
CHAPTER 3

THEORY

T h is  c h a p te r  d e fin e s  th e  th e o ry  th a t in vo lve s  th is  re s e a rc h . It c o n s is ts  o f 

th re e  s u b je c ts  as fo llo w s .

3.1 Rinsing Process

3.1.1 Rinsing Principle

B. K u s h e r a n d  ร . K u s h e r [1 9 9 4 ] e x p la in e d  a p r in c ip le  o f w a te r  r in s in g  

w h ic h  is a d ilu tio n  p ro c e s s  in v o lv e d  m a s s  tra n s fe r  p rin c ip le . M ass  w h ic h  tra p  on  th e  

s u rfa c e  o f w o rk p ie c e  o r th e  b a rre l o f w o rk p ie c e  is tra n s fe rre d  to  w a te r  in  r in s in g  ta n k . A  

m e c h a n is m  o f m a ss  tra n s fe r  c o n s is ts  o f d if fu s io n  a n d  c o n v e c tio n .

D iffu s io n  is a to m ic  p ro c e s s . A to m  o r m o le c u le  o f m a tte r th a t d is s o lv e s  in 

w a te r  m o ve s  to  o th e r  a to m  s u c h  a s  w a te r. M a ss  tra n s fe r  o f th is  m e c h a n is m  o c c u rs  fro m  

a d if fe re n c e  b e tw e e n  c o n c e n tra tio n  o f th e  s o lu tio n  a t s u rfa c e  o f w o rk p ie c e  w ith  h ig h  

v a lu e  a n d  c o n c e n tra tio n  o f th e  s o lu tio n  in r in s in g  ta n k  w ith  sm a ll v a lu e . D iffu s io n  

d e p e n d s  on e a c h  c h a ra c te r is t ic  o f m o le c u la r  m o v e m e n t a n d  s lo w ly  o c c u rs . T he  v e lo c ity  

o f d if fu s io n  d e p e n d s  on  th e  te m p e ra tu re  a n d  s ize  o f d if fu s io n  m o le c u le  c o m p a r is o n  s iz e  

o f m o le c u le .

C o n v e c tio n  is a m o v e m e n t o f m a tte r in liq u id  la ye r. M a tte r  th a t d is s o lv e s  

in w a te r  m o ve s  to  liq u id  la y e r s u c h  as w a te r. T h is  m e c h a n is m  c a n  p u t th e  e x te rn a l p o w e r  

s u c h  as m ix in g , p u m p in g  a n d  v ib ra t in g  to  a c c u ra te  fa s t m a s s  tra n s fe r.

T h e  r in s in g  p ro c e s s  c a n  b e  e x p la in e d  w ith  a s im p le  m o d e l w ith  c a lle d  

“T a n k -in -T a n k  R in s in g  M o d e l” . B a s e d  on  a s s u m p tio n , w o rk p ie c e  o r  b a rre l w h ic h  is 

r in s e d  has o n e  ta n k  w ith  a tra p p e d  c h e m ic a l a n d  d ip p in g  in r in s in g  ta n k . T h e  e ffe c tiv e  

m ix in g  ra te , k re la te d  on  m a k in g  m a te ria l b a la n c e .



10
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Figure 3.1 T a n k -in -T a n k  R ins ing  M o d e l fo r  d ra g  o u t a n d  r in s e  o v e rflo w  r in s in g

From  fig u re  3 .1 , th e  m o d e l c a n  b e  fo rm u la te d  fo r  a m a te ria l b a la n c in g  

e q u a tio n  in a d if fe re n tia l fo rm  a n d  a m a te ria l b a la n c in g  e q u a tio n  a t s te a d y  s ta te  

fo llo w in g .

Drag Out Rinse

A t w o rk p ie c e  o r  b a rre l dc, = ( A - ) ( C , (3 .1 )

A t r in s in g  ta n k dC, = ( y ) ( C r - C , ) d l (3 .2 )

A t s te a d y  s ta te , s o lv in g  th e  e q u a tio n  3.1 a n d  3 .2 , w e  g e t

A t w o rk p ie c e  o r  b a rre l C r =  ( — ~  p )[1  +  ( ~ - ) e x P (— — ) ]  (3 .3 )
V  D  Q d

c , = ( ^ y > ) [ l - e x p ( ~ - ) ]A t r in s in g  ta n k (3.4)
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Rinse Overflow Rinsing

A t w o rk p ie c e  o r b a rre l d C r =  (C  + k - - C r - k — ) d t
p Q d Q o

(3 .5 )

A t r in s in g  ta n k d C , = ( k ^ - - k ^ - Q R ^ ) d t (3 .6 )

A t s te a d y  s ta te , s o lv in g  th e  e q u a tio n  3 .5  a n d  3 .6 , w e  g e t

A t w o rk p ie c e  o r b a rre l (3 .5 )

A t r in s in g  ta n k (3 .6 )

A b o v e  e q u a tio n s , if a r in s in g  p ro c e s s  h as  a h ig h  th e  e ffe c tiv e  m ix in g  ra te  

(k = 00), th e  m e c h a n is m  o f th is  p ro c e s s  is s im ila r  w ith  p e r fe c t m ix in g  a s s u m p tio n .

3.1.2 Type of Rinsing Process

N ow , th e  r in s in g  p ro c e s s  has se ve ra l ty p e s , w h ic h  d e p e n d  on  th e  

o b je c t iv e  a n d  a re a  o f fa c to ry . T y p e  o f r in s in g  p ro c e s s  c a n  b e  d iv id e d  as fo llo w s .

1) Drag Out Rinse

D ra g  o u t r in se  is r in s in g  o f w o rk  p ie c e  b y  im m e rs in g  it in a r in s in g  ta n k  

w ith  no  fre s h  r in se  o f w a te r  fe e d . T h e re fo re , c o n c e n tra tio n  o f c h e m ic a l in th e  ta n k  is 

in c re a s e  w h e n  r in s in g  tim e  ra ise . S o m e tim e , r in se  w a te r  in th e  ta n k  is d is c h a rg e d  o r  

re c y c le d  fo r  c h e m ic a l p re p a ra tio n , w h e n  th e  c o n c e n tra tio n  r ise s  to  a lim ita tio n .

F or a c o n tin u o u s  o p e ra tio n , th e  e q u a tio n  o f d ra g -o u t r in se  a t s te a d y  s ta te  

is e x p re s s e d  as (3 .7 ).

c  = c . 1- e x p  ( ^ - ) (3 .7 )
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W o rk p ie c e

►
D ra g  o u t

P la ting  B a th  R inse  ta n k

Figure 3 .2  D ra g  o u t r in se

2) Overflow Rinsing

T h e  r in s e  ta n k  has c o n tin u o u s  flo w  o f fre s h  r in se  w a te r. T h e  w a te r  

o v e rflo w s  fro m  rin se  ta n k  is w a s te w a te r.

W o rk p ie c e  

D ra g  o u t D ra g  o u t

F resh  

R inse  w a te r

Figure 3 .3  O v e rflo w  rin se

A t s te a d y  s ta te  a n d  c o m p le te  m ix in g , th e  e q u a tio n  fo r  o v e rflo w  rin se  is

g iv e n  b y  (3 .8).
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c = ql ct
Q d  +  Q r

(3 .8 )

If th e  f lo w  ra te  o f r in se  w a te r  is v e ry  la rg e  w ith  v o lu m e  o f d ra g  o u t 

( Q r >  1O Q 0 )  1 te rm  o f ( Q D + Q R) c a n  b e  re d u c e d  to  Q R as (3 .9 ).

CE
1+  A

(3 .9 )

W h e re  A  =  ^ r ~
Q o

3) Cascade Rinsing

T h e se  ty p e  h as  c o n tin u o u s  flo w  o f fre s h  rin se  w a te r  to o , b u t s a v in g  o f 

r in se  w a te r  u s a g e  is h ig h e r th a n  o v e rflo w  rin se . C a s c a d e  r in s in g  ty p e  h as  m o re  tw o  r in se  

ta n k s  w ith  o v e rflo w  w a te r  fro m  th e  la s t ta n k  flo w s  to  th e  firs t ta n k  a n d  th e  o v e rflo w  w a te r  

fro m  th e  firs t ta n k  d is c h a rg e  to  w a s te w a te r  tre a tm e n t p la n t. N o rm a lly , c a s c a d e  r in s in g  

w h ic h  is w id e ly  u s e d  c la s s if ie s  tw o  ty p e s  as fo llo w s .

Series Type

W o rk p ie c e
---------------------------------------------------_ _ _ _ _ ---------------------------------------------------------------►

F resh

R inse  w a te r

Figure 3.4 S e rie s  ty p e  o f c a s c a d e  r in s in g
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Parallel Type

W o rk p ie c e

R inse  w a te r R inse  w a te r R inse  w a te r

Figure 3 .5  P a ra lle l ty p e  o f c a s c a d e  r in s in g

A t s te a d y  s ta te  a n d  c o m p le te  m ix in g , th e  e q u a tio n  o f s e rie s  a n d  p a ra lle l 

ty p e s  o f c a s c a d e  r in s in g  a re  g iv e n  b y  (3 .1 0  a n d  3 .11 ).

S e rie s  ty p e
A - l  

A n+] - 1
(3 .1 0 )

P ara lle l ty p e  C n = C p ( l  +  A n ) (3 .1 1 )

W h e re  ท =  n u m b e r  o f r in se  ta n k

T he  w o rd s  o fte n  use  fo r  th e  o v e rflo w  r in s in g  ty p e  s u c h  a s  r in se  ra tio , 

d ilu tio n  ra tio , o r r in s e  c r ite r ia . It h as  a s a m e  m e a n in g , w h ic h  m e a n s  a ra tio  o f 

re q u ire m e n t v o lu m e  o f r in s e  w a te r  c o n s u m p tio n  fo r  r in s in g  w o rk p ie c e . T h e s e  v o lu m e s

c a n  b e  c a lc u la te d  fro m
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c , _ f a .  ไc \ Q d  ,
(3 .12)

A ll e q u a tio n  (3 .7  to  3 .1 2 ) w ith  a s im p le  fo rm  a t s te a d y  s ta te  fre q u e n tly  

u se s  to  c a lc u la te  an  o p tim u m  v o lu m e  o f w a te r  c o n s u m p tio n  fo r  h ig h  r in s in g  e ff ic ie n c y . It 

m e a n s  c o n c e n tra t io n  o f c o n ta m in a n t a t fin a l s ta te  th a t is n ’t o v e r  an  a c c e p ta b le  c r ite r io n .

3.2 Modeling of Rinsing Process

Z o fia  B u c z k o  [1 9 9 2 ] p re s e n te d  a m a th e m a tic a l m o d e l a b o u t r in s in g  

p ro c e s s . H e  re q u ire d  to  e s tim a te  th e  c o n ta m in a n ts  on  th e  w o rk p ie c e  s u rfa c e  a fte r  

r in s in g . T h e  c o m p le te -m ix in g  th e o ry  is th e  s im p le s t b u t is fa r  fro m  p ra c tic e s . H o w e v e r, it 

is s till th e  b a s ic  a s s u m p tio n  m a d e  in all r in s in g  e q u a tio n . S o m e  a tte m p ts  a t a n a ly s is  o f 

th e  c o n c e n tra tio n  on  th e  w o rk p ie c e  a fte r  r in s in g  h a ve  b e e n  m a d e . T h e y  w e re  m a in ly  

b a s e d  on  d if fu s io n  a n d  c o n v e c tio n  th e o rie s . T he  m a th e m a tic a l e x p re s s io n s  d e r iv e d  w e re  

re la te d  to  id e a l c o n d it io n s , w h ic h  c a n n o t e x is t in  a rea l sys te m .

W h e n  a n a ly s is  th e  re s u lts  o f th e  la b o ra to ry  in v e s tig a tio n s , it h as  b e e n  

c o n c lu d e d  th a t w h e n  m o d e lin g  th e  r in s in g  p ro c e s s  m a th e m a tic a lly  it is n o t p o s s ib le  to  

a p p ly  d if fu s io n  o r  c o n v e c tio n  e q u a iio n s . T he  h y d ro d y n a m ic s  o f th e s e  p ro c e s s e s  is m u c h  

m ore  c o m p lic a te d  to  e x p re s s  b y  s im p le  p h y s ic a l th e o ry .

B e c a u s e  o f c o n tra ry  to  th e  a s s u m p tio n  o f c o m p le te  e q u a liz a tio n  o f 

c o n c e n tra tio n  a t th e  p ro d u c t a n d  in a r in s in g  ta n k  d u r in g  th e  w a s h in g  p ro c e s s , he 

a s s u m e d  th a t an  a v e ra g e  c o n c e n tra tio n  C n a t th e  w o rk p ie c e  a fte r  r in s in g  in th e  ท th  r in se  

ta n k  is a c o m b in a tio n  o f th e  c o n c e n tra tio n  C n.1 o f th e  in le t s o lu tio n  (c o n c e n tra t io n  a t th e  

w o rk p ie c e  a fte r  r in s in g  in th e  n-1 th  r in se  ta n k ) a n d  an  a v e ra g e  fin a l c o n c e n tra t io n  Z n th e  

ta n k  ta k e n  in s u ita b le  p ro p o rt io n s . T h e  a v e ra g e  c o n c e n tra tio n  o f th e  w o rk p ie c e s  c a n  b e  

d e s c r ib e d  b y



16

cn =ancn_x +(1 - a n ) Z „ (3 .1 3 )

T h e  c o e ff ic ie n t a n in d ic a te s  th e  c o n tr ib u tio n  fro m  th e  in itia l c o n c e n tra tio n  

to  th e  a v e ra g e  fin a l c o n c e n tra tio n  a t a w o rk p ie c e  a fte r  r in s in g . It is c a lle d  th e  im p e r fe c t­

m ix in g  c o e ff ic ie n ts  (IM C s) w ith  v a lu e s  fro m  0 to  1. T he  IM C s a re  an= 0  in th e  c a s e  o f 

p e r fe c t m ix in g . It a ls o  d e p e n d s  on  th e  r in s in g  te c h n iq u e s  a n d  c h a ra c te r  o f th e  

w ith d ra w n  film  on  th e  w o rk  s u rfa c e .

To fo rm u la te  th e  r in s in g  e q u a tio n , an  a d d ito n a l a s s u m p tio n  o f 

c o n tin u o u s -r in s in g  o p e ra tio n  has a ls o  b e e n  m a d e . เท fa c t  th e  r in s in g  p ro c e s s  in a g iv e n  

r in se  is n o t c o n tin u o u s  b u t s te p w is e ; w o rk p ie c e s  a re  im m e rs e d  w ith in  p re -d e te rm in e d  

tim e  in te rva ls . If th e  v o lu m e  o f d ra g -o u t s o lu tio n  is s m a ll w ith  re s p e c t to  th e  rin se  v o lu m e , 

th e  c o n c e n tra tio n  v a r ia t io n s  in th e  r in s e s  c a n  b e  tre a te d  as p s e u d o -c o n t in u o u s  w ith  tim e  

a n d  d if fe re n tia l c a lc u lu s  c a n  b e  a p p lie d  fo r  c a lc u la tio n . U n d e r  th is  a s s u m p tio n  th e  

c o m p u ta tio n a l m a s s  b a la n c e  e q u a tio n s  h a ve  b e e n  d e r iv e d  p re v io u s ly  a n d  a re  u s u a lly  

u s e d  in p e r fe c t-m ix in g  r in s in g  c a lc u la tio n s .

A  d iffe re n tia l e q u a tio n  fo r  th e  ท th  n o n -flo w  r in s e  is d e r iv e d , u n d e r  th e  

a s s u m p tio n  th a t fo r  e a c h  r in se  th e  d ra g -o u t อ  is th e  s a m e  b a th  b e fo re  a n d  a fte r  r in s in g ;

D C 0 D C , D C 2

V

o ๐ Zn-1

R in se r 1 R in se r 2

D C n,  ______D C ,

z n

R in se r ท

Figure 3.6 R in s in g  s y s te m
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D C n . 1 = K (3 .14)

with th e initial con d ition  Zn (t=0) = 0 , w h ere  V is th e  vo lu m e of the rinsing bath an d  C0 is 

th e  c o n cen tra tio n  fo th e  p r o c e s s  o f bath  d rag  into the first rinse, w h ich  is invariant in 

tim e.

For in co m p le te  m ixing, substitu tion  of eq u ation  (3 .1 3 ) into (3 .1 4 ) an d  

rearran gem en t o n e  c a n  obtain  the follow ing s e t  of differential e q u a tio n s

(3 .15)
C n = a C n_ 1 +(1 - a n)Z„

O n e c a n  find that th e  solu tion  is o f th e  form

c„ = c 0 1 -  a J„ e x p  (-kb/)
V y-1
(  » \ (3 .16)

zn=c0 1 -  Y, P i  e x p i-kbjt)
V > 1
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W here th e recurrent form for th e  coeffic ien ta  a Jn an d  P i  is

P i  =  1
a  I =  bx

fo r « = ! , /  = !

P I
j  _  ท

b„ - b j
a ท-ใ

<  = a n< - 1 + b „ P l

ZÏ
fo r « > 1, j  =

t /7-i
fo r j  =  ท

(3 .1 7 )

เท c a s e  p er fec t m ixing (a = 0  an d  b=1 ), it is e a s y  to obtain  an eq u ation .

c  = c n "-1 { ๒ ) J > 
“  i ! ,

(3 .18)

B a s e d  on  eq u ation  3 .1 6 , 3 .1 7  an d  3 .1 8 , th e  d y n a m ic s  b eh av ior  o f  

con cen tra tion  in e a c h  rin se s ta g e  is sh o w n  in figure 3 .7  an d  3 .8  follow ing.
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Figure 3.7 D y n a m ic s  re s p o n s e  o f c o n c e n tra tio n  in th e  firs t r in se  s ta g e

Figure 3 .8  D y n a m ic s  re s p o n s e  o f c o n c e n tra tio n  in fo u r  r in se  s ta g e s
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3.3 Optimization

O p tim iz a tio n  is ล  m e th o d  to  o b ta in  th e  b e s t s o lu tio n  u n d e r  c o n s tra in t o f 

s y s te m  o r p ro c e s s . T h e  o d je c t iv e  fu n c tio n  is id e n tif ie d  th e  b e s t s o lu tio n . It is d e te rm in e d  

fro m  a s s e t, o p e ra tio n  c o s t, p ro d u c tio n , n e t p ro fit  a n d  o the r. T h e  v a lu e  o f th e  o b je c t iv e  

fu n c tio n  c a n  b e  fo u n d  b y  a d ju s t d e c is io n  v a r ia b le  o f sys te m . T h is  v a r ia b le  m a y b e  is s iz e  

o f e q u ip m e n t a n d  o p e ra tin g  c o n d it io n  o f p ro c e s s  s u c h  as p re s s u re , te m p e ra tu re  a n d  

flo w ra te  e tc . A d ju s tin g  th is  v a r ia b le  m u s t c o n s id e r  u n d e r c o n s tra in t o f o p e ra tio n  a s  p u r ity  

o f p ro d u c t, fe s ib il ity  o f m o d e l a n d  th e  re la tio n s h ip  o f v a ria b le .

T h e  o p tim iz a tio n  c o n s is t o f fo u r  p a rts  a s  fo llo w in g .

Process Model

T he  o b je c t iv e  o f m o d e l is to  id e n tify  th e  s o lu tio n  o f o b je c t iv e  fu n c tio n  a n d  

th e  p o s itio n  o f c o n s tra in t. A  re lia b le  m o d e l is n e c e s s a ry  fo r  c a lc u la tio n  w h ic h  c a n  b e  

d e v id e d  as m a th e m a tic a l m o d e l a n d  a c tu a l p ro c e s s

Objective Function

T he  o b je c t iv e  fu n c tio n  m e a n s  a e q u a tio n  o r g ro u p  o f e q u a tio n  w h ic h  a re  

fo rm u la te d  fo r  c a lc u la tio n . T h e  c a c u la t io n  h ave  fin d in g  m in im u m  v a lu e  o r f in d in g  

m a x im u m  v a lu e . T h e  o b je c t iv e  fu n c tio n  fo r  o p tim iz a tio n  has v a r io u s  fo rm  s u c h  a s  a n n u a l 

c o s t, n e t b e n e fit, p ro d u c tio n  tim e  a n d  e n e rg y  c o n s u m p tio n  ra te  e tc .

Constraint

T he  o p tim iz a tio n  a lw a y s  has c o n tra in t o f e a h  s y s te m  fo r  f in d in g  th e  

s o lu tio n  in  fe a s ib le  re g io n  o f d e c is io n  v a ria b le . T he  fe a s ib le  re g io n  o f d e c is io n  v a r ib le  is 

d e te rm in e  w ith  c o n s tra in t w h ic h  is fo rm u la te d  fro m  m a s s  b a la n c e , e n e rg y  b a la n c e , 

e q u ip m e n t d e s ig n  a n d  p ro p e r ty  o f m a tte r.

N a tu ra l c o n d it io n  o f p h y s ic a l p ro d u c tio n  is e x p re s s  a re a  o r fe a s ib le  

re g io n  a n d  th e  s o lu tio n  lo c a te s  in th is  re g io n . T he  c o n s tra in t has tw o  fo rm s  as fo llo w in g .
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- E q u a lity  c o n s tra in t is a c o n s tra in t w h ic h  has a s ig n  (= ) in th e  e q u a tio n . 

T he  e q u a lity  c o n s tra in t is an  e q u a tio n  w h ic h  in d ic a te s  p ro c e s s  a n d  p ro d u c t lim ita tio n  

s u c h  a s  m a ss  b a la n c e , e n e rg y  b a la n c e  a n d  p u r ity  o f p ro d u c t.

- In e q u a lity  c o n s tra in t is a c o n s tra in t w h ic h  has s ig n  ( = ) 1 (< ) 1( > ) 1 ( < ) 1 

( > )  o r ( * )  in th e  e q u a tio n  T h e  in e q u a lity  c o n s tra in t is an  e q u a tio n  w h ic h  in d ic a te s  

lim ita tio n  o f d e s ig n  a n d  o th e r  lim ita tio n  s u c h  as m o le  fra c t io n , no  n e g a tiv e  v a lu e  o f 

f lo w ra te  a n d  m in im u m  o f p ro d u c tio n  rate .

Decision Variable

D e c is io n  v a r ia b le  is a d ju s t v a ria b le  fo r  fin d in g  m a x im u m  o r m in im u m  o f 

o b je c t iv e  fu n c tio n  v a lu e  a n d  a ffe c tin g  o b je c t iv e  fu n c tio n  s u c h  as te m p e ra tu re , p re s s u re , 

flo w ra te , c o n c e n tra tio n  a n d  re a c to r  s ize . เท th e  p ra c tic a lity , d e c is io n  v a r ib le  is s e t p o in t 

fo r  p ro c e s s  c o n tro l sys te m .

The  o p tim iz a tio n  p ro b le m  c a n  be  c la s s if ie d  tw o  c a te g o r ie s  as fo llo w s

1. S ta tic  o p tim iz a tio n  is th e  p ro c e s s  o f m in im iz in g  o r m a x im iz in g  th e  

c o s t o r  b e n e fits  o f s o m e  o b je c t iv e  fu n c tio n  fo r  one  in s ta n t in tim e  o n ly .

2. D y n a m ic  o p tim iz a tio n  is th e  p ro c e s s  o f m in im iz in g  o r  m a x im iz in g  th e  

c o s t o r b e n e fits  o f o b je c tiv e  fu n c tio n  o v e r a p e r io d  o f tim e .

C h a ra c te r is itc  o f d y n a m ic s  o p tim iz a tio n  p ro b le m s  c a n  b e  d iv ie d  th a t

3.3.1 Free Dynamic Optimization

Discrete Time

W e fo c u s  on  th e  p ro b le m  o f c o n tro llin g  th e  s y s te m

x i+1 = /  ( x , ,  น , )  i  =  0 , . . . , N - \  x 0 = x 0 (3 .1 9 )

ทวิทEnêit*
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s u c h  th a t th e  c o s t fu n c tio n

J  =  </>(xN )  +  Y J L ( x l , น1)  (3 .2 0 )

is m in im iz e d . T he  s o lu tio n  to  th is  p ro b le m  is a s e q u e n c e  o f c o n tro l 

a c tio n s  o r d e c is io n s , พ,= 0,..JV-1. K n o w in g  th e  s e q u e n c e  พ, = 0 , . . . N  -  \ , th e  s o lu tio n  

is th e  p a th  o r  tra je c to ry  o f th e  s ta te  a n d  th e  c o s ta te . T he  p ro b le m  is s p e c if ie d  b y  th e  

fu n c tio n s  / ,  L a n d  th e  h o rizo n  N  a n d  th e  in itia l s ta te * 0 .

T h e  p ro b le m  is an  o p tim iz a tio n  o f (3 .2 0 ) w ith  N  + 1 s e t o f e q u a lity  

c o n s tra in ts  g iv e n  in  (3 .1 9 ). E a ch  s e t c o n s is ts  o f ท e q u a lity  c o n s tra in ts . W e  a s s o c ia te d  a 

v e c to r , A o f L a g ra n g e  m u ltip lie rs  to  e a c h  s e t o f e q u a lity  c o n s tra in ts . B y  tra d it io n  An+1 is 

a s s o c ia te d  to  XM =  f  (x,1, พ, ) . T h e se  v e c to rs  o f L a g ra n g e  m u ltip lie rs  o fte n  d e n o te d  as 

c o s ta te  o r a d jo in t s ta te .

T he  H a m ilto n ia n  fu n c tio n  w ith  is a s c a la r  fu n c tio n  is d e fin e d  as 

H 1 (x,, พ,. 5 Am  ) = L, (x,., พ ,)  + ATM f  1 (x, 5 พ, ) (3.21 )
a n d  fa c ilita te s  a v e ry  c o m p a c t fo rm u la tio n  o f th e  n e c e s s a ry  c o n d it io n s  (Or

an o p tim u m .

C o n s id e r in g  th e  fre e  d y n a m ic  o p tim iz a tio n  p ro b le m  o f th e  s y s te m  (3 .1 9 ) 

fro m  th e  in itia l s ta te , th e  p e r fo rm a n c e  in d e x  (3 .2 0 ) is m in im iz e d . T he  n e c e s s a ry  c o n d it io n  

is g iv e n  b y  th e  E u le r-L a g ra n g e  e q u a tio n s  (fo r i  =  0 5..., A f - 1 ) :

* ,+i =  f i x  1, น  1)

0 r

S ta te  e q u a tio n  

C o s ta te  e q u a tio n

(3 .2 2 )

(3 .2 3 )

s ta t io n a r ity  c o n d it io n (3 .2 4 )
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a n d  t h e  b o u n d a r y  c o n d i t i o n s

* 0  — Î 0  =  ç r ~  ̂ ( ^ '  n )  ( 3 .2 5 )ox
w h i c h  i s  a  s p l i t  b o u n d a r y  c o n d i t i o n .

T h e  n e c e s s a r y  c o n d i t i o n  c a n  a l s o  b e  e x p r e s s e d  in  a  m o r e  c o n d e n s e d

f o r m  a s

า เ  4  0 T = | - / / ,  ( 3 .2 6 )

w i th  t h e  b o u n d a r y  c o n d i t i o n s :

* 0  — Ï 0  =  ( 3 .2 7 )

T h e  E u l e r - L a g r a n g e  e q u a t i o n s  e x p r e s s  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  

o p t i m a l i t y .  T h e  s t a t e  e q u a t i o n  ( 3 .2 2 )  i s  i n h e r e n t l y  f o r w a r d  in  t i m e ,  w h e r e a s  t h e  c o s t a t e  

e q u a t i o n ,  ( 3 . 2 3 )  i s  b a c k w a r d  in  t i m e .  T h e  s t a t i o n a r i t y  c o n d i t i o n  ( 3 . 2 4 )  l i n k s  t o g e t h e r  t h e  

t w o  s e t  o f  r e c u r s i o n s  a s  i n d i c a t e d  in  f i g u r e  3 .9 .

------------------------------------------------ ►  S t a t e  E q u a t i o n

S t a t i o n a r i t y  E q u a t i o n

M ------------------------------------------------  C o s t a t e  E q u a t i o n

Figure 3 . 9  C h a r a t e r i s t i c s  o f  E u l e r - L a g r a n g e  e q u a t i o n  f o r  

d i s c r e t e  t i m e  f r e e  d y n a m i c s  o p t i m i z a t i o n

T h e  s t a t e  e q u a t i o n  ( 3 . 2 2 )  is  f o r w a r d  in  t i m e ,  w h e r e a s  t h e  c o s t a t e  

e q u a t i o n ,  ( 3 . 2 3 ) ,  i s  b a c k w a r d  in  t i m e .  T h e  s t a t i o n a r i t y  c o n d i t i o n  ( 3 . 2 4 )  l i n k s  t o g e t h e r  t h e

t w o  s e t  o f  r e c u r s i o n s .
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C ontinuous T im e

C o n s i d e r  t h e  p r o b l e m  r e l a t e d  t o  f i n d i n g  t h e  i n p u t  f u n c t i o n  บ ,  t o  t h e

s y s t e m

x  =  f , ( x „ น , )  x 0 = x 0 f e [ 0 , r ]  ( 3 .2 8 )

s u c h  t h a t  t h e  c o s t  f u n c t i o n

T
J  =  (f)T ( * 7. ) +  น , )  d t  ( 3 .2 9 )

0

i s  m i n i m i z e d .  H e r e  t h e  in i t ia l  s t a t e  * 0 a n d  f in a l  t i m e  T  a r e  g i v e n  ( f i x e d ) .  

T h e  p r o b l e m  is  s p e c i f i e d  b y  t h e  d y n a m i c  f u n c t i o n ,  f ,  1 t h e  s c a l a r  v a l u e  f u n c t i o n s  (j) a n d  

L  a n d  t h e  c o n s t a n t s  T  a n d  * 0 .

T h e  p r o b l e m  is  a n  o p t i m i z a t i o n  o f  ( 3 . 2 9 )  w i th  c o n t i n u o u s  e q u a l i t y  

c o n s t r a i n t s .  S im i la r i l ly  t o  t h e  s i t u a t i o n  in  d i s c r e t e  t i m e ,  w e  h e r e  a s s o c i a t e  a  ท  -  

d i m e n s i o n a l  f u n c t i o n ,  A , ,  t o  t h e  e q u a l i t y  c o n s t r a i n t s ,  X - f t ( x , , น , ) .  A l s o  in  c o n t i n u o u s  

t i m e  t h e s e  m u l t i p l i e r s  a r e  d e n o t e d  a s  c o s t a t e  o r  a d j o i n t  s t a t e .  เท s o m e  p a r t  o f  t h e  

l i t t é r a t u r e  t h e  v e c t o r  f u n c t i o n ,  A ,  1 i s  d e n o t e d  a s  i n f l u e n c e  f u n c t i o n .

F o r  c o n v i e n e n c e  w e  c a n  i n t r o d u c e  t h e  s c a l a r  H a m i l t o n i a n  f u n c t i o n  a s

f o l l o w s :

H ,  ( x , ,  น ,  , A 1 )  =  L ,  ( x , , น , )  +  A ]  f ,  ( x , , น, )  ( 3 .3 0 )

W e  a r e  n o w  a b l e  t o  g i v e  t h e  n e c e s s a r y  c o n d i t i o n  f o r  t h e  s o l u t i o n  t o  t h e

p r o b l e m .

C o n s i d e r  t h e  f r e e  d y n a m i c  o p t i m i z a t i o n  p r o b l e m  in  c o n t i n u o u s  t i m e  o f  

b r i n g i n g  t h e  s y s t e m  ( 3 . 2 8 )  f r o m  t h e  in i t ia l  s t a t e  s u c h  t h a t  t h e  p e r f o r m a n c e  i n d e x  ( 3 . 2 9 )  is  

m i n i m i z e d .  T h e  n e c e s s a r y  c o n d i t i o n  i s  g i v e n  b y  t h e  E u l e r - L a g r a n g e  e q u a t i o n s  ( fo r

r e [0 ,r ]) :
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x ,  = / น , ) S t a t e  e q u a t i o n ( 3 .3 1 )4 C o s t a t e  e q u a t i o n ( 3 .3 2 )4 S t a t i o n a r i t y  c o n d i t i o n ( 3 .3 3 )

a n d  t h e  b o u n d a r y  c o n d i t i o n s

*0 ~  X.0 =  ~ T ~ 0 r ( x r )o x

W e  c a n  e x p r e s s  t h e  n e c e s s a r y  c o n d i t i o n s  a s

x t = 4 t H X t = ^ - H  o' = 4 - h
Ô A  S r  d u

w ith  t h e  ( s p l i t )  b o u n d a r y  c o n d i t i o n s

( 3 .3 4 )

( 3 .3 5 )

( 3 .3 6 )

3.3.2 Dynamic Optimization with End Points Constraints

C o n s i d e r  t h e  d i s c r e t e  t i m e  s y s t e m  ( fo r  i  = 0,1,..., พ' - 1 )

x M = f  ( * , » « ( )  x 0 = x 0 ( 3 . 3 7 )

t h e  c o s t  f u n c t i o n

J  =  0 ( X n )  +  Y j L ( X ' ’ U /) (3-38)

a n d  t h e  s i m p l e  t e r m i n a l  c o n s t r a i n t s

X N =  X N ( 3 .3 9 )

w here  X N and  x 0 are g iven. เท th is  s im p le  case , the  te rm ina l

contribu tion , (j) 1 to the  pe rfo rm an ce  ind ex  co u ld  be om itted , s ince  it has not e ffe c t on the

so lu tion  (exce p t a co n s ta n t add itive  term  to the  pe rfo rm an ce  index). The p ro b le m
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c o n s i s t s  o f  t h e  s y s t e m  ( 3 . 3 7 )  f r o m  i ts  in i t ia l  s t a t e  x 0 t o  a  ( f i x e d )  t e r m i n a l  s t a t e  X N s u c h  

t h a t  t h e  p e r f o r m a n c e  i n d e x ,  ( 3 .3 8 )  i s  m i n i m i z e d .

T h e  p r o b l e m  is  s p e c i f i e d  b y  t h e  f u n c t i o n s  /  a n d  L  ( a n d  </>), t h e  l e n g t h  

o f  t h e  h o r i z o n  N  a n d  b y  t h e  in i t ia l  a n d  t e r m i n a l  s t a t e  x 0 , X N . W e  a p p l y  t h e  u s u a l  

n o t a t i o n  a n d  a s s o c i a t e  a  v e c t o r  o f  L a g r a n g e  m u l t i p l i e r s  A n+1 t o  e a c h  o f  t h e  e q u a l i t y  

c o n s t r a i n t s  X'+1 =  f { x t , น  1 ) .  T o  t h e  t e r m i n a l  c o n s t r a i n t  w e  a s s o c i a t e ,  V  w h i c h  i s  a  v e c t o r  

c o n t a i n i n g  ท  ( s c a l a r )  L a g r a n g e  m u l t i p l i e r s .

A s  เท t h e  u n c o n s t r a i n e d  c a s e ,  w e  i n t r o d u c e  t h e  H a m i l t o n i a n  f u n c t i o n

H 1 ( x , , น  1 ,  A m  )  =  L i  ( x , , น  1)  +  A tm  f  1 ( x  1 ,  น ,  )  ( 3 .4 0 )

a n d  o b t a i n  a  m u c h  m o r e  c o m p a c t  f o r m  f o r  n e c e s s a r y  c o n d i t i o n s ,  w h i c h  

i s  s t a t e d  in  t h e  t h e o r e m  b e l o w .

C o n s i d e r i n g  t h e  d y n a m i c  o p t i m i z a t i o n  p r o b l e m  o f  t h e  s y s t e m  ( 3 . 3 7 )  f r o m  

t h e  in i t ia l  s t a t e ,  x 0 1 t o  t h e  t e r m i n a l  s t a t e ,  X N , t h e  p e r f o r m a n c e  i n d e x  ( 3 . 3 8 )  i s  m i n i m i z e d .  

T h e  n e c e s s a r y  c o n d i t i o n  i s  g i v e n  b y  t h e  E u l e r - L a g r a n g e  e q u a t i o n s  ( f o r  i  -  0 , . . . , N - l )

* , +l = / ( r 1-, « 1-) S t a t e  e q u a t i o n ( 3 .4 1 )

C o s t a t e  e q u a t i o n ( 3 .4 2 )

T d
0  ao u ,

S t a t i o n a r y  c o n d i t i o n ( 3 .4 3 )

T h e  b o u n d a r y  c o n d i t i o n s  a r e

* 0  =  * 0  X N ~  X N ( 3 .4 4 )

a n d  t h e  L a g r a n g e  m u l t i p l i e r ,  บ ,  r e l a t e d  t o  t h e  s i m p l e  e q u a l i t y  c o n s t r a i n t s  

c a n  b e  d e t e r m i n e d  f r o m

^ =  นr + Ô
d x N * ( 3 .4 5 )
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Notice, the performance index will rarely have a dependence on the 
terminal state in this situation. เท that case

4  = V T (3.46)

Also notice, the dynamic function can be expressed in terms of the 
Hamiltonian function as

f โ  1)  =  — H ,  (3.47)

and obtain a more memotechnical form

H , ’-H,01 = • £ - / / ,  (3.48)

for the Euler-Lagrange equations, (3.41) - (3.43).

Continuous Time

เท this section we consider the continuous case in which t  e  [o ,r ]E tf. 
The problem is to find the input function น, to the system

x  =  f , { x , , น , )  x 0 = x 0 (3.49)

such that the cost function

J  =  <j>T (*7.) + J z ,(x ,, น , )  d t (3.50)
0

is minimized and the end point constraints in

y / 1. ( x 7 )  -  0 (3.51)

are met. Here the initial state x 0 and final time T  are given (fixed). The 
problem is specified by the dynamic function, f ,  1 the scalar value functions <j) and L 1 
the end point constraints through the function y /  and the constants T  and x 0.
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We can for the sake of convenience introduce the scalar Hamiltonian
function as:

H ,  ( x , ,  น , , À,  ) = L,  ( x , , น , )  + à ]  f  1 ( x  1 , น 1 ) (3.52)

As in the previous section on discrete time problems we, in addition to 
the costate (the dynamics is an equality constraints), introduce a Lagrange multiplier, V  

associated with the end point constraints.

Consider the dynamic optimization problem in continuous time of 
bringing the system (3.49) from the initial state and a terminal state satisfying (3.51) 
such that the performance index (3.50) is minimized. The necessary condition is given 
by the Euler-Lagrange equations ( t  e  [o,T]):

X ,  = f , ( x „ u t) State equation (3.53)

s
t Costate equation (3.54)

° r =  L ,  “ ■
Stationarity condition (3.55)

and the boundary conditions:

x 0 =  x 0 ^ T ( x 1 )  =  0  À j
o x  o x

(3.56)

which is a split boundary condition.
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