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Chapter 1

Introduction

As a generalization of rings, I'-rings were introduced by N. Nobusawa [7] in 1964.
Also, as a generalization of semirings and I'-rings, the notion of I'-semirings was intro-
duced by M. K. Rao [8] in 1995. Some properties of ideals and k-ideals in a [-semiring
were also discussed by M. K. Rao [8]in 1995 and T. K. Dutta and S. K. Sardar [3] in 2000.
T. K. Dutta and S. K. Sardar [4] in 2001 gave the definition of prime ideals in I'-semirings
and studied some of their properties. In 2017, M. K. Rao and B. Venkateswarlu [11]
initiated the definition of primary ideals in I'-semirings which is a generalization of
prime ideals in I'-semirings.

The concept of 2-absorbing ideals in commutative rings was introduced by A.
Badawi [1] in 2007 which is a generalization of prime ideals in commutative rings.
Recently, A. Badawi [2] in 2014 introduced the concept of 2- absorbing primary ide-
als in commutative rings and gave some characterizations related to it. This was also
extended to commutative semiring. The notion of 2-absorbing primary ideals in com-
mutative semirings was introduced by P. Kumar [6] in 2016. Moreover, M. Y. Elkettani
and A. Kasem [5] in 2016 extended the concept of prime ideals and primary ideals in
I-rings to 2-absorbing d-primary ideals in I'-rings which unify 2-absorbing ideals and
2-absorbing primary ideals in I'-rings.

These inspired us to generalize those concepts to commutative I'-semiring. Our
main goal is to provide the notion of 2-absorbing primary ideals and 2-absorbing
d-primary ideals in commutative I'-semirings. Also, we study these properties and
provide some of their characterizations.

This report is organized as follows:



In Chapter 2, we provide some basic results which will be applied later.

In Chapter 3, radical ideals are introduced and are studied.

In Chapter 4, one of our main results, 2-absorbing primary ideals are provided.
Moreover, some properties are studied. At the end, some characterizations are given.

In Chapter 5, expansion of ideals are proposed. These will be a main tool for
Chapter 6.

In Chapter 6, the other of our main results, 2-absorbing d-primary ideals are given.

We investigate their properties and characterizations.



Chapter 2

Preliminaries

In this chapter, we recall some of fundamental concepts and definitions which

are necessary for this project.

Definition 2.1. [8] For any commutative semigroups (R,+) and (I',+), R is called
a I'-semiring if there exists a function - from R x ' x R into R, where -(x,~,y) is
denoted by zvyy for all x,y € R and v € I, satisfying the following properties: for all
x,y,z € Rand v,B8 €T,

L. ay(y+ 2) = xyy + zyz and (x + y)yz = vz + y72;

2. x(y + B)y = xyy + zBy; and

3. (zvy)Bz = zy(yB2).

Throughout this project, let Z§ be the set of non-negative integers. Then Z is
a semigroup under the usual addition. For a I'-semiring R, A, B C Rand g €T, let
ATB={ayb|a€e A,yeT andbe B }and ABB={afb|ae Aandbe B }.

Example 2.2. (1) Let R be the commutative semigroup containing all m x n matrices
over Z¢ under the usual addition and ' be the commutative semigroup containing
all n x m matrices over Zg under the usual addition. Then R is a I'-semiring where
avb is the usual matrix product for any a,b € R and v € I

(2) For each n € N, recall that nZ{ = { na | a € Z$} is a commutative semigroup
under the usual addition of integers. Then nZg is an mZg-semiring for all m,n € N

where xyy is the usual multiplication of integers for all z,y € nZJ and v € mZ{.

Definition 2.3. [8] A I'-semiring R is said to have a zero element if there exists an

element0 € Rsuchthatz+0=xz and Qaz =xza0 =0forallz € Rand a € I'.



Definition 2.4. [10] A I'-semiring R is said to have a unity element if there exists an

element 1 € R such that for all z € R, there exists o € I" such that laxz = x = zal.

Definition 2.5. [8] A I'-semiring R is said to be commutative if zay = yax for all

r,y€ Randa €T

Definition 2.6. [8] Let R be a I'-semiring and A be a subset of R. Then A is called
a I'-subsemiring of R if A is a subsemigroup of (R, +) and AT'A C A.

Proposition 2.7. [8] Let R; be a I';-semiring for all i € {1,2,...,n}. Then
Ry X Ry x---x Ryisa (I'y x 'y x -+ x I',)-semiring where
(xlax17"'7$n) +(y17y27"'7yn) -5 (x1+y17$2+y27"'axn+yn) Ond
(@i, 21, 20) (V1,72 W) (Y Y2s - -5 Yn) = (T, 2722, - - 5 T YnYn)

forall x;,y; € Ry, v; € Ty and i € {1,2,...,n}.
Moreover, if R; is commutative foralli € {1,2,...,n}, thenthe (I'y x 'y x -+ X

I',,)-semiring is also commutative.

Definition 2.8. [8] A subset I of a I'-semiring R is called an ideal in R if I is a
subsemigroup of (R,+), IR C [ and RI'I C I.

It is clear that a [-semiring R is an ideal in R. Moreover, if R is a I'-semiring with

zero 0, then 0 € I for all ideal I in R.

Definition 2.9. [8] An ideal I in a I'-semiring R is called a k-ideal in R if for all
r,y€ Rix+yelandx el impliesy e [.

Example 2.10. From Example 2.2 (2), ZJ is a 5Z§-semiring. Then 3Z{ is a k-ideal
in Zg. However, 3Z¢ — {3} is an ideal in Z§ but it is not a k-ideal in Z§ because

6+ 3 €3Z; —{3},6 € 325 — {3} but 3 ¢ 3Z§ — {3}.

Proposition 2.11. [4] Let R be a I'-semiring with zero and a € R. Define
p q s
(a) = { na+ Z an;t; + Z uRopa + Z v aNwy |
j=1 k=1 =1

n e Zar,p,q,s € Z+,tj,uk,vl,wl € Rand n;, 0k, pu, i €T }.

Then (a) is an ideal in R containing a.



Proposition 2.12. Let R; be a commutative T';-semiring for all i € {1,2}. Then I is
an ideal in the (I'; x T'y)-semiring Ry X Ry if and only if I = I; x I for some ideals

]1 in R1 and _[2 in RQ.

Proof. First, suppose that I is an ideal in Ry x Ry. Let I} = {z | (x,y) € I for some
y € Ry} and I, = {y | (x,y) € I forsome x € Ry}. Since I # (), it follows that I; # ()
and b, 0. Leta,bc I;,y€Tyandr € R,. Since I, # (@ and 'y # 0, let y € I, and
B € I'y. Since I is anideal in Ry x Ry, we have (a + b,y +vy) = (a,y) + (b,y) € I,
(ayr,yBy) = (a,y) (v, B)(r,y) € I and (rya,yBy) = (r,y)(7,8)(a,y) € I. So,a+b €
I, ayr € I and rya € I;. Hence, I is a subsemigroup of (Ry,+), 1T'1R; C I; and
R.I'1I; C L. Therefore, I; is an ideal in Ry. Similarly, I5 is an ideal in R,.

Next, suppose that I = I} x I, for some ideals I in Ry and I, in Ry. Since
I, #0and Iy # 0, we have [ = I, x Iy # 0. Let xy,29 € I1,y1,92 € I,y €
', € T'g,ry € Ry and ry € Ry. Since a1 + 2o € 11 and y; + y2 € I, it follows
that (z1 + 22,51 +y2) € I1 X Iy = I. Since xyyry, riyay € Iy and y1Bre, rofyr € I,
(x1,y1) (7, B)(r1,72) € [1 x Iy = T and (ry,r9) (v, 8)(x1,11) € [1 x I, = I. Hence, I isa
subsemigroup of (Ry X Ry, +), (I)(T'y xT5)(Ry X Ry) C Iand (Ry X Ry)(T'1 xTy)(I) C
1. Therefore, I is an ideal in Ry x Rs. []



Chapter 3
Radical Ideals

Throughout this chapter, properties of radical ideals in commutative I'-semirings
are investigated. However, we focus on those which are involving with 2-absorbing
primary ideals and 2-absorbing d-primary ideals which will be applied later. In this
chapter, let R be a commutative I'-semiring.

We begin this chapter by providing the definition of the radical ideal.
Proposition 3.1. [11] Let I be an ideal in R. Then
VI :={x € R| there exists n € N such that (zy)" 'z € I forall v € T'}

is an ideal in R containing I where (zv)°x = x and (z7v)"x = (zv)" zyz for all

z € R,veT andn € N. The ideal \/T is called the radical ideal of I.

Proof. If v € I, then (z)' 'z = 2 € I so that z € v/I. Hence, I C V/I.
To show that v/T is a subsemigroup of (R, +), let 2,5y € v/I. Then there exist
n,m € N such that (zy)" 'z € I and (yB3)"™ 'y € I forall v, € T. So,

(m+n)—1
@l = Y (T @t

k=0

(m+n)—1 B
= > ((er,?) 1)(%7)’“(%)('”*")‘1"“%

k=0
(m+n)—1

m+n)—1 ) —1—
> (( k) )(m)’“(yv)( iky
k=0

el



forall vy € I'. Thus, z +y € VI. Hence, V1 is a subsemigroup of (R, +).

Next, let z € /I, € T and r € R. Then there exists n € N such that (zf)" 'z €
I forall B € . Since R is commutative, we have [((zyr)B)" tzyr] € I forall g € T
Hence, VITR C VI. Since R is commutative, we have RTVIT C V.

Therefore, v/T is an ideal in R containing I. []

Note that vR = R.
Proposition 3.2. Let I and J be ideals in R. If I C J, then /T C v/ J.

Proof. Suppose I C J. Let x € v/I. Then there exists n € N such that (zv)" 'z € I
forall ¥ € . Since I C J, it follows that (z7)" 'z € J forall vy € I. So, = € V/J.
Hence, VI C v/ J. []

Proposition 3.3. Let I and J be ideals in R such that I NJ # 0. Then VINJ =
VInyi.

Proof. Clearly, I N J is an ideal in R. Since VINJ CVIandVINJ C \/7, we
have VINJ CVINVJ.

Next, let 2 € /I N +/J. Then there exist n,m € N such that (zy)" 'z € I for all
veTand (zB)™ 'z € Jforall B € T. So, (xzy)™™ 'z € I'NJforall y € I'. Hence,
reVINJ. Thus, VINVJ CVINJ.

Therefore, VIN J = VINVJ. []

Proposition 3.4. Let R; be a commutative I';-semiring for all i € {1,2}. If I, and I,
are ideals in Ry and Ry, respectively, then /T, x /Iy = /1| x L.

Proof. Let I and I, be ideals in Ry and Rs, respectively.
First, leta € v/T; and b € \/I,. Then there exist n, m € N such that (ac;)"'a € I

and (bay)™ b € I, forall a; € T'; and ay € Ty. So,
((a,b) (o, )" ™™ Ya,b) € [, x I, forallag €Ty and ay € Ty.

Thus, (a,b) € VI, x I. Hence, I} x /I, C /1) x L.
Next, let (p,q) € /11 x I,. Then, there exists m € N such that

(p, @) (a1, 00))™ H(p,q) € L x I,  forall a; € Ty and ay € Ty.



Hence, (pa;)™'p € I, and (gaz)™'q € I, for all @y € Ty and ay € Ty. So,
(p,q) € VI x VIo. Thus, /I x I C v/I; x \/I.
Therefore, VI x /I =1, x L. L]

For each proper ideal I in a commutative I'-semiring R, the commutative I'-

semiring R/1 is proposed by T.K. Dutta and S.K. Sardar in [4].

Definition 3.5. [4] Let p be an equivalence relation on a commutative I'-semiring R.
Then p is called a T'-congruence on R if zpz’ and ypy’ implies (x + y)p(2’ +y') and
(xyy)p(a'~y') forall v € T and z,y, 2",y € R.

Definition 3.6. [4] Let I be a proper ideal in a commutative I'-semiring R and p; be
a I'-congruence on R. Then p; is called the Bourne I'-congruence on R if for all
x,y € R, zpry if and only if x + i1 = y + 15 for some iy,i5 € 1.

The Bourne T'-congruence class of an element r of R is denoted by r/p; or simply
r/I and the set of all such I'-congruence classes of the elements of R is denoted
by R/p; or simply by R/I.

For any proper ideal I in R, R/I is a commutative I'-semiring where
r/I+7r/I=+7)/I and (r/Da(r'/I)= (rar)/I
foralla e I'and r,r’ € R.
Proposition 3.7. [9] If I and J are ideals in R and 1 ; J, then

(i) Iis also an ideal in the I'-subsemiring .J; and

(i) J/Iis an ideal in the I'-semiring R/I.

Lemma 3.8. Let I be a proper ideal in R and P be a k-ideal in R such that I G P.
Then, forall a € R, a/I € P/I if and only if a € P.

Proof. Note that P/I is a commutative I'-semiring because g P. leta € R. If
a € P, then it is obvious that a/I € P/I.

Next, let a/I € P/I. Then, a/I = p/I for some p € P. Thus, there exist i1,iy € 1
such that a + i1 = p + is. Since 41,4, € I C P and P is a k-ideal, a € P. L]



Proposition 3.9. Let I be a proper ideal in R and P be a k-ideal in R such that
IS P. Then VP/I C \/P/L

Proof. Note that I & v/P so that both v/P/I and P/I are commutative I'-semirings.

Let 7 € V/P. Then there exists n € N such that (ra)"'r € P forany a € I'. So,

((r/T)a)"Y(r/I) = ((ra)"~'r)/I € P/I forany a € T. Thus, r/I € \/P/I.
Therefore, vVP/I C /P/I. ]

We end this chapter by introducing homomorphism between I'-semirings.

Definition 3.10. [8] Let R; and Ry be I'-semirings (not necessary commutative). Then
g : R — Ry is called a homomorphism if g(z + y) = g(z) + g(y) and g(zyy) =
g(x)yg(y) forall z,y € Ry and v € I.

Definition 3.11. Let R; and Ry be I'-semirings (not necessary commutative) and

g : Ry — Ry be a homomorphism. Then g is called an epimorphism if ¢ is surjective.

Example 3.12. Note that 3Z; and ZJ /7Zg are 5Z-semirings. Define f : 3Z§ —
Z$ |TZS by f(x) = x/TZ for all z € 3Z7. Then f is an epimorphism.

Proposition 3.13. Let R; and Ry, be commutative 1'-semirings, g : Ry — Ry be a

homomorphism and I be an ideal in Ry. Then g~ (v/I) = /g~ 1(I).

Proof. Clearly, g71(I) is an ideal in R;.

First, let a € ¢~'(v/I).Then, g(a) € VI. So, there exists n € N such that
(g(a)a)" tg(a) € I for all « € T. Thus, g((aa)" ta) = (g(a)a)"'g(a) € I for
all @« € T. Then, (aa)"ta € g7 }(I) for all « € T. So, a € /g~ '(I). Hence,
o (VT) € /T

Next, let a € 1/g~1(I). Then, there exists n € N such that (aa)" 'a € g~'(I) for
all & € T. Thus, (g(a)a)"'g(a) = g((ac)"'a) € I for all @ € T. So, g(a) € V1.
Then, \/gT([) C g ' (VI).

Therefore, g~ (V1) = /g~ L(1). []



Chapter 4

2-absorbing Primary ldeals

In this chapter, we introduce the concept of 2-absorbing primary ideals in a com-
mutative ['-semiring and investigate some results related to it. Throughout this chap-

ter, let R be a commutative I'-semiring.

Definition 4.1. [4] A proper ideal I in a commutative I'-semiring R is called a prime

ideal in R if whenever a,b € R, al'b C P impliesa € P orb € P.

Example 4.2. From Example 2.2 (2), Z is a commutative 5Z;-semiring. Then 27

is a prime ideal in Z .

Proof. Let x,y € ZJ be such that 2Ty C 2Z;. So, 2 | (z)(5)(y). Hence, 2 | z or 2| y.
Thus, = € 2Z§ or y € 2Z¢. Therefore, 2Z7 is a prime ideal in Z . []

Definition 4.3. [11] A proper ideal [ in a commutative I'-semiring R is called a pri-

mary ideal in R if whenever a,b € R, al'b C I impliesa € I orb € V.
The following is the immediate result obtained from the definitions.
Remark 4.4. Every prime ideal in R is a primary ideal in R.

The following definitions that are given in the context of I'-semirings were inspired

by [5].

Definition 4.5. A properideal I in a commutative I'-semiring R is called a 2-absorbing
ideal in R if whenever z,y,2 € R, 7,08 € ' and xyyBz € I implies zyy € I or
xfz e lorypzel.

10
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Definition 4.6. A proper ideal I in a commutative I'-semiring R is called a 2-absorbing
primary ideal in R if whenever z,y,z2 € R, 7,8 € I' and xyy8z € I, then xyy € I
or zfz € VI or yBz € V1.

Definition 4.5 and Definition 4.6 lead to the following remark.
Remark 4.7. Every 2-absorbing ideal in R is a 2-absorbing primary ideal in R.
However, the converse of the above remark does not hold.

Example 4.8. From Example 2.2 (2), Z{ is a commutative 5Zg-semiring. Then 8Zg

is a 2-absorbing primary ideal in Zg but it is not a 2-absorbing ideal in Z .

Proof. Let x,y,z € Z$ and v, 3 € 5Z} be such that xyyBz € 8ZJ. If 8 | zyy, we
are done. Suppose 8 [ zyy. Then, 2 | 3z. So, 8 | (zBza)*zBz for all a € T, that is
zfz € \/8Z. Thus, 87 is a 2-absorbing primary ideal in Z.

Since (2)(5)(2)(5)(2) € 8Z¢ and (2)(5)(2) ¢ 8Z, it follows that 8Zg is not
2-absorbing ideal in Z . []

We can see from the next example that primary ideals need not be 2-absorbing

ideals or prime ideals.

Example 4.9. From Example 2.2 (2), Z{ is a commutative 5Zg -semiring. Then 27Z7
is a primary ideal in Zg but it is not a 2-absorbing ideal so that it is not a prime ideal

in 7+
in Zyg .

Proof. Let z,y € Z§ be such that 2Ty C 27ZF. If 27 | x, then x € 27Z7. Suppose
27 fx. Since xTy C 27Z7, 3 | ay for all e € 5Z: . Hence, 27 | (ya)?y for all o € 5Z .
So, y € \/2TZ3. Thus, 27ZF is a primary ideal in Zg".

Since (3)(5)(3)(5)(3) € 27Z7 and (3)(5)(3) ¢ 27Z¢, it follows that 27Z¢ is not a
2-absorbing ideal in Z . []

Next, we present a relationship between prime ideals and 2-absorbing ideals as

well as a relationship between primary ideals and 2-absorbing primary ideals.

Proposition 4.10. Every prime ideal in R is a 2-absorbing ideal in R and then it is a

2-absorbing primary ideal in R.



12

Proof. Suppose that I is a prime ideal in R. Let z,y,2 € R and v, € I' be such
that xyyBz € I. Then, xyyl'yBz C I. Since [ is a prime ideal, we have zyy € I or
ypBz € I.

Therefore, I is a 2-absorbing ideal in R. []

Proposition 4.11. Every primary ideal in R is a 2-absorbing primary ideal in R.

Proof. Suppose that I is a primary ideal in R. Let z,y,2 € R and v, € I' be such
that xyyfBz € I. Then, zyyl'yBz C I. Since I is a primary ideal, we have zyy € I or
yBz € /1. Thus, I is a 2-absorbing primary ideal in R. []

We can see from the next example that 2-absorbing ideals and 2-absorbing pri-

mary ideals need not be primary ideals.

Example 4.12. From Example 2.2 (2), Zg is a commutative 5Z -semiring. Then 10Zg
is a 2-absorbing ideal in Zg so that it is a 2-absorbing primary ideal. However, it is

not a primary ideal in Z .

Proof. Letx,y,z € Z¢ and vy, 8 € 5Zg be such that xyyBz € 10Z7. Then, 10 | zyyBz.
So,2|zxzor2|yor2|yor2|for2|z If2]xor2|y then 10 | zyy. If 2| 2,
then 10 | yBz. If 2| v or 21| B, then 10 | 2yy or 10 | #B82. Hence, zyy € 10Zg or
xfBz € 15Z7 or yBz € 10Z¢. Thus, 10Z; is a 2-absorbing ideal in Z§ and then it is a
2-absorbing primary ideal.

Since 2(5Z3)1 C 10Z7, 2 ¢ 10Z7 and 1 ¢ \/10Zg, it follows that 10Z{ is not a
primary ideal in Z . ]

The following results are inspired by results in [2] and [6]. The next result shows a
relationship between 2-absorbing primary ideals in R and 2-absorbing primary ideals

in R/I.

Theorem 4.13. Let I be a proper ideal in R and P be a k-ideal in R such that
1 ; P. Then P is a 2-absorbing primary ideal in R if and only if P/1 is a 2-absorbing
primary ideal in R/I.

Proof. First, suppose that P is a 2-absorbing primary ideal in R. Then, P/I is a
proper ideal in R/I. Let z,y,z € R and v, 8 € I" be such that (z/1)v(y/1)B(z/I) €
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P/I. Hence, (zyypz)/I € P/I and then by Lemma 3.8, zyyBz € P. Since P
is a 2-absorbing primary ideal, zyy € P or z8z € VP or yBz € vP. Hence,
(x/D)y(y/1) = (zyy)/I € P/I or (z/1)B(z/I) = (vB2)/1 € VP/I < /P/T or
(y/1)B(z/I) = (yBz)/I € VP/I C \/P/I. Thus, P/I is a 2-absorbing primary ideal
in R/1.

Next, suppose that P/I is a 2-absorbing primary ideal in R/I. By Lemma 3.8,
P is a proper ideal in R. Let z,y,z € R and v,8 € I' be such that zyypz € P.
Hence, (z/1)y(y/1)5(z/I) = (xyyBz)/I € P/I. Since P/I is a 2-absorbing pri-
mary ideal, (zyy)/I = (z/I)y(y/I) € P/I or (x82)/I = (x/I)3(z/I) € \/P/I or
(yBz)/1 = (y/I1)B(z/I) € \/P/I.If (zyy)/I € P/I, then xyy € P by Lemma 3.8.
Suppose (z32)/I € \/P/I. Then there exists n € N such that ((z3za)" '28z2)/I =
(((xB2)/I)a)" ((zB2)/I) € P/I forall a € T'. By Lemma 3.8, (zf8z2a)" *zfz € P
for all @ € T. Hence, 28z € V/P. Similarly, if (y82)/I € \/P/I, then yBz € V/P,
Thus, P is a 2-absorbing primary ideal in R. [

Proposition 4.14. [f I is an ideal in R, then
(I:z):={reR|ryzelforallyel}
is an ideal in R containing I for all z € R.

Proof. Let I be anidealin Rand z € R. If r € I, then ryx € I for all v € I'. Hence,
I1C(]:x).

Next, let a,b € (I : z) and v € T'. Then, ayz,byx € I. So, (a + b)yx € I, i.e,
a+be (I:x). Hence, (I : x) is a subsemigroup of (R, +).

Moreover, leta € (I : z),a € I'and r € R. Then, ayx € I forall v € T'. So,
acryr = raayx € I forall v € I'. Thus, aar € (I : x). Hence, (I : )I'R C (I : z).
Since R is commutative, we have RI'(I : z) C (I : x).

Therefore, (I : z) is an ideal in R containing /. []
We provide examples of 2-absorbing primary ideals in R.

Theorem 4.15. Let I be a 2-absorbing primary ideal in R and /I be a prime ideal
in R. Then (I : x) is a 2-absorbing primary ideal in R for all z € R\\/I.
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Proof. Let x € R\vI anda € (I : ). Then al'z C I C +/I. Since v/T is a prime
ideal and 2 ¢ /I, it follows that a € v/I. So, (I : ) C v/I. Since /I is a proper
ideal in R, it follows that (I : z) is a proper ideal in R.

Next, let a,b,c € R and ~v,8 € I' be such that aybSc € (I : x). Hence,
ay(bBc)px € I. Since I is a 2-absorbing primary ideal, aybBc € I or afz € V1
or bBchz € VI.

Case 1. avybfc € I. Since I is a 2-absorbing primary ideal, ayb € I C (I : x) or
afe CVIC \/Worbﬁcgﬁg (I:x).

Case 2. afx € V1. Hence, afcl'z C V/I. Since = ¢ v/I and V1 is a prime ideal, we
have afBc € VI C /(I : ).

Case 3. bfcfx € V1. Hence, bBcBcl'x C V1. Since x ¢ VIandVTis a prime ideal,
we have bBcfc € V1. Then there exists n € N such that (bBcBca)”'bBcfe € I for
alla € T. So, (bBca)?'bBc € 1 for all a € T. It follows that b3c € VT C /(I : ).

Therefore, (I : x) is a 2-absorbing primary ideal in R. [

Example 4.16. From Example 2.2 (2), Zg is a commutative 5Z;-semiring. Then 8Zg
and 10Zg are 2-absorbing primary ideals by Example 4.8 and Example 4.12, respec-
tively. And so \/8ZJ = \/10Z] = 27Z;. Moreover, \/8Z¢ = \/10ZJ = 277 is a

prime ideal in Z; by Example 4.2.

Proof. To show that \/% = 2Z$, let x € \/% So, there exists n € N such
that (zy)"'x € 8Z7 for all v € 5Z;. Hence, 8 | [(x)(5)]"*(z). Then, 2 | z. Thus
V8L C 2ZF. Next, let € 2ZF. Hence, [(x)(7)]* 'z € 8Z for all v € 5Z. Then,
x € \/8ZF. Thus, 2Z¢ C \/8Z. Therefore, \/SZT = 27

To show that \/10Z] = 27, let = € \/10Z7. So, there exists n € N such that
(zy)" 'z € 10Z§ for all v € 5Z7. Hence, 10 | [(z)(5)]" !(x). Then, 2 | . Thus
V10ZT C 2ZF. Next, let © € 2ZF. Hence, [(z)(v)]* 'z € 10ZF for all v € 5Z.

Then, z € \/10Z§. Thus, 2Z¢ C \/10Z§. Therefore, \/10Zs = 2Z7. []

This chapter is ended by providing 2-absorbing primary ideals in a commutative

(I'y x I'y)-semiring Ry X Ry.

Theorem 4.17. Let R; be a commutative T';-semiring for all i € {1,2}.
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(i) If I is a 2-absorbing primary ideal in Ry, then I X Ry is a 2-absorbing primary
ideal in Ry X Rs.

(i) If 15 is a 2-absorbing primary ideal in Ry, then Ry x I, is a 2-absorbing primary
ideal in Ry X Rs.

Proof. Note that Ry X Ry is a commutative (I'; x I'y)-semiring.

(i) Suppose that I is a 2-absorbing primary ideal in R;. Then, I; X Ry is a proper
ideal in Ry x Ry. Let x1,y1,21 € Ry, X2,Y2, 22 € Ro, 71,01 € 'y and g, By € T’y be
such that (x1, 22)(7,72) (Y1, y2) (51, B2) (21, 22) € I} X Ry. Hence, x1my18121 € 1.
Since I is a 2-absorbing primary ideal, 1y € I1 or x15121 € VI, or y1Biz €
VI f xyyy € I, then (21, 22) (1, 72) (Y1, 92) € I1 X Ro. If 218121 € /11, then
(1, 22)(B1, B2)(21, 22) € VI x Ry C I} x Ry. Similarly, if y18121 € /I, then
(y1,92)(B1, B2) (21, 22) € VI1 X Ro. Therefore, I; x Ry is 2-absorbing primary ideal in
R; x Rs.

The proof of (i) is similar to the proof of (i). []

Theorem 4.18. Let R; be a commutative I';-semiring with zero Og, and unity 1g,
such that Og, # 1g, for all i € {1,2}. If I is a 2-absorbing primary ideal in Ry X Ry,

exactly one of these holds:

(i) I = I, X Ry for some 2-absorbing primary ideal I in Ry;
(i) I = Ry x I, for some 2-absorbing primary ideal I in Ry,

(i) I = I, x I, for some primary ideal I; in R; for all i € {1,2}.

Proof. Suppose that I is a 2-absorbing primary ideal in Ry X Ry. Then, I =11 X I,
for some ideals I; in R; and I, in Ry. Assume I, = R;. Then I; must be a
proper ideal in R;. Let z,y,2 € Ry and v, € I'y be such that xyyBz € I;. Let
a € Ryand 6 € I's. So (z,a)(7,0)(y,a)(B,0)(z,a) € I} X Ry. Since I = I} X Ry
is a 2-absorbing primary ideal, (z,a)(v,0)(y,a) € I X Ry or (z,a)(8,d)(z,a) €

I X Ry or (y,a)(3,0)(z,a) € VI X Ry. If (x,a)(7,0)(y,a) € I x Ry, then
zyy € I If (z,a)(B,0)(z,a) € VI x Ry = /I; X Ry, then zfz € /I;. Simi-
larly, if (y,a)(B,0)(z,a) € VI, x Ry, then, yBz € /I . Thus, I; is a 2-absorbing

primary ideal in R;.
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By similar argument, if I; = Ry, then I, is a 2-absorbing primary ideal in Rs.

Now, suppose that I} # Ry and Iy # Rs. Suppose that I; is not a primary ideal
in Ry. If 1g, € /I, then 1g, € I, so I, = R, which is a contradiction. Hence,
lgr, ¢ VI,. Since I is not a primary ideal in Ry, there exist b,c € Ry such that
bI'c C I; but neither b € I, nor ¢ € v/I,. Since 1, and 1p, are unities, there exists
a,of € I'y and o € 'y such that balg, = bg,, 1g,d/c = ¢ and 1g, "1, = 1g,.
Since bI'c C I, we have bac € I;. Hence, (b, 1g,)(c, &) (1g,,0r,) (/") (¢, 1R,) =

(bac,0g,) € I x Iy = 1. Since [ is a 2-absorbing primary ideal, we have

(b’ OR2) = (b7 1R2)(O‘70/)<1R1a0R2) elor
(bac, 1r,) = (b, 1g,)(,0") (¢, 1g,) € VI = /T x /I, or
(Cv ORz) = (1R17 ORz)(O/v aﬂ)(c’ 1R2) S \/7 = \/E X \/E

Hence b € I, or 1g, € /I, or ¢ € /I, which is a contradiction. So I, is a primary
ideal in R;. Analogously, I5 is a primary ideal in Rs. L]



Chapter 5

Expansion of Ideals

In a commutative ring, D. Zhao [12] defined a mapping ¢ to substitute v/T by §(I)
in the definition of primary ideals, called é-primary ideals, which are more general
than primary ideals. In this chapter, properties of expansion of ideals in commutative
['-semirings are investigated. However, we focus on those which are involving with
2-absorbing d-primary ideals which will be applied in the sixth chapter. Throughout
this chapter, let R be a commutative I'-semiring and J(R) be the set of all ideals
in R.

First, we give the definition of ideal expansions in the context of I'-semirings which

were inspired by [12].

Definition 5.1. An expansion of ideals in a commutative I'-simiring R (or an ideal
expansion of R) is defined to be a function § : J(R) — J(R) such that:

1. 1 C6(1) forall I € J(R); and

2. I C Jimplies 6(1) C o(J) forall I,J € J(R).

Example 5.2. (1) The constant function ¢ : J(R) — J(R) defined by I — R is an ideal
expansion of R.

(2) The identity function I, : J(R) — J(R) defined by I + I is an ideal expansion
of R.

(3) The radical function ,/: J(R) — J(R) defined by I — VT is an ideal expansion
of R.

The following definitions that are given in the context of I'-semirings were inspired

by [12].

17
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Definition 5.3. Let § be an ideal expansion of a commutative I'-semiring R. A proper
ideal I in a commutative I'-semiring R is called a d-primary ideal in R if whenever

a,b € R, al'b C [ impliesa € T orb € §(I).
Definition 5.3 leads to the following remark.

Remark 5.4. Let 6 be an ideal expansion of R. Then every prime ideal in R is a

0-primary ideal in R.

Definition 5.5. An ideal expansion ¢ of a commutative I'-semiring R is said to be

intersection preserving if for any ideals I and J in R with I N J # 0,
dInJ)=0(I)nao(J).

Definition 5.6. Let g, and dp, be ideal expansions of commutative I'-semirings R,
and Ry, respectively. Then (dg,,dr,) is said to be global if for any homomorphism

g: Ry — Ryandideal I in Ry,

O, (97 (1)) = g7 (Or,(1)).

Example 5.7. Let Ry and Ry be commutative I'-semirings.

(1) According to Example 5.2 (2), let 14, and Iy, be the identity functions which are
ideal expansions of Ry and R, respectively. Then Ide is intersection preserving and
(Lag,  Lag,) is global.

(2) According to Example 5.2 (3), let G and B be the radical functions which are
ideal expansions of R; and Rs, respectively. Then Vr is intersection preserving by

Proposition 3.3 and (\/R Vi ) is global by Proposition 3.13.
1 2

Lemma 5.8. Let Ry and Ry, be commutative 1'-semirings, g : Ry — Ry be an epi-

morphism and I be an ideal in Ry. Then I = g(g~*(I)).

Proof. Clearly, g(¢g~(I)) C I.

Next, let y € I. Since g is surjective, there exists x € Ry such that g(z) =y € I.
So,z € g }(I). Then, y = g(z) € g(g~*(I)). Hence, I C g(g~'(1)).

Therefore, I = g(g~(I)). []
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Lemma 5.9. Let R; and R, be commutative I'-semirings, g : Ry — Ry be a ho-
momorphism and I be a k-ideal in Ry such that { x € Ry | 3 a,b € Ry such that
r=a+band gla)=g() } C1I. Then I =g '(g(I)).

Proof. Clearly, I C g~t(g(I)).

Next, let y € g~ (g(I)). Then, g(y) € g(I). So, there exists p € I such that g(p) =
g(y). Then,p+ye{x € R |Ja,be Ry suchthatz=a+band g(a) =g(b) } C I.
Since I is a k-ideal and p € I, we have y € I. Hence, g '(g(I)) C I.

Therefore, I = g~ *(g(I)). []

The next result presents the homomorphic image of an ideal is an ideal under

some conditions.

Proposition 5.10. Let R, and Ry be commutative T'-semirings, 9; be an ideal ex-
pansion of R; for all i € {1,2} such that (d1,ds) is global, g : Ry — Ry be an
epimorphism and I be a k-ideal in Ry such that { € Ry | 3 a,b € Ry such that
r=a+band g(a) = g(b) } C I. Then g(I) is an idealin Ry and g(61(I)) = d2(g(1)).

Proof. Since I # () and g is surjective, we have g(I) # 0. Let u,v € g(I),y € T
and r € Ry. Then, there exist p,q € I such that g(p) = u and ¢g(¢) = v. Hence,
u+v=gp) +9lq =glp+q andp+qecl So, u+veg(). Sncegis surec-
tive, there exists ¢t € Ry such that g(t) = r. So, uyr = g(p)vg(t) = g(pyt), ryu =
g(t)vg(p) = g(typ), pyt € I and typ € 1. So, uyr, ryu € g(I). Hence, g(I) is an
ideal in R,.
Since (41, d2) is global, by Lemma 5.9, we have §,(I) = 6:(g ' (g(I))) = g (82((g(1))).

By Lemma 5.8, g(61(1)) = g(g~ ' (d2(g(I))) = d2(g(1))- []



Chapter 6
2-absorbing o-primary ldeals

This final chapter is another main result of our project. We introduce the concept
of 2-absorbing é-primary ideals in a commutative I'-semiring and investigate some
results related to it. These ideals are generalization of 2-absorbing primary ideals.
Throughout this chapter, let R be a commutative I'-semiring and J(R) be the set of
all ideals in R.

The following definitions that are given in the context of ['-semirings were inspired

by [5].

Definition 6.1. Let ¢ be an ideal expansion of a commutative I'-semiring R. A proper
ideal I in R is called a 2-absorbing J-primary in R if whenever x,y,z € R, v, €T
and zyyBz € I, then ayy € I or zfBz € (1) or yBz € 6(1).

Example 6.2. (1) Let R be a commutative T'-semiring and I, be the identity function
in Example 5.2 (2). Then I is a 2-absorbing I;-primary ideal in R if and only if I is a
2-absorbing ideal in R.

(2) Let R be a commutative I'-semiring and \/ be the radical function in Example
5.2 (3). Then I is a 2-absorbing , /-primary ideal in R if and only if I is a 2-absorbing
primary ideal in R.

The following results are inspired by results in [5].

Proposition 6.3. Let § be an ideal expansion of R. Then every é-primary ideal in R

is a Z-absorbing o-primary ideal in R.

Proof. Suppose that I is a d-primary ideal in R. Let z,y,z € Rand v, € I be such
that xyyBz € I. Then, xyyl'yBz C I. Since [ is a d-primary ideal, we have zyy € I

20
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oryBz € o(I).
Therefore, I is a 2-absorbing J-primary ideal in R. []

Proposition 6.4. Let § and n be ideal expansions of R. If 6(1) C n(I) forall I € J(R),
then every 2-absorbing d-primary ideal in R is also a 2-absorbing n-primary ideal in

R.

Proof. Suppose that §(I) C n(I) for all I € J(R). Let I be a 2-absorbing é-primary
ideal in R. Let a,b,c € R and «, 8 € n be such that aabfc € I. Then, aab € I or
afc € 6(I) or bBc € 6(I). Since §(I) C n(I), we have aab € I or afc € n(I) or
bBc € n(I). Therefore, I is a 2-absorbing n-primary ideal in R. []

Proposition 6.5. Let § be an ideal expansion of R. For any subset S of R, let J5(5)
be the intersection of all 2-absorbing §-primary ideals in R containing S. Then the
function h : J(R) — J(R), given by

Js(I)  If there exists a 2-absorbing é-primary ideal in R containing I,

h(I) =
R otherwise,

forall I € J(R), is an ideal expansion of R.

Proof. Let I and J be ideals in R. If there are no 2-absorbing d-primary ideals in R
containing I, then h(I) = Ris an ideal in R.

Suppose there exists a 2-absorbing d-primary ideal in R containing I. Then, h(I) =
Js(I) # (). To show that Js(I) is an ideal in R, let z,y € J5(I),y € T,r € Rand H
be a 2-absorbing d-primary ideal in R containing I. Then, z,y € H. Since H is an
ideal in R, we have x +y € H, zyr € H and ryx € H. Note that H is arbitrary. So,
r+y € Js(I), RTIs(I) C Js(I) and Js(1)T'R C Js(I). Thus h(I) = Js(I) is an ideal in
R containing I.

This shows that A([) is an ideal in R for any cases.

Clearly, I C h(I).

Next, suppose I C J. If there are no 2-absorbing d-primary ideals in R containing
J, then h(I) C R = h(J). Now, we assume that there exists a 2-absorbing §-primary
ideal in R containing J. Since I C J, that 2-absorbing J-primary ideal in R must
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contain I. So,

h(I)=1s(I) = ﬂ{H € J(R) | I C H and H is a 2-absorbing d—primary ideal in R}
- ﬂ{H €J(R) | J C H and H is a 2-absorbing §—primary ideal in R}

=Js(J) = h(J).
Therefore, h is an ideal expansion of R. []

We show that any finite intersections of 2-absorbing d-primary ideals are 2-absorbing

d-primary ideals with some conditions.

Proposition 6.6. Let § be an ideal expansion of R which is intersection preserving.
If I, I, ..., I, are 2-absorbing §-primary ideals in R, 6(1,) = 6(1s) = ... = 0(Iy) for

Uke{1,2,....,n}and i, Ir # 0, then (,_, I is a 2-absorbing d-primary ideal
in R.

Proof. Suppose that Iy, I, ..., I, are 2-absorbing d-primary ideals in R, J = () for
all ke {1,2,...,n } and N;_; I # 0. Clearly, (;_, Ix is a proper ideal in R. Let
z,y,z € Rand v, € I' be such that zyyfz € (,_, Ir and zyy ¢ (,_, Ix. Then,
zyy ¢ I, forsomem € { 1,2,....n }. Since zyyBz € (_;Ix C I, and I, is
a 2-absorbing é-primary ideal, 8z € 6(I,,) or yBz € 6(I,,). Since 4 is intersection

preserving, we have

n

(N In) = (n] o(I) = o(I

So, xBz € (i, Ir) or yBz € o(N;_, Ik).
Therefore, (,_, 11, is a 2-absorbing d-primary ideal in R. []

Next, we present a characterization of 2-absorbing J-primary ideals. However, the

following lemma is needed.

Lemma 6.7. Let 6 be an ideal expansion of R, I be a 2-absorbing é-primary ideal
in R and 6(1) be a k-ideal in R. Suppose that there exist a,b € R, an ideal J in R
and ~, g € T" such that aybpJ C I. If ayb ¢ I, then afJ C 6(1) or bsJ C o(I).

Proof. Suppose avyb ¢ I, aBJ € 6(1) and bsJ & §(I). Then, there exist ji,jo € J
such that afj; ¢ 6(I) and bBjs ¢ 0(I). Since aybBjy € I, ayb ¢ I and afj; ¢
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d(I), we have bBj; € §(I). Since aybBjs € I, ayb ¢ I and bfBjs ¢ (1), we have
afjy € 6(I). Since aybB(j1 + j2) € I and ayb ¢ I, we have af(j1 + j2) € o(I) or
bB(j1 + j2) € 6(1).
Case 1. aB(ji + j2) € 8(I). Since §(I) is a k-ideal in R and aBj, € 6(I), it follows
that afj;, € 6(I), which is a contradiction.
Case 2. bB(j1 + j2) € 6(I). Since §(1) is a k-ideal in R and bBj, € (1), it follows
that b7, € 0(1), which is a contradiction.

Therefore, afJ C §(I) or b3J C §(1). ]

Theorem 6.8. Let R be a commutative I'-semiring with zero, ¢ be an ideal expansion
of R, I be a proper k-ideal in R and §(I) be a k-ideal in R. Then I is a 2-absorbing
o-primary ideal in R if and only if whenever ideals Iy, 15,13 in R and =, € " with
LiyI,B513 C 1, then Iyyls C I or 11315 C 0(I) or 1,515 C 6(1).

Proof. First, suppose that I is a 2-absorbing d-primary ideal in R and let Iy, I, and
I3 be ideals in R and 7,3 € I' such that I1yI,8I3 C I. Suppose to the contrary
that I1yl, € I and 1813 € (1) and 1,515 € 6(I). Then, there exist a,q; € I; and
b,qa € Iy such that ayb ¢ I and ¢ 813 € 6(I) and qu813 L 6(1). Since q1yqB13 C 1
and 1813 £ 6(1) and qu5I3 £ (1), by Lemma 6.7, we have ¢;yq, € I. Since
aybBIl; C I and ayb ¢ I, by Lemma 6.7, we have af5l3 C 6(I) or bsI3 C 6(1).

Case 1. afl; C 6(I) and bBl3 € 6(I). Since q1ybpls C I and bBI; £ 6(I) and
@8Iz € 6(1), by Lemma 6.7, we have ¢;vb € I. Since 6(I) is a k-ideal and af13 C
d(I) and 1513 € 6(I), we have (a + q1)B8I3 € o(I). Since (a + q1)vbBI3 C 1,
(a+q)BI3 £ 6(I) and bBI3 £ 6(I), by Lemma 6.7, we have (a + q1)vb € I. Since T
is a k-ideal and ¢1vb € I, we have avb € I, which is a contradiction.

Case 2. afl3 Z 6(1) and bBI3 C §(I). This case is not possible similarly to Case 1.
Case 3. affls C 6(1) and bpIs C §(1). Since 6(1) is a k-ideal, bBI3 C §(I) and
@813 € 6(1), we have (b+ q2)513 € 6(1). Since 6(1) is a k-ideal, afl; C §(I) and
@813 € 6(I), we have (a + q1)BI3 € 6(I). Since q1y(b+ q2)B1I3 C I, 1815 L 6(1)
and (b+ q2)BI3 £ 6(I), by Lemma 6.7, we have ¢1v(b+ ¢2) € 1. Since I is a k-ideal
and q1vqa € I, we have g1vb € I. Since (a + q1)vqB1s C I, 2813 € 6(I) and
(a4 q)BI3 € 6(I), by Lemma 6.7, we have (a4 ¢1)vge € I. Since I is a k-ideal and
¢17q2 € I, we have avyg, € 1. Since (a+ q1)y(b+ ¢2)815 C I, (a+ q1)BI3 € 6(1) and
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(b+q2)BI3 € 6(I), by Lemma 6.7, we have (a+q1)y(b+¢s) € I. Since I is a k-ideal,
¢1Yq2 € 1, ayqe € I and ¢1vb € I, we have avyb € I, which is a contradiction.
Hence, I1yI, C 1 or 113 C 6(1) or I,B13 C §(1).

On the other hand, suppose that whenever ideals I, I, I3 in R and v, € T’
with I1ylf13 C I, then I1yl, C 1 or I1B13 C 6(1) or I,5I3 C 6(1). Let x,y,z € 1
and 7,8 € I' be such that zyyBz € I. Then, (z)v(y)B(z) C I. By assumption,
zyy € (x)y(y) € I or zfz € (x)B(z) € o(I) or yBz € (y)B(z) € d(I). So, I is a
2-absorbing d-primary ideal in R. []

Finally, we present results involving homomorphisms.

Theorem 6.9. Let Ry and Ry, be commutative I'-semirings, o; be an ideal expansion
of R; for all i € {1,2} such that (6y,09) is global and g : Ry — Rs be a homo-
morphism. If I is a 2-absorbing do-primary ideal in Ry such that g='(I) # Ry, then
g Y(I) is a 2-absorbing §-primary in Rj.

Proof. Suppose that I is a 2-absorbing dy-primary ideal in Ry such that g=(1) # R;.
Then, g~*(I) is a proper ideal in Ry. Let z,y,2 € R and 8,7 € T be such that
vByyz € g'(I). Then, g(x)Bg(y)vg
do-primary ideal in Ry, we have g(zfy) = g(z)Bg(y) € I or g(zyz) = g(x)yg(z) €
d2(I) or g(yvz) = g(y)vg(2) € 02(I). Hence, 2By € g~'(I) or zvz € g~ (5:2(1)) =
d1(g (1)) or yyz € g~H(d2(1)) = 01(g~ ' (1))

Therefore, g~ (1) is a 2-absorbing d;-primary ideal in R;. []

(2) = g(zByyz) € I. Since [ is a 2-absorbing

Unlike the previous theorem, g(d(1)) = d(g(I)) holds provided that g must also

be surjective and I has to be a k-ideal.

Theorem 6.10. Let Ry and R, be commutative I'-semirings, ¢; be an ideal expansion
of R; for all i € {1,2} such that (61,02) is global, g : Ry — Ry be an epimorphism
and I be a k-ideal in Ry. If I is a 2-absorbing é1-primary ideal in R; such that
g(I) # Ryand { v € Ry | 3 a,b € Ry such that x = a+band g(a) = g(b) } C I,
then g(I) is a 2-absorbing do-primary ideal in Rs.

Proof. Suppose that [ is a 2-absorbing d;-primary ideal in Ry such that g(I) # Rs
and{z € Ry |3a,be Ry suchthatx =a+band g(a) =g(b) } C 1. Then, g(I)is a
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proper ideal in Ry. Let x,y,2 € Ry and v, 8 € I be such that zyyBz € g(I). Then,
there exists t € I such that xyyfBz = g(t). Since g is surjective, there exist p,q,r € R
such that g(p) = z,9(q) = y and g(r) = 2. Hence, g(pyafr) = g(p)v9(a)Bg(r) =
xyyBz = g(t). So, pygBr +t € { x € Ry | 3 a,b € Ry such that x = a + b and
gla) = g(b) } € I. Sincet € I and [ is a k-ideal, pygfr € I. Since I is a 2-
absorbing d;-primary ideal, pyq € I or pSr € §;(I) or ¢fr € §;(I). Hence, zyy =
9(p)vg(a) = g(pva) € g(I) or xBz = g(p)By(r) = g(pbr) € g(61(1)) = d2(g(1)) or
yBz = g(p)By(r) = g(afr) € g(61(1)) = 62(g(1)).

Therefore, g(I) is a 2-absorbing dy-primary ideal in Rs. []
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Background and Rationale

As a generalization of rings, semirings were introduced by H.S. Vandiver [7] in
1934. The notion of I'-rings was introduced by N. Nobusawa [4] in 1964. Also, as
a generalization of semirings and I'-rings, the notion of I'-semirings was introduced
by M.K. Rao [5] in 1995 that is for any commutative semigroups (R, +) and (T, +),
R is said to be a I'-semiring if there exists a function -, called a I'-operation, from
R x I' x Rinto R, where -(x,~,y) is denote by zvyy for all z,y € R and vy € T,
satisfying the following properties: forall z,y € Rand ~v,8 € T’

L xy(y + z) = xyy + xyz and (z + y)yz = vz + yyz;
2. x(y + B)y = xyy + zBy; and
3. (zyy) Bz = vy(yB2).
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For example, let R be the additive commutative semigroup containing all
m X n matrices over the set of all non-negative integers and let I' be the
additive commutative semigroup containing all n x m matrices over the same set.
Then we can verify that R is a I'-semiring, where a~b is the usual matrix product for
any a,be Rand y €T

Ideals and k-ideals in I'-semirings were extensively studied by S. Kyuno [3]in 1978.
A subsemigroup I of a I'-semiring R is called an ideal in Rif ITR C [ and RI'I C ]
where ITR = {zyr |z € I, r € Rand v € I'} and RI'I is defined similarly. An ideal
I inaI'-semiring R is called a k-ideal in Rif forall z,y € R,x+y € [ andx € [
implies y € I. For example, let I' be the additive semigroup of natural numbers.
Then (Zg,+) is a T-semiring, where xvyy is the usual multiplication of integers, so
3Zd is a k-ideal in Z& and 3Z§ — {3} is an ideal in Z{ but it is not a k-ideal in Zg
because 6 + 3 € 3Z; — {3}, 6 € 3Z; — {3} but 3 ¢ 3Z§ — {3}.

T.K. Dutta and S.K. Sardar [1] in 2001 gave the definition of prime ideals which
states that in a I'-semiring R, a proper ideal I in R is said to be a prime ideal if for
any two ideals H and K in R, HT'K C [ implies that either H C [ or K C [I. For
example, let T’ be the additive semigroup pZg where p is a prime number. Then
(Zg,+) is a I-semiring, where zyy is the usual multiplication of integers, so ¢Z¢ is a
prime ideal in Z¢ for all prime numbers ¢ with p # g.

M.K. Rao and B. Venkateswarlu [6] in 2017 studied properties of primary
ideals. In a I'-semiring R, a proper ideal I in R is said to be a primary
ideal if for all z,y € R,y € I',ayy € I and = ¢ I implies y € /I where /T =
{z € R| there exists n € N such that (zy)" "'z € I forall v € T'}, (z7)°z = z and
(zy)"x = (xy)"'zyx forall z € R, v € T"and n € N. For example, let I be the
additive semigroup of natural numbers. Then (Zd, +) is a ['-semiring, where xyy is
the usual multiplication of integers. Let I = {x € Z{ | + > ¢} for some positive

integer c. So [ is a primary ideal in Z .
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In a commutative ring, D. Zhao [8] defined a mapping § to substitute /I by
d(I) in the definition of primary ideals, called d-primary ideals in commutative rings,
which are more general than primary ideals. Let J(M) be the set of all ideals of a
commutative ring M. An expansion of ideals in M (or an ideal expansion of M) is
defined to be a function § : J(M) — J(M) such that:

1. forall I € J(M), I C6(I); and

2. forall I,J € J(M),I C Jimplies 6(1) C o(J).

For example, the constant function ¢ : J(M) — J(M) defined by I — M is an ideal
expansion of a commutative ring M. Given an ideal expansion ¢ of a commutative
ring M, an ideal I € J(M) is said to be a §-primary ideal if for all z,y € M,zy € I
and z ¢ I implies y € o(I).

In 2016, M.Y. Elkettani and A. Kasem [2] also extended a concept of prime
ideals and primary ideals in I'-rings to 2-absorbing ideals and 2-absorbing
primary ideals which were unified to 2-absorbing d-primary ideals. They gave the
definitions of 2-absorbing ideals, 2-absorbing primary ideals and 2-absorbing
d-primary ideals in T'-rings. A proper ideal [ in a I'-ring R is called a 2-absorbing
ideal in R if whenever z,y,z2 € R, v, € I' and xyyfBz € I, then zyy € I
or xBz € I or yBz € I. A proper ideal I in a I'-ring R is called a 2-absorbing
primary ideal in R if whenever z,y,z € R, v, € I and xyyBz € I, then zyy € I
orzfz € V1 oryBz € VI. Given an ideal expansion ¢ of a I'-ring R, an ideal I € J(R)
is said to be a 2-absorbing d-primary ideal in R if for all z,y,2z € R,v,8 € I" and
xyypPz € Iimplies xyy € I orxzfz € 6(I) oryfz € §(1). Note that an ideal expansion
0 of a I'-ring R is defined in the same way as an ideal expansion of a commutative
ring M by replacing M by R.

Our main goal is to extend the concepts of 2-absorbing primary ideals and 2-

absorbing d-primary ideals in I'-ring to those in ['-semiring.
Objectives

To study some properties of 2-absorbing primary ideals and 2-absorbing

d-primary ideals in I'-semirings.
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Scope

In this project, some algebraic properties of 2-absorbing primary ideals and
2-absorbing d-primary ideals which are some generalized prime ideals in

['-semirings are studied.

Project Activities
1. Literature reviews on I'-semirings.
2. Study properties of 2-absorbing primary ideals in I'-semirings.
3. Study properties of 2-absorbing J-primary ideals in I'-semirings.

4. Write a report.

Activities Table

August 2018 - April 2019

Project Activity

Aug | Sep | Oct | Nov

1. Literature reviews on

['-semirings.

2. Study properties of

2-absorbing primary ideals

in I'-semirings.

3. Study properties of
2-absorbing d-primary

ideals in I'-semirings.

4. Write a report.
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Benefits

Obtain some properties and results of 2-absorbing primary ideals and

2-absorbing d-primary ideals in I'-semirings.
Equipment

1. Computer

2. Printer
Budget
1. Two reams of A4 paper 200  Bahts
2. Magic Macbook Mouse 2,300 Bahts
Total 2,500 Bahts
Reference

[1] T.K. Dutta and S.K. Sardar, On prime ideals and prime radicals of I'- semirings,
An. Stiint. Univ. Al | Cuza lasi Mat., Vol.46 (2001), pp. 319--329.

[2] M.Y. Elkettani and A. Kasem, On 2-absorbing d-primary I'-ideals of I'-rings,
Kyungpook Math. J., Vol.106 (2016), pp. 543-550.

[3] S. Kyuno, On prime gamma ring, Pacific J. Math., Vol.75 (1978), pp. 185-190.

[4] N. Nobusawa, On a generalization of the ring theory, Osaka J. Math.,
Vol.1 (1964), pp. 81-89.

[5] M.K. Rao, I'-semiring-l, SEABM., Vol.19 (1995), pp. 49-54.

[6] MK. Rao and B. Venkateswarlu, On k-weakly primary ideals of I'-semirings,

PIM., Vol.6 (2017), pp. 1-10.

[7] H.S. Vandiver, Note on a simple type of algebra in which the cancellation
law of addition does not hold, Bull. Amer. Math. Soc., Vol.d0 (1934),
pp. 914-920.

[8] D. Zhao, §-primary ideals of commutative rings, JPAM., Vol.41 (2001), pp. 17-22.



34
Author’s profile

Mr. Nuttawut Sangjaer

ID 5833527023

Department of Mathematics and Computer Science
Faculty of Science, Chulalongkorn University

Scholarship: His Royal Highness Crown Prince

Maha Vajiralongkorn Fund



	Cover
	Cover (Thai)
	Cover (English)
	Accepted
	Abstract (Thai)
	Abstract (English)
	Acknowledgements
	Contents
	Chapter 1 Introduction
	Chapter 2 Preliminaries
	Chapter 3 Radical Ideals
	Chapter 4 2-absorbing Primary Ideals
	Chapter 5 Expansion of Ideals
	Chapter 6 2-absorbing δ-primary Ideals
	References
	Appendix
	Vitae



