(Survival time: T)

(life time)
(failure time)
(Survival analysis of data)

(Type of data
censoring or truncation) (Survival function) (Density
function) (Hazard function)

2.1
L ' 1 (Type I censoring)
, 1
5
(uncensored data)
(censored
data)

( , 2539: 7; Klien and Moeschberger, 1997: 58)



2. 2 (Type I1 censoring)
!
2
r( r< )
( , 2539: 8; Klien etal., 1997: 58)
3. (Random censoring)
5
(Klien et al., 1997: 61)
4 (Other type of censoring)
1 2
(left censoring) (doubly censoring)

(interval censoring)
(deductible)

10



(truncation)

L (Left truncation)

.. 2544

HIV+

60
(Klien et al., 1997: 65)

.. 2545

.. 2545

(Right truncation)

(Left and right truncation)

HIV+

il



12

2.2
1 3
T ( )
(Cumulative distribution function) — F(t) T
2 (Parametric method) (Nonparametric
method) (Z; 1=12,..,)
(1) (Survival function (1))
{
(t) =2rob(T >t)
T (complement)
=1-F{t)
\f(x) dx
(t Z 0 (tvz2..,.m
) (1
) (1
) =1 t=0
) (0=0 t



2) (Density function f(t))
T
(AY)
At ( , 2535: 8)

fity = fim Pon IL<T. <t £AL)

dFjt)
it
-48jt)
it

Vi) >0 t>0  [it)=0 [ <0
it)dt = 1
)0)

(3) (Hazard function = h(t))
b t+At At
(Parmer and Machin, 1995)

Prob[t <T <t +At\r >t]I

)= Ag At

HEL(1-F (0)
fit)ISit)

(t3+A1)

) hit) >0
) g, nit )

t

t+At



2.3

(Product-Limit Method)
(Product-Limit Method :PL)
, 2530: 17)
&P
| >4 0 X )
0 /1 t2 ts
X
0
() (7,.1,1,) Pi =Prob(T >t1f >7,,1)
() f (® P,
t
S(t)=Pi *Pi X- Xt
=n>1
(®)
<(1
5(0 = qn
tH V1 «
1 /.'l

di t

11

14



(Product-Limit Estimator) (step
function)
t1

Greenwood’s formular

Var[S(t)] =S(t)2Y «.(«1- )

= ()0t

D
(Lee, 1980: s6)
Varin) ;4 (-1 )
r tr
4- = A{u)du =z s (*N)(*H ~{i)
tr Ef
Ar = ‘'Yuitl- tr) Var gj) =MAA
i=r+l ft
t (1) =05 (t1,t )

(1) >0.5 (t) <05
fos =t, +[( (t,)-0.5)/(Sit,)-S (tHD)](FH#L-r,.)

Var (105) = (1,42 )2I[4«,.( (1,)5 ,.+1))2]
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2
(weight function)
2 (0=1 t ' (t) = ;
th=
Mann -Whitney -Wilcoxon
o trsl-d 1
A Vo«l+l y
, LY 7 LA ) X e
7=
Harrington and Fleming !
-P
( -1)| Log Rank ~ Mann-Whitney-
Wilcoxon P=0 t)=1 Log
Rank P=1 Mann-Whitney-
Wilcoxon (Klien et al., 1997; Hosmer and Lemeshow, 1998: 61-62)
2
2 Gehan’s
Generalized Wilcoxon Log Rank SAS

J(1)

HO1. 10 =s2t) =.. =sk(t)
Hi (0 * s g(t) i
t <T T

16



24.1

L2

H10:Fx{t)=F2(0 = .. = F*(0
Hx:Fj(t)*Fg(t)

71

Zj (1)

2
k
7
di ="Yjdy
E
t1 «
1=12,.D
1="En,
Gehan’s Generalized Wilcoxon (GH)
Gehan’s Generalized Wilcoxon
Zy(r)
=f> IA-(1 - NN
Zy(r)  Zg(r)
civ[z, ,Z, 1= "N2~r-( ATy *
=(Z|(r), Z2t)..Z, ); ", (Z,(0.Z,

7



24.2 Log Rank
Log Rank Gehan’s
Generalized Wilcoxon

Zif§)

Var[Z .(r)]=1i;"(I- %)(n, ~d,

Id-
1)r

Zj(t)  Zg(r)

COV[ZI(T),Zt(]=-2 7 -~ ( A-y=1  § "

X1z (Z ,(r),ZZ(r),.., Z,_,(r))2;",(Z ,(r)ZJ(r) ..... VA ,_,(«'))'

2.5 (Multivariate Model of Survival Data)

24
(time to event)

(independent variable) (

)

(independent set)
(risk factors)



Cox Proportional Hazard Model (Cox PH model) ~ Accelerated Failure-Time Model (AFT
model)

251 Cox Proportional Hazard Model (Cox PH model)

Cox PH model (Semi-Parametric Model)
Cox PH
model 2
{
t
(21,22,.., Zp)
] P
Lo(t) = (ZjUt), z52(t),.., ZD(L))
{
h(t|z) 1 t
Z Z
h{t\z)=h0(t)C(P'Z)
ho(t) (arbitrary baseline hazard rate)
P=(PL., 3y C(P'Z) ,
C(/17'2)
CPZ) = exp(PZ) = exp( X FkZk)
hit\2) =ho(0 exp(P'Z) =hQ) exp(ifrZ* )
h(t]|z)/ ho(t) k_lpkz k
(General Linear Model) 2

Z*



h0(t)exp[J]3kZ k]
hh.{t\z*) N e = exp[£ PK(ZK- 2]
ILZ")  po(0exp[*Z% ] =

(hazard ratio)
Z Z* (Kleinbaum,
1996; Klien etal., 1997; 230-231)

(The Partial Likelihood Estimation)
(The partial likelihood function)
1 (tied observation)

11<t2<.., <t0 D
di t.
Dt f,
1 Zj 11
=2 X
R, 11
(contribution)
t1
3
1) Breslow
ft  exp{P'S1
L) =), p{P'S])

t)&eeRxpup'Zk)Y

2) Efron
EXPi P'S 1)
n, | exp( P'zy - p2exp()

LiP)=n

20



» ! luH

3) Cox*
L(P)=T exp(P's 1)
XMpvrk)
Bl 1
R. 11
d1 0=(0,.. o
Bl * = YjZqj (Collet, 1994.66)
71
Efron
(2.5.1) P

LXB - wiLgan LL(3)

3) =72 -ittollexpCA Z.t-"lexpCAZ))] (25.1)

i=| i=lj=1 keR, d 1 AeA

liT<l,u>)=® =0 A=12....p

ZZ* expClIZ,) - CI’I Eza exp(/!Zt)

U=l g o .-]«i k)ZDXP 172 A
Kepl)-3 0 X eP(I7ZA
(Information matrix) 2

I7) = [1Ay)lpp  (g.h)h

0, EZMexptlrzj-Z-"SZ"exptlrzj

TR Xep(Th- | ' Mol

fEeR i keD

0dJ X exp(/rzj-XLZK £exp(lrzj exp(pz"-LYZ-Jljj,* exp(/?zt)
HE zexpoifze)-id+ £exp(2'2t) Zexp(122,)- -4 lexp(lrz,)
it 2 ¢l keD keR clt keD

(The logistic distribution)
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(Numerical

analysis) - (Newton-Raphson Method)
ho(t) ho(t)

B(HO0:P =/20)
3 1(17) P(  pxp)
1) Wald’s Test

Xw ={b-p0)'1{b){b-p0)

P
2) Likelihood Ratio Test

xle =2[ 1,)-LLil3,)]

P
3) Score Test

29 =U(J30y r | 0)

2.5.2 Accelerated Failure-Time Model (AFT model)
Cox PH Maodel

(Parametric Model)

(Klien et al.,
1997)



X

X

(The Exponential Distribution)

fit) =Aexp(-At)
=

Fit) =1- exp(-At)

Sit) = exp(-At)

hit)

1
= = =g
=

Enponerttlal Hazard

MB

las —

Of-H-

(hazard function)

(short survival)

t>0A>0
t <0

t>0

t>0

t>0

23

X



®

) (The Weibull Distribution)

(scale parameter : X) (shape parameter a)
a a> |
a<|

fit) - aAt alexp[-At a] t>0aA>0

Fit)=1- [exp- Ata]

. Welbull Hazard {gamms = 0.5) ‘“ Webull Hazad gamma = 1)
14 ¥
!
]
4 T :
i :
2 3 2 !
5 g R
2 } = Q
, [ oms g
] i LEH
a 1 2 _3 a4 s e 1 2 _.3 4 s
X X
10
9
8
.
8
g s
£ 2
3
2
1
]
]




shaped)

2

1(0 =exp[-Ata]

h(t) =alt ax

=alA?2
-al 1

(The Log-Normal Distribution)

(hump
t .
(T)
a2
T - A, (72)
-2
expl (b
| (0 = p['( )] t>0,r>0
terMJlrr
Ont
UNIVERE
(0=1-<

(Cumulative distribution function)

HY) = 1() ()

= exp[ /] +(cr2/ 2)]
= [exp(cr2) -1][exp( 2L+ cr2)]



2

15

Hazara

lognomna! Hazaed Gsigma =05)

Hazard
0~ N LA e

(The normal distribution)

(Cox and Oakes, 1990: 21)

Sit)

h(t)

a=(la)>0

(The Log-Logistic Distribution)

-1
1+Ata

_ah a-x
1+ ha

X = exp (jlcr)

26



(monotone decreasing)

=—«<1 a=—>1
<7 <7

-nCse{: a)f(aklio >
=2tJsc(27t/a)/(aA2,a) -E[X]2

w0
(=]
ot <«
o
PP Po
«© «
g B
i s
o =
0 [ 10 15 0 5 10 15
time (lambda=1, gamma=0.5) time (lambda=1, gamma=1)
8
o o
S o
2° &
o o
22 go
o
o o
(<} =)
0 5 10 15 0 5 10 15
tme (lambda=1, gamma=2) time (lambda=1, gamma=5)
5
) (The Gamma Distribution)
Atin
(0 AMjo1 exp(—AL)

A (scale parameter) >0, [3 (shape parameter) >0,t>0

(monotone increasing) 3>19nh(0)=0  h(Y) At
(monotone decreasing) 3 <1,h(0)=0  h(t) A

a> |

21



model)

2

Hazard
“- N O s WM oo N

-

01234;678910

Gamns Hazaed (geman = 2)

1

0751

a5

Hezara

025

|
|
i

0 —r vy
01234;67'910

_Gamre Hezacd @omma 05) m

2 o4
go:

H
1.5 i

g 1 .
i

0975

{
095 v
0121‘207!910

- Gamma Hazand (gamma = §)

(7]
05

02
[ B]

Q e
012342!7!910

Gamma Hszad(@emma=1) |

(0=

h(t)

2

1- U(AL, Ti)

f(1)/S(t)

=fiix
fi A2

(The generalized model) 3

(The standard

(Allison, 1995; 74)

28



(Allison, 1995: 74)

_aXptap® exp(-At a)

d,p =1

AFT model
log-time model) T

function) texp(0'Z)  6'=(6\5., 6p)

AFT model
S(t\Z)=S0[exp(6Z)t]
exp(0'2) (acceleration factor)
yA
h(t\z) =exp(0'Z)/z0[exp( 0'2)t ]
Y =In(r)=fl+yZ +aw
y' =L, Y)

(The error distribution)

29

[?

(linear

Z t
(baseline survival



AFT model

exp( +OW)
0=-y

AFT model
){ (The Weibull Distribution)

(Parametric regression model)
Cox PH model AFT model

T(t) = exp(-At ")

hT{t) =aAtal

§riy) = exp(-Ae ™)
Azexp(- q) J-1/a

Y =In{T) =fi +aW

(The extreme value distribution)
[ () =exp(w-ew)

o () =exp(-ew)

fy(y) =(o-)exp{[(v -11)! !-e [0~))

30



S y(y) =exp("[0-")/a])

a=| a=|
a (Observed Information Matrix)
(Maximum Likelihood Estimator : MLE)
MLE X a
A=exp(- a)
a=1/a

Var () = exp(-2 fila)[Var( ) a +j. Var(a)la - 2juCov(u,a)/a ;

Var( ) =Var(cr)/ crd

A AA AA A A as a A al
Cov (A, a) = exp(-pi'a)[Cov (ju,a)!a - /uvar(a)/a

Y= +yZ +oW
Cox PH model
h(t\z) =( ita~")exp(P'Z)
a=1@a5X=exp(pla) P} =~Y]la j=12,..p
AFT model
Z

h(t(Z) = exp(d'Z)hOft exp(0'z)]
ho(t) aAt“d exp(#2)

(invariance property) MLE

kil
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2) (The Log-Logistic Distribution )

Hr(t)= (1 +Ata)

ge (253)

Y =In(r) =ft +oW
(The standard logistic distribution)

fw( )=ew/(l+ew)2

w( ) :\/(I+evv)

Y
fy (y)=ar oexpto - M/a] /[l +exp[(y - ) G]2
SrQ) =HT]M+ e [y-“)<m (25.4)
T
(25.2) Y
Y=(T) (254)
a X a=1llo  X=exp(-p/a)

(a,X,a



Yy =In(r)=fi+yz +ow

X @53  ep(ez)

) = 1+ Aexp(fiZ)t @

A= exp(-U o

d=1/a
P=-y/la
MLE (,Y,a
x,P,a (Delta Method)

APT model
(log-logistic survival fonction)
Proportional Odds Model AFT model

(Klien et al., 1997)

3) (Other Parametric Distribution)

vo=In(r) =~ +yz +aw

(The standard normal distribution)

(0 =1-0 {[In(0-(/]+pZ)]I<T}
®{} (The standard normal

cumulative distribution fonction)



_ [0[[exp( Gw ) G2]° "2) exp[ - exp(Gw) G2]

34

(The generalized gamma model)

Y =In(T) ,

i) TOI52) 00 < <00
0=1 0=0
0=1"10=1
(Klienetal., 1997)
, 2538: 77-82; Hosmer et al.,
1998)
(i=1,2,...., ) i
tj 1t Z t: i
1 0
=127, 1] (independent value)
1 (intercept)
(right
censor and left truncation) (T ,5) T
T=min(t,Cr) [ >y
Y (Elandt-Johnson and Johnson, 1980;Klien

etal., 1997: 67)

0=0



1700 T'T (
P(T, ) X

[s(y)V [s(

= O

17(01°" (c)~
[s(y)\ [s(y)_

Pi+1= pj + 1'LPI)U(P)) =12,

| 1 (inverse) |/ PO
PO p{ 1,

p2
0.0001 (Allison, 1995: 83)

26
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) Cox PH model
1 (stepwise regression) (Hosmer et al., 1998: 180-183)
Cox PH model

(forward selection)
(backward elimination)

A P Zj
j=12 P A P-value

Zj A

G (Alj)=~2[L(AVj)-L m i =12.,p

PAV])= VA X2(1)"G "Alj)-\

j
A
Z
PAe )= [? 0-)]
Z P-value
( PR
(p{A)el) <PE) B P-value

B Zel Cox PH model

p-1

1 z el

36



3

Gw U) =-2[M8(j)-L(ze] j =1,2..P j *

(26.1)
p-value L
Z”
PBj)=Vr[x\\)>G"Mj)] (26.2)
C e
pBel)=min[p(E )
Le2 (pLBKe2) <p1) C
C Zel Z
Zel
Le Le2
1 (26.1)  (26.2) 2
PR PR>PE
B
p-2 Cox PH model ( Le
e ) P-value

G(Q]) =-2[L(Q)-L{Zelze2)]
j =12..,p j Le2

p{Q))=Vx[x\)>G Q)]
L83 C p-value

P (fe3) = min[/ (y)]

piC)(e3) <pkE D



D C
A C Z
Z 2
@) 2)
p)0)>pE
) Akaike * Information Criterion
Akaike
(Observed Information)
, Kulback-Leibler
( , 2544)

Akaike
AICk =-2 \og{MLk) +2pk
ML k
pk k
AIC

2.6.2
(residuals)

) Cox-Snell residuals
Cox-Snell residuals Cox and
Snell ]
=1,2,...,n (Collet, 1994: 150)

0 - Holt]) exp( P2])

38
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Hait,) (cumulative baseline
hazard function) t,( t, ) Cox-Snell residuals

i (t)) =—=logiS;(t)  Hi{t:) , i(ly)

’ ] t,
T
(® Y=-log (Y
( (0)
) Martingale residuals
Fleming and Harrington
] 2.(t) (time-
independent covariate)  Nj(t) 1 t
0 i J
/A

(Collet, 1994: 153)

Mj =NJ(©0)- A(t)exp[b ZI(t)]d Ho(t) j =12...

Martingale residuals

Mj =0 -H*VI)trfezjkbk)=0J-r}  j =1,2,..

Martingale residuals 1 -0
=0
Martingale residuals
j 0.)
1
f 0 T

j (0.4
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) Deviance residuals
Themeau, Grambsch and Fleming
(Collet, 1994: 153-154)

Dj =sign {Mj ){-2[Mj + 5] n(S] -Mj)]} 12 (263)
Mj  Martingale residuals j sign
+ M] 1 Mj
sign(Afj ) Deviance residuals
Martingale residuals
Deviance Statistics
(full model) [?

D =-2 {logic - logLf}

LeA (Maximized Partial Likelihood)
L f
Deviance residuals Martingale residuals
(transform)
Martingale residuals (-00,1) Martingale
residuals (2.6.3)
Martingale residuals (square root)
Martingale residuals (-00,0)
Martingale residuals (0.0) S In(0] -M])
(26.3) ,

n(l-Mj) M] 1-Mj



4

) Score residuals
b 3 Ho(t)
ho(t) Martingale residuals Nj(t) j
i (0 j
t k  k=12,..p

Yigjit)zjn(t)expb 'z3(t)]
2X(0exp[Zy0)]
Mj(t)  Martingale residuals t j

Mj =NI(t) - jn. () exp[b ZI{)JdHO(O  7=1.2,...

Score residuals k t

sit(03)tzik -z xiwyami)

Score residuals

S](it) = 1 Jit)[Zjk - an )] - YXZj(- Zk(t, )70 (t2) exp{b 'Z)}[Ho(th) -Ho(t 1.1]

(2.6.4)
Score process

Utio = £ s Jk(t)

Cox PH model k(t) = k(t)x
bk Brownian bridge ( Cov{bk,bk )=0

]
=<
—
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2.1

Willet (1980)
(cited in Lian et al., 1998: 102)
Santos (1992)
(cited in Lian et al., 1998: 103)
(2525)
- 252 1%
58.16
41,84
Goodwin (1993)

(cited in Lian et al., 1998: 103)

( , 2545: 26)
Lauzenheiser and Barks (1991)  Howard (1997)

Lauzenheiser and Barks



Howard

(cited in Lian et al., 1998: 103) Sweeney (1996)
Hall (1990)  Berlin and Janette (1990)

(cited in Lian et al., 1998: 103)

(2525)
25-44
6,000
50,001 150,000 2,001
4,000
2
Lianetal. (1993) (Multivariate

Regression Analysis) 1

(cited in Lianetal, 1998: 104)



Renshaw and Haberman (1986)
.. 1976
Renshaw et
al. (

(cited in Lian et
al., 1998: 103-104)
Lian et al. (1998)

.. 1990
48,243
()
(
) ( / )
Lian et al. (1998)
(Life-Table Method)
2 3.569
( Lian etal.

, hian and Koh (2001) (Decision trees)
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