0 , ki = 0y r;= 0, then

hi+ (ki+ ri} =0+« (0 +0) =0 = (D+O}+El={hi+hi}+ r.



CE.EE E FOI‘ 5.1.1 i‘ if hi = O'I kiﬂ: 0. I = 11 then

i

hi+(k1+ ri)=0+{0+1}:1={0+0)+1={hi+ki) + Ty .

Case 3 For all 4, if hi= O, k1= 1, ry = Q0 , then

hi+fki+ ri}=D+(l+03=l={0+1}+0=(hi+ki} +T, .

Case & For all i, if hi = Q, ki =1, r, = 1, then /dlﬁ:;g?x
h, + {ki+ ri]=G+{1+1}=U={O+1}+1=(hi+ki) + T,

Case 5 For all 1, if hi= 1, ki= a, r, = 0, then
hi+(ki+ ri} = 1+{0+0)=1=(1+0)+D = {hi+ki} + T,

Case & For all 1, if hiﬂ 1, ki= o, k, = 0y r;, = 1, then

hi+ {ki+ ri} = 1+{0+1)Y=0={140)+1 (hi+ ki) + T

i L

Case 7 For all i, 1if hi R A ki = 1, r, = O, then

hi+ fki+ ri] + 1+01+0) = 0 =(1+1) + QO = {hi+ki} + Py

Caae 8 For all i, if hy= 1y k;= 1, ».=1, then

hi+ (ki+ riJ = 14+{1+1)=1={1+1)+1 = {hi+ ki} + T

Hence H+ (K+R)=(B+K.+R,.

Q.E.D.

Note that the assoclative law 1s a conseguence of the fast

that { o, 1, +‘} is & group.

Thecrem 3 For any sequence H, H +0 = H .

1
O
+
O
It
o
i
=

Procf For all i, if hi= 0, then hi+ Di 5

and if h, = 1, then h, + 0, =1 +0 =1 = h_ ,
i i 1 i
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Hence H+D =H,

QeE.Ds

= ——

Note that the asegquence 0 1s the additive identity.

Theorem 4 If H is any sequence, then H + H = Q.
Procf For all i, if hi =0 ; then hi+ hi =0+ 0=0-= Di‘
and 1T hi = 1y, then hi+ hi =1 4+ 1 =0 = Di .
Hence H+H = 0.
Q.E.D,

Note that the sequence H 1s the additive . Anverse of 1iself,

Theorem 5 If H* 4is the complement of the aequence H, then
H 4+ H* = 1 .,

Proof For all 1, if hy = O, h;* = 1, then h,+ b * = D+l=1= i,

and il h,= 1, h_* 1L +0=1=1

i i

Hence H+ H = 1I.

O, then hi+ h

1= 1"

G.5.D.

Theorem & If H* and K* are the complements of the =mequences H
and K respectively, thenm H + ¥ = H* 4 K* ,

Eroof Since H + K= E + K+ 0+ 0 , by theorem 3,

(H + K} + (H*+ H*) + (K%+ K*}, by thecrem &,

(E + H*J+{K » K*}+(H*+K*), by theorem 2,

I+ I+ {(E*+ K*) , by theorem 5,

"

O + H*+ K* |, by theorem &,

Hence H + K

H* + K» s by theecrem 3,




We shall now examine the periods of the sums of basle
sequences, and give general methods of finding these periocds in
theorems 7 and 8,

Consider the addition of any two different basic sequences,
Table I 15 a liat of all the sums 'Hi;J = Ri+ Rj and thelr
periods for 1 # j; &+ , 3 £ 6,

Table I the seguences H, and thelr perieds for 1 # j7 i, J £ 6.

343
Seguence Periond

Hy,, = 0110,01100110... 4
) = 010‘010019;.. 3
fy gk = 01611610,0101101001011010. . , 8
Hy,s = 01010,0101001010.44 -
H) g = 010101101010,010101101010010101101010... 12
fi, 5 = 001011110100,001011110100001011110100. ., 12
Hz;u = 00111100,0011110000111100.. 8
k, 5 = 00110100111100101100,00110100211100101100, .. 20
Hy., = 000100110111111011001000,0001001101111111... 24
Hy s = 000100111011000 4000100111011000... 15
Hs g = 000111111000,%00111111000, .4 12
Hy s = 000Q100011001110121111110111001100010000,00001...] %0
H, g = 000011001111111100110000,0000110011111111... 24
Hy g = 000001000011000111001111011111111110111100111

000110000100000 ,000001000011000. « 60
FE;E =  001100,001100003100, . ) &




&I

Lat Il be tha set of all positive integars.

For any two differént basic eequences A, and A, with pericds

i J
21 and 23} respectively, where i,j are in N, let 'Li ke the lesast

h
common multiple of 2% and 27 ,

and lat Hi,j = Ri+ Aj '
If we divide the sequences ﬂi and ﬂj into a¢tes gontalning
Lij/E congecutive diglits, then we have,
1f gQ = Lij;".?,
o WL g (2 L(3¥(q)
fLi = .l!l.i Jr-Li A-i PN ) ]
. e @@ e
| d d J
S DI SO I I TES BN G T
igd ESP 1,3 iy] ot
where Hgmz{q} = AEm)(q} - Agmj{q}, for all m 4in H.
%43 i b
Fram table 1 we can see that the saquence Hi 3 has pericd
either Pij = LijfE or Pij = Lij determined m=z follows :
Let q = Lijfz
(1) If both (Aim}{q}}* = a§m+l}(q} and
{hgm}{q}}* = Agm*l}(q} , for all m in I,
then Pij = Lij/E +
{2) If either {iim}(q}}* 3b3 Aim+l}{q} or
{Agm}(q}T* 3E _ qE”*l}(q} , for all ® in
N.. then F, . = L .

1j i3

These results are consistent with the next theorem.



Theorerr 7 The pericd of H'.i 3 = ﬂi + A.., where i, j are in i,
¥

and i 3Ej, iz piven ng follows @

Let g = LijfE

(1) If both (iim}{q)}ﬁ _ ﬂgm+l){q} and

(agm}(q}}* = Aé”*l}iq} , for all m in H,
< L

then Pij = IijfE .

(2} If e¢ither (ﬂgm}{q))* ?Q h§m+l}(q} or

{‘.Lgm}(q)j.! £ A§m+1}{‘1}
in ¥, then P,. & L.. .
ij ij

Proof of (1) Oy the hypothesis we have

Am+1X(q) |\ (m+1)(g)
.Li Jl.j
for a1l m in .

AmiCqls, {m)(q),,
{;11 ) + {ﬂa }

.nd by theorcm &, the right hand side is equal to

;Fm](q} . A(m}{q}

fer 2ll m in M .,

i i t
Thereforoe Hgmfl}{q} = H(m}(q} y for all m in H.
34 1,3 i
r ; <
Hence P, Lijfz

Proof of (2] By the hypothcsis we have

g Tor all m

Smeldg) L (med){(q) + (4{m}Cady, . (ﬁ(m}(q)};
. i 3

i 3

for all m in ¥.
And by thearem &, the right hand side is eqgual to

Lmy(al Am){al
hi + [

5 y for all m in N.



1d

Ye have I (m+1){a) 4E HF?}(Q) s for 211l m in H,
i i_l.,j J i3 . . i el L
But ﬂ§m+l}ﬁqj = ﬁQM}&q} y for all m in N.
ana ;§m+l}ﬁq} = ;gm}ﬁq} g Tor nll m in N .
Thereforso J';:E_m+lj.&q}+ ‘,"ém-rl]l&_q] = Aim)ﬁq) + AEM}&Q}g for all m

for all m in M.

LoD ey | méa)
_ 1 .

tn N, and
Heneco P,, & L., .
DeEsDe

In 3ll the emamples listed above thé;aquaiities hold, and it

seems liliely that the egualities hold in generall.

P
ff'%%‘ﬂ C}N
iy b

z‘::f‘x‘




11

Consider the addition of any three or more different basic eequonces . Table 2 42 a list of 211 the sums

A+ A +aaaaT
1 J

Ay, and thelr pericds for i # J # ..o £k, iy Jyeasy b £ 6,

Table 2 The sBequences Hi 4 ” and their periods for 14 .., F K, i,..0,k % 6,
Fodym e my
Seguence Peried
R 5 = 011110100001,0111101000010. .. 12
L e | )
Hl,a,u = 01101001,01101001..4 8
H) 2.5 =  01100001101001111001,01100001201, 4. 20
1<% :
H = 011001,011001011001.,. 6
1,2,6
Ay %oy =  010£01100010101110011101,0100011, .. 24
r-1
H s g = 010011101110010101100010001101,0100. ,, 30
L .
Hy 3 6 = 010010101101,010010101101... 12
17
LT ' = 0101110110011011101010100010011001000101,010111., ., ho
LA |
H = 010110011010101001100101,0101100. .. 24
1,%,6
Hy 5 6 = 01010001011001001001101000101010101110100110110110016111010L,010100010, ., 60
T2
Hy a1 = 001000000100110111111011,001000000, ., . 24
LI |
Hy 3 5 - '001010001000001100000100010100110101110111110011111011101011 ,0310103¢ . . 60
L
H : = 001011,001011001011.,. 6
2,3,6
Ha o s = 0011101111111101110011060100000000100011,001110, . 40
L L
M 4 = 002111111100110000000011 40011111111, 24
LA A '

Ry 5.6

= 001101110000001011111100010011 (00110..e

30




Zoquonces

H
31"""5

Hy,u,6
Hs 5.6
HH,E,E

1,2,3,0
Hy 53 s
1,2,3,6
H1,2,4,5
H1,2,4,6
1,2,5,6

H1.3,4,5

1,3,4,6
1'515'6

1,4%,5,6

OGOlDlDGlDllllllOGl11DDGOllGllllDllDDODlllDDllllllGlGDlDlGOGlllG1511010000G61100011IIODlOGDO.

10011110003 100000561011010111 , ...

GO01000010001L11011210111 00010000, ..
2U0110000100000000001000013000111001112013111120712 110111100111, 0002100001 . ..
0O00101100111110115040000111.060011100000001101113110013010C0011110100110800010011111.11000
111lDDOl111111601000001100101111,.1‘

0111010100011 000201C01110,01110181 .. .

0131111011101011003010001000001100000100010100110101110111110 v ..

0111310,01133500171120..,.

0110111010101000100110010001010101110110,.. .

011010101001100101016110, ...

0110001001010111101010020001LL0, 4 4.
0L00000111101010011011011011101003110100100110101000011111011911111002010101100100100
10001011100101101100101011110000010, . ..

Q10001011101101110100010, ..
010611010001010101011101001101101100101110101010100010110010 4. . -

01C11110011010111001010100100101101101030110001010011C000101101460001135101000110201011

0110100100141010011101011001111010,.. . _ |

120
2h
60

120
2
60

Lo
24

30

120
2h

60

120




15

Soquence

u

Ha,3,4,5

12,3,4,6

f2,3,5,6

H
214!5'5

s ,4,5,6

Hlta?}?h?5

i
112151415

By ,2.3,5,6

1,2,%,5,6

- . .
-1, 3,4,5,0

R2,3,4,5,6

H

1,2,3,4,5,6

Period E

DO100111IOODl1GDODODlDllDlOlllDDOlDlODlOllllllDGlllDOODllOllllGllDﬂﬂﬁlllQG;lllllDlﬂOi
010001110101 101000000311 00011 1100100, .. .

Q010001110111 20111000100, 44 s

Co1010110111001100111012010100, ...
GDlllDDGGDDDllUlllllOD1101ODDOllliOlDDllDODGDlUDlllll11000111lOGOlllllllOOlOODODGDll
00101111000010110023121011000000011100 .44

000101110100111100000131031011001001006111110000110100010111111010001011000011111000
1201000101101 13000001 11100131 1101000 , ., .

£11100101101100101011110000010010000011110101001101101001113100011401001001101010000
1111101101131311000010101100100310110001 .4 ..

011101101 110100010C010001, ...

011131310001C011001101110000001 44 s

011011010101 10001C10011000010110130001100101000110101011011020010010101.001110101200
1111310310111100110101120031 0102001001, . ..

DlDGDDlODﬂﬂllﬂlDGlﬂlﬂﬂlﬂﬂDlllDGl1100DlGﬁlOlDﬂlD1lOOOQ1030@10lDllllOllllGDlDllOlUllO
1110001100@111011@1@11010011llﬂllllbl,.-.

QOLOO10CC1111100001101000101112110100010L10000111110C01001001L101 20131005001 1110010

1110102000010311010601311000001.23031031 ...
0111000100101.0010113000100001030131101211001C1101011011106011000111011.01011010011110

1111310300001 00001101 001010010001110, ...

120

24

xa

120

120

120
24

30
120

iz0

120

120

|



1l
EHE‘OFGm 5 LEt a‘Li‘.J"lj gil'".-llk‘ R-i; poow he different bﬂsic

sequences with periads 21, 2Jyesey 2K, 2Fye4. respectively, whore

i'! j! LI | 1:1 r‘, e s AI'CG in N

fat = lr :n .... h N
Let Lijj..itqk -v.i + i + saa nk 1
and 1ot T, . he tho period of the sequence H, | | -
. 1:!!--1{ ? a 11_]1¢J'o'1": !
i . and 2r.
Let Lij...kr be the least common mulkiple of le...k an

The pericd of the seoguence H is given as follows i

n G, RIS % o

Let o =T,y ke/2
(m){a) . \ {m+13(q}
(1) If boath {HLJ,....R = HLda;I;sk and
(R (D) o almDa) L rer a2t min

; L
M, then Pij...kr £ Lij“?. i

Am){a) R (m+1)(gq)
I = H,°
( Lleens fk} % Lli-.jr--i_iik;'

{2) If either or

{ﬂim}{q)]* ﬁé Aim"-l}(q} , for =11 m in N, then P %L

1deeikr™ Tijesskr’
Froof Zimilar te theorom 7.

.5 before we make the eonjecture that the equalities hold in

all cases,
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